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A journey

THE INFECTIOUS “¢-DISEASE"

NoOTATION
g | lalde =1z —k+1],
=gy e M‘ Ml e

NOTATION

Dedekind n-function

_,:18

n(q) = 4% (q)oo where  (q)oo = [ [(1 — ).
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THE INFECTIOUS “¢-DISEASE"

NoOTATION

[z]q == 111q; and {x} _ [tafe =g [z —k+1]g

NOTATION

Dedekind n-function

n(a) = q* (@)oo where  (9)oo = [[(1— ).

EXAMPLE

)
H =1+q+2¢°+2¢° +2¢" +¢" +¢°,
q

Me=1+q+q¢" +q
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Once upon a time ...

«O> «Fr o« B
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THE FINITE VERSION

THEOREM (TA, G. ANDREWS, R.TAURASO '24)
For each positive integer n, we have
k1+kot-+kt

q
Z [k1]2[k2)2 - - - [ke]2’

1<k <--<ki<n

n+k1+k3-+kat—1 + qk2+k‘4+"‘+k‘2t

- q
B Z [0+ Kalglkalq - - - [atlq

1<k <—<kze<n

q

e )]
= Rl ',

1 q
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THE INFINITE VERSION

THEOREM (TA, G. ANDREWS, R. TAURASO '24)
For t > 1, we have the identity

(_1)m—1(1 _i_qm)q(g")—l-tm
T My e

1<k <<k j= 1 m>1
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What is it?

«O> <Fr < B
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RECALL YET ANOTHER

THEOREM (G. ANDREWS, S. ROSE '13)
For t > 1, we have the identity

(—1)m+t2m+1 m+t m+1
2 H =2 @3 2t+1 (m—t)q(Q)'

0<ki1<--<k¢ j= 1 m>t o0
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THE PARTITION FUNCTION p(n)

DEFINITION

A partition of an integer n is a weakly decreasing sequence
A= (>\17)‘2a oo '7)\5)

of positive integers which sum to n, denoted A - n.
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THE PARTITION FUNCTION p(n)

DEFINITION

A partition of an integer n is a weakly decreasing sequence
A= (Ala)‘Qa oo '7)\f)
of positive integers which sum to n, denoted A - n.

NOTATION

The partition function
p(n) := # partitions of n.

4=3+4+1=2+42=2+41+1=1+1+1+1 = p(4)=5.
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YOUNG DIAGRAM

EXAMPLE
A=(5,3,3,2,1) F 14 or in frequency mode
A= (11,2132 40 51):

[ ]
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#{partitions of n into identical parts} = #{divisors of n}. I

«O>» «F>» «E» « o>

it
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MAJOR PERCY ALEXANDER MACMAHON
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For t > 1, define the MacMahon partition function
My(n) := >
n=mjs]1+--+m¢st

mimse -+ My
0<s1 < <5

«O>» «F>» «=)r» «=)» = Q>
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MACMAHON (1920)

DEFINITION
For t > 1, define the MacMahon partition function

M(n) == Z mims - - - M.

n=mjsi—+---+me¢s¢
0<s < --<s¢

REMARK

Sums of multiplicity products of A\ - n with “t” many part sizes.
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MACMAHON (1920)

DEFINITION
For t > 1, define the MacMahon partition function
M(n) == Z mims - - - M.

n=mjsi—+---+me¢s¢
0<s < --<s¢

REMARK

Sums of multiplicity products of A\ - n with “t” many part sizes.

EXAMPLE
Ifo,(n) =34, d” then Mi(n) = o1(n).
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Ur(q) =

2.

