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Let the darga of a polynomial be the sum of its low-degree and (high) degree, for example,

darga(2 + q + q2 − q3) = 0 + 3 = 3 , darga(q2 + q3) = 2 + 3 = 5 , darga(q3) = 3 + 3 = 6 .

It is immediate that every symmetric polynomial of darga d can be written, uniquely, as a linear
combination of

(1 + q)d , q(1 + q)d−2 , q2(1 + q)d−4 , . . .

in symbols

P (q) =
bd/2c∑
i=0

γi q
i(1 + q)d−2i ,

and we will call the Kyle Transform, P̂ (z), the polynomial, in z,

P̂ (z) :=
bd/2c∑
i=0

γi z
i .

Kyle Petersen([P]) made the following elegant conjecture, that I will shortly prove.

Fact: Let An(z) be the Kyle transform of

[n]! :=
n∏

i=1

1− qi

1− q
,

then

An(−1) =
n∏

i=1

Fi ,

where the Fi are the famous Fibonacci numbers defined by F0 = 0, F1 = 1, Fi = Fi−1 + Fi−2 for
i ≥ 2.

Proof. For a general symmetric P (q) we have

P (q) =
bd/2c∑
i=0

γi q
i(1 + q)d−2i = (1 + q)d

bd/2c∑
i=0

γi (
q

(1 + q)2
)i .

Hence
P (q)

(1 + q)d
= P̂ (

q

(1 + q)2
) .

Letting z = q
(1+q)2 , we get the quadratic equation

zq2 + (2z − 1)q + z = 0 ,
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whose (unique formal-power series) solution is

q =
1− 2z −

√
1− 4z

2z
= C(z)− 1 = zC(z)2 ,

where

C(z) =
1−
√

1− 4z
2z

,

is the unique formal power series solution of C(z) = 1 + zC(z)2 of Catalan fame. Hence

P̂ (z) =
P (zC(z)2)

(1 + zC(z)2)d
=
P (zC(z)2)
C(z)d

.

Plugging-in z = −1 we get

P̂ (−1) =
P (−C(−1)2)
C(−1)d

.

Now

C(−1) =
1−
√

5
−2

=
√

5− 1
2

= φ−1 ,

where φ = (
√

5 + 1)/2 is the famous golden ratio. Hence

P̂ (−1) =
P (−φ−2)
φ−d

= φd P (−φ−2) .

Applying this to P (q) = [n]!, we get

An(−1) = φn(n−1)/2
n∏

i=1

1− (−φ−2)i

1 + φ−2
=

n∏
i=1

φi − (−φ−1)i

φ+ φ−1
=

n∏
i=1

Fi .
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