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The Best Sequences of 2022
Outline
• Stepping Stones (updated)


• Scott Shannon’s Magic Carpet


• Augusto Santi’s Recurrence


• The Sisyphus Sequence


• Biggest number of 2022 ?


• Kaprekar’s Junction Numbers (with Max Alekseyev)


• The Binary Two-Up Sequence (with Rémy Sigrist et al.)


• Other topics, including most-wanted-formulas



Stepping Stones Puzzle
Thomas Ladouceur and Jeremy Rebenstock, October 2020

Start by placing n 1’s on infinite square grid. 
Then write 2, 3, 4, …, m subject to condition 

that when you write k, the sum of its neighbors must equal k. 
Maximize m.

a(2) = 16
A337663

New Results on the



Stepping Stones Puzzle A337663 (cont.)
Brady Haran and N. J. A. Sloane, 
https://www.youtube.com/watch?v=m4Uth-EaTZ8, 
Stones on an Infinite Chessboard, Numberphile video, January 2022.

Old lower bound (Andrew Howroyd):   
a(n) >= 5n-4

New lower bounds (Skylark Murphy-Davies): 
 a(n) >= 6n-6   

Video

but even better: 
 a(n) >= 6n for n >= 3:   



This isn’t rocket science. 
But wait, maybe it is

Start by placing n 1’s on an infinite square grid. 
Then write 2, 3, 4, …, m subject to condition 

that when you write k, the sum of its eight neighbors must equal k. 
And the path 2, 3, 4, …, m must be vertex-connected! 

Maximize m.



Stepping Stones Puzzle A337663 (cont.)
Old upper bound (Robert Gerbicz):    a(n) < 714 n

Many new upper bounds. 
Most recent (Jonathan F. Waldmann):  a(n) < 86 n + 32  (see link in A337663)

Exact values (no change): 

a(1) = 1, a(2) = 16, a(3) = 28, a(4) = 38, a(5) = 49, a(6) = 60

But Al Zimmermann is running a programming contest  
to improve the lower bounds (see http://azspcs.com/Contest/SteppingStones) 

resulting in many improvements to the old bounds. In particular: 

a(7) >= 71, a(8) >= 79, a(9) >= 89, a(10) >= 99, a(11) >= 109, a(12) >= 115.

http://azspcs.com/Contest/SteppingStones


The Best Picture of the Year Award 
          goes to Scott Shannon  
                    for A355798



Scott Shannon’s Sequence A355798
Place n-1 points on each side of a square, 

 join each point to every point on the opposite side.  
How many regions?

1, 4, 24, 104, 316, 712, 1588, 2816, 4940, 7672, …

Open Problem: Have 40 terms, need a formula
Also A355799 (vertices) and A355800 (edges)



n=16 
61408 regions

Scott Shannon’s 
Magic Carpet





A SIMPLER VERSION: Two rows only

2 X n array of squares, connect all nodes on  
the long edges. How many cells?

Then divide by 2.   The initial terms a(n) are:

0, 3, 10, 26, 56, 112, 196, 331, 522, 790, 1138, 1615, …  
Have 50 terms (A355902)

Scott Shannon:  Remove the central line!
and we get a graph we analyzed in

Lars Blomberg, Scott R. Shannon and N. J. A. 
Sloane, 
Graphical Enumeration and Stained Glass Windows, 1: 
Rectangular Grids, 
(2020). Also arXiv:2009.07918.

(A306302)

A355902 

http://neilsloane.com/doc/rose_5.pdf
http://neilsloane.com/doc/rose_5.pdf


M. A. Alekseyev, M. Basova, and N. Yu. Zolotykh.
 On the minimal teaching sets of two-dimensional 
threshold functions, 
SIAM Journal on Discrete Mathematics 29:1 (2015), 
157-165. 

Thanks to Max Alekseyev:

Essentially the same sequence as A115004: 
z(n)          =         Sum    (n+1-i)(n+1-j) 

i,j = 1..n, gcd(i,j) = 1        

Finally,  a(n) = (z(n) + n^2 + 4n)/2.

