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ABSTRACT

' Zha,ng, Yltang Ph. D Purdue Umversxty, December 1991. The Jacobian ConJec-
~ ture and the degree of Field Extension. MaJor Professor Tzuong-Tswng Moh

Let & be an a.lgebra,lcally closed field of cha.cterlstlc zero. If two polynomials

f(z,y) and g(:c, y) satlsfy the J acobla.n cond1t10n fagy— fyg, € k*;then the degree

of the ﬁeld extensmn of k(z, y) over. k( £>9), [k(z,y) : (£, g)], is less than or equal
to the minimum of deg f and deg g.



INTRODUCTION

The well-known Jacoblan con_]ecture states "let k be an a.lgebralcally closed

E "ﬁeld of charactenstlc Zero and f(a:, ¥), g(.'z;, y) two polynormals over k If

® C he—fusek

then k[a: y] = k[ f, ] » In other words a polynom1a1 map from A2 to A? is one-one
- and onto if and only if the J acoblan of the map is a nonzero constant It was proved

by Professor T.T.Moh among numerous other results [3] that this conjecture holds 7
Q | | o max{degff, deg g} < 100-

R i two polynonuals f(:v, ¥) and g(:c, y) sat1sfy the Jacoblan condltlon (1), then ;
it i is easy to see that f (m, y) and g(z, y) are algebralcally independent over k. Hence
the ﬁeld k(a:, y)isa ﬁnlte extension of the ﬁeld k(f, g) In fact it is well-known [1]
that if f (a:,y) and g(a:,y) satxsfy the Jacoblan condltlon (1), and k(a:, y) k(f,9),

kthen k[a:,y] kLS, g]

- In the. present paper, by means of the decompo&utlon of polynormals over a
: Pulseux field, expllcltly mvestlgated by Professor T.T.Moh [3], we w111 prove the

> followmg

THEOREM Let k be an aIgebralcalIy closed field of cbaractenstm zero Letf(z, y)
; a.nd g(a:,y) be two po]ynomza.ls overk. If

fz‘gy”' fy‘gz € k*,'




- then the 'degreertof field extenSion' of'k(ic,y) over k(f,9), [k(z,y) : k(f,9)], satisfies

| [k(m, ): ic(f, o) S min{desf, dog ).

Throughout thls paper, the ground field ki is algebra.lca.lly closed and of char-

actenstlc zero The second and. thll‘d sections are preparatlons for the proof of

’ the theorem, where we do not assmne tha,t the polynormals sa,tlsfy the Jacobla.n

condltxon

k In Cha.pter 1, we W111 glve the deﬁmtlon and ba.s1c propertles of w-approxxmate :

- roots of a polynom.lal over the Pmseux ﬁeld which was 1ntroduced by Professor

T. T. Moh [3] We will also give a sufﬁc1ent cond1t1on for a polynomlal g9(z,y)
sa.tlsfymg the condltlon that the field k(g) is relatively a.lgebra.xca.lly closed in

k(=, y), by the mean of w-approx1ma.te roots

In Chapter 2, we Wlllvgrye a general result which states that if f(z,y) and
g(z,y) are algebraically independent over k and monic in y, satisfying

(1) k(g) is relatlvely a.lgebra.lcally closed in k(z,y),
(ll) k(w f7 g) - k(“’: y)7

' then there exists a constant‘c € k such that g(z,y) —cis itreducible and such that

 [K(=9) : k(£ 0)] = Kz, 9) : (A, )]

‘where Z and § are the irnagesy of z and y under the quotient map.

