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A CURIOUS PAIR OF MATRICES

(0 —(2z+1)x _(y—z —(2z+ 1)z
MX(I’y)_<1 3x+y+2>’MY(‘T’y)_< 1 20+ 2y +1

These Matrices Commute! Sort of...

Mx (z,y)My (x +1,y) = My (z,y)Mx (z,y + 1)
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A CURIOUS PAIR OF MATRICES
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A CURIOUS PAIR OF MATRICES
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APERY’S GARDEN - ((3)

—nsun

— +(2n —1)(17n% — 170+ 5)un_y
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IRRATIONALITY - BY DIRICHLET!?

CIDirichlet - Schubfachprinzip (1834)




[RRATIONALITY - OF ((3)

—n3up + (20 — 1D)(170% — 170 + 5)up_1 — (0 — 1)3up_2 =0

351 62531
Pn —0767T,W,...
gn = 1,5,73,1445,33001 . . .
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APERY’S GARDEN - ((3)

—n3up + (20 — 1)(17n% — 170 + 5)up_1 — (n — 1)3up_2 =0




BEAUKER’S INTEGRAL - ((2) Bl

/01 /01 (2(1 —2)y(1 —y)" dy

(1 _ xy)"“

—nup, + (11n% — 11n + 3)up_1 + (n — 1)Uy =0

BIA Note on the Irrationality of ¢(2) and ¢(3) - F. Beukers




ZUDILIN’S INTEGRAL - GI

1 1 ,.a5—1 1— by—as—1,,a3—1 1— bs—az—1
/ / z®” (1) y= (1 —vy) dz dy
0 Jo (1 —ay)®o

(2n)2(2n + 1)%(20n* — 200 + 3) @y 1
— (3520n° — 2672n* + 19602 — 9)i,
— (2n)2(2n + 1)(2n — 3)(20n2 + 200 + 3)diy,_1 = 0

lW Zudilin - A few remarks on linear forms involving Catalan’s constant (2002)




BROWN’S MODULI SPACES - ((5) Bl

® ©
® ® © ®

® ® @ ®

po(n)up + ... + pp(N)upir =0

[5]|rrationa|ity proofs for zeta values, moduli spaces and dinner parties -Francis
Brown




APTEKAREV’S DETERMINANTS - ~ [

(ab) .__ Upt+1  An
A = det <bn+1 bn)

(16n+1)(16n—15)tn1 = (16n—15)(256n>+528n>+352n+73)u,
—(16n+17)(128n>4+40n% —82n—45)up, _1+n2(16n+17) (160+1)u,_o

10n linear forms containing the Euler constant - A.l.Aptekarev
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THE RAMANUJAN MACHINE



THE RAMANUJAN MACHINE

Our GitHub Publications - ramanujanmachine.com

The Ramanujan Library — Automated Discovery on the Hypergraph of Integer Relations (arXiv 2024)
Unsupervised Discovery of Formulas for Mathematical Constants (NeurlPS 2024)

Algorithm-assisted Discovery of an Intrinsic Order Among Mathematical Constants (PNAS 2024)

The conservative matrix field (arXiv 2023)

Automated Search for Conjectures on Mathematical Constants using Analysis of Integer Sequences (PMLR 2023)
On the Connection Between Irrationality Measures and Polynomial Continued Fractions (Arnold Mathematical
Journal 2024)

Generating conjectures on fundamental constants with the Ramanujan Machine (Nature 2021)
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THE RAMANUJAN MACHINE

Preprocessing
F(6CF@ = 1.b = 1) RHS Hash

F(GCF(@ = 1.b= 1) -
Key 5| em ; " | Matching Values
31423 27183 64123 175638 07881 .. i qepen
A(6CF@ =16 =2)) Numericalvalue E ey
a

A(6CF@ =1+n,b = 1)

RHS enumeration

f(Gek(@ =2+ b =1)

0+ const
— Calculation of LHS numerical values

1
14 const
B 2718281 3.718281 17.543901 0748123 0412318

New Conjecture Validate to

Meet in the Middle
Algorithm

LHS enumeration

Increase
high precision Sians | accuracy 27183

27182812

F3n+1, b, = —on"

T+ L b= 208 (n ¥ 1)

— Families of Continued
+3n+1, by=-2n"(n+2) . )
TR TS Fractions of Catalan’s
F T e () Constant

+T+3, bp=-2n"(n+1)(n+2)

