Human and automated approaches for finite trigonometric sums

Jean-Paul Allouche CNRS, IMJ-PRG, Sorbonne

4 Place Jussieu F-75252 Paris Cedex 05, France

https.www.imj-prg.fr/~jean-paul.allouche

Doron Zeilberger Department of Mathematics Rutgers University (New Brunswick) Hill Center-Busch Campus, 110 Frelinghuysen Rd.

Piscataway, NJ 08854-8019, USA

https://sites.math.rutgers.edu/~zeilberg/

with an appendix by Shalosh B. Ekhad

ShaloshBEkhad@gmail.com

To the memory of Vladimir Shevelev (Mar 09, 1945 – May 03, 2018)

Abstract

We show that identities involving trigonometric sums recently proved by Harshitha, Vasuki and Yathirajsharma, using Ramanujan’s theory of theta functions, were either already in the literature or can be proved easily by adapting results that can be found in the literature. Also we prove two conjectures given in that paper. After mentioning many other works dealing with identities for various trigonometric sums, we end this paper by describing an automated approach for proving such trigonometric identities.

Mathematics Subject Classifications: 11L03, 33B10, 11F20

Identities between quantities that are not clearly and immediately related are always fascinating. In particular when their proofs use subtle or complicated arguments (think of the Basel Problem, and the solution by Euler, ∑ 1/n^2 = π^2/6). But it also happens that, after a “complicated” proof is found, people try to find a “direct” or an “elementary” proof: in some cases this is not (not yet?) possible (think of the Fermat-Wiles theorem). Trigonometric identities, a priori unexpected, can also be found in the literature. We will just cite two such identities, one due to Gauss (see, e.g., [27], where some signs seem to be misprinted):

cos ( π 17 ) = 1 − √ 17 + √ 34 − 2 √ 17 + 2 √ 17 + 3 √ 17 + √ 34 − 2 √ 17 + 2 √ 34 + 2 √ 17 16 the other is a consequence of Ramanujan theta function identities (take the first two equalities of Lemma 3.8 in [7], subtract the second one from the square of the first one, or see [4, Corollary 32.1, p.

184]; also see Eq. (1.31) of Corollary 7 in [38], and Eq. (1.11) in [32]):

sin^2

(_{3π} 7 ) sin (_{2π} 7 ) − sin^2

(_{2π} 7 ) sin (_π 7 ) + sin^2

(_π 7 ) sin (_{3π} 7 ) = 0.

Much more modestly we stumbled upon the recent paper [32] published in the Ramanujan journal, where the authors give an interesting way to obtain a closed form for several trigonometric sums by using Ramanujan’s theory of theta functions. In particular Theorem 1.1 in that paper gives six formulas about which the authors write that these six identities seem to be new. Of course it is very interesting to obtain these equalities through theta functions, but we were interested to search whether these formulas previously appeared in the literature. Having found a vast set of papers on the subject of identities involving finite trigonometric sums, we were lucky enough to discover either references in which some of these identities had already been proved, or known results from which the other identities can be easily deduced. Here we describe or adapt these results. We also confirm two conjectures given by the authors of [32] at the end of their paper.

Finally we show how to give automated proofs for trigonometric identities of this kind.

1 The six identities of Harshitha, Vasuki and Yathirajsharma

First we recall the six trigonometric identities given in [32, Theorem 1.1].

1. If k is an odd natural number, then k−1 2∑ j=1 (−1)^{j−1} sin ( (2j − 1)π 2k ) = (−1)^{k−3}2 2 (here one should suppose that k ≥ 3) (1)

and_{k−1} 2∑ j=1 (−1)^{j−1} csc ( (2j − 1)π 2k ) = k + (−1)^{k+1}2 2 · (2)

2. If n is an odd natural number and j = 2p is an even positive integer such that gcd(j, n) = 1, then_{n−3} 2∑ k=0 sin (_{(j+1)(2k+1)π} 2n ) sin (_{(j−1)(2k+1)π} 2n ) sin^2

(_{(2k+1)π} 2n ) sin^2

(_{p(2k+1)π} n ) = n^2 − 1 3 · (3)

3. If n is an even number and j ≡ 2 (mod 4), such that gcd(^j_2 ,^n_2 ) = 1, then n 2 −1∑

k=0 sin (_{(j+1)(2k+1)π} 2n ) sin (_{(j−1)(2k+1)π} 2n ) sin^2

(_{(2k+1)π} 2n ) sin^2

(_{p(2k+1)π} n ) = n^2 4 · (4)

4. If n is an even number and j ≡ 2 (mod 4), such that gcd(^j_2 ,^n_2 ) = 1, then n 2 −1∑

k=0 sin (_{(j+1)kπ} n ) sin (_{(j−1)kπ} n ) sin^2

(_{kπ} n ) sin^2

(_{jkπ} n ) = n^2 − 4 12 · (5)

5. If n is an odd natural number and j is a positive integer such that gcd(j, n) = 1, then n−3 2∑ k=0 sin (_{(j+1)(2k+1)π} n ) sin (_{(j−1)(2k+1)π} n ) sin^2

(_{(2k+1)π} n ) sin^2

(_{j(2k+1)π} n ) = 0. (6)

2 Some related trigonometric identities found in the literature

Here we give three propositions that state results we found in the literature.

Proposition 1 ([43], last displayed formula) n∑ j=1 (−1)^{j+1} sin ( (2j − 1)π 4n + 2 ) = (−1)^{n+1} 2 ·

Remark 1 Several sums of the same kind appear in the literature, where sin can be replaced with cos or a power of cos or sin, for example a companion formula of the formula above is given in [43], namely, for n ≥ 1,_n ∑ j=1 (−1)^{j+1} cos ( jπ 2n + 1 ) = 1 2 · Also the relations n∑ k=1 (−1)^{k+1} cos^2 ( kπ 2n + 2 ) = 1 2 and n∑ k=1 (−1)^{k+1} sin^2 ( kπ 2n + 2 ) = (−1)^{n+1} 2 can be found in [52]. The same formulas can be found in [2, Theorem 3.4, p. 218]. Note that there is a straightfoward proof of the summation in Proposition 1 as well as of the three summations in this remark, by using the relation (see, e.g., [11, Example 7, p. 405], or use the complex exponential form of cos and sin)

(#) cos(α) + cos(α + β) + · · · + cos(α + (K − 1)β) = sin (_1 2 βK ) sin (_1 2 β ) cos ( α + 1 2 β(K − 1) )

and replacing the possible occurrences of cos^2(x) and sin^2 x with (1 ± cos 2x)/2.

Proposition 2 ([33], Relation 3.16 on p. 817)

n−1∑ j=0 (−1)^j csc ( (2j + 1)π 4n + 2 ) = n +

1 − (−1)^n 2 ·

Now we give the last proposition of this section that we discovered in a 1908 book by Bromwich.

