
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 
film s the text directly from the original or copy submitted. Thus, some 
thesis and dissertation copies are in typewriter face, while others may 
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality 
illustrations and photographs, print bleedthrough, substandard margins, 
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 
manuscript and there are missing pages, these will be noted. Also, if 
unauthorized copyright material had to be removed, a note will indicate 
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand corner and 
continuing from left to right in equal sections with small overlaps. Each 
original is also photographed in one exposure and is included in 
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and white 
photographic prints are available for any photographs or illustrations 
appearing in this copy for an additional charge. Contact UMI directly 
to order.

UMI
University Microfilms International :

A Bell & Howell Information C om pany 
300 North Z eeb  R oad, Ann Arbor, Ml 48106-1346 USA 

313/761-4700 800/521-0600





Order Number 9215703

The Jacobian conjecture and the degree of field extension

Zhang, Yitang, Ph.D.

Purdue University, 1991

U M I
300 N. Zeeb Rd.
Ann Arbor, MI 48106





Graduate School Form 9 
(Revised 8/89)

PURDUE UNIVERSITY 
GRADUATE SCHOOL 

Thesis Acceptance

This is to certify tha t th e  thesis prepared 

By __   Yitang Zhang

Entitled

The Jacobian Conjecture And 
The Degree of Field Extension

Complies with University regulations and m eets the stan d ard s of the G raduate School for 
originality and  quality

For the  degree  of Doctor of philosophy _____________

Signed by th e  final examining com m ittee 

^  % , chair

. A a,

Approved by:

— -v _____   llt*(?CLs Department Head bate

□  /
This thesis O n s  not to be regarded a s  confidential





3 1 1  t l  

* / /« /? /

THE JACOBIAN CONJECTURE AND 

THE DEGREE OF FIELD EXTENSION

A Thesis 

Submitted to the Faculty

of

Purdue University 

by

Yitang Zhang

In Partial Fulfillment of the 

Requirements for the Degree

of

Doctor of Philosophy

December 1991



To my grandmother and grandfather and my parents



ACKNOWLEDGEMENTS

I wish to express my sincere thanks to my major advisor, Professor Tzuong- 

Tsieng Moh for his kind encouragement and inspiring motivation.

I would like to thank Professors Louis de Branges, William Heinzer and Joseph 

Lipman for their support and serving on my committee.



TABLE OF CONTENTS

Page
ABSTRACT  ...................   v

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . .  1

CHAPTER 1. 7T-APPROXIMATE ROOTS OF A POLYNOMIAL . . . . . 4

CHAPTER 2. DEGREE OF FIELD EXTENSION ...........................   .7

CHAPTER 3. PROOF OF THEOREM .  ...................   11

BIBLIOGRAPHY  ................................................... 16

VITA  .......................................  17



ABSTRACT

Zhang, Yitang. Ph.D., Purdue University, December 1991. The Jacobian Conjec­
ture and the degree of Field Extension. Major Professor: Tzuong-Tsieng Moh

Let A: be an algebraically closed field of chacteristic zero. If two polynomials 

f ( x , y )  and g(x, y) satisfy the Jacobian condition f xgy — f ygx e  A:*,then the degree 

of the field extension of k(x, y) over k(f ,g),  [k(x, y) : k(f,g)],  is less than or equal 

to the minimum of deg /  and deggr.
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INTRODUCTION

The well-known Jacobian conjecture states ’’let & be an algebraically closed 

field of characteristic zero and f (x ,y) ,g(x ,y)  two polynomials over k. If

(1 ) f x 9 y  ~  f y 9 x  £  k*

then &[a:, y] = k[f, g].n In other words a polynomial map from A2 to A2 is one-one 

and onto if and only if the Jacobian of the map is a nonzero constant. It was proved 

by Professor T.T.Moh among numerous other results [3] that this conjecture holds 

if

max{deg / ,  deg g} < 100.

If two polynomials f ( x , y )  and g(x, y) satisfy the Jacobian condition (1), then 

it is easy to see that f (x ,  y) aadg(x,  y ) are algebraically independent over k. Hence 

the field k(x, y) is a finite extension of the field k(f ,g).  In fact it is well-known [1] 

that if f ( x , y ) and g(x,y) satisfy the Jacobian condition (1), and k(x ,y ) =  k(f ,g),  

then k[x,y] = k[f,g].