(A355902 cont)

But the big question remains: Find a formula for the Magic Carpet sequence

The following eight sequences are all essentially the same. The simplest is the present 
sequence, A115004(n), which we denote by z(n). Then A088658(n) = 4*z(n-1); A114043(n) = 
2*z(n-1)+2*n^2-2*n+1; A114146(n) = 2*A114043(n); A115005(n) = z(n-1)+n*(n-1); A141255(n) = 
2*z(n-1)+2*n*(n-1); A290131(n) = z(n-1)+(n-1)^2; A306302(n) = z(n)+n^2+2*n.

https://doi.org/10.1137/140978090
https://doi.org/10.1137/140978090
https://doi.org/10.1137/140978090
https://oeis.org/A115004
https://oeis.org/A088658
https://oeis.org/A114043
https://oeis.org/A114146
https://oeis.org/A114043
https://oeis.org/A115005
https://oeis.org/A141255
https://oeis.org/A290131
https://oeis.org/A306302


Augusto Santi’s  Recurrence (A351871)



Reed Kelley’s Sequence  A214551
14th century Narayana cows sequence A930:

1, 1, 1, 2, 3, 4, 6, 9, 13, 19, 28, ...

Reed Kelley, 2012:

1, 1, 1, 2, 3, 4, 3, 2, 
3, 2, 2, 5, 7, 9, 14, 3,...

(Have guesses, but nothing is proved.)

Background



Reed Kelley’s Sequence A214551

1, 1, 1, 2, 3, 4, 3, 2, 3, 2, 2, 5, 7, 9, 14, 3, 4, 9, 4, 

2, 11, 15, 17, 28, 43, 60, 22, 65, 25, 47, 112, 137, 

184, 37, 174, 179, 216, 65, 244, 115, 36, 70, 37, 

73, 143, 180, 253, 36, 6, 259, 295, 301, 80,

Open Problem:  Show 8 and 10 never appear

Background



Reed Kelley’s Sequence  A214551

Open Problem: 
  Explain the wobbles



Augusto Santi’s  A351871 Feb. 2022

<latexit sha1_base64="4Ylx2TQ8Rt5eGuxZSHkxJVPzT0U=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFaTMSFERhKIblxXsA9qhZDKZNjTzIMmIdSj+ihsXirj1P9z5N6btLLT1wIWTc+4l9x435kwqy/o2cguLS8sr+dXC2vrG5pa5vdOQUSIIrZOIR6LlYkk5C2ldMcVpKxYUBy6nTXdwPfab91RIFoV3ahhTJ8C9kPmMYKWlrrlXejhGwyN0cYk6PeJNX12zaJWtCdA8sTNShAy1rvnV8SKSBDRUhGMp27YVKyfFQjHC6ajQSSSNMRngHm1rGuKASiedbD9Ch1rxkB8JXaFCE/X3RIoDKYeBqzsDrPpy1huL/3ntRPnnTsrCOFE0JNOP/IQjFaFxFMhjghLFh5pgIpjeFZE+FpgoHVhBh2DPnjxPGidl+7Rcua0Uq1dZHHnYhwMogQ1nUIUbqEEdCDzCM7zCm/FkvBjvxse0NWdkM7vwB8bnD7y4ktk=</latexit>

(x, y) := gcd(x, y)

<latexit sha1_base64="5sBMteGvZQLnLVao4HFm1bJMGNw=">AAACNHicbVDLSgMxFM3UV62vUZdugkWoVMtMKepGKLhR3FSwD2jLkEkzNTSTGZKMUIbpP7nxQ9yI4EIRt36DaTuCth4IHM45l5t73JBRqSzrxcgsLC4tr2RXc2vrG5tb5vZOQwaRwKSOAxaIloskYZSTuqKKkVYoCPJdRpru4GLsN++JkDTgt2oYkq6P+px6FCOlJce8Rg6Ho/MRLCAn5sfl5AhOiJ0cwlFxBDueQDhOPVj8MZN4Pp84Zt4qWRPAeWKnJA9S1BzzqdMLcOQTrjBDUrZtK1TdGAlFMSNJrhNJEiI8QH3S1pQjn8huPDk6gQda6UEvEPpxBSfq74kY+VIOfVcnfaTu5Kw3Fv/z2pHyzrox5WGkCMfTRV7EoArguEHYo4JgxYaaICyo/ivEd0jXpHTPOV2CPXvyPGmUS/ZJqXJTyVev0jqyYA/sgwKwwSmogktQA3WAwQN4Bm/g3Xg0Xo0P43MazRjpzC74A+PrG3bkqF8=</latexit>

an = (an�2, an�1) +
an�2 + an�1

(an�2, an�1)

1, 2, 4, 5, 10, 8, 11, 20, 32, 17, 50, 68, 61, 130, …

start 1, 2

After 2006 steps, reaches 2269429312765395470820,  
and repeats with period 2901 

With different initial terms, it seems that either the sequence diverges 
or is periodic with period length  3, 9, 155, or 2901. 

