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A journey

The infectious �q-disease"

Notation

[x]q :=
1− qx

1− q
and

[
x

k

]
q

:=
[x]q[x− 1]q · · · [x− k + 1]q

[1]q[2]q · · · [k]q
.

Notation

Dedekind η-function

η(q) := q
1
24 (q)∞ where (q)∞ =

∞∏
j=1

(1− qj).

Example

[
5

2

]
q

= 1 + q + 2q2 + 2q3 + 2q4 + q5 + q6,

[4]q = 1 + q + q2 + q3.
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Once upon a time . . .
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The finite version

Theorem (TA, G. Andrews, R.Tauraso '24)

For each positive integer nnn, we have

∑
1≤k1≤···≤kt≤nnn

qk1+k2+···+kt

[k1]2q [k2]
2
q · · · [kt]2q

,

=
∑

1≤k1≤···≤k2t≤nnn

qnnn+k1+k3···+k2t−1 + qk2+k4+···+k2t

[nnn+ k1]q[k2]q · · · [k2t]q

=

nnn∑
k=1

(−1)k−1(1 + qk)q(
k
2)+tk

[
n
k

]
q

[k]2tq
[
nnn+k
k

]
q

.
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The infinite version

Theorem (TA, G. Andrews, R. Tauraso '24)

For t ≥ 1, we have the identity

∑
1≤k1≤···≤kt

t∏
j=1

qkj

(1− qkj )2
=

∑
m≥1

(−1)m−1(1 + qm)q(
m
2 )+tm

(1− qm)2t
.
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Andrews recalls . . .

What is it?
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Recall yet another

Theorem (G. Andrews, S. Rose '13)

For t ≥ 1, we have the identity

∑
0<k1<···<kt

t∏
j=1

qkj

(1− qkj )2
=

∑
m≥t

(−1)m+t

(q)3∞

2m+ 1

2t+ 1

(
m+ t

m− t

)
q(

m+1
2 ).
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The partition function p(n)

Definition

A partition of an integer n is a weakly decreasing sequence

λ := (λ1, λ2, . . . , λℓ)

of positive integers which sum to n, denoted λ ⊢ n.

Notation

The partition function

p(n) := # partitions of n.

4 = 3 + 1 = 2 + 2 = 2 + 1 + 1 = 1 + 1 + 1 + 1 =⇒ p(4) = 5.
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Young diagram

Example

λ = (5, 3, 3, 2, 1) ⊢ 14 or in frequency mode

λ = (11, 21, 32, 40, 51):
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Underappreciated Fact

Theorem

#{partitions of n into identical parts} = #{divisors of n}.
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Major Percy Alexander MacMahon
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MacMahon (1920)

Definition

For t ≥ 1, de�ne the MacMahon partition function

Mt(n) :=
∑

n=m1s1+···+mtst
0<s1<···<st

m1m2 · · ·mt.

Remark

Sums of multiplicity products of λ ⊢ n with “t” many part sizes.

Example

If σν(n) :=
∑

d|n dν then M1(n) = σ1(n).
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MacMahon's and its allied q-series

Definition (MacMahon)

Ut(q)Ut(q)Ut(q) :=
∑

0<k1<k2<···<kt

qk1+···+kt

(1− qk1)2 · · · (1− qkt)2
.

Definition (TA, G. Andrews, R. Tauraso '24)

U⋆
t (q)U⋆
t (q)U⋆
t (q) :=

∑
1≤k1≤k2≤···≤kt

qk1+···+kt

(1− qk1)2 · · · (1− qkt)2
.

Remark

U1(q) =
∑
n≥1

σ1(n)q
n = U⋆

1 (q).

Tewodros Amdeberhan (Tulane University) EM seminar @ Rutgers University 25 September, 2025A journey



A journey

MacMahon's and its allied q-series

Definition (MacMahon)

Ut(q)Ut(q)Ut(q) :=
∑

0<k1<k2<···<kt

qk1+···+kt

(1− qk1)2 · · · (1− qkt)2
.