In the present paper, by means of the decomposition of polynomials over a 

Puiseux field, explicitly investigated by Professor T.T.Moh [3], we will prove the 

following

THEOREM. Let k be an algebraically closed £eld o f characteristic zero. Le t f ( x )y) 

and g(x,y) be two polynomials over k. I f

f x 9 y  ~  f y 9 x  €  k  ,



then the degree of held extension ofk(x ,y)  over k(f ,g),  [k(x,y) : k(f,g)], satisfies 

[k(x,y) : fc(/,s)] <min{deg/,deg£f}.

Throughout this paper, the ground field k is algebraically closed and of char­

acteristic zero. The second and third sections are preparations for the proof of 

the theorem, where we do not assume that the polynomials satisfy the Jacobian 

condition.

In Chapter 1, we will give the definition and basic properties of 7r-approximate 

roots of a polynomial over the Puiseux field, which was introduced by Professor 

T.T.Moh [3]. We will also give a sufficient condition for a polynomial g(x, y) 

satisfying the condition that the field k(g) is relatively algebraically closed in 

k(x,y),  by the mean of 7r-approximate roots.

In Chapter 2, we will give a general result which states that if f ( x , y )  and 

g(x,y)  are algebraically independent over k and monic in y, satisfying

(iy k(g) is relatively algebraically closed in k(x,y),

(ii) k (x , f , g ) =  k(x,y),  

then there exists a constant c €  k such that g(x, y) — c is irreducible and such that

[k(x,y):k(f ,g)] = [k(x,y):k(f (x,y))]

where x  and y are the images of x  and y under the quotient map

k[x,y] — ► k[x,y]/(g(x,y) -  c).

In the last chapter, we will assume that f ( x , y ) and g(x,y) satisfy the Jacobian 

condition (1). Suppose that f ( x , y )  and g(x, y) are monic in y and degy g(x,y)  <  

deg„ f (x ,y) .  Then it is not difficult to prove that the above conditions (i) and (ii)



are satisfied by f ( x , y )  and g(x,y).  Hence, with the same notations as above and 

by a result in algebraic function theory, we have

[k(x,y):k(f ,g)} = -  v( f (x ,y))
»(/(*,»)) <o

where the summation is taken over all valuations v on k(x, y) /k  such that v(f (x,  y)) < 

0. Now the key point of the proof of our theorem is that under the Jacobian con­

dition (1) we can prove

-  X  v( /(* > s /) )< -  X
»(/(*.?)) <o »(*)<o

=  deg y g.

Clearly the theorem then follows.

O



CHAPTER 1 

7T-APPROXIMATE ROOTS OF A POLYNOMIAL

Following Professor Moh, for a polynomial g(x, y) over k, we put x = i -1 and 

regard g as a polynomial in the variable y over the Puiseux field A: t ^>. If g is

monic in y, then g(t~x, y) has the following decomposition over k <C t  S>.

(2) 5(<-1 .y) =  n ( y - 7 - . )
i= l

with t,- G k <C t > .

DEFINITION 1. ([3]) Let n  be a. symbol, and let a =  q ,tJ +irts G fc[7r] <C

t »  with a,- G fc. Then a  is said to be a 7r-approximate root (abbr. 7r-root) of a

polymonial g(y) over k <C t »  if in the expression in A:[7r] •< i  »

j(<7) = / ff(7r)tA +  higher terms in t

we have 1 < degn ga(w) <  oo. The multiplicity of a  as a 7r-root of g(y) is defined 

to be degT f a(ir) as a polynomial in it.

The following properties are obvious.

(I) For every root r  of the equation g(y) =  0, there exists a x-root a of g(y) 

such that



for some c G k and some rational number i. In this case we call a a 7r-root 

associated to the root t .

On the other hand, for every 7r-root a  of g(y), there exists a root r of the 

equation g(y) =  0 such that c  is associated to r.