A e

In the last chapter, we w1ll assume that f(z,y) and g(w,y) satisfy the Jacobian

cond1t1on (1) Suppose that f(:v,y) and g(:z:, y) are monic in y and deg, g(z,y) <

o degy f(a:,y) ‘Then it is not dlﬁicult to prove that the above conditions (1) and (ii)



* are satisfied by f(z,y) and 9(z,y). Hence, with the same notations as above and -

by _a‘lrgs'ﬁlt.i_n ,algebraic funcfion theory, we have

[k(w,y) k(f, 9)] By v(f(w,y))

| v(f(z,y»<o |

~ where the summa,tlon is ta.ken overall va.luatlons von k(z,'y)/ k such that 'v( f(z, y)) <
-0, Now the key pomt of the proof of our theorem is. that under the J acobla.n con-

dltlon (1) we can prove

- 3 wfER) - Y v3)
v(f(z:9))<0 g v(z)<0
= deg, g.

Clearly the theorem then follows.



CHAPTER 1
W-APPROXIMATE ROOTS OF A POLYN OMIAL |

Followmg Professor Moh for a polynorma,l g(a:, y) over k, we put ¢ =+ and
‘ regard g asa polynom1a1 in the varlable y over ‘the Pmseux field k <t >. fgis
momc iny, then g(t"l, y) has the followmg decomposrtron overk <t >.

T'K% T; | . _'ar%w=fhy—m

i=1
- vithn ek <t>,

DEFINIT;ON 1. ([3]) Let w be a symbol, and let 0 = 37, 5 a;t +até € kfn] <
t > with a; € k. Then o is said to be a m-approximate root (abbr. m-root) of a

polymoniali g(y) orer Egt>if irr the expreésion in k[r] <t>
g(0) = fa(ﬂ')tx + higher termsin b

- we have 1 < deg,. g,(ﬂ') < oo. The mult1phc1ty of o as a T-Toot of g(y) is defined
to. be deg,r Jo(7) as a polynorma.l inm.

The followmg propertles are obv1ous

(I) For every root T of the equatlon g(y) = 0 there exmts a m-root o of g(y)
‘such that ’ )
ordt g(o)=0

s -7 = (7 =)t +.higher terms in %



for some ¢ € k and some rat1onal number L In this case we call o a m-root

: assocmted to the root T,

: On the other hand for every 7r-root o of g(y), there emsts a root T - of the

'equatxon g(y) 0 such tha,t cis assoclated to T.

(II) Let 7 be a root of the. equa.txon g(y) = 0 and let a be a m-root of g(y)

\ assoc1ated to 7. Then for every ™ € k <t >>, we have '

o ordt'(r - 1"") 2 ordg(a -7*),

and therefore -

ordtf(r) > ordtf(a)

for every polynonua.l f (y) over k <t >.

LEMMA 1 Let 9(z, y) be a ponnomxa.I monic in y. If g(t71,y) ha.s a 1r-root

o of mu1t1p11c1ty one such that

ordtgjv(t_l, o)= 0,

,then the ﬁeld'k(g) 1's relatively algebraically closed in k(z,’y).

Proof Let k(g) be the a.lgebra.lc closure of k(g) in k(w, y) We want to prove

k(g) k(g)- Let R denote the integral closure of k[g] i in k(g) Smce every element.
~in R is mtegral over k[.'z:, y] which is integrally closed we have R C k[z,y] Since
k(g) is the fractlon field of R, it sufﬁces to show that R= k[g] Let k be a non-zero

‘ polynomla.l in R Then h satlsﬁes an equa,txon

| j h"”+ Gi(y)h“l 44 Gilg) =0

) thh G,(g) ;é 0 "By substxtutmg z =t"1 and y = a, it ea.sﬂy follows from the

above equatlon that

(3) o : | AR ‘ordth(t‘l,‘a-).‘__o_‘



O

Write ’ :
B : h(t"l,a) = h,,_(7'r) +higher, terms in £

Smce deg go(m) = 1,there emsts a polynormal H in one vanable such that

’. 6(7") H (ga(w )), and therefore
. (4) .  i | ) ,Ordt(h(t_l,d)'_H(g(t’—l,a)) > 0.

- Slnce (3) holds for every non-zero polynorma.l in R and h — H (g) € R, by (4) we

have

h—H(g)‘;o

It follows that

‘R = klg].