Mg, Raayoni et al - Generating conjectures on fundamental constants with the
Ramanujan Machine. Nature (2021)
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HoOLONOMIC SEQUENCES = MATRICES

Unp+1 = ApUn + bnun—l

(i, 1) = (tUn_1,un) <0 bn>

1 a,

n
Un Unt1) _ (U0 U1 H 0 b
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CONNECTING INFINITE FaMILIESE - EX. ¢(3)

> > —— - > ——— =2 ~((3)
— — —nb
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BlIElimelech et al Algorithm-assisted discovery of an intrinsic order among
mathematical constants. PNAS (2024)



CONNECTING INFINITE FaMILIESE - EX. ¢(3)
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CONNECTING INFINITE FaMILIESE - EX. ¢(3)
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THE CONSERVATIVE MATRIX FIELD

¢ : 2% ~ GL(Q(z1, . . ., 24)), (poM)(X) = M(X +v) (veZ%)

A Conservative Matrix Field (CMF) of dimension d and rank r with
respect to the shift action ¢ is a map:

M : 7% = GL.(Q(z1, ..., xq)), v~ M,
with the following Cocycle property:
Mv—i-w = Mv ’ ¢va

| oy +1) | My(x, )
o X2 2

I |

(x+1,y+1)

(€7 + )4

H J ' ——e——o
——t @y) | Mx(xy) |(x+1y)

| My y)My e+ 1,y) = My G y) My, y + 1




THE CONSERVATIVE MATRIX FIigLplto]

) - 0 x1+ 1 . -1 1 +1
e Mao) = <1 —(z1 + 2 + 1)> Moy = ( 1 —(z1 42+ 2)>

) . 0 —(2.%’1—1—1)1’1 (T2 — 11 —(2x1+1)$1
7T'M<170>—<1 3x1+x2+2>’M(0’1)_< 1 2z 4229 +1

€(2),¢(3),G,...

B0 David: The conservative matrix field (arXiv 2023)

(9 Gosper: Strip Mining in the Abandoned Orefields of Nineteenth Century
Mathematics (1990)
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THE HYPERGEOMETRIC
CONSERVATIVE MATRIX FIELD



REMINDER - HYPERGEOMETRIC FUNCTIONS

Generalized Hypergeometric Function

pFy : €74 5 C[[2]

qu{xl,...,xp'z] ng

Yly-e oy Yg
with (a), =a(a+1)(a+2)---(a+n—1)

1,1 2, nlZ” — log(1 — 2)
F P = = = —
° 1{2 ’Z] Ezo(n—i—l)!n! Z(n+1) z

= n=0




HYPERGEOMETRIC FUNCTIONS
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HYPERGEOMETRIC FUNCTIONS

A million
other things

Polynomials

Trigonometric

Special

) Polylog
Functions

Bessel

Physics
Wave Eqns
Conformal
Mapping of
Polygons




ALGORITHM SUGGESTION

Constant of interest

Find ,Fy form

Irrationality




,F, = CMF

Theorem

For every pFy |7 2| there exists a Conservative Matrix Field
1 dq

M, called the Hypergeometric Conservative Matrix Field, which
defines an action* like ¢, on the parameter space of the

Hypergeomteric:
T1,..., % Mao..., x 1,...,x
qu[ ! p;Z} $i>O)qu[ L p;Z]
Yi,---5Yq Yiy---5Yq

* - The action it defines will be explained shortly

[ 68



Iy CONTIGUOUS RELATION AND ODE

Tl .., Tp Z1,..,%+ 1., ]
F=,F, 12| ; O F = pF, [ 2
pq[yla---qu :| ‘ P yla'-qu
d r—1
0=:2 | X =(F0F,... 0\F)
dz
Hypergeometric ODE: Hypergeometric Contiguous
Relations:
0X = XMy

1
e F'=F+ —0F
with My € GL,(Q(2)) be. T

[ 68



A CMF CONSTRUCTION

1 1 1
X(I+=Mp)=X+—XMy=X+—6X

3 'CL’L xl

1 1 1 1
X(I+—Mp)=(F+—0F,0F + —0°F,...,0" '"F + —0"F)

T Z; T Ty

1
X(I+ —Mp) = ($e.F, 6e0F, ..., ¢e8" "' F) = ¢, X

1
X(I+ ;Me) = e, X
K3




EXAMPLE - 5F]