0<ky <ko<---<kt

k .. k
gl

( _qk1)2..,(1 _qkt)2'

it
.
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MACMAHON’S AND ITS ALLIED ¢-SERIES

DEFINITION (MACMAHON)

— ki+-+kt
q
Ulg) = " -
0<ki<ko<---<kt (1 q 1) 500 (1 q t)

DEerINITION (TA; G. ANDREWS, R. TAURASO '24)

Ua) = Y a

_ k12, .. P AVE
1<k1<ko<--<kt (1 q 1) (1 q t)

ki+-+kt
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MACMAHON’S AND ITS ALLIED ¢-SERIES

DEFINITION (MACMAHON)

— ki+-+kt
q
Ulg) = " -
0<ki<ko<---<kt (1 q 1) 500 (1 q t)

DEerINITION (TA; G. ANDREWS, R. TAURASO '24)

Ua) = Y a

_ k12, .. P AVE
1<k1<ko<--<kt (1 q 1) (1 q t)

ki+-+kt

REMARK

U(g) = o1(n)g" = Ui(q).

n>1
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ABOUT QUASIMODULAR FORMS

DEFINITION (EISENSTEIN SERIES)

A quasimodular form is any g-series in the ring C[E2, E4, Fs], with

Ea(q) :=1-24) o1(n)q",

n>1

Ea(q) =1+240 ) o3(n)q",
n>1

Ee(q) =1—504 ) o5(n)q".
n>1
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ABOUT QUASIMODULAR FORMS

DEFINITION (EISENSTEIN SERIES)

A quasimodular form is any g-series in the ring C[E2, E4, Fs], with

Ea(q) :=1-24) o1(n)q",

n>1

Ea(q) =1+240 ) o3(n)q",
n>1

Ee(q) =1—504 ) o5(n)q".
n>1

Moreover, the monomial ES E? EJ has weight 2a + 44 + 6.

Tewodros Amdeberhan (Tulane University) EM ser A journey



A journey

ABOUT QUASIMODULAR FORMS

DEFINITION (EISENSTEIN SERIES)

A quasimodular form is any g-series in the ring C[E2, E4, Fs], with

Ea(q) :=1-24) o1(n)q",

n>1

Ea(q) =1+240 ) o3(n)q",
n>1

Ee(q) =1—504 ) o5(n)q".
n>1

Moreover, the monomial ES E? EJ has weight 2a + 44 + 6.

REMARK

{Quasimodular forms} = C[E,, E4, Es| = C[Es, Ea, Fs, Es, Fio, .. .|.
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U (q) is a sum of quasimodular forms of weight < 2t. I

«O>» «F>» «E» « 3 Q>
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BUY ONE, GET ONE FREE

THEOREM (S. ROSE '15; ANDREWS-ROSE ’13)

U (q) is a sum of quasimodular forms of weight < 2t.

THEOREM (TA, G. ANDREWS, R. TAURASO '24)

U (q) is a sum of quasimodular forms of weight < 2t.
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BUY ONE, GET ONE FREE

THEOREM (S. ROSE '15; ANDREWS-ROSE ’13)

Ui (q) is a sum of quasimodular forms of weight < 2t.

THEOREM (TA, G. ANDREWS, R. TAURASO '24)

U (q) is a sum of quasimodular forms of weight < 2t.

Proof. This is courtesy of combinatorics:

t

i _ : L q
2(—1) ei(@) hi_i(®) =0  with  a; = Ao

7

%

a “duet" between elementary and complete homogeneous
symmetric functions. [J
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THEOREM (EXpPLICIT FORMULA - TA, K. ONO, A. SINGH ’24)

Ut(q)=§_:wa(t) Z c(a, B,7) E2(q)*E4(q)P Es(q)",
O
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THEOREM (EXpPLICIT FORMULA - TA, K. ONO, A. SINGH ’24)

U(g) =D walt) D ela,B,7) B2(q)*Ea(9)’ Eo(a)",

a=0 a,B,7>0
a+25+3y=a
2t) a 1
wa(t) =ommti=s Y T
16t(2t + 1) NN, (2¢;+1)
1
(a, B,7) := §(2a+8ﬁ+12’y+1) cla—1,5,7)
2
+ga+nmm+Lﬁ—Lw

+ 3B 41) clapr1,9-1)
+4(y+1)-c(a,8—2,7v+1).
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EXPLICIT FORMULAS FOR U} (q)

THEOREM (TA, K. ONO, A. SINGH '24)
We have that

Ui () =Y wi(t) - Ezq(a),
a=0
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EXPLICIT FORMULAS FOR U} (q)

THEOREM (TA, K. ONO, A. SINGH '24)

We have that .