Lemma 1 is p'rbved. 1



CHAPTER 2 -
DEGREE OF FIELD EXTENSION

'Trhe main résﬁit of this .kseec'ti‘on is ‘the_followix‘lg‘
LEMMA 2. . Let f(:v,'y) and g(z,y) be two p,Q_Iynomia;IS-_ovet‘k,such that
o (1) f‘(m,yv)‘ a.nd 9(z, y) E.t_'é algebraaca.lly iﬁdépéndent over k and monic in Yy
(ii) the field ‘k(g')’ is relatively algebraically closed in k(z,y),and
(i) ke, f, g)= k(w,y)

Then there exists a constant c€ k sucb tbat
© n ko) W) ) KO
' ’w"he’re; z a.nd g are the images ‘of z andy under the quqtient mép’
k[z,y] — klz,y]/(9(z,y) — o).
Proof: . Lt
| F(z,f,9)=0

‘bea deﬁmng equa.txon of z, f (a:, y) and g(a:, y) over r k. The polynoxma.l F(X Y,Z)
- w1th vanables X Y and Z 1s umquely determmed up to a constant factor Since

; (a: y) is monic in y, f(a:, y) is 1ntegral over klz, g(:c,y)], and, in view of cond1t10n
: (111), ' : ‘ ’ ' ‘
[k(z, f,9) k(w;g)] = deg, g.



‘ Let n= degy g- It follows from the above dlscussmn that the polynomxal F(X Y,Z )

o, »ca.n be taken as the form
F(XY, Z) vt FI(X Z)Y"-1 o +F x.2)

oxga.x deng(X Z) - [k(w’y) k(fay)]

. By condition (iii), there exists a non-Zero polynomia.l G(X, Y, zZ ) such that
yG(, f,9) € klz, f,g].

It is obvious that for all but finitely many constants ¢ € k

- _,l (a) e G(w,f(:v,y),g(a?,y)) #0 (ymod y(i,y) —c)
and
Jax degx Fi(X,c) = [k(z,9) : k(£,0)]

(b)

On the other hand, by condition (ii) and the second Bertini theorem (see [4)), for
all but ﬁmtely many constants ¢ € k we have

(c) S g(;o, y)—c  is irreducible.

It follows tha.t there exists a consta.nt c satxsfymg (a), (b) and (c). Fxx such a

o constant c. Let z and 7 be the i 1mages of z a.nd y under the quotlent map

 kz,y] — Hz,31/(s(z,v) - o).



‘Notlce that k[:c,y]/(g(w,y) - c) is an 1ntegra,1 domam and k(a:,y) is its fraction
= ﬁeld We cla.lm that in the present ca.se (5) holds It follows from (a) that
: G(a: f(:c,y), c) ;E 0, a,nd therefore 7] E k(a: f(:c,y)) Hence ‘ :

e .[k(a-a;f@w,g),) fk(z)‘},=jn=dggYF(x,«lc.¢).

' Clealy we have

T F@fEDo=0.

I t'he pol&nornie.l F(X, Y,c) is redueible, then f(Z,7) satisfies an equation over
k(a:) whose degree is less than n. Thxs contradicts (6) Hence F(X,Y,c) is irre- .
ducible and (7) is a deﬁmng equatlon of # and f(Z,7) over k. By (b), it follows

~ that ' :

O HED: @D = k@ 0) M@0 = degx FXL,Y,0) = [Ke) : K0,

as cla.imed |

To end tlns chapter we state some basic terminologies and results in algebraac
functlon theory. Let K denote a functlon field over k, that is, K is a ﬁmtely ’
,genera.ted field of- tra.nscendence degree one over k. A va.luatlon on K/k is a map

| v K — Z_vs’u»chthat ‘

v(af) =v(a)+v(8) forall o,f€kK,
o(c)=0 forall ce€ k™. |

= Here, as uSua.l we deﬁne (0) = +o0. We'a‘ssume that every valuation on K/k
k.-1s nomahzed 1. e 1ts va,luatlon group is exactly Z The followmg results are well-

' known

@ Let o e K. X v(a) >0 for every valuatxon von K/k, then o € k.