Open Problem:   Are these the only possible periods? 

(And what is the theory behind this sequence?)



Augusto Santi’s 
  A351871

<latexit sha1_base64="h0arozdkpOfSpshYgqkDjmbCKJ8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtLJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqe+5jVnWn/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/m5U3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQ0YbgLb+8SlrVindZqd3XyvWbPI4CnMIZXIAHV1CHO2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QNEcI7i</latexit>

1020



Augusto Santi’s 
  A351871

Open Problem: Show that with initial terms 1, 1 
 the sequence (A355898) diverges. 

1, 1, 3, 5, 9, 15, 11, 27, 39, 25, 65, 

23, 89, 113, 203, 317, 521, …



The Sisyphus Sequence
A350877 

Éric Angelini and Carole Dubois, January 2022; 
Studied by Russ Cox, Michael De Vlieger,  Martin Ehrenstein, 
Hans Havermann, Rémy Sigrist, Allan C. Wechsler, and others

https://oeis.org/wiki/User:Martin_Ehrenstein


A350877 (Sisyphus)

a(1)=1; if even, divide by 2,  if odd add next prime
n

a(n)

30K terms,  slope of upper line around 7, 

red = terms following an odd term



A350877 (Sisyphus), continued

The big open question: does every number appear?

After 10^9 terms missing 36, 72, …   

36 is part of a descending chain that ends with a(77534485879) = 9 
and starts with a(77534485842) = 1236950581248 
after adding the prime 677121348413.

a(17282073747557) = 97 ends a descending chain that starts with
a(17282073747516) = 213305255788544 
after adding the prime 183236837077571. [Martin Ehrenstein]

[Allan C. Wechsler]

Conjecture: On naive probabilistic grounds, all integers should eventually appear.
An up-step is always immediately followed by a down-step, and then, on average, 
by one more down-step. So we expect that every third step will be an up-step, 
by the next prime number, which will be around p(n/3).
So the sequence will spend a lot of its time between p(n/3)/3 and 4p(n/3)/3.

https://oeis.org/wiki/User:Martin_Ehrenstein


A350877 (Sisyphus), continued

When n-th prime appears for the first time, or -1 if it never appears.

7, 2, 71, 25, 30, 345, 161, 148, 51, 34, 48, 63, 234, 
40, 126, 73, 135, 192, 454, 97, 78, 24841, 433, 85, 
17282073747557, 322, 102, 106544217, 207, 556, …

A350621
Martin Ehrenstein

(97)

https://oeis.org/wiki/User:Martin_Ehrenstein


The Biggest Number of the Year?
(Not a serious question!)

Is it Augusto Santi’s  2269429312765395470820 in A351871  ?

Is it Pavel Kropitz’s new lower bound on Busy Beaver(6)  ?

A060843:       BB(1) = 1, BB(2) = 6,  BB(3) = 21,  BB(4) = 107,  BB(5) = ?,  BB(6) = ? 

BB(6) >  10^^15 (A tower of 10’s of height 15)

No!     10^^log n     from Kaprekar’s Junction Numbers (see below)

a(17282073747516) = 213305255788544 
Is it from the Sisyphus sequence?



Kaprekar’s Junction Numbers 

(with Max Alekseyev)
(To appear in Journal of Combinatorics and Number Theory,  

December, 2022; arXiv:2112.14365, 2021)



See A3052 
for full scan 

Near Nashik



Kaprekar (cont.)

s(v)  =  sum of digits of v 
f(v)  =  v + s(v) 

F(u)  = number of v such that f(v) = u

Dattaraya Ramchandra Kaprekar (1905-1986)

f(100) = 100 + 1 = 101 
f(91)  = 91 + 10  = 101 

F(101) = 2 
Kaprekar’s Self numbers:   F(u) = 0:  1, 3, 5, 7, 9, 20, 31, 42, … (A3052) 

Junction numbers: F(u) >= 2: 101, 103, 105, 107, 109, 111, 113, … (A230094) 

K(n)  = smallest number u such that F(u) = n. 