Proposition 3 ([8], p. 183; also see p. 187)

(I) n−1 2∑ k=1 1 sin^2

(_{kπ} n ) = n^2 − 1 6 if n is odd;

(II) n 2 −1∑

k=1 1 sin^2

(_{kπ} n ) = n^2 − 4 6 if n is even;

(III) n−3 2∑ k=0 1 sin^2

(_{(2k+1)π} 2n ) = n^2 − 1 2 if n is odd;

(IV) n 2 −1∑

k=0 1 sin^2

(_{(2k+1)π} 2n ) = n^2 2 if n is even.

Remark 2 One can find in [24, Identity (23)] the identity

n−1∑ k=1 1 sin^2

(_{kπ} n ) = n^2 − 1 3 · The case where n is odd is an exercise in Bromwich’s book ([8, Ex. 4, p. 188]). Also see [31] where it is stated that such identities were conjectured while computing low-temperature series for a Z_n-symmetric Hamiltonian in statistical mechanics [35]; (also see [34] and the references therein for much more on this and similar identities). Actually this identity can be easily deduced from (I)

and (II) in Proposition 3 above (cut the sum into

(n−1)/2 ∑ k=1 + n−1∑

(n+1)/2

if n is odd, and into n/2∑ k=1 + n−1∑

(n/2)+1

if n is even, and make the change of index ℓ = n − k in each of the second sums).

Remark 3 One can find in [9] (also see the other references given there) the identity

n−1∑ k=0 1 sin^2

(_{(2k+1)π} 2n ) = n^2.

Note that this equality is given in [32, Remark 2] under the slightly disguised form n∑ k=1 1 sin^2

(_{(2k+1)π} 2n ) = n^2

as a corollary of the identity

n−1∑ k=1 cot^2 ( kπ n ) = (n − 1)(n − 2) 3 for any n > 0.

The authors of [32] cite a similar derivation in [5, Corollary 2.4]. It is interesting to note that the “disguised” equality above is already given (actually only for n even) under a slightly different disguise by Riesz in 1914 in [46, 47] where it is used to prove a theorem of Bernstein (about Riesz’ results also see [60, Volume II, p. 10, Eq. 3.11] and [12]). Actually the identity at the beginning of this Remark 3 can be easily deduced from (III) and (IV) in Proposition 3 above, as was done in Remark 2.

Remark 4 Note that the identities (I, II, III, IV) in Proposition 3 are, up to notation, respectively the identities (3.40, 3.28, 3.14, 3.4) in the paper [33], where they are also generalized.

We end this section with an easy lemma partly deduced from what precedes. Lemma 1 The following equalities hold.

(i) Let n be an odd integer and p an integer such that gcd(p, n) = 1. Then n−3 2∑ k=0 1 sin^2

(_{p(2k+1)π} n ) = n−1∑ ℓ=1 1 sin^2

(_{pℓπ} n ) − 1 2 n−1∑ r=1 1 sin^2

(_{2prπ} n ) = n^2 − 1 6 ·

(ii) Let n be an even integer and p an odd integer, such that gcd(p, n/2) = 1. Then n 2 −1∑

k=1 1 sin^2

(_{p(2k+1)π} n ) = n−1∑ ℓ=1 1 sin^2

(_{pℓπ} n ) − n 2 −1∑

r=1 1 sin^2

(_{2prπ} n ) = n^2 4 ·

Proof. (i) For n odd and gcd(p, n) = 1 we have n−3 2∑ k=0 1 sin^2

(_{p(2k+1)π} n ) = ∑ 1≤ℓ≤n−2 ℓ odd 1 sin^2

(_{pℓπ} n )

= ∑ 1≤ℓ≤n−1 1 sin^2

(_{pℓπ} n ) − ∑ 1≤ℓ≤n−1 ℓ even 1 sin^2

(_{pℓπ} n )

= ∑ 1≤ℓ≤n−1 1 sin^2

(_{pℓπ} n ) − ∑ 1≤r≤^{n−1}_2 1 sin^2

(_{2prπ} n ) ·

But ∑

1≤r≤^{n−1}_2 1 sin^2

(_{2prπ} n ) = ∑ n+1 2 ≤s≤n−1 1 sin^2

(_{2psπ} n ) (change of index s = n − r).

Hence ∑ 1≤r≤^{n−1}_2 1 sin^2

(_{2prπ} n ) = 1 2 ∑ 1≤r≤^{n−1}_2 1 sin^2

(_{2prπ} n ) + ∑ n+1 2 ≤s≤n−1 1 sin^2

(_{2psπ} n ) = 1 2 ∑ 1≤r≤n−1 1 sin^2

(_{2prπ} n )·

Thus, finally n−3 2∑ k=0 1 sin^2

(_{p(2k+1)π} n ) = ∑ 1≤ℓ≤n−1 1 sin^2

(_{pℓπ} n ) − 1 2 ∑ 1≤r≤n−1 1 sin^2

(_{2prπ} n )·

Now we claim that the first sum on the right hand side only depends on the value of pℓ modulo n and that pℓ takes exactly once all the values modulo n except the value 0 since gcd(p, n) = 1, thus this sum is equal to the same sum where p is replaced with 1. Similarly the second sum only depends on the value of 2pr modulo n and 2pr takes exactly once all the values modulo n except the value 0 since gcd(2p, n) = 1, thus the sum is equal to the same sum where 2p is replaced with 1. Thus n−3 2∑ k=0 1 sin^2

(_{p(2k+1)π} n ) = ∑ 1≤ℓ≤n−1 1 sin^2

(_{ℓπ} n ) − 1 2 ∑ 1≤r≤n−1 1 sin^2

(_{rπ} n ) = 1 2 ∑ 1≤r≤n−1 1 sin^2

(_{rπ} n )·

This last sum is equal to^{n2−1}_6 from Remark 2, where it was indicated that the first identity there is a consequence of Proposition 3 (I).

(ii) For n even, p odd and gcd(p, n/2) = 1 we have n 2 −1∑

k=0 1 sin^2

(_{p(2k+1)π} n ) = ∑ 1≤ℓ≤n−1 ℓ odd 1 sin^2

(_{pℓπ} n )

= ∑ 1≤ℓ≤n−1 1 sin^2

(_{pℓπ} n ) − ∑ 1≤ℓ≤n−1 ℓ even 1 sin^2

(_{pℓπ} n )

= ∑ 1≤ℓ≤n−1 1 sin^2

(_{pℓπ} n ) − ∑ 1≤r≤^n_2 −1 1 sin^2

(_{2prπ} n )·

As seen above the first sum on the right hand side does not depend on p. It is equal to^{n2−1}_3 . Similarly, defining m := n/2, the second sum can be written ∑ 1≤r≤m−1 1 sin^2

(_{prπ} m )

where gcd(p, m) = 1. It is thus equal to^{m2−1}_3 . Hence, finally ∑ 1≤k≤^n_2 −1 1 sin^2

(_{p(2k+1)π} n ) = n^2 4 ·

Remark 5 In the course of the proofs above, we proved, for gcd(p, n) = 1, the identity ∑ 1≤ℓ≤n−1 1 sin^2

(_{pℓπ} n ) = n^2 − 1 3 (compare with Remark 2).