F— P, [1’1,:62;4
U
1 oz
(F,0F)M100) = (F,0F) | 1 1qei 450541y | = P1.00)(F,0F)
1 z1(1—2)
1 z1z
(F,0F)M1,0) = (F,0F) Ltastoiitloy | = $(0.1,0)(F: OF)
302 z1(1—2)
(F,0F)M(g,0,1) = (F, GF)wlwz - wly?i P <_xl _1;5 o yf(lz:?l)> = ¢(0,0,1)(F, 0F)

[ 68



EXAMPLE - 5F]

1,2, 1,2, 2,2, 2,2,
(2F1|:y1 72},9217‘1[741 72})—>/\/l(100)(1 2) (2F1|:y1 72],92171{“ ,z})

Mo,1,0(1,1)
M0,1,0(2,1)
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IRRATIONALITY PROOFS

with [ = o F [1;;4 = —W, we have for z = —1:

1
X = (log(2), 2 ~ 1og(2)
Xn = ¢(n,n,2n)X = XM(TL,?L,Q’!L)

1 1 1 1
Xn,=<2F1[n+ A ;—1},92F1[n+ A ;—1]>

2n + 2 2n + 2
X, — C(0,1)
IOg(Q) Pn 1
M n,n,2n —— | — 0 - = |log(2) — —| < —%
(myn,2n) (% —log(2)> 8(2) n a3

[ 68
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RECREATION/EXTENTION OF KNOWN RESULTS

Recreated using a ,F,;, CMF:
m ((2): R.Apéry (1979) F.Beaukers (1979)
m ((3): R.Apéry (1979) F.Beaukers (1979)
m G: Zudilin (2001) - Found better !
m L(2,x_3): D.Zagier (1984)

Extended using Grobner CMF:

m ((5): F.Brown, W.Zudilin (2022) - Using Kampé de Fériet
functions

m 7: D.Zeilberger, W.Zudilin (2019)




IMPROVEMENTS (IN THE SPIRIT OF[!)

.
what about:
5 1,1,1,2 1 1,1,1,1
44F3[ 4 35 §_1/4] —34F3[ 4 35 3—1/4]
37273 37273

[11]Bliss,Koutschan,ZeiIberger - Tweaking the Beukers Integrals In Search of More
Miraculous Irrationality Proofs A La Apéry (2021)




IMPROVEMENTS

] eR\Q
11
e
! 2l | 25255
4\/?1:(34) — GR\Q
(1) 2F1|:%i% 1]
E .
what about:[12]
5 1,1,1,2 1 1,1,1,1
L(2,X_3):44F3[ 435 3_1/4:| _34F3[ 435 3_1/4]
323 3)2)3

[2IF, Calegari, V. Dimitrov, Y. Tang - The linear independence of 1, {(2), and

L(2 X*3)




IMPROVEMENTS - 113!

oF5 Matrix Field — infinitely many Holonomic approximations of

oo
H M, <= Recursive Sequence

=1l
n? (n +2) 2n? (n + 1) n3 (n+1)
My, =n?+6n+2 nd+10n?2+10n+2 6n°+5n%—6n-—4
—2n —1 —n?2 +n+1 9n? + 18n + 8
n?(2n(2n +1) — 1) n? (3n2 +6n + 1) 2n? (n3 +8n? +12n 4 4)
My =| 2n (2n2 tn— 1) 2n (2n3 +10n2 4+ 17n + 5) 5n (3n3 +18n2 + 24n + 8)
—3n% —6n —1 —2n3 —13n2 — 14n — 3 —8n3 —13n2 —12n — 4

(131}, Lagarias: Euler's constant: Euler's work and modern developments. (2013)
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HINTS AT DEEPER MATHEMATICS



THE PATH TO CONTINUOUS 0§

Conjecture: Continuous
Asymptotics

Up A ;c fi(n) @

Conjecture: P-adic Conjecture: Cont. P-adic

Asymptotics Asymptotics
|

Poincaré/Perron Asymptotics

Zcpgz

p adlc




POINCARE/PERRON AsympTOTICS!H

log’
0=—-1— lim

Where: ¢, = effective denominator
n—oo log ‘qn’

For Apéry:
Pn ~ c1(17+ 12\/5)"71_% + co(17 — 12\/5)"n—%

n ~ G117+ 12vV2)"n 2 + 6(17 — 12v/2)"n "2

n
" 17 — 12v/2 17 — 12v/2
Po o g (IT-12v2Y log [ L1 =12v2
gn C1 17+ 12v2 17 + 122
[ 68

C1 DPn

C1 dn

1410, Perron: Uber einen Satz des Herrn Poincaré. (1909)




ARITHMETIC ASYMPTOTICS

log’
0=—1— lim
n—00 oglqn!