(II) Let r  be a root of the equation g(y) =  0 and let a be a 7r-root of g(y) 

associated to t .  Then for every t* G k <C t  we have

ordt(T — t*) > ordt{cr — r*),

and therefore

ordtf(r) > ordtf{a)  

for every polynomial f (y)  over k ■< t

LEMMA 1.. Let g(x, y) be a polynomial monic in y. I f  y) has a ir-root 

cr o f multiplicity one such that

ordtg(t~l ,cr) =  0, 

then the Geld k(g) is relatively algebraically closed in k(x,y).

Proof.: Let k(g) be the algebraic closure of k(g) in k(x,y).  We want to prove 

k(g) = k(g). Let R  denote the integral closure of &[<jr] in k(g). Since every element 

in R  is integral over k[x,y] which is integrally closed, we have R  C k[x,y]. Since 

k(g) is the fraction field of R,  it suffices to show that R  = Jb[</]. Let h be anon-zero 

polynomial in R.  Then h satisfies an equation

h'  + G1(g)h‘- 1 + --- + Gs(g) = Q

with Ga(g) ^  0. By substituting x = i -1 and y = <r, it easily follows from the 

above equation that



Write

h(t~l , cr) = h„{ir) +  higher terms in t

. Since deggr<r(7r) =  1,there exists a polynomial H  in one variable such that 

h ^ n )  = H(g„(ic)), and therefore

(4) ordt(h(t~1, a ) - H ( g ( t ~ 1,a)) > 0.

Since (3) holds for every non-zero polynomial in R  and h — H(g) € R,  by (4) we 

have

h - H ( g )  = 0.

It follows that

R  = k[g].

Lemma 1 is proved. |

O
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CHAPTER 2 

DEGREE OF FIELD EXTENSION

The main result of this seection is the following

LEMMA 2. . Let  /(* , y) and g(x, y) be two polynomials over k such that

(i) f ( x , y )  and g(x,y) are algebraically independent over k and monic in y,

(ii) the field k(g) is relatively algebraically closed in k(x, y),and

(iii) k(x , f , g )  =  k(x,y).

Then there exists a constant c E k such that

O
(5) [*(a:,y): k(f,g)] = [fc(x,y): £(/(*> J/))l

where x and y are the images o f x and y under the quotient map

— * Hx,y]/(g(x,y)  -  c).

Proof: . Let

F( x , f , g )  = 0

be a defining equation of x, f (x ,  y) and g(x, y) over k. The polynomial F(X,  Y, Z)  

with variables X , Y  and Z  is uniquely determined up to a constant factor. Since 

g(x, y) is monic in y, f (x ,  y) is integral over g(x, y)], and, in view of condition

0“ )»

O [*(*./.$) ■ Hx,g)] =  degyflf.



8

O

o

Let n = deg9 g. It follows from the above discussion that the polynomial F(X,  Y, Z ) 

can be taken as the form

F(X,  y, Z)  =  Y n +  Fi(X , Z ) Y n~1 + • • • +  Fn{X, Z)

with

max degx Fi (X,Z)  = [k(x ,y) :
0 < t < »

By condition (iii), there exists a  non-zero polynomial G(X,  Y, Z)  such that

y G( xJ ,g )  G k[x, f,g].

It is obvious that for all but finitely many constants c £ k

(a) G(x, f (x,y) ,g(x,y)) j£i  0 (mod g(x,y) - c )

and

(b) max^degx Fi(X,c) = [k(x,y): k(f,g)].

On the other hand, by condition (ii) and the second Bertini theorem (see [4]), for 

all but finitely many constants c € k  we have

(c) g(x,y) — c is irreducible.

It follows that there exists a  constant c satisfying (a), (b) and (c). Fix such a 

constant c. Let x and y  be the images of x  and y under the quotient map

k[x, y] — ► k[x, y]/(g(x, y) -  c).



g

Notice that k[x,y]/(g(x,y) — c) is an integral domain and k(x,y) is its fraction 

field. We claim that in the present case (5) holds. It follows from (a) that 

<?(*,■•/(», y),'c) ^  0, and therefore y G k(x, f (x ,y)) .  Hence

(6) [ k(x , f ( x , y ) ) : fc(®)] = n -  degy  F(X,Y,c) .