3 Identities (1) to (6) revisited

We begin this section with a straightforward trigonometric formula, namely (#) sin x sin y sin^2(^{x+y}_2 ) sin^2(^{x−y}_2 ) = 1 sin^2(^{x−y}_2 ) − 1 sin^2(^{x+y}_2 )

(write: 2 sin x sin y = cos(x − y) − cos(x + y) and use cos z = 1 − 2 sin^2(z/2)).

Now we revisit Identities (1) to (6), to show that they were either already in the literature or easy consequences of identities in the literature.

• Identity (1)

See Proposition 1. • Identity (2)

See Proposition 2. • Identity (3)

We have for n odd, j = 2p and gcd(j, n) = 1, successively using (#), Proposition 3 (III), and Lemma 1 (ii), n−3 2∑ k=0 sin (_{(j+1)(2k+1)π} 2n ) sin (_{(j−1)(2k+1)π} 2n ) sin^2

(_{(2k+1)π} 2n ) sin^2

(_{p(2k+1)π} n ) = n−3 2∑ k=0 1 sin^2

(_{(2k+1)π} 2n ) − n−3 2∑ k=0 1 sin^2

(_{p(2k+1)π} n )

= n^2 − 1 2 − n^2 − 1 6 = n^2 − 1 3 · • Identity (4)

We have for n even, j = 2p, j ≡ 2 (mod 4), and gcd(^j_2 ,^n_2 ) = 1 successively using (#), Proposition 3 (IV), and Lemma 1 (i) n 2 −1∑

k=1 sin (_{(j+1)(2k+1)π} 2n ) sin (_{(j−1)(2k+1)π} 2n ) sin^2

(_{(2k+1)π} 2n ) sin^2

(_{p(2k+1)π} n ) = n 2 −1∑

k=1 1 sin^2

(_{(2k+1)π} 2n ) − n 2 −1∑

k=1 1 sin^2

(_{p(2k+1)π} n )

= n^2 2 − n^2 4 = n^2 4 · • Identity (5)

We have for n even, j = 2p, j ≡ 2 (mod 4), and gcd(j/2, n/2) = 1, successively using (#), Proposition 3 (II), and the identity in Remark 5, n 2 −1∑

k=1 sin (_{(j+1)kπ} n ) sin (_{(j−1)kπ} n ) sin^2

(_{kπ} n ) sin^2

(_{jkπ} n ) = n 2 −1∑

k=1 1 sin^2

(_{kπ} n ) − n 2 −1∑

k=1 1 sin^2

(_{jkπ} n )

= n 2 −1∑

k=1 1 sin^2

(_{kπ} n ) − n 2 −1∑

k=1 1 sin^2

(_{(j/2)kπ} n/2 )

= n^2 − 4 6 − (^n_2 )^2 − 1 3 = n^2 − 4 12 · • Identity (6)

We have for n odd and j such that gcd(j, n) = 1, successively using (#), and Lemma 1(i), n−3 2∑ k=0 sin (_{(j+1)(2k+1)π} n ) sin (_{(j−1)(2k+1)π} n ) sin^2

(_{(2k+1)π} n ) sin^2

(_{j(2k+1)π} n ) = n−3 2∑ k=0 1 sin^2

(_{(2k+1)π} n ) − n−3 2∑ k=0 1 sin^2

(_{j(2k+1)π} n ) = 0.

4 Confirming two conjectures of Harshitha, Vasuki, Yathirajsharma

At the end of their paper [32], the authors give two conjectures about which they wrote: We feel that these two can also be tackled with Ramanujan’s theory although we were unable to do so. First we recall these conjectures.

Conjecture [32] If k is any positive integer, then

lim_{k→∞}

2k−1∑

j=0 (−1)^j sin^2 ( (2j + 1)π 8k + 2 ) = − 1 2 and lim_{k→∞} 2k∑ j=0 (−1)^j sin^2 ( (2j + 1)π 8k + 6 ) = 1 2 ·

Here we give a simple proposition (but without Ramanujan’s theory of theta functions) which easily implies both conjectures above.

Proposition 4 The following equalities hold.

2k−1∑

j=0 (−1)^j sin^2 ( (2j + 1)π 8k + 2 ) = − sin^2 ( 2kπ 4k + 1 )

2 cos ( π 4k + 1 )

and 2k∑ j=0 (−1)^j sin^2 ( (2j + 1)π 8k + 6 ) = 1 2 − cos^2 ( (2k + 1)π 4k + 3 )

2 cos ( π 4k + 3 ) ·

As a consequence the conjectures above hold.

Proof. The proof is left to the reader who can use the relations sin^2(x) =^1_2 (1 − cos(2x)), (−1)^t cos y = cos(tπ + y), and, as previously, Identity (#) at the end of Remark 1. □

5 More on identities for trigonometric sums

Actually the literature on identities for finite trigonometric sums is huge, from ancient references like [45, 22, 50] to papers published this year, but here we have only scratched the surface of this vast literature: transitively searching through the references that we give, as well as tracking other papers (that we have skipped because they often deal with weighted sums) with, e.g., the keyword “cotangent sums”, yield a lot of many other interesting items. We will only cite [23] (and the references therein).

Such trigonometric sums occur in a large variety of domains, and are addressed with a large variety of methods: compiling all the pertinent papers in the domain would lead at least to a book (look for example at the long list of references given in [5]). Various methods have been used, some of them in papers cited above: interpolation formulas [46, 47, 2, 33] (to which we can add, e.g.,

[10, 1]...), Ramanujan’s theta function [7, 32, 51], calculus of residues (see, among several other papers, the papers by Cvijović or Cvijović et al. cited in [14]; also see [30]), expansions in partial fractions (see, e.g., [13, 53, 12]), discrete Fourier analysis (see [3]), etc.

The applications go from number theory (see, e.g., [10], but also papers dealing with Dedekind sums, generalizations and associated reciprocity laws (see, e.g., [57, 26, 6]...) to physics (see, in particular, [20, 21, 15, 16] and the references therein; also see [36]), from enumerative combinatorics (e.g., number of closed walks on a path as in [18]) to binomial identities (see, e.g. [45, 40, 41, 42, 36]), and to topology (see, e.g., [37]), etc.

To end this section, we would like to cite two more results. The first one is a relation between Dirichlet series with trigonometric coefficients and finite trigonometric sums given, among other results, in a paper of J. Franke [25].

Theorem ([25], particular case) The following relation holds ∑ n>0 N∤n cot^2(^{nπ}_N ) n^2 = (N − 1)(N − 2)(N^2 + 3N + 2)π^2 90N^2 ·

The second one, that we find particularly nice, is a result of V. Shevelev [48] and V. Shevelev and P. J. C. Moses [49], linking tangent power sums and sums of digits of integers in integer bases.