Definition (TA, G. Andrews, R. Tauraso '24)

U⋆
t (q)U⋆
t (q)U⋆
t (q) :=

∑
1≤k1≤k2≤···≤kt

qk1+···+kt

(1− qk1)2 · · · (1− qkt)2
.

Remark

U1(q) =
∑
n≥1

σ1(n)q
n = U⋆

1 (q).

Tewodros Amdeberhan (Tulane University) EM seminar @ Rutgers University 25 September, 2025A journey



A journey

MacMahon's and its allied q-series

Definition (MacMahon)

Ut(q)Ut(q)Ut(q) :=
∑

0<k1<k2<···<kt

qk1+···+kt

(1− qk1)2 · · · (1− qkt)2
.

Definition (TA, G. Andrews, R. Tauraso '24)

U⋆
t (q)U⋆
t (q)U⋆
t (q) :=

∑
1≤k1≤k2≤···≤kt

qk1+···+kt

(1− qk1)2 · · · (1− qkt)2
.

Remark

U1(q) =
∑
n≥1

σ1(n)q
n = U⋆

1 (q).

Tewodros Amdeberhan (Tulane University) EM seminar @ Rutgers University 25 September, 2025A journey



A journey

About Quasimodular forms

Definition (Eisenstein series)

A quasimodular form is any q-series in the ring C[E2, E4, E6], with

E2(q) := 1− 24
∑
n≥1

σ1(n)q
n,

E4(q) = 1 + 240
∑
n≥1

σ3(n)q
n,

E6(q) = 1− 504
∑
n≥1

σ5(n)q
n.

Moreover, the monomial Eα
2 E

β
4E

γ
6 has weight 2α+ 4β + 6γ.

Remark

{Quasimodular forms} = C[E2, E4, E6] = C[E2, E4, E6, E8, E10, . . . ].
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Buy one, get one free

Theorem (S. Rose '15; Andrews-Rose '13)

Ut(q) is a sum of quasimodular forms of weight ≤ 2t.

Theorem (TA, G. Andrews, R. Tauraso '24)

U⋆
t (q) is a sum of quasimodular forms of weight ≤ 2t.

Proof. This is courtesy of combinatorics:

t∑
i=0

(−1)i ei(xxx)ht−i(xxx) = 0 with xi =
qi

(1− qi)2
,

a �duet" between elementary and complete homogeneous

symmetric functions. □
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Theorem (Explicit formula - TA, K. Ono, A. Singh '24)

Ut(q) =

t∑
a=0

wa(t)
∑

α,β,γ≥0
α+2β+3γ=a

c(α, β, γ)E2(q)
αE4(q)

βE6(q)
γ ,

wa(t) :=

(
2t
t

)
16t(2t+ 1)

∑
0≤ℓ1<···<ℓa<t

a∏
j=1

1

(2ℓj + 1)2
,

c(α, β, γ) :=− 1

3
(2α+ 8β + 12γ + 1) · c(α− 1, β, γ)

+
2

3
(α+ 1) · c(α+ 1, β − 1, γ)

+
8

3
(β + 1) · c(α, β + 1, γ − 1)

+ 4(γ + 1) · c(α, β − 2, γ + 1).
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Explicit formulas for U⋆
t (q)

Theorem (TA, K. Ono, A. Singh '24)

We have that

U⋆
t (q) =

t∑
a=0

w⋆
a(t) · E⋆

2a(q),

where

E⋆
2t(q) :=

∑
(1m1 ,...,tmt )⊢t

t∏
j=1

1

mj !

(
−B2j E2j(q)

(2j) · (2j!)

)mj

and w⋆
a(t) are explicit combinatorial rational numbers, while B2j

are the Bernoulli numbers.
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Examples

Example

U3(q) =
5

7168
− 37E2

46080
+

5E2
2

27648
− E4

13824
− E3

2

82944
+

E2E4

69120
− E6

181440

U⋆
5 (q) =

1295803

12262440960
+

35

294912
E⋆
2(q)−

3229

967680
E⋆
4(q) +

47

1152
E⋆
6(q)

− 7

24
E⋆
8(q) + E⋆

10(q).
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Master Anticipator
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Page from the �Lost Notebook�
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Ramanujan's Claim

For non-negative integers t, consider

U2t(q) =
12t+1 − 32t+1q + 52t+1q3 − 72t+1q6 + 92t+1q10 − · · ·

1− 3q + 5q3 − 7q6 + 9q10 − · · ·

V2t(q) =
12t − 52tq − 72tq2 + 112tq5 + 132tq7 − · · ·

1− q − q2 + q5 + q7 − · · · .