Clearly we have

(7) F(x, f ( x , y ) , c )  = 0.

If the polynomial F(X,  Y, c) is reducible, then f ( x , y )  satisfies an equation over 

k(x) whose degree is less than n. This contradicts (6). Hence F(X,Y,c )  is irre­

ducible and (7) is a defining equation of x  and f ( x ,  y) over k. By (b), it follows 

that

[k(x,y) : k(f(x,y))] = [k(x, f(x,y))  : k(f(x,y))] = degx F(X,Y,c )  = [k(x,y):k(f ,g)],  

as claimed. |

To end this chapter we state some basic terminologies and results in algebraic

function theory. Let K  denote a function field over k, that is, K  is a finitely

generated field of transcendence degree one over k. A  valuation on K / k  is a map 

v : K  —¥ T such that

v(atj}) = v(a) +  v{P) for all a, 0  € K,

v(c) =  0 for all c 6 k*.

Here, as usual, we define v(0) =  +oo. We assume that every valuation on K / k  

is nomalized, i.e., its valuation group is exactly Z. The following results are well- 

known.

(I) Let a  € K . If v (a) > 0 for every valuation v on K /k ,  then a  E k.
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(II) Let a  6  K, a  0 k. Then i f  is a finite extension of k(a),  and

[K : &(a)] =  -  ^ 2  v(a )
v (a )< 0

where the sum is taken over all valuations v on K / k  satisfying v(a) < 0.

(III) In the case that K  is generated by x and y, let

g(x,y) = 0

be a defining equation of x  and y over k. Then for every valuation v on K / k  

satisfying v(x) < 0, there exists a  root r  of the equation sr(t-1 , y) =  0 in k t  »  

and a positive integer a such that

v(h(x,y)) =  a{ordt(ft(<_1,r))}

for every polynomial h(x,y).

o
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CHAPTER 3 

PROOF OF THEOREM

From now on, we will assume that f ( x , y )  and g(x,y)  are two polynomials 

monic in y satisfying

0) f x 9 y  — f y 9 x  G k*,

(ii) degtf g(x, y) < deg„ f (x ,  y).

Let n =  degy g(x,y).  To prove the theorem, it suffices to show that under the 

above conditions

[k(x , y ) :k ( f , g ) ]<n.

For notational simplicity we will write f (y )  =  / ( t -1 ,y), g(y) =  <7(t-1 ,y). Let 

o  =  J^j<6 + n ts be a 7r-root of g(y) such that ordtg{a) =  0. Put A =  ordtf (a)

and write

g(cr) =  ga(ir) +  higher terms in t, 

f (a )  = f <T(n)tx +  higher terms in t

with deg„. ga(ir) >  ^  0.

LEMMA 3. . Let <r,6, \,-ga(ir) and be as above. Then we have

(i) 6 > 0 ,  A> -1 ,

C )  (“ ) A ^ 0 ,  then ( f )  6



Proof: . (i). It is obvious that for every T G f c < < >

ordt(<r — t ) <6.

Hence, in view of (2), we have

(8) 0 =  ordtg(o) < n8.

It is easy to see that the Jacobian of / ( a )  and g(a) with respect to t  and n is of 

the form

(9) Jt,n(f(o),g{(r)) =  A/<r(7r)fif/ff(7r)iA-1 +  higher terms in t.

On the other hand, by the chain rule and the Jacobian condition we get

(10) Jt,irtf{cr),g(o))=:Jxty(f,g)Jt,T '(t~1,(r) =  c1t - 2+6

for some c\ E k*. To prove A >  —1, we may assume A ^  0. Comparing the 

right-hand sides of (9) and (10) we get

(11) A =  - l  + 6.

By (8) and (11) we get (i).

(ii). If A ^  0, then by (9) and (10) we get

/<r(7r)fl£(’r ) =  A -aCi 6  k*.

Lemma 3 is proved. I



LEMMA 4. . The held k(g) is relatively algebraically closed in k(x,y).

Proof: . By Lemma 1, it suffices to show that g(y) has a 7r-root o  with 

multiplicity one such that

(12) ordtg{o) — 0.