K(1) = 0,  K(2) = 101, 

K(3) = 10^13 + 1 (Kaprekar, early 1960’s)

The number of generators of u:



Kaprekar (cont.) K(n)  = smallest number u such that F(u) = n. 
K(1) = 0,  K(2) = 101, 

K(3) = 10^13 + 1 (Kaprekar, early 1960’s)
v = 999 999 999 9901,  s(v) = 11*9 + 1 =  100,   v + s(v) = 10^13 + 1 

v = 999 999 999 9892,  s(v) = 11*9 + 10 = 109,  v + s(v) = 10^13 + 1 
  

v = 10^13,  s(v) = 1,  v + s(v) = 10^13 + 1.

K(4) conjectured to be 10^24 + 102 by Kaprekar and Gunjikar, 
In 1963, Narasinga Rao conjectured 

K(5) = 10^1111111111124 + 102, 
and gave upper bounds for K(6), K(7), K(8), and K(16). 

Remarkably, all these conjectures and bounds are in fact the exact values of K(n). 



Kaprekar (cont.)
<latexit sha1_base64="BEDk59GkAxxwNDIL6KlPSBsIyhQ=">AAACRnicbZBLTwIxFIXv4Avxhbp000hMTDBkZiTqkujGJSbySGAknVKgofNI2zEhE/xzbly78ye4caExbi0wBARP0ubLPff2cdyQM6lM881IrayurW+kNzNb2zu7e9n9g6oMIkFohQQ8EHUXS8qZTyuKKU7roaDYczmtuf2bkV97pEKywL9Xg5A6Hu76rMMIVrrUyjrmGXqyTGu8P8TW+TA/Zbuo2bSnzkzaQHk0s+w5JdbkJLuVzZkFcyy0DFYCOUhUbmVfm+2ARB71FeFYyoZlhsqJsVCMcDrMNCNJQ0z6uEsbGn3sUenE4xiG6ERX2qgTCL18hcbV+YkYe1IOPFd3elj15KI3Kv7nNSLVuXJi5oeRoj6ZXNSJOFIBGmWK2kxQovhAAyaC6bci0sMCE6WTz+gQrMUvL0PVLlgXheJdMVe6TuJIwxEcwylYcAkluIUyVIDAM7zDJ3wZL8aH8W38TFpTRjJzCH+Ugl8bDKW5</latexit>

0, 101, 1013 + 1, 1024 + 102, 101111111111124 + 102, 102222222222224 + 1013 + 2

<latexit sha1_base64="S7AjcHvAtYn1ekhiKCJAepjmMHY="></latexit>

10(10
24+1013+115)/9 + 1013 + 2, 10(2·10

24+214)/9 + 1024 + 103,

<latexit sha1_base64="ZadNeXYJLI01ogFMtsywyjEtLGc=">AAACJnicbVDLSgMxFM3UV62vUZdugkWoKHVSi4+FUHTjsoJ9QDuWTJq2oZkHSUYoQ/0ZN/6KGxcVEXd+ipl2oNp6IMnJOfeS3OMEnEllWV9GamFxaXklvZpZW9/Y3DK3d6rSDwWhFeJzX9QdLClnHq0opjitB4Ji1+G05vRvYr/2SIVkvnevBgG1Xdz1WIcRrLTUMq+Q9RDl4g1NUSgOj2IpPguoeHhyOb0j6/QYwqcmb/tKtsyslbfGgPMEJSQLEpRb5qjZ9knoUk8RjqVsICtQdoSFYoTTYaYZShpg0sdd2tDUwy6VdjQecwgPtNKGHV/o5Sk4Vn93RNiVcuA6utLFqidnvVj8z2uEqnNhR8wLQkU9MnmoE3KofBhnBttMUKL4QBNMBNN/haSHBSZKJ5vRIaDZkedJtZBHZ/niXTFbuk7iSIM9sA9yAIFzUAK3oAwqgIBn8ApG4N14Md6MD+NzUpoykp5d8AfG9w+mBp87</latexit>

10(10
1111111111124+1024+214)/9 + 1024 + 103, . . .