Ui (q) = wi(t) - E5,(q),

a=0
where

@A™, gme et j=1

and w}(t) are explicit combinatorial rational numbers, while Ba;
are the Bernoulli numbers.
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EXAMPLES
EXAMPLE
Us(q) = —— _ 37E> 5B5 Ei.  Ej  E:Eq. Es
S\ = 7168 T 46080 | 27648 13824 82944 ' 69120 181440
« . 1295803 35, 3229 47
U3(9) = 15562140060 ~ 29491229 ~ 967680 4 () + 11536 (9)
7

= ﬂEé(q) + Eio(q).
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MASTER ANTICIPATOR

SCIENCEphOtOLIBRARY

Srinivasa Ramanujan
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RAMANUJAN’S CLAIM

For non-negative integers t, consider

12641 _ g2tHlg 4 5218 | q2t41g6 | g2t+lgl0

U =
2¢(q) 1—3q+5¢® — 7¢° + 9¢%0 — - --

12t _ 52t — 72t 4 112665 4 1327 — . ..

Vai(q) = l-¢-—@+Ptq — -
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RAMANUJAN’s CLAIM

For non-negative integers t, consider

12641 _ g2+l | 5264103 | g2t41e6 | g2t1a10
1—3q+5¢ —7¢5+9¢*0 —---

Uai(q) =

12t 52t _ 72tg% 4 11%g5 4 1327 — ...
l—q—¢?+¢+q" —---

Vai(q) =
We have identities such as

1 1
Ug=1, Uy = Ey, Uy = 3(5E§ —2E,), Us = §(35E§ — 42FFE4 + 16Es), . ..
Vo=1, Vo = Es, Vi =3E3 — 2E,4, Vs = 15F3 — 30F>F4 + 16F, . . ..
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RAMANUJAN’s CLAIM

For non-negative integers t, consider

12641 _ g2+l | 5264103 | g2t41e6 | g2t1a10
1—3q+5¢ —7¢5+9¢*0 —---

Uai(q) =

12t 52t _ 72tg% 4 11%g5 4 1327 — ...
l—q—¢?+¢+q" —---

Vai(q) =
We have identities such as

1 1
Ug=1, Uy = Ey, Uy = 3(5E§ —2E,), Us = §(35E§ — 42FFE4 + 16Es), . ..
Vo=1, Vo = Es, Vi =3E3 — 2E,4, Vs = 15F3 — 30F>F4 + 16F, . . ..

“In_general they are of the form > Kom.n BSETER.”
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(14

IT SEEMS EXTREMELY DIFFICULT TO FIND A
GENERAL FORMULA FOR ALL Ky p."

THEOREM (BERNDT, CHAN, L1u, YEE AND YESILYURT (2003 & 2004))

Ramanujan’s claim is true using Ramanujan’s identities

2 — —
D(E>) = E5 12E4’ D(E,) = M i) D(Es) =

E2E¢ — E?
5 :
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(14

IT SEEMS EXTREMELY DIFFICULT TO FIND A
GENERAL FORMULA FOR ALL Ky p."

THEOREM (BERNDT, CHAN, L1u, YEE AND YESILYURT (2003 & 2004))

Ramanujan’s claim is true using Ramanujan’s identities

E3 — E4 _ ExEs — Es

E2E¢ — E?
5 DB 3 '

D(E;) = 3

and D(Es) =

REMARKS (G. ANDREWS & B. BERNDT ’09)

(1) The proofs do not give explicit formulas for Usz:(q) and Va:(q).

(2) (Problem) Give explicit formulas as quasimodular forms.
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PARTITION EISENSTEIN SERIES

DEeriNiTION (TA, K. ONO, A. SINGH '24)
Let A be a partition of n given in frequency notation

A=(1",2™2 .0 n™) Fon.
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PARTITION EISENSTEIN SERIES

DEeriNiTION (TA, K. ONO, A. SINGH '24)

Let A be a partition of n given in frequency notation
A=(1",2™2 .0 n™) Fon.

The weight 2n partition Eisenstein series is the quasimodular form

A=(1"12"2 0™ ) En = Ex(q) = Ba(q)"" Ba(q)™? - - - Ban(q)™".
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PARTITION EISENSTEIN SERIES

DEeriNiTION (TA, K. ONO, A. SINGH '24)

Let A\ be a partition of n given in frequency notation
A=(1",2™2 .0 n™) Fon.