We have identities such as

U0 = 1, U2 = E2, U4 =
1

3
(5E2

2 − 2E4), U6 =
1

9
(35E3

2 − 42E2E4 + 16E6), . . .

V0 = 1, V2 = E2, V4 = 3E2
2 − 2E4, V6 = 15E2

2 − 30E2E4 + 16E6, . . . .

�In general they are of the form
∑

Kℓ,m,n Eℓ
2E

m
4 En

6 .�
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� . . . it seems extremely difficult to find a
general formula for all Kℓ,m,n."

Theorem (Berndt, Chan, Liu, Yee and Yesilyurt (2003 & 2004))

Ramanujan's claim is true using Ramanujan's identities

D(E2) =
E2

2 − E4

12
, D(E4) =

E2E4 − E6

3
and D(E6) =

E2E6 − E2
4

2
.

Remarks (G. Andrews & B. Berndt '09)

(1) The proofs do not give explicit formulas for U2t(q) and V2t(q).

(2) (Problem) Give explicit formulas as quasimodular forms.
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Partition Eisenstein series

Definition (TA, K. Ono, A. Singh '24)

Let λ be a partition of n given in frequency notation

λ = (1m1 , 2m2 , . . . , nmn) ⊢ n.

The weight 2n partition Eisenstein series is the quasimodular form

λ = (1m1 , 2m2 , . . . , nmn) ⊢ n 7−→ Eλ(q) := E2(q)
m1E4(q)

m2 · · ·E2n(q)
mn .

Definition (TA, K. Ono, A. Singh '24)

For a function ϕ : P 7→ C, its weight 2n Eisenstein trace is

Trn(ϕ; q) :=
∑
λ⊢n

ϕ(λ)Eλ(q).
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Let λ be a partition of n given in frequency notation

λ = (1m1 , 2m2 , . . . , nmn) ⊢ n.

The weight 2n partition Eisenstein series is the quasimodular form

λ = (1m1 , 2m2 , . . . , nmn) ⊢ n 7−→ Eλ(q) := E2(q)
m1E4(q)

m2 · · ·E2n(q)
mn .

Definition (TA, K. Ono, A. Singh '24)

For a function ϕ : P 7→ C, its weight 2n Eisenstein trace is

Trn(ϕ; q) :=
∑
λ⊢n

ϕ(λ)Eλ(q).
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Partitions of 3: (31), (11, 21), (13)

Examples

(1) If ϕ(λ) := 1, then

Tr3(ϕ; q) = E6 + E2E4 + E3
2 .

(2) If ϕ(λ) := #parts, then

Tr3(ϕ; q) = E6 + 2E2E4 + 3E3
2 .
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Answering Andrews and Berndt

Theorem 1 (TA, K. Ono, A. Singh '24)

For all t ≥ 1,we have that

U2t(q) = Trt(ϕu; q) and V2t(q) = Trt(ϕv; q),

where for λ = (1m1 , . . . , nmn) ⊢ n, in terms of Bernoulli numbers we let

ϕu(λ) := 4n(2n+ 1)! ·
n∏

k=1

1

mk!

(
B2k

(2k) (2k)!

)mk

,

ϕv(λ) := 4n(2n)! ·
n∏

k=1

1

mk!

(
(4k − 1)B2k

(2k) (2k)!

)mk

.
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Example

For t = 3 we �nd that

ϕu((3
1)) =

16

9
, ϕu((1

1, 21)) = −42

9
, and ϕu((1

3)) =
35

9
.

This reproduces Ramanujan's identity

U6 = Tr3(ϕu; q) =
1

9
(16E6 − 42E2E4 + 35E3

2).
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Example

For t = 4 we compute

ϕv((4
1)) = −272, ϕv((1

1, 31)) = 448,

ϕv((2
2)) = 140, ϕv((1

2, 21)) = −420,

ϕv((1
4)) = 105.