10
(D) LetaeK, &_I¢, k.‘THep,K is a finite extension‘ of k(a), and -
[K k(a)] == Z v(a)
; B v(@)<0 .
- » where the sum 1s taken oover a.ll valuatlons von K / k sa.tlsfymg 'v(a) < 0.
(III) In the case tha.t Kis genera.ted by a: a,nd y, let

o@)=0

v be a deﬁmng equatlon of z a.nd § over - k. Then for every valuation v on K k.
- ; -_satlsfy1ng v(Z) <0, there emsts a. root T of the equation g(t‘l, y)=0in k <t> |

. and a pomtzve mteger a such that
v(h(2,7)) = a{ords(h(t ™", 7))}

: ~ for every polynomial h(:v, Y).
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o CHAPTER 3 |
PROOF OF THEOREM B

: From now on, we w111 assume that f(z,y) and g(z,y) are two polynomials

momc in v satlsfymg

i) o figy o9z €k,
G) deg,,y(w,y)<deg,,f(w,y)

Let n = deg, g(:n,y) To prove the theorem, it sufﬁces to show that under the

above cond.ltlons

[k(z,9): K(f,9)] S .

For nota.t1ona.l 81mp11c1ty we will wnte f) = ftYy), g(y) = g(t7,y). Let
o= i<s a5t '+ 7t be a m-root of g(y) such that ord;g(o) = 0. Put \ = ord;f(o)

and wnte

9(0) = go(r) + higher terms in ¢,

f(6) = fo(nx)t* + higher terms in ¢

_ with ‘d’eg.,', g&(7r) > 1‘,‘ f,(w)‘ 9610.

LEMMA 3. . Let a,b' A y,(vr) and f,('lr) be as above Then we bave

X6 §>0, ,\>_1
(i) if A #0,then f,(m)gh(m) € k",
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i “le'o’of: . (@) Itis ob'viousfthé;t forevery r€ k<t >
' vor’d,'(a -7) S 5
' kHe\nce., in v1ew of (2), we ha.Y§ - | _i
® o=z

It is easy to see that the Jacobian of f(o) and g(a") with respect to t a.nd7r is of

" the form

(9) Jt,x(f(o), g(a)) = Afo(w)g:,(w)fx'l + highér ‘terms in ¢
On the.otheyrfhand,-‘ by the chain rule and the Jacobian condition we get
(w0 L@U@Lﬂﬂ%=hﬁﬂwﬁﬂ&ﬂ@)=gr“5

for some ¢; € k*. To prove A > —1, we may assume A # 0. ‘Comparing the
right-hand sides of (9) and (10) we get

Sy | A=—1+44.

By (8) and (11) we get (i)
- (i). A #0, then by (9) and (10) we get

 fo(m)gh(m) = A"1er € k™.

' Lemma 3 is pfoved. ll
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g : LEMMA 4 The ﬁe]d k(g) is reIatxve]y a.lgebra.zca.l]y cIosed m k(a:,y)
| Proof By Lemma. 1 it suﬁices to show that g(y) has a, 7r-root o w1th ;
'multlphcxty one such that o
- ‘(12) : s '; = ord,g(a) o
L : ’, j, Flrst we cla.xm that g(y) has a 7r-root g sat:sfymg (12) a.nd
e a9 e g : ,' | ordtf(a) <0 |
' ,On the contra.ry let us assume that (13) is fa.lse Then for every T-root o of g(y)

- sa.tlsfylng (12) we have :
On the contrary let ‘us assume that(13) is false Then for every 1r~root o of g(y)