The weight 2n partition Eisenstein series is the quasimodular form

A=1",2"2 . n"™ ) En — Ex(q) := Fa(q)" Es(q)™? - - Ban(q)™".

v
DEeFINITION (TA, K. ONO, A. SINGH '24)

For a function ¢ : P — C, its weight 2n Eisenstein trace is

Tr(¢q) == > (N Er(q).

AEn
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Partitions of 3: (3!), (11,21),(1%)

EXAMPLES
(1) If ¢(X) := 1, then

Tr3(¢;q) = Eg + E2Ey + E3.
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Partitions of 3: (31), (11, 21), (1%)

EXAMPLES
(1) If ¢(X) := 1, then

Tr3(¢;q) = Eg + E2Ey + E3.

(2) If ¢(\) := #parts, then

Trs(¢;q) = E6 + 2E2E4 + 3E3.
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ANSWERING ANDREWS AND BERNDT

THEOREM 1 (TA, K. ONo, A. SINGH '24)
For all t > 1,we have that

Uat(q) = Tre(Pus;q)  and  Vai(q) = Tre(¢o; ),
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ANSWERING ANDREWS AND BERNDT

THEOREM 1 (TA, K. ONo, A. SINGH '24)
For all t > 1,we have that

Uat(q) = Tre(Pus;q)  and  Vai(q) = Tre(¢o; ),

where for A= (1™*,...,n™") k n, in terms of Bernoulli numbers we let

n

. 1 Boy, "k
o) =t 0 T2 ()

oo v 13 (8"
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EXAMPLE
For t = 3 we find that

8ul3Y) = G 6u((11,2) = =, and 6u((1%) =

This reproduces Ramanujan’s identity

1
Us = Tr3(dy; q) = §(16E6 — 42F,E, + 35E3).
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EXAMPLE

For t = 4 we compute
du((41) = =272, 4,((1',3")) = 448,
$u((2%)) = 140, ¢u((1%,21)) = —420,
¢u((1%)) = 105.

Therefore, we have that

Vs = Try(¢o; q) = —272E3+448E Eg+140E2—420F2 F,4+105E;5.
V.
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POLyA’s THEORY OF CYCLE INDEX

DEFINITION

For A = (A1,..., Agn)) F t, the number of perms in &; of cycle type A is
t! m m
—,  where z):=1"'---t"'my!- - myl.
2N

The cycle index polynomial is

£(N) t m
Akt =1 At k=1
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POLyA’s THEORY OF CYCLE INDEX

DEFINITION
For A = (A1,..., Agn)) F t, the number of perms in &; of cycle type A is
t!

,  where zy :=1" .- t"™tmy! - myl.
2N

The cycle index polynomial is

£(N) t m
Akt =1 At k=1

LEMMA (POLva)

As a power series in y, their generating function is

k
ZZ(Gt)yt = exp Zxk%

t>0 k>1
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MACMAHON SERIES AS AN AVATAR OF
RAMANUJAN SERIES

THEOREM (TA, R. BARMAN, A. SINGH '25)
We have that

Zwa UQ(L

Tewodros Amdeberhan (Tulane University) EM ser A journey



A journey

O
THEOREM (ExpLICIT FORMULA - TA, K. ONO, A. SINGH ’24)
Un(g)= Y
,3,7>0

a+2B+3y=t

culev, B,7) B2(q)*Es(q)’ Es(q)”,

' Tewodros Amdeberhan (Tulane University) EM se1 A journey

DA
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THEOREM (ExpLICIT FORMULA - TA, K. ONO, A. SINGH ’24)

Un(g)= Y. cule,8.7) Ba(q)*Ea(q)’ Eo(q)",

a,B,7>0
o+2B+3y=t
where
1
Cu(aaﬁ7’7> = 5(204 + 85 + 127 + 1) . C’u(a - 17577)
2
+§(a—|—1)-cu(a+1,ﬂ— 1,79)
8

+§(/3+1)-cu(a,ﬁ+1,fy—1)
+4(7+1)'0u(aa/8—27’7+1)'
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O
THEOREM (EXPLICIT FORMULA - TA, R. BARMAN, A. SINGH
'25)