Where: ¢, = effective denominator

For Apéry, q,, are integers, but the denominators of p,, grow like
LCMIL,...,n]3. thus

gn| ~ (17 +12V2)" = |Gn| ~ (17 + 12V/2)"e™
10g || ~ n(log (17 + 12\/§> +3)

nlog (17—12\/5)

§=—1— T ~ 0.0805294

n(log (17 4+ 12v/2) + 3)




ARITHMETIC ASYMPTOTICS

Conjecture:

gi(n
C;
p ad|c Z iP

For Example, in Apéry:

Vp: g1(n) = —3logy,(n) , ga(n) =0




THE PATH TO CONTINUOUS 0§

Conjecture: Continuous
Asymptotics

Up A ;c fi(n) @

Conjecture: P-adic Conjecture: Cont. P-adic

Asymptotics Asymptotics
|

Poincaré/Perron Asymptotics

Zcpgz

p adlc
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THANK You!

Questions?
m D-Finite CMFs, and Groebner Bases
m 7-Unifier and the coboundary problem

m Regularization of infinite sums, and gauge transforms

g-Analogs: the Basic Hypergeometric CMF

Conjectures for simplified case

Our GitHub Our Publications

6l 63



D-FiniTE CMF's

Lets use an Ore algebra.
A= (C(al,...,ap;zl,...,zq)[Sl,...,Sp,Dl,...Dq]

Given a D-Finite Function F(ai,...,ap;21,...,24) : NP x C1 = C
Looking at the annihilator a < A, of F', we can represent A/a in the
base B C C(ay,...,ap;21,-..,2¢)[D1, ..., Dg]. For each shift S; we
encode its equivalence class in A/a using B:

M; = [Si|B

these will form a CMF! and ”act” on F'!
Equivalent to Ore Grobner Basis

A B



7 - UNIFIER

When are two formulas for 7 related?

4 12
B :7r:3+—22 (Ntlakantha)
ot 6+ ———
2+ 6+
2R 6+

1 6
_(2n—-3 (2n—1)? B 1
U"‘( 1 2n +1 )  An = UnBulniy

(Leibnitz)

(Leibnitz) A,

o 63 68



7 - UNIFIER

(c) Euler
R 17‘005 e
3 PCF(1,n(n +1))
PCF(2,n*)
2 1 _&x2C i)
=2 27_ (mnFD@En+1) ©0.1)
(-133)
i(x - 3)
(1.12)
1,11
0.1,2) ( )
'3 L0.48
@ ©002) @
(@1.1)
000) -
3,11
G55 -0.45
4
_ (a) (1,00)
§ i Coboundary Distinct
cluster formula e
CMF trajectory PCF
or  Example from
& cluster

T. Raz et al - Formulas of 7 and their inclusion in a Hypergeometric CMF

A &



REGULARIZATION OF ,FS

2 Fp [1’ 1; —1} — Z(—l)”n! (diverges) — 0

regularization

n=0
6-Gompertz
T4 il
X1, T2 t
2F0[ i 1] = o
1 —T9 .’
M) = < L gy —mp-l ’

1 1 ’ %
Il




GAUGE TRANSFORM

for X solution of X = XMy, and Y := XA, A € GL,(C[[#]]), then
0Y =Y My, My = A~ (HA + MyA)

Claim: if Y = XM, = ¢,X then:
My = M (OM, + Mg M) = ¢, My

Meaning: not only is M, a CMF, it acts on all solutions to

0X = X My
Proof: Nitpicky algebra on the ODE structure.



Q-ANALOGS: THE BAsic HYPERGEOMETRIC

CMF

Where:

(#;¢)n = (1 —a)(1 — ag)(1 — ag®) - (1 —ag"")
2qo 1 (g—1)

M . ]' - _an,+b+l+z a+b+2+qc
at = | (=g (1—9)g°(=((¢=1)zq" " (2¢°~1))+(¢=1)2z¢" "' —¢°+q) 41
-1 (¢—1)(1-q%)((g—1)2q* T+ +¢°)

S eTfes



CONJECTURES FOR CONSTANT MATRICES

(L4) —;— (24) —— (34) —— (44)
< < < <
= = = =
(L3) —— (23) —— (33) —— (43)
& & & &
= = = =
(L2) —— (22) —— (32) —— (42)
3 3 S S
(1,1) (2,1) (3.1) (4,1)