- sa.tlsfymg (12) we ha.ve

: ord, f(a)‘f_>__ 0. : O we
~ have o
a O ordf(r) 20,
O ‘. Letgy be an 1rreduc1ble factor of g and let K be the fra.ctlon ﬁeld of the quotlent

ring k[m, y]/(gl(a:,y)) As we d1d in Sectlon 3, we let Z and ) be the images of z
“and y: under the quotlent map k[a:,y] — klz,y] /(gl(a:, y)) For every valuation v
’ ’on K/k 1f v(a:) >0, then we have v(f(a:, 7)) > 0. If v(z) <0, then by (14) and
;‘Sectlon 3,(III) we a.lso get v( f(z,9)) 2 0. It therefore follows from Section 3,(I)

B tha,t '
‘h s f(z,9) € k.
kThus,tthere eitists a 'constént c€ k such that
(15) L fa)= = C (mod g1(w,y))

o ‘Smce gl(m, y) is a. factor of g(a:,y), by (15) and a 31mp1e computatlon we get

fzgy fygz =0 (mod 91)

e A contradnctxon Hence g(y) must have a m-root @ sa.txsfymg both (12) and (13),
, »“gclaamed In add1t1on, for such a 7r-root o of 9(), by Lemma 3 we get g,(vr) € k"
: Hence the multlphclty of thls 1r-root o is equa.l toone. I '
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REMARK .The decomposxtmn of f(y) and g(y) over k < t >> was exp11c1tly

, 1nvest1ga.ted by Professor Moh. [3] where much deeper results were obta.med In
ffact the existance of 2 a 7r-root o of g(y) with multlphclty one and satlsfymg (12)

B - can a.lso be deduced from [3] Section. 5 ‘and the result in Lemma 3 is contained

in [3], Sectlon 4.

- LEMMA 5. . The pvolynornials f(z,y) and g(z,y) satisf‘y‘
k("”, f, g)= k(.’l}, y)'

| Proof See (3], Sectmn 2 ]

It is well-known that the J a.cobxan cond1tlon implies that f (m,y) and g(z,y)
are a.lgebra.lca.lly 1ndependent over k. Hence, by Lemma 4 and 5, f(z,y) and
9(z, y) sa.tlsfy all cond1tlons in Lemma 2. It now. follows from Lemma 2 that there

exists a constant ¢ € k such that g(z,y) —cis irreducible and such that -

) [k(2,9) : k(f, 9)] = [K(z,5) : (F(3,5))]

where Z and § are images of 2 and y respectively under the quotient m’ap k[z,y] —

_ k[a:, v/ (9(z,y) — c) We will simply write f = f(z, y), and, without loss of gener-

a.hty, assume ¢ = 0 By Section 3 (II) we get

amn  kEDEDI== X oD
' ‘ : v(f)<o

Where the summa.tion is taken over a.ll va.luationsv on k(i:, 7)/k satisfying v( f)< 0.

Proof of Theorem . Since g(a:,y) is monic in y and g(a:, ) = 0, for every
va.luatlon v on k(w,y)/lc if v(:c) > 0, then o(7) >0, and therefore v( H=o0.

v Hence, in the case v(f) <0, we ha.ve v(Z) < 0 Now let us fix a va.luat1on v on
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k(z,9)/k satisfying v(f) < 0. ByCha,pter 3,(IIIV)‘,, there exists a root 7 of the

: equatibn g(y) =0 and a pdsitiVe integer a such that
(18 o) =oe{ordif(n)}, (&)= afordi(t™)} = ~a.

By Section 2, (I), there exists a 7-root o associated to 7 such that ordsg(c) = 0.

. ‘It'beYI‘OWS from Lemma 3 that

OTdtf(O') 2—'1.

 Since o is associated to 7, by (18) and Section 2, (II) we get

v(f) = —a =v(3).

From the above discussion we conclude that

(19 YoouHz Y @z Y ua)

v(f)<o (<o v(2)<0

By Section 3, (II) we get

(20) Y v(@) = —[Kz,7) : k(®)] = — deg, 9.

- v(2)<0

By (16); (17), (19) and (20), we complete the proof of the theorem.
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