Theorem ([48, 49]) Let n be an odd integer ≥ 3. Let s_{n−1}(r) be the sum of digits of the integer r in base n − 1. Define S_n by S_n(x) = ∑ 0≤r<x r≡0 mod n

(−1)^{sn−1(r)}.

Then if p is a positive integer, one has

S_n((n − 1)^{2p}) = 2 n n−1 2∑ k=1 tan^{2p} ( πk n ) ∼ 2 n (n − 1)^{2pλn} as p tends to infinity,

where λ_n = log cot(^π_{2n} ) log(n − 1) ·

Remark 6 This last result shows why

∑^{n−1}_2

k=1 tan^{2p}

(_{πk} n ) is an integer multiple of n. Furthermore, for n = 3, the reader can see that λ_3 =^{log 3}_{log 4} and guess that there is a nice relation to the Moser- Newman statement which observes then quantifies that, among the integers multiple of 3, there are “more” evil than odious numbers (recall that a number is said to be evil if the sum of its binary digits is even and odious otherwise): everything is explained in [48, 49] and the references therein.

6 Proving and reproving

As indicated in [5] This history [the history of evaluations and reciprocity theorems for trigonometric sums] is, not surprisingly, sporadic, and consequently authors often publish results without being aware that their theorems had previously been published elsewhere. Given that this was written 20 years ago, it should not be a surprise that more recent papers give examples strengthening this remark. We give two more examples: first, compare, say, the abstract of [29] with Section 3 of [33] (or even with the abstract of [28]); second, we will briefly look at some of the results obtained in [51, Theorem 2] via identities for the Ramanujan theta function, and show that they are either in the literature or they can be readily obtained from results already in the literature. First we state an easy result.

Theorem 1 We have, for n odd, the following identities. n−1 2∑ k=1 (−1)^{k+1} sin^{2kπ}_n sin^{kπ}_n = 1 and_{n−1} 2∑ k=1 (−1)^{k+1} sin^{kπ}_n sin^{2kπ}_n

= (−1)^{n+12} ( n − 1 4 ) + χ_o

(_{n−1} 2 ) 2 where χ_o(m) = 1 if m is odd and χ_o(m) = 0 if m is even.

Proof. The first equality is equivalent to: for odd n one has

2 n−1 2∑ k=1 (−1)^{k+1} cos kπ n = 1,

which is given Remark 1 above.

The second equality is an easy consequence of the identity (for odd n) n−1 2∑ k=1 (−1)^{k+1} cos^{kπ}_n

= (−1)^{n+12} ( n − 1 2 ) + χ_o ( n − 1 2 )

which can be found, e.g., in [33] (Identity (3.43)).

Remark 7 The first identity in Theorem 1 above gives the identities (1.1), (1.3), and (1.8) of [51, Theorem 2] (take n = 7, 13, 17 and use, if needed, that sin(π − x) = sin x). Note that, as indicated in [51], their identity (1.1) is already in [38]. The second equality in Theorem 1 above gives the identity (1.2) of [51, Theorem 2] (take n = 7), which, as indicated in [51], is already in [38].

Other identities of [51, Theorem 2] can be proved in an elementary way: for example identities (1.4) and (1.9), which have the form ∑ ±(sin a sin b)/(sin c sin d). We only show how to prove easily (1.4). Let L be the lefthand term of Identity (1.4), i.e.,

L := sin^{4π}_{13} sin^{2π}_{13} sin^{6π}_{13} sin^{3π}_{13} − sin^{2π}_{13} sin^π_{13} sin^{3π}_{13} sin^{5π}_{13} − sin^{5π}_{13} sin^{4π}_{13} sin^π_{13} sin^{6π}_{13}

which can also be written, using the relations sin x = sin(π−x), sin(2x) = 2 sin x cos x, 2 cos x cos y = cos(x + y) + cos(x − y) and cos(π − x) = − cos x,

L := sin^{4π}_{13} sin^{2π}_{13} sin^{6π}_{13} sin^{3π}_{13} − sin^{2π}_{13} sin^π_{13} sin^{10π}_{13} sin^{5π}_{13} − sin^{8π}_{13} sin^{4π}_{13} sin^{12π}_{13} sin^{6π}_{13}

= 4 cos 2π 13 cos 3π 13 − 4 cos π 13 cos 5π 13 − 4 cos 4π 13 cos 6π 13 = 2 cos 5π 13 + 2 cos π 13 − 2 cos 6π 13 − 2 cos 4π 13 − 2 cos 10π 13 − 2 cos 2π 13 = 2 6∑ k=1 (−1)^{k+1} cos kπ 13 = 1 (see again Remark 1 above)

Actually one can note that, going backwards and grouping differently the terms in the last sum just above (possibly using cos(π − x) = − cos x and sin(π − x) = sin x), yields other identities, for example:

1 = 2 6∑ k=1 (−1)^{k+1} cos kπ 13

= 2 ( cos π 13 + cos 3π 13 ) − 2 ( cos 6π 13 + cos 2π 13 ) + 2 ( cos 5π 13 − cos 4π 13 )

= 2 ( cos π 13 + cos 3π 13 ) − 2 ( cos 6π 13 + cos 2π 13 ) − 2 ( cos 8π 13 + cos 4π 13 )

= 4 ( cos 2π 13 cos π 13 ) − 4 ( cos 4π 13 cos 2π 13 ) − 4 ( cos 6π 13 cos 2π 13 )

= sin^{4π}_{13} sin^{2π}_{13} sin^{2π}_{13} sin^π_{13} − sin^{8π}_{13} sin^{4π}_{13} sin^{4π}_{13} sin^{2π}_{13} − sin^{12π}_{13} sin^{6π}_{13} sin^{4π}_{13} sin^{2π}_{13}

which can be “disguised” by replacing sin x with sin(π − x), or here by simplifying and using sin(π − x) = sin x again, thus obtaining

sin^{4π}_{13} sin^π_{13} − sin^{8π}_{13} sin^{2π}_{13} − sin^π_{13} sin^{6π}_{13} sin^{4π}_{13} sin^{2π}_{13}

= 1, etc.

7 Automated proofs of the above and similar identities

Given the type of identities described above, and the re-discoveries of some of them, it seems desirable to have automated proofs: two examples are [17, 19] where the authors allude to the use of Mathematica. But it also seems desirable to have not only automated proofs but also automated “discoveries” (and proofs).