Therefore, we have that

V8 = Tr4(ϕv; q) = −272E8+448E2E6+140E2
4−420E2

2E4+105E4
2 .

Tewodros Amdeberhan (Tulane University) EM seminar @ Rutgers University 25 September, 2025A journey



A journey

Pólya's Theory of Cycle Index

Definition

For λ = (λ1, . . . , λℓ(λ)) ⊢ t, the number of perms in St of cycle type λ is

t!

zλ
, where zλ := 1m1 · · · tmtm1! · · ·mt!.

The cycle index polynomial is

Z(St) =
∑
λ⊢t

1

zλ

ℓ(λ)∏
i=1

xλi =
∑
λ⊢t

t∏
k=1

1

mk!

(xk

k

)mk

.

Lemma (Pólya)

As a power series in y, their generating function is

∑
t≥0

Z(St) y
t = exp

∑
k≥1

xk
yk

k

 .
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MacMahon series as an avatar of
Ramanujan series

Theorem (TA, R. Barman, A. Singh '25)

We have that

Ut(q) =
t∑

a=0

wa(t) · U2a(q).
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Theorem (Explicit formula - TA, K. Ono, A. Singh '24)

U2t(q) =
∑

α,β,γ≥0
α+2β+3γ=t

cu(α, β, γ)E2(q)
αE4(q)

βE6(q)
γ ,

where

cu(α, β, γ) :=− 1

3
(2α+ 8β + 12γ + 1) · cu(α− 1, β, γ)

+
2

3
(α+ 1) · cu(α+ 1, β − 1, γ)

+
8

3
(β + 1) · cu(α, β + 1, γ − 1)

+ 4(γ + 1) · cu(α, β − 2, γ + 1).
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Theorem (Explicit formula - TA, R. Barman, A. Singh

'25)

V2t(q) =
∑

α,β,γ≥0
α+2β+3γ=t

cv(α, β, γ)E2(q)
αE4(q)

βE6(q)
γ ,

where

cv(α, β, γ) :=(2α+ 8β + 12γ + 1) · cv(α− 1, β, γ)

− 2(α+ 1) · cv(α+ 1, β − 1, γ)

− 8(β + 1) · cv(α, β + 1, γ − 1)

− 12(γ + 1) · cv(α, β − 2, γ + 1).
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Combinatorial interpretation (in progress)

Given λ = (1m1 , 2m2 , · · · , nmn), focus on

|ϕ(λ)| = (2n)! ·
n∏

k=1

1

mk!

(
4k(4k − 1)|B2k|

(2k) (2k)!

)mk

.

Remark

ϕ(λ) ∈ Z and
∑

λ⊢n |ϕ(λ)| = E2n.

Theorem (TA, J. Shareshian, R. Stanley)

|ϕ(λ)| = #{w ∈ U2n : rp(ŵ) = λ}.
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Freeman Dyson's Conjecture

Definition

The crank c(λ) of a partition λ = (1m1 , 2m2 , . . . , nmn) is

c(λ) :=

{
largest part if m1 = 0,

#{parts larger than m1} −m1 if m1 > 0.

Theorem (Andrews-Garvan (1988))

For every n and a, we have

#{λ ⊢ 5n+ 4 : c(λ) ≡ a (mod 5)} =
p(5n+ 4)

5
,

#{λ ⊢ 7n+ 5 : c(λ) ≡ a (mod 7)} =
p(7n+ 5)

7
,

#{λ ⊢ 11n+ 6 : c(λ) ≡ a (mod 11)} =
p(11n+ 6)

11
.

In particular, Ramanujan's congruences are true.
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Crank Moments

Definition

If M(m;n) := # {λ ⊢ n : c(λ) = m} , then the dth moment GF is

Cd(q) :=
∑
n≥0

∑
m∈Z

mdM(m;n) qn.