Vai(q) =

D

a,8,7>0
a+2B8+3y=t

cola, B,7) E2(q)*Es(q)’ Es(q)”,

DA
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THEOREM (EXPLICIT FORMULA - TA, R. BARMAN, A. SINGH

'25)
Val@) = Y. cole,8,7) B2(9)*Ea(q)° Es(q)",
a,B,7>0
a+28+3y=t
where

co(a, B,7) =Qa+88+12y+1) - cy(a—1,5,7)
—2(a+1)-cp(a+1,6-1,7)
—8(B+1) -c(a,B+1,7v-1)
—12(y+1) - cy(e, = 2,7+ 1).
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COMBINATORIAL INTERPRETATION (IN PROGRESS)

Given \ = (1™ 2m2 ... 'n™n) focus on
So1 [4R4F —1)|By\™*
= l. _
oot = e I (“Sran)
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COMBINATORIAL INTERPRETATION (IN PROGRESS)

Given \ = (1™ 2m2 ... 'n™n) focus on
B So1 [4R4F —1)|By\™*
B(N)] = (2n)! - kHl = < o ) |
REMARK
6(N) €Z and Y5y, [6(N)| = Ezn. J
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COMBINATORIAL INTERPRETATION (IN PROGRESS)

Given \ = (1™ 2m2 ... 'n™n) focus on
So1 [4R4F —1)|By\™*
A)| = (2n)!- — ’ :
w<ﬂ<n>gym( sron)
REMARK

(N) € Z and Yy, [6()] = Ean.

THEOREM (TA, J. SHARESHIAN, R. STANLEY)

lp(N)| = #{w € Usy, : rp(W) = A}
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FREEMAN DYSON’S CONJECTURE

DEFINITION
The crank c()) of a partition A = (1™*,2™2 ... n™") is

) largest part if m; =0,
c(N) =
#{parts larger than mi1} — my if mi > 0.

Tewodros Amdeberhan (Tulane University) EM set A journey



A journey

FREEMAN DYSON’S CONJECTURE

DEFINITION

The crank c()) of a partition A = (1™*,2™2 ... n™") is

) largest part if m; =0,
c(\) =
#{parts larger than mi} —my if mq > 0.

THEOREM (ANDREWS-GARVAN (1988))

For every n and a, we have

s -y 22D
#OFTnt5 ¢ o) =a (mod 7)) = LT2HI),
#{OFE11ln+6 : ¢(\) =a (mod 11)} = w

In particular, Ramanujan’s congruences are true.
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If M(m;n) :=#{\Fn

n>0mezZ

Ca(q) :== Z Z m*M(m;n)q".

¢(\) = m}, then the dth moment GF is

<O «Fr «=» = E Al
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CRANK MOMENTS

DEFINITION

If M(m;n) :=#{A\Fn : ¢(\) =m}, then the d¢h moment GF is

q) ZZZmdenq

n>0 meZ

THEOREM 3 (TA, M. GrirriN, K. ONO, A. SINGH ’25)
For k > 1, we have

: 2k
CQk(q) z - 2k 2n T‘I'kfn((f)d'r),
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CRANK MOMENTS

DEFINITION
If M(m;n) :=#{A\Fn : ¢\ =

q) ZZZmdenq

n>0 meZ

m} , then the dth moment GF is

THEOREM 3 (TA, M. GrirriN, K. ONO, A. SINGH ’25)

For k > 1, we have

: 2k
CQk(q) z 2k 2n T‘I'kfn(d)d'r),

where ()m :=xz(x —1)---(x —m+1) and

1
J((171, 272 TR =
(e )= T (@™
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ATKIN-GARVAN

They expressed Cy, Cy4, Cg, Cs in terms of the Lambert series

,L'Qj—l )

Doj-1(q) == Z 1 c

g
i>1 q

Used induction to proclaim Cyy is a polynomial in {®9;_1(¢)};.
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EXPLICIT FORMULAS