Two hints seem to be in favor of possible automated discoveries-proofs (or “shaloshable discoveryproofs”, see [59]; also see [44]) of the above and similar trigonometric identities. The (very vague) first hint is the occurrence of a hypergeometric series in [32, Theorem 2.1]. The second hint is the following identity that can be found, e.g., in [8, p. 184] sin(nθ) = 2^{n−1} n−1∏ r=0 sin ( θ + rπ n ) · (7)

This identity can be used to prove a bunch of identities. For example, taking its logarithmic derivative, then differentiating, yields

n^2 sin^2(nθ) − 1 sin^2(θ) = n−1∑ r=1 1 sin^2 ( θ +^{rπ}_n )·

Now, letting θ tend to 0, one obtains the identity of Remark 2. But one way to obtain Identity (7) is to use Cebyshev polynomials. Thus one could imagine that manipulating Cebyshev polynomials and the like with a computer algebra system, conveniently taught, would permit to discover/prove trigonometric identities “automatically”.

7.1 Automated proofs of specific finite trigonometric identities Given a multivariable polynomial P , any identity of the form P ( sin ( π n ) , sin ( 2π n ) , . . . , sin ( (n − 1)π n )) = 0 (1)

for a specific, positive integer n, is routinely provable by Maple, and (probably) any other computer algebra system. In Maple the command is simplify.

For example the original ‘Morrie’s law’ [55], that Richard Feynman never forgot (also see [39]),

cos(20^∘) cos(40^∘) cos(80^∘) = 1 8 can be automatically done (exactly!) by Maple. Just type

simplify(cos(Pi/9) ∗ cos(2 ∗ Pi/9) ∗ cos(4 ∗ Pi/9));

and you will get right away 1/8.

Nowadays you do not have to be a Gauss to (rigorously!) prove Gauss’ identity at the beginning of this article, just enter, in Maple

simplify((1 − sqrt(17) + sqrt(34 − 2 ∗ sqrt(17)) + 2 ∗ sqrt(17 + 3∗\
      sqrt(17) + sqrt(34 − 2 ∗ sqrt(17)) + 2 ∗ sqrt(34 + 2 ∗ sqrt(17))))/16 − cos(Pi/17));

and in one nano-second you would get 0.

To take another example, to prove the second identity on page 1, type

sin(3/7 ∗ Pi) ∗ ∗2/sin(2/7 ∗ Pi) − sin(2/7 ∗ Pi) ∗ ∗2/sin(1/7 ∗ Pi) + sin(1/7 ∗ Pi) ∗ ∗2/sin(3/7 ∗ Pi) :

simplify(%);

and you would immediately get 0.

The way Maple does it is to use Euler’s formula

sin x = e^{ix} − e^{−ix} 2i · Then in (1) everything is a polynomial in z := e^{iπ/n}, getting, upon expansion, a polynomial in z and making sure that it is divisible by z^n +1. So numeric computations turn into routine, symbolic, ‘high-school algebra’ calculations that computer algebra systems excel at. Nine such identities are proved, by ‘advanced’ methods in [51]. See the output file

http://www.math.rutgers.edu/~zeilberg/tokhniot/oTrigSums14.txt

for automatic, elementary (high-school algebra) proofs of all of them.

7.2 Automated proofs of infinite families of finite trigonometric sums More interesting are “infinite families” of finite trigonometric sums. We will describe how to automatically derive explicit polynomial expressions to the following eight families.

Below n and k are arbitrary positive integers. Type Top_n ∑ j=1 sin^{2k} ( jπ 2n + 1 ) . Type Ton_n ∑ j=1 csc^{2k} ( jπ 2n + 1 ) . Type Tep_n ∑ j=1 sin^{2k} ( (2j − 1)π 4n ) . Type Ten_n ∑ j=1 csc^{2k} ( (2j − 1)π 4n ) . Type Uop_{n−1} ∑ j=1 sin^{2k} ( jπ 2n ) . Type Uon_{n−1} ∑ j=1 csc^{2k} ( jπ 2n ) . Type Uep_n ∑ j=1 sin^{2k} ( (2j − 1)π 4n + 2 ) .

Type Uen_n ∑ j=1 csc^{2k} ( (2j − 1)π 4n + 2 ) . It turns out that to get closed-form expressions for general n and k for the four types Top, Tep, Uop, Uep, (i.e., for sums of positive even powers of the sines), one does not need computers. These are easy human exercises. Let us just illustrate it with type Top.

Define z := e^{iπ2n+1} . Note that z^{2n+1} = −1. Then sin(^{jπ}_{2n+1} ) = (z^j − z^{−j} )/(2i). We have: n∑ j=1 sin^{2k} ( jπ 2n + 1 ) = n∑ j=1 ( (z^j − z^{−j} )/(2i)

)_{2k} = (−1)^k 4^k n∑ j=1 (z^j − z^{−j} )^{2k}.

By the binomial theorem, this equals

(−1)^k 4^k n∑ j=1 2k∑ r=0 (−1)^r

(2k)!

r!(2k − r)!

z^{−jr+j(2k−r)} =

(−1)^k 4^k n∑ j=1 2k∑ r=0 (−1)^r

(2k)!

r!(2k − r)!

z^{2j(k−r)}

= (−1)^k 4^k

· n · (−1)^k

(2k)! k!^2 + (−1)^k

4^k n∑ j=1 k−1∑ r=0 (−1)^r

(2k)!

r!(2k − r)!

(z^{2j(k−r)} + z^{−2j(k−r)})

= n 4^k

(2k)! k!^2 + (−1)^k 4^k k−1∑ r=0 (−1)^r

(2k)!

r!(2k − r)! n∑ j=1 (z^{2j(k−r)} + z^{−2j(k−r)}).

Note that, by summing the geometric series and using z^{2(2n+1)} = 1, we have: n∑ j=1 (z^{2j(k−r)} + z^{−2j(k−r)}) = n∑ j=−n

(z^{2(k−r)})^j − 1 = 0 − 1 = −1.

Going back to the above, we have that our desired sum equals = n 4^k

(2k)! k!^2 + (−1)^{k+1}

4^k k−1∑ r=0 (−1)^r

(2k)!

r!(2k − r)! · But (you prove it!)_{k−1} ∑ r=0 (−1)^r

(2k)!

r!(2k − r)! = 1 2 (−1)^{k+1}

(2k)! k!^2 · We have just proved, sans ordinateurs, the general identity: Theorem Top n∑ j=1 sin^{2k} ( j π 2n + 1 ) = 1 4^k

(2k)! k!^2 ( n + 1 2 ) .

Similar things can be done with the other three positive families, and they are left to the reader. Theorem Tep_n ∑ j=1 sin^{2k} ( (2j − 1)π 4n ) = n 2^{2k−1}

(2k − 1)! (k − 1)!k! ·

Theorem Uop_{n−1} ∑ j=1 sin^{2k} ( jπ 2n ) = n 4^k

(2k)! k!^2 − 1 2 ·

Theorem Uep_n ∑ j=1 sin^{2k} ( (2j − 1)π 4n + 2 ) = n 4^k

(2k)! k!^2 + 1 4^k

(2k − 1)! k!(k − 1)! − 1 2 ·

Note that in the above four theorems we have closed-form expressions for general n and general k.