We will show that K(1) - K(9) are

10^((2*10^((10^((2*10^((2*10^2+16)/9)+2*10^2+14)/9)+10^((10^((2*10^2+16)/
9)+10^((10^2+17)/9)+10^2+15)/9)+10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+13)/
9)+2*10^((10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+15)/9)+2*10^((10^2+17)/
9)+12)/9)+10^((10^((2*10^((2*10^2+16)/9)+2*10^2+14)/9)+10^((10^((2*10^2+16)/
9)+10^((10^2+17)/9)+10^2+15)/9)+10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+13)/
9)+10^((10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+15)/9)+10^((10^2+17)/9)+4

K(30) is

and K(100) is:

A6064



10^((9*10^((2*10^((10^((10^((10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+15)/9)+10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+10^((2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+14)/
9)+2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+12)/9)+2*10^((2*10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+10)/
9)+2*10^((10^((10^((10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+15)/9)+10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+10^((2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+14)/
9)+2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+12)/9)+2*10^((2*10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+19)/
9)+10^((2*10^((10^((10^((10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+15)/9)+10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+10^((2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+14)/
9)+2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+12)/9)+2*10^((2*10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+10)/
9)+10^((10^((10^((10^((2*10^2+16)/9)+10^((10^2+17)/9)+10^2+15)/9)+10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+10^((2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+14)/
9)+2*10^((2*10^((10^2+17)/9)+16)/9)+2*10^((10^2+17)/9)+12)/9)+10^((2*10^((2*10^((10^2+17)/9)+16)/
9)+2*10^((10^2+17)/9)+14)/9)+10^((2*10^((10^2+17)/9)+16)/9)+10^((10^2+17)/9)+6


about 10^^9

A6064(100) = K(100) =



We give a set of recurrences which generate the sequence K(n) for any base b. 
These recurrences depend upon an apparently new recurrence for F(u). 

Two canonical examples:  
  

Base 10,  K(4) = 10^24 + 102 
The 4 generators are 

10^24 + 91, 10^24 + 100; 10^24 - 107, 10^24 - 98. 

Base 2,  K(4) = 4102 
The 4 generators are  

2^12+3, 2^12+4; 2^12-4, 2^12-5. 

To check, use 
s(2^m - u)  = m - s(u-1) , 

and in base b,  s(b^m - u) = (b-1)m-s(u-1).

2^7 - 5 
= (2^7-1) - (5-1) 
= 1111111 - 100 

= 1111011 
so 

s(2^7 - 5) = 7 - wt(5-1) 
= 7 - 1 = 6 

and  
2^7 - 5 + 6 
= 2^7 + 1



The Key Recurrence in the Binary Case
Lemma:  Every u > 2 has a unique representation as 

u = 2^m + 1 + k     (0 <= k <= 2^m-1)  …….. (*) 

Theorem:   If u is given by (*), then 
Gen(u) = { 2^m + v: v in Gen(k)}  

U  { 2^m - 1 - v:  v in Gen(m - k - 2). 

Check: f(2^m+v) = 2^m+v+1+s(v) = 2^m+1+k,  right! 

Hence: 

F(u) = F(k) + F(m-k-2). 

In base b:        u = c(b^m+1) + k, 

F(u) = F(k) + F((b-1)m-k-2).

Base 10:   u = 10^13 + 1 , k = 0,   F(u) = F(0) + F(9.13-0-2) = F(0) + F(115) = … = 1 +1 +1 = 3.



For base 2, K(1)=0, K(2)=5, K(3)=129, K(4)=4102, K(5)=2^136 + 6.   Then:

For small bases the recurrences for K(n) are straightforward. 

<latexit sha1_base64="dXyAgJpiaG7XSIgs5WzO/byqrhQ="></latexit>

E(n) = K
⇣ln

2

m⌘
+K

⇣jn
2

k⌘
+ 2

<latexit sha1_base64="mMWZTRaEcgmJxYatek8pIbIk+XI="></latexit>

K(n) = 2E(n) + 1 +K
⇣jn

2

k⌘
A230303

A230302



Remark 2:    K(n)  = 10^^((log_2 n)+2) 

But for  bases b >= 4,  to find K(n) we also need to know the values of  

K_i(n)  = smallest number v = i (mod b-1) such that F(v) = n, 
and then K(n) = min_i K_i(n). 