THEOREM (TA, M. GRIFFIN, K. ONO, A. SINGH '25)
Letting (@)oo == [];51(1 — ¢’), we have that

cut =S TTL (2" a0,

Ak j=1

where

k
) = H ®2-1(q)
j=1
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HITCHIN’S EXPOSITORY ARTICLE (2025)

First, consider the A-genus of spin manifolds (Borel-Hirzebruch):

1 —~

o~ —~ ].
Ap=1, Aj=——e1, Ap=_— (-4 i
o=1, A opcl A2 5760( ex +7ei)
1 ,
Ag = —-16 44 —31e3),...
3= gereap (10¢s T 4derer —3lej),

where ej’s are representing the Pontryagin classes.
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HITCHIN’S EXPOSITORY ARTICLE (2025)

First, consider the A-genus of spin manifolds (Borel-Hirzebruch):

1 —~

o~ —~ ].
Ap=1, Aj=——e1, Ap=_— (-4 i
o=1, A opcl A2 5760( ex +7ei)
1 ,
Ag = —-16 44 —31e3),...
3= gereap (10¢s T 4derer —3lej),

where ej’s are representing the Pontryagin classes.

NOTATION

;1\(61,62, ce ;t) o= ZA\k tk.
k>0
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Second, consider the Hirzebruch L-genus of closed smooth
oriented manifolds:

1 1 )
Lo=1, L= 361 Ly = = (7e2 —€7) ,

1
Ly = 5= (6265 — 13e1e2 + 2et),....
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Second, consider the Hirzebruch L-genus of closed smooth
oriented manifolds:

1 1 ,
Lo=1, L= 31 Ly = 5 (7e2 —€7) ,

1
Ly = 5= (6265 — 13e1e2 + 2et),....

NOTATION

L(ey,eq,...;t) = ZLk t*.
k>0
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Let ¢ = e?™7. Weight 2k Eisenstein series
BQk
Gop(T) = +2 Z o911 (

If ¢ : P — C is on partitions, the partition Eisenstein trace

Dpyr) =3 6N

A=k

where GA(7) := Gy G --- Gy and A = (1,272, .. k™).
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ENTER POWER-SUM SYMMETRIC FUNCTIONS

THEOREM (TA, M. GrRIFFIN, K. ONO ’25)
We have that

An@) =T b19)  and  Li(q) = T (¢r:0q)
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ENTER POWER-SUM SYMMETRIC FUNCTIONS

THEOREM (TA, M. GrRIFFIN, K. ONO ’25)
We have that

Ai(q) = T (6 159) and  Li(g) = T (¢r;q)

where

i
‘H

3

v=11 ()

g=

VeI (“a)

Jj=1
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ENTER POWER-SUM SYMMETRIC FUNCTIONS

THEOREM (TA, M. GrRIFFIN, K. ONO ’25)
We have that

Ai(q) = T (6 159) and  Li(g) = T (¢r;q)

where
k m;
= H L' ( > and
Jj=1 it
_ H RS ( 2))
i1 m;! 25)!
REMARK

In short, we proclaim that (after minor modification) these genera are
essentially Jacobi forms on C x H.
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RAMANUJAN ANTICIPATES A-GENUS 100 YRS AGO
THEOREM (TA, M. GRIFFIN, K. ONO '25)
o We have that

Uni(g) = 4%(2k + 1) - TP (s 7).

o We have that

A(r) = (~1)F - T (vl 7).
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RAMANUJAN ANTICIPATES A-GENUS 100 YRS AGO
THEOREM (TA, M. GRIFFIN, K. ONO '25)
o We have that

Uni(q) = 452k + 1)1 - TeS® (¢ 7).

o We have that

A(r) = (=)F - T (|gu ;7).

Here we have retreated to the "E-traces" with

SIS B ™
du(r) ‘:Hmj!(@j)gj)!) '
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COMPARE

ExXaAMPLE

Ramanujan’s Ug and the .Zg—genus are

_ +16Eg — 42, E4+35E3

UG(Q) 9 and
~ . —16Es — 42E;E,—35E3
As(r) = 2903040 '
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THE WITTEN GENUS

REMARK
Compiling the modular Eisenstein series Gy, Gg, ..., we obtain
the Witten genus

miz)2k T

k>2

Injecting G2, the Jacobi theta avatar of the A\—genus arises.
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