Much more interesting is to derive expressions for the sum of the even powers of the cosecants (i.e., reciprocals of the sines).

It turns out that for the case Uon Chu and Marini [13] (bottom of Page 126) found an elegant, but very complicated, explicit formula that yields, for each specific k, a polynomial expression, in n, of degree 2k. Our approach, to be described shortly, while not ‘explicit’ (it uses recursion), does the same, and seems far more efficient. Chu and Marini also gave an elegant generating function, whose output agrees with ours.

Everything is implemented in the Maple package TrigSums.txt available, along with numerous input and output files from

https://sites.math.rutgers.edu/~zeilberg/mamarim/mamarimhtml/trig.html.

Remark 8 The results for k ≤ 60 obtained through this package are given at

https://sites.math.rutgers.edu/~zeilberg/tokhniot/oTrigSums10.txt

(also see Type Uon in the Appendix) while, using the generating function of [13], the results are given at

https://sites.math.rutgers.edu/~zeilberg/tokhniot/oTrigSums10ChuMarini.txt

which takes about the same time: note that, using the explicit formula in [13] is much slower.

We will illustrate our approach with the family of type Ton. Recall that the Chebyshev polynomial of the first kind, T_n(x) may be defined by

T_n(cos t) = cos(nt).

It is well-known and easy to see [54], that

T_n(x) = n 2 ⌊^n_2 ⌋∑

k=0 (−1)^k2^{n−2k}(n − k − 1)!

k!(n − 2k)!

x^{n−2k}.

Hence T_{2n+1}(x) x = (2n + 1) n∑ k=0 (−1)^k4^{n−k}(2n − k)!

k!(2n + 1 − 2k)!

(x^2)^{n−k}.

Define the degree n polynomial E_n(x) :=

T_{2n+1}( √ x) √ x .

Then E_n(x) = (2n + 1) n∑ k=0 (−1)^k4^{n−k}(2n − k)!

k!(2n + 1 − 2k)!

x^{n−k}.

Note that the n roots of E_n(x) are sin^2(^{j π}_{2n+1} ), for j = 1, . . . , n. Define the reciprocal polynomial Ē_n(x) := xnE_n(x−1). Then we have

Ē_n(x) = (−1)^n (2n + 1)^n ∑ k=0 (−1)^k4^k(n + k)! (n − k)!(2k + 1)!

x^{n−k}.

Note that the n roots of Ē_n(x) are csc^2(^{j π}_{2n+1} ). It follows immediately that, denoting, as usual, the degree k elementary symmetric function of α_1, . . . , α_n by e_k(α_1, . . . , α_n), that

Lemma Top e_k({sin^2(jπ/(2n + 1)), j = 1 . . . n}) =

4^{−k} (2n − k)! (2n + 1) k! (2n − 2k + 1)! ·

Lemma Ton e_k({csc^2(jπ/(2n + 1)), j = 1 . . . n}) =

(n + k)!4^k (n − k)! (2k + 1)! · Now we use Newton’s identities [56] (see [58] for a lovely combinatorial proof). Let

p_k(α_1, . . . , α_n) := n∑ j=1 α^k_j

be the power-sum functions, then

ke_k(α_1, . . . , α_n)) = k∑ i=1 (−1)^{i−1}e_{k−i}(α_1, . . . , α_n)p_i(α_1, . . . , α_n).

This enables us (and our computers) to recursively find explicit expressions for the power sums of both {sin^2(jπ/(2n + 1)), j = 1 . . . n)} and {csc^2(jπ/(2n + 1)), j = 1 . . . n)}. Of course, for the former case we do not need it, since we have Theorem Top above but it is still nice to know that it agrees up to k = 60.

For types Tep and Ten, the underlying polynomial is T_{2n}( √ x) whose roots are {sin^2((2j + 1)π/(4n)), j = 1 . . . n}, and we have, analogously

Lemma Tep

e_k({sin^2((2j + 1) π/(4n)), j = 1 . . . n}) =

2n 4^{−k} (2n − k − 1)!

k! (2n − 2k)! · Lemma Ten e_k({csc^2((2j + 1) π/(4n)), j = 1 . . . n}) = n (n + k − 1)!4^k (n − k)! (2k)! ·

For types Uop and Uon, the underlying polynomial is U_{2n−1}( √ x)/ √ x whose roots are

{sin^2(jπ/(2n)), j = 1 . . . n − 1},

and we have, analogously

Lemma Uop e_k({sin^2(jπ/(2n)), j = 1 . . . n − 1}) =

4^{−k} (2n − k − 1)! (2n − 2k − 1)!k! · Lemma Uon

e_k({csc^2(jπ/(2n)), j = 1 . . . n − 1}) =

4^k (n + k)! (n − 1)! (2k + 1)! (n − k − 1)!n! ·

For types Uep and Uen, the underlying polynomial is U_{2n}( √ x) whose roots are

{sin^2((2j − 1)π/(4n + 2)), j = 1 . . . n},

and we have, analogously

Lemma Uep e_k({sin^2((2j − 1) π/(4n + 2)), j = 1 . . . n}) =

4^{−k} (2n − k)! (2n − 2k)!k! · Lemma Uen e_k({csc^2((2j − 1)π/(4n + 2)), j = 1 . . . n}) =

(n + k)!4^k (2k)! (n − k)! · From these, combined with Netwon’s identities one can find as many sum-of-powers as one wishes.

Acknowledgments. We warmly thank D. Berend, M. Dekking, I. Gessel, J. Jorgenson, B. Randé and the three referees for their remarks and comments. In particular (added September 18, 2022), we would like to point to the following references that are related to our work:

I. M. Gessel, Generating functions and generalized Dedekind sums, in The Wilf Festschrift (Philadelphia, PA, 1996), Electron. J. Combin. 4 (1997), Research Paper 11, 17 pp.

C. A. Cadavid, P. Hoyos, J. Jorgenson, L. Smajlović, J. D. Vélez, On an approach for evaluating certain trigonometric character sums using the discrete time heat kernel, Preprint (2022), https://arxiv.org/abs/2201.07878.

————————

Appendix by Shalosh B. Ekhad

————————

Type Ton

Proposition Ton_{1 n} ∑ j=1 csc^2 ( πj 2n + 1 ) = 2 (n + 1) n 3 · Proposition Ton_{2 n} ∑ j=1 csc^4 ( πj 2n + 1 ) = 8 (n + 1) n ( n^2 + n + 3 ) 45 Proposition Ton_3 n∑ j=1 csc^6 ( πj 2n + 1 ) = 8 (n + 1) n ( 8n^4 + 16n^3 + 35n^2 + 27n + 54 ) 945 · Proposition Ton_4 n∑ j=1 csc^8 ( πj 2n + 1 ) = 128 (n + 1) n ( n^2 + n + 3 ) ( 3n^4 + 6n^3 + 7n^2 + 4n + 15 ) 14175 · Proposition Ton_5 n∑ j=1 csc^{10} ( πj 2n + 1 ) = 64 (n + 1) n ( 16n^8 + 64n^7 + 182n^6 + 322n^5 + 493n^4 + 524n^3 + 579n^2 + 360n + 540 ) 93555 · For Propositions Ton_k for 6 ≤ k ≤ 50, see the output file

https://sites.math.rutgers.edu/~zeilberg/tokhniot/oTrigSums1.txt.