The recurrences get much more complicated. 

Remark 1:   For base b=5, the sequence of the best i’s  
turns out to be essentially  the classical Thue-Morse 

sequence A010060. 
So we define generalized Thue-Morse sequences  

corresponding to other bases.  See the paper for details.

0, 2, 2, 4, 4, 4, 4, 6, 6, 6, 6, 6, 6, 6, 6, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8,
 8, 8, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 
1, 1, 1, 1, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 
3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, 8, 3, . . .

The base-10 Thue-Morse

sequence A239896



LES: Lexicograpgically Earliest 
Sequences 
(of distinct positive numbers such that…)



Lexicographic Order on Sequences of Nonnegative Integers

"LES" class of sequences: Lexicographically Earliest Infinite  
Sequence of Distinct Positive Numbers Such That  ... 

(blank) <  0  <  1  <  2  <  3  <  4  <  ...

1, 2, 4, 6, ...  comes before  1, 2, 5, 6, ...

1, 2 (blank)  comes before  1, 2, 0, 0, 5, ...

EKG sequence is a classical example: LES such that gcd(a(n-1), a(n)) > 1 for n>2 

Enots Wolley: LES such that  gcd(a(n-1), a(n)) > 1 and  gcd(a(n-2),a(n)) = 1 for n>2

EKG

(A336957)

Enots Wolley(A064413)



Set theory analogs of EKG etc. 
Replace gcd(x, y) = 1 with �x ∩ y = ∅
Replace gcd(x, y) > 1 with �x ∩ y ≠ ∅

Set theory analog of EKG: an−1 ∩ an ≠ ∅
as subsets of N

A115510

Set theory analog of Enots Wolley: add
�an−2 ∩ an = ∅ an∖an−1 ≠ ∅and

A338833

What ???

Easy Theorem:  Every number appears Theorem (Nathan Nichols):  This is a  
permutation of   { N excluding 2,4,8,16,... } 

"Homework" 1.  Check the proof.  [I really hope someone - or some 
collaboration - will do this.  I have not checked it myself.  It needs to be done.] 
2. Can the proof be adapted to show that Enots Wolley is a permutation of N ?



The Binary Two-Up Sequence
Based on joint work with Michael De Vlieger, Thomas Scheuerle,  

Rémy Sigrist, and Walter Trump 



The binary two-up sequence (A354169) is the  
Lexicographically Earliest Sequence of distinct nonnegative numbers 

such that a(n) is “perpendicular” to the following n terms.
“Perpendicular” means  

“binary expansions have disjoint sets of 1’s” 
9 = 1001  �    6 = 110

<latexit sha1_base64="jLqEDkNB6KmViGiU/KtsFM4iOkc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF0xbaUDbbSbt0s1l2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZeJDnTxvO+ndLa+sbmVnm7srO7t39QPTxq6TRTFAOa8lR1IqKRM4GBYYZjRyokScSxHY3vZn77CZVmqXg0E4lhQoaCxYwSY6WgJ1HJfrXm1b053FXiF6QGBZr96ldvkNIsQWEoJ1p3fU+aMCfKMMpxWullGiWhYzLErqWCJKjDfH7s1D2zysCNU2VLGHeu/p7ISaL1JIlsZ0LMSC97M/E/r5uZ+CbMmZCZQUEXi+KMuyZ1Z5+7A6aQGj6xhFDF7K0uHRFFqLH5VGwI/vLLq6R1Ufev6pcPl7XGbRFHGU7gFM7Bh2towD00IQAKDJ7hFd4c4bw4787HorXkFDPH8AfO5w/v2I7I</latexit>?
“Lexicographically Earliest”:   

1, 2, 4, … comes before 1, 2, 5, … 



The algorithm for constructing the sequence 

When you know a(k), append two terms: 
a(2k-1) = minimum m not in sequence such that {m, a(k), a(k+1),…,a(2k-2} are perpendicular, 
a(2k) = minimum m’ not in sequence such that {m’, a(k), a(k+1),…,a(2k-1} are perpendicular,

A354169 (cont.)

Given input a(0),…, a(k), this produces output a(0),…,a(2k).

Iterating, the output converges to A = A354169.



