
AUTOMATIC PROOF OF THE CONGRUENCES

Congruence 1

Let r := (r1) = (−3). We apply Lemma 4.4 in [1] with (m,M,N, t, (rδ)) :=
(11, 1, 11, 7, r) and with (aδ) = a where a := (a1, a11) = (34,−3). We write a

representative A :=

(

a b

c d

)

of the double coset T := Γ0(N)AΓ∞ as (a, c) be-

cause for fixed a, c any value of b, d such that A ∈ SL2(Z) gives an element in the
double coset T . Then a complete set of representatives is given by:

(1, 0), (0, 1).

We have that

P (t) = {7}.

Using this information we can now compute the bound ⌊ν⌋ = 13 of Lemma 4.4 in
[1]. Recall that

∞
∑

n=0

a(n)qn =
∏

δ|M

∞
∏

n=1

(1− qδn)rδ .

Then by Lemma 4.4 in [1] we have that for any positive integer u:

a(11n+ 7) ≡ 0 (mod u), for all n ∈ N

iff

a(11n+ 7) ≡ 0 (mod u), for n = 0, . . . , 13 .

Congruence 2

Let r := (r1) = (−3). We apply Lemma 4.4 in [1] with (m,M,N, t, (rδ)) :=
(17, 1, 17, 15, r) and with (aδ) = a where a := (a1, a17) = (52,−3). We write a

representative A :=

(

a b

c d

)

of the double coset T := Γ0(N)AΓ∞ as (a, c) be-

cause for fixed a, c any value of b, d such that A ∈ SL2(Z) gives an element in the
double coset T . Then a complete set of representatives is given by:

(1, 0), (0, 1).

We have that

P (t) = {15}.

Using this information we can now compute the bound ⌊ν⌋ = 33 of Lemma 4.4 in
[1]. Recall that

∞
∑

n=0

a(n)qn =
∏

δ|M

∞
∏

n=1

(1− qδn)rδ .

Then by Lemma 4.4 in [1] we have that for any positive integer u:

a(17n+ 15) ≡ 0 (mod u), for all n ∈ N

iff

a(17n+ 15) ≡ 0 (mod u), for n = 0, . . . , 33 .

1



2 AUTOMATIC PROOF OF THE CONGRUENCES

Congruence 3

Let r := (r1) = (−7). We apply Lemma 4.4 in [1] with (m,M,N, t, (rδ)) :=
(19, 1, 19, 9, r) and with (aδ) = a where a := (a1, a19) = (134,−7). We write a

representative A :=

(

a b

c d

)

of the double coset T := Γ0(N)AΓ∞ as (a, c) be-

cause for fixed a, c any value of b, d such that A ∈ SL2(Z) gives an element in the
double coset T . Then a complete set of representatives is given by:

(1, 0), (0, 1).

We have that
P (t) = {9}.

Using this information we can now compute the bound ⌊ν⌋ = 99 of Lemma 4.4 in
[1]. Recall that

∞
∑

n=0

a(n)qn =
∏

δ|M

∞
∏

n=1

(1− qδn)rδ .

Then by Lemma 4.4 in [1] we have that for any positive integer u:

a(19n+ 9) ≡ 0 (mod u), for all n ∈ N

iff
a(19n+ 9) ≡ 0 (mod u), for n = 0, . . . , 99 .

Congruence 4

Let r := (r1) = (−9). We apply Lemma 4.4 in [1] with (m,M,N, t, (rδ)) :=
(19, 1, 19, 17, r) and with (aδ) = a where a := (a1, a19) = (172,−9). We write

a representative A :=

(

a b

c d

)

of the double coset T := Γ0(N)AΓ∞ as (a, c) be-

cause for fixed a, c any value of b, d such that A ∈ SL2(Z) gives an element in the
double coset T . Then a complete set of representatives is given by:

(1, 0), (0, 1).

We have that
P (t) = {17}.

Using this information we can now compute the bound ⌊ν⌋ = 127 of Lemma 4.4 in
[1]. Recall that

∞
∑

n=0

a(n)qn =
∏

δ|M

∞
∏

n=1

(1− qδn)rδ .

Then by Lemma 4.4 in [1] we have that for any positive integer u:

a(19n+ 17) ≡ 0 (mod u), for all n ∈ N

iff
a(19n+ 17) ≡ 0 (mod u), for n = 0, . . . , 127 .
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