Type Ten

Proposition Ten_{1 n} ∑ j=1 csc^2 ( π(2j − 1) 4n ) = 2n^2.

Proposition Ten_{2 n} ∑ j=1 csc^4 ( π(2j − 1) 4n ) = 4n^2 ( 2n^2 + 1 ) 3 · Proposition Ten_{3 n} ∑ j=1 csc^6 ( π(2j − 1) 4n ) = 8n^2 ( 8n^4 + 5n^2 + 2 ) 15 · Proposition Ten_4 n∑ j=1 csc^8 ( π(2j − 1) 4n ) = 16n^2 ( 136n^6 + 112n^4 + 49n^2 + 18 ) 315 ·

Proposition Ten_5 n∑ j=1 csc^{10} ( π(2j − 1) 4n ) = 32n^2 ( 992n^8 + 1020n^6 + 546n^4 + 205n^2 + 72 ) 2835 ·

For Propositions Ten_k for 6 ≤ k ≤ 50, see the output file

https://sites.math.rutgers.edu/~zeilberg/tokhniot/oTrigSums5.txt.

Type Uon

Proposition Uon_{1 n−1} ∑ j=1 csc^2 ( jπ 2n ) = 2 (n + 1) (n − 1) 3 · Proposition Uon_{2 n−1} ∑ j=1 csc^4 ( jπ 2n ) = 4 (n + 1) (n − 1) ( 2n^2 + 7 ) 45 · Proposition Uon_{3 n−1} ∑ j=1 csc^6 ( jπ 2n ) = 8 (n + 1) (n − 1) ( 8n^4 + 29n^2 + 71 ) 945 · Proposition Uon_4

n−1∑ j=1 csc^8 ( jπ 2n ) = 16 (n + 1) (n − 1) ( 24n^6 + 104n^4 + 251n^2 + 521 ) 14175 · Proposition Uon_5

n−1∑ j=1 csc^{10} ( jπ 2n ) = 32 (n + 1) (n − 1) ( 32n^8 + 164n^6 + 450n^4 + 901n^2 + 1693 ) 93555 ·

For Propositions Uon_k for 6 ≤ k ≤ 50, see the output file

https://sites.math.rutgers.edu/~zeilberg/tokhniot/oTrigSums9.txt.

Type Uen

Proposition Uen_{1 n} ∑ j=1 csc^2 ( (2j − 1)π 4n + 2 ) = 2 (n + 1) n.

Proposition Uen_{2 n} ∑ j=1 csc^4 ( (2j − 1)π 4n + 2 ) = 8 (n + 1) n ( n^2 + n + 1 ) 3 · Proposition Uen_3 n∑ j=1 csc^6 ( (2j − 1)π 4n + 2 ) = 8 (n + 1) n ( 8n^4 + 16n^3 + 19n^2 + 11n + 6 ) 15 ·

Proposition Uen_4 n∑ j=1 csc^8 ( (2j − 1)π 4n + 2 ) = 128 (n + 1) n ( n^2 + n + 1 ) ( 17n^4 + 34n^3 + 31n^2 + 14n + 9 ) 315 ·

Proposition Uen_{5 n} ∑ j=1 csc^{10} ( (2j − 1)π 4n + 2 )

= 64 (n + 1) n ( 496n^8 + 1984n^7 + 4106n^6 + 5374n^5 + 4979n^4 + 3316n^3 + 1669n^2 + 576n + 180 ) 2835 ·

For Propositions Uen_k for 6 ≤ k ≤ 50, see the output file

https://sites.math.rutgers.edu/~zeilberg/tokhniot/oTrigSums12.txt.

References

[1] M. H. Annaby, R. M. Asharabi, Exact evaluations of finite trigonometric sums by sampling theorems, Acta Math. Sci. Ser. B 31 (2011), 408–418.

[2] M. A. Annaby, H. A. Hassan, Trigonometric sums by Hermite interpolations, Appl. Math. Comput. 330 (2018), 213–224.

[3] M. Beck, M. Halloran, Finite trigonometric character sums via discrete Fourier analysis, Int. J. Number Theory 6 (2010), 51–67.

[4] B. C. Berndt, Ramanujan’s Notebooks: Part IV, Springer, NewYork (1994). [5] B. C. Berndt, B. P. Yeap, Explicit evaluations and reciprocity theorems for finite trigonometric sums, Adv. in Appl. Math. 29 (2002), 358–385.

[6] B. Berndt, A. Zaharescu, Finite trigonometric sums and class numbers, Math. Ann. 330 (2004), 551– 575.

[7] B. C. Berndt, L. C. Zhang, A new class of theta-function identities originating in Ramanujan’s notebooks, J. Number Theory 48 (1994), 224–242.

[8] T. J. I’A. Bromwich, An Introduction to the Theory of Infinite Series, Macmillan and Co., London, 1908.

[9] L. Bruch, W. O. Egerland, W. J. Blundon, J. H. van Lint, Problems and Solutions: Solutions of Advanced Problems: 5486, Amer. Math. Monthly 75 (1968), 421–422. (Problem 5486 proposed by L. Bruch, Amer. Math. Monthly 74 (1967), 447.)

[10] G. J. Byrne, S. J. Smith, Some integer-valued trigonometric sums, Proc. Edinburgh Math. Soc. 40 (1997), 393–401.

[11] G. Chrystal, Algebra: an Elementary Text-Book for the Higher Classes of Secondary Schools and for Colleges. Part II, Adam and Charles Black, 1900.

[12] W. Chu, Partial fractions and Riesz’ interpolation formula for trigonometric polynomials, Amer. Math.

Monthly 125 (2018), 175–178.

[13] W. Chu, A. Marini, Partial fractions and trigonometric identities, Adv. in Appl. Math. 23 (1999), 115–175.

[14] D. Cvijović, Summation formulae for finite tangent and secant sums, Appl. Math. Comput. 218 (2011), 741–745.

[15] D. Cvijović, H. M. Srivastava, Closed-form summation of the Dowker and related sums, J. Math. Phys.

48 (2007), 043507.

[16] D. Cvijović, H. M. Srivastava, Closed-form summations of Dowker’s and related trigonometric sums, J.

Phys. A 45 (2012), 374015.

[17] C. M. da Fonseca, V. Kowalenko, On a finite sum with powers of cosines, Appl. Anal. Discrete Math. 7 (2013), 354–377.