Theorem 3 (TA, M. Griffin, K. Ono, A. Singh '25)

For k ≥ 1, we have

C2k(q) =
1

(q)∞
·

k∑
n=0

(2k)2k−2n

4n · (2n+ 1)
· Trk−n(ϕc; τ),

where (x)m := x(x− 1) · · · (x−m+ 1) and

ϕc((1
m1 , 2m2 , . . . , kmk )) :=

1∏k
j=1 mj ! ((2j)!)

mj
.
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Atkin-Garvan

They expressed C2, C4, C6, C8 in terms of the Lambert series

ΦΦΦ2j−1(q) :=
∑
i≥1

i2j−1qi

1− qi
.

Used induction to proclaim C2k is a polynomial in {ΦΦΦ2j−1(q)}j .
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Explicit formulas

Theorem (TA, M. Griffin, K. Ono, A. Singh '25)

Letting (q)∞ :=
∏

j≥1(1− qj), we have that

C2k(q) =
(2k)!

(q)∞

∑
λ⊢k

k∏
j=1

1

mj !

(
2

(2j)!

)mj

·ΦΦΦλ(q),

where

ΦΦΦλ(q) :=

k∏
j=1

ΦΦΦ2j−1(q).
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Hitchin's expository article (2025)

First, consider the Â-genus of spin manifolds (Borel-Hirzebruch):

Â0 = 1, Â1 = − 1

24
e1, Â2 =

1

5760

(
−4e2 + 7e21

)
,

Â3 =
1

967680

(
−16e3 + 44e1e2 − 31e31

)
, . . .

where ek's are representing the Pontryagin classes.

Notation

Â(e1, e2, . . . ; t) :=
∑
k≥0

Âk t
k.
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Second, consider the Hirzebruch L-genus of closed smooth

oriented manifolds:

L0 = 1, L1 =
1

3
e1, L2 =

1

45

(
7e2 − e21

)
,

L3 =
1

945

(
62e3 − 13e1e2 + 2e31

)
, . . . .

Notation

L(e1, e2, . . . ; t) :=
∑
k≥0

Lk t
k.
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Let q = e2πiτ . Weight 2k Eisenstein series

G2k(τ) := −B2k

2k
+ 2

∑
n

σ2k−1(n) q
n.

If ϕ : P → C is on partitions, the partition Eisenstein trace

Tr
(G)
k (ϕ; τ) :=

∑
λ⊢k

ϕ(λ) ·Gλ(τ)

where Gλ(τ) := Gm1
2 Gm2

4 · · ·Gmk
2k and λ = (1m1 , 2m2 , . . . , kmk).
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Enter power-sum symmetric functions

Theorem (TA, M. Griffin, K. Ono '25)

We have that

Âk(q) = Tr
(G)
k (ϕÂ; q) and Lk(q) = Tr

(G)
k (ϕL; q)

where

ϕÂ(λ) :=

k∏
j=1

1

mj !

(
−1

(2j)!

)mj

and

ϕL(λ) :=

k∏
j=1

1

mj !

(
4j(4j − 2)

(2j)!

)mk

.

Remark

In short, we proclaim that (after minor modi�cation) these genera are
essentially Jacobi forms on C×H.
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Ramanujan anticipates Â-genus 100 yrs ago

Theorem (TA, M. Griffin, K. Ono '25)

We have that

U2k(q) = 4k(2k + 1)! · Tr(E)
k (ϕU ; τ).

We have that

Âk(τ) = (−1)k · Tr(E)
k (|ϕU |; τ).

Here we have retreated to the "E-traces" with

ϕU (τ) :=

k∏
j=1

1

mj !

(
B2k

(2j) (2j)!

)mj

.
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Compare

Example

Ramanujan's U6 and the Â3-genus are

U6(q) =
+16E6 − 42E2E4+35E3

2

9
and

Â3(τ) =
−16E6 − 42E2E4−35E3

2

2903040
.
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The Witten genus

Remark

Compiling the modular Eisenstein series G4, G6, . . . , we obtain

the Witten genus

QW (z) = exp

∑
k≥2

(2πiz)2kG2k(τ)

(2k)!

 .

Injecting G2Injecting G2Injecting G2, the Jacobi theta avatar of the Â-genus arises.
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