First we claim that g(y) has a 7r-root o satisfying (12) and

(13) ordtf(<r) < 0.

On the contrary let us assume that (13)is false. Then for every 7r-root cr of g(y) 

satisfying (12) we have

ordtf(<r) > 0.

It follows from Section 2,(11) that for every root r  of the equation g(y) =  0 we 

have

ring &[®,y]/(<7i(®, J/)). As we did in Section 3, we let x  and y be the images of x 

and y  under the quotient map k[x,y] — ► k[x,y]/(gi(x,y)).  For every valuation v 

on K/ k ,  if v(x ) >  0, then we have i>(/(®, y)) > 0. If v(x) < 0, then by (14) and 

Section 3,(111) we also get v( f (x ,y))  >  0. It therefore follows from Section 3,(1) 

that

Since gi(x, y) is a factor of g(x,y), by (15) and a  simple computation we get

f x 9 y  -  f y9x  =  0 (mod ).

A contradiction. Hence g(y) must have a 7r-root o  satisfying both (12) and (13), as

(14) ordtf(r) > 0.

Let <7i be an irreducible factor of g and let K  be the fraction field of the quotient

f ( x , y )  €  k.

Thus, there exists a constant c € k such that

(15) f {x , y)  = c (mod <7i (* ,2/)).

claimed. In addition, for such a ir-root o of g(y), by Lemma 3 we get g'^ir) G k*. 

Hence the multiplicity of this 7r-root <7 is equal to one. |



REMARK. .The decomposition of f{y)  and g(y) over k •< t was explicitly 

investigated by Professor Moh [3] where much deeper results were obtained. In 

fact, the existance of a 7r-root er of g(y) with multiplicity one and satisfying (12) 

can also be deduced from [3], Section 5, and the result in Lemma 3 is contained 

in [3], Section 4.

LEMMA 5. . The polynomials f ( x , y )  and g(x,y) satisfy

H x J i 9) =  K x ,y)-

Proof: . See [3], Section 2. |

It is well-known that the Jacobian condition implies that f ( x , y )  and g(x,y) 

are algebraically independent over k. Hence, by Lemma 4 and 5, f ( x , y )  and 

g(x,y)  satisfy all conditions in Lemma 2. It now follows from Lemma 2 that there 

exists a  constant c € k such that g(xyy) — c is irreducible and such that

(16) [k(x,y) : k(f,g)] = [k(x,y) : k(f(x,y))]

where x  and y  are images of x  and y respectively under the quotient map k[x,y] — ► 

k[x,y\/(g(x ,y) — c). We will simply write /  =  f ( x ,  y), and, without loss of gener­

ality, assume c =  0. By Section 3,(11) we get

(17) [k(x,y) : k(f)] = -  v( f )
«(/)< o

where the summation is taken over all valuations v on k(x, y) /k  satisfying « (/)  < 0.

Proof o f Theorem: . Since g{x,y) is monic in y and g{x,y)  =  0, for every 

valuation v on k(x,y)/k,  if v(x) > 0, then v(y) >  0, and therefore v( f )  > 0. 

Hence, in the case v( f )  < 0, we have v(x) < 0. Now let us fix a valuation v on
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k ( x , y ) f k  satisfying v ( f )  < 0. By Chapter 3,(111), there exists a root r  of the 

equation g(y) = 0 and a positive integer a such that

(18) v ( f )  = a { o r d t f ( T ) } ,  v ( x )  =  a {o rd t ( t■ )}  =  - a .

By Section 2, (I), there exists a  7r-root a  associated to r  such that ordtg (a )  = 0. 

It follows from Lemma 3 that

ordtf(cr)  > — 1.

Since a  is associated to r , by (18) and Section 2, (II) we get

v ( f )  >  - a  =  u ( j ) .

Prom the above discussion we conclude that

(19) ^  v ( f ) > £ 2  u(*) ^  £  u(*)-
v( / ) < 0  «(/)< o «(*)<o

By Section 3, (II) we get

(20) ^  u(®) =  -[fc(*,j/):fc(x)] =  -d e g yflr.
t> (* )< 0

By (16), (17), (19) and (20), we complete the proof of the theorem. |

o

o
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