[18] C. M. da Fonseca, M. L. Glasser, V. Kowalenko, Basic trigonometric power sums with applications, Ramanujan J. 42 (2017), 401–428.

[19] C. M. da Fonseca, M. L. Glasser, V. Kowalenko, Generalized cosecant numbers and trigonometric inverse power sums, Appl. Anal. Discrete Math. 12 (2018), 70–109.

[20] J. S. Dowker, Heat kernel expansion on a generalized cone, J. Math. Phys. 30 (1989), 770–773. [21] J. S. Dowker, On Verlinde’s formula for the dimensions of vector bundles on moduli spaces, J. Phys. A 25 (1992), 2641–2648.

[22] G. Eisenstein, Aufgaben und Lehrsätze, J. Reine Angew. Math. 27 (1844), 281–283. [23] W. Ejsmont, F. Lehner, The trace method for cotangent sums, J. Combin. Theory Ser. A 177 (2021), Paper No. 105324.

[24] M. E. Fisher, Sum of inverse powers of cosines, SIAM Rev. 13 (1971), 116–119. [Problem 69-14, by L.

A. Gardner, Jr., SIAM Rev. 11 (1969), 621.]

[25] J. Franke, Dirichlet series with trigonometric coefficients, Integers 21 (2021), #A23. [26] S. Fukuhara, New trigonometric identities and generalized Dedekind sums, Tokyo J. Math. 26 (2003), 1–14.

[27] C. F. Gauss, Disquisitiones Arithmeticae, G. Fleischer, Leipzig, 1801. Available at

https://edoc.hu-berlin.de/handle/18452/1163.

[28] N. Gauthier, P. S. Bruckman, Sums of the even integral powers of the cosecant and secant, Fibonacci Quart. 44 (2006), 264–273.

[29] J. Górowski, J. Żabowski, Remarkable identities, J. Math. Appl. 37 (2014), 39–50. [30] P. J. Grabner, H. Prodinger, Secant and cosecant sums and Bernoulli-Nörlund polynomials, Quaest.

Math. 30 (2007), 159–165.

[31] S. W. Graham, O. Ruehr, O. P. Lossers, M. Renardy, Conjectured trigonometrical identities, SIAM Rev. 29 (1987), 132–135. [Problem 86-5, by M. Henkel, J. Lacki, SIAM Rev. 28 (1986), 87–88.]

[32] K. N. Harshitha, K. R. Vasuki, M. V. Yathirajsharma, Trigonometric sums through Ramanujan’s theory of theta functions, Ramanujan J. 57 (2022), 931–948.

[33] H. A. Hassan, New trigonometric sums by sampling theorem, J. Math. Anal. Appl. 339 (2008), 811–827. [34] Y. He, Explicit expressions for finite trigonometric sums, J. Math. Anal. Appl. 484 (2020), #123702. [35] M. Henkel, J. Lacki, Integrable chiral Z_n quantum chains and a new class of trigonometric sums, Phys.

Lett. A 138 (1989), 105–109.

[36] S. R. Holcombe, Falling coupled oscillators and trigonometric sums, Z. Angew. Math. Phys. 69 (2018), Paper No. 19.

[37] T. Lawson, A note on trigonometric sums arising in gauge theory, Manuscripta Math. 80 (1993), 265– 272.

[38] Z.-G. Liu, Some Eisenstein series identities related to modular equations of the seventh order, Pac. J.

Math. 209 (2003), 103–130.

[39] J. Louck, W. Beyer, D. Zeilberger, A generalization of a curiosity that Feynman remembered all his life, ‘Math Bite’, Math. Magazine 69 (1996), 43–44. Available at

https://sites.math.rutgers.edu/~zeilberg/mamarim/mamarimhtml/feynman.html.

[40] M. Merca, On a trigonometrical sum, Gazeta Mat. Seria B, 117 (2012) 380–384. Available at

https://www.researchgate.net/publication/231003371_On_a_trigonometrical_sum

[41] M. Merca, A note on cosine power sums, J. Integer Seq. 15 (2012), Article 12.5.3. [42] M. Merca, On some power sums of sine or cosine, Amer. Math. Monthly 121 (2014), 244–248. [43] E. Packard, M. Reitenbach, A generalization of the identity cos π/3 = 1/2, Math. Mag. 85 (2012), 124–125.

[44] M. Petkovšek, H. S. Wilf, D. Zeilberger, A=B. With a foreword by D. E. Knuth. With a separately available computer disk. A K Peters, Ltd., Wellesley, MA, 1996.

[45] C. Ramus, Solution générale d’un problème d’analyse combinatoire, J. Reine Angew. Math. 11 (1834), 353–355.

[46] M. Riesz, Formule d’interpolation pour la dérivée d’un polynôme trigonométrique, C. R. 158 (1914), 1152–1154.

[47] M. Riesz, Eine trigonometrische Interpolationsformel und einige Ungleichungen für Polynome, Deutsche Math. Ver. 23 (1914), 354-368.

[48] V. Shevelev, On monotonic strengthening of Newman-like phenomenon on (2m + 1)-multiples in base 2m, Preprint, 2007. Available at https://arxiv.org/abs/0710.3177.

[49] V. Shevelev, P. J. C. Moses, Tangent power sums and their applications, Integers 14 (2014), #A64. [50] M. Stern, Ueber einige Eigenschaften der Function Ex., J. Reine Angew. Math. 59 (1861), 146–162. [51] G. Vinay, H. T. Shwetha, K. N. Harshitha, Non-trivial trigonometric sums arising from some of Ramanujan theta function identities, Palest. J. Math. 11 (2022), 130–134.

[52] S. Weller, Partial Sum Trigonometric Identities and Chebyshev Polynomials, Rose-Hulman Undergrad. Math. J. 19 (1) (2018), Article 5. Available at:

https://scholar.rose-hulman.edu/rhumj/vol19/iss1/5.

[53] X. Wang, D.-Y. Zheng, Summation formulae on trigonometric functions, J. Math. Anal. Appl. 335 (2007), 1020–1037.

[54] The Wikipedia Foundation, Chebyshev polynomials. [55] The Wikipedia Foundation, Morrie’s Law. [56] The Wikipedia Foundation, Newton’s identities.

[57] D. Zagier, Higher dimensional Dedekind sums, Math. Ann. 202 (1973), 149–172. [58] D. Zeilberger, A combinatorial proof of Newton’s identities, Discrete Math. 49 (1984), 319. Available at https://sites.math.rutgers.edu/~zeilberg/mamarimY/DZ1984.pdf.

[59] D. Zeilberger, Identities in search of identity, in Conference on Formal Power Series and Algebraic Combinatorics (Bordeaux, 1991), Theoret. Comput. Sci. 117 (1993), 23–38.

[60] A. Zygmund, Trigonometric Series, Second edition, Volumes 1 & 2 combined, Cambridge University Press, Cambridge, 1988.