A354169 
Terms a(0) - a(47)



A354169 
Terms a(40) - a(87)



The “Dead Sea Scroll”  
192 terms of A354169

24

24

48

48



The Log File and AtomsA354169 (cont.)
Log entries are:     Aw  means added a term of Hamming weight w 

 Fw  means freed a term of Hamming weight w 
[1] means 2^1,  [3,6] means 2^3 + 2^6, etc. 

Table 1
T = A1A1F1A1A1F1 ,
U = A2A1F1A1A1F1 ,
V = A2A1F2A1A1F1A2A1F1 ,
W = A2A1F1A1A1F2A2A1F1 ,
X = A2A1F2A1A1F1A2A1F2A2A1F1 .

The 5 types of atoms

T atom

U atom

V atom

An atom ends when there are exactly two free powers of 2

W atom



Let S = T U V W U,  and for k >= 1 let
<latexit sha1_base64="WImYe6G2VD7hp64MaR4LeAjtczw=">AAACL3ichVDJSgNBEO2JW4xb1KOXxiAkB8NMCOpFCAriMYpZIBs9nZ6kmZ6F7hohDMkXefFXchFRxKt/YWc5aCL4qILHe1V017NDwRWY5quRWFldW99Ibqa2tnd299L7B1UVRJKyCg1EIOs2UUxwn1WAg2D1UDLi2YLVbPd64tcemVQ88B9gELKWR3o+dzgloKVO+uY+6+bw6HKEm4I5kK3WmpL3+pBrx4V27J5aQ124XvnH7qQzZt6cAi8Ta04yaI5yJz1udgMaecwHKohSDcsMoRUTCZwKNkw1I8VCQl3SYw1NfeIx1Yqn9w7xiVa62Amkbh/wVP25ERNPqYFn60mPQF8tehPxL68RgXPRirkfRsB8OnvIiQSGAE/Cw10uGQUx0IRQyfVfMe0TSSjoiFM6BGvx5GVSLeSts3zxrpgpXc3jSKIjdIyyyELnqIRuURlVEEVPaIze0LvxbLwYH8bnbDRhzHcO0S8YX98lJ6a5</latexit>

R(k) = (VW )2
k�1�1 XU (VW )2

k�1�1 XU

Then A is the limit as k goes to infinity of    S R(1) R(2) R(3) … R(k).

Also, for k >= 2, every pair of atoms XU in R(k) has the “ancestor property” that …

The proof uses a map �  which is a local version of the map that defines A, and 
sends a string of atoms in A to a string of atoms in A with twice the number of terms. 

When there is a term a(k) in the input the output contains two terms a(2k-1), a(2k), 
each being either the smallest subset of the free powers of 2 that has not yet appeared, 

or the next free power of 2. 

Since the map �  does not know what came before the start of the input string, we use two 
arguments to certify that the term we want to add has not appeared before.  

(1) When 2^e is freed for the first time, no term 2^e + 2^f (f<e) has appeared; 
(2) If the input contains a pair of atoms XU, the ancestor property saves us.

Φ

Φ

The Main TheoremA354169 
 (cont.)



A354169 (cont.) Proof of Main Theorem, (cont.)

We check that, under the map � , 

      S R(1)  goes to    S R(1) R(2), 
V    goes to    VW 
W   goes to    VW 

    X   goes to   VWXU 
hence  

             R(k)   goes to   R(k+1),  k >= 2

Φ

QED

Corollary: Every term of A354169 is the sum of at most two powers of 2.

Corollary: We can say exactly what the term are in each atom, and hence in A itself. 
The formulas all involve A029744. 



A354169 (cont.)
The number-theory versions 

If “perpendicular” meant “relatively prime”, 
we get A090252 and A354790. 

Open Problem: Show their terms are  
products of at most two primes.



If there was more time, I would also discuss:
Grant Olson’s LES A347113: still lacks a proof that every number appears.

Set-theory version of Enots Wolley LES, A338833: someone please check proof  
that every number of weight >= 2 appears. 

Rémy Sigrist’s Pascal Triangle with knight’s moves (A355320, A096608). 

Colin Mallows’s conjectures about number of solutions to u+v+w+x = n, u^2+v^2+w^2+x^2 = n^2   
(A278085). 

Seiichi Manyama’s A351372: solutions to (x+y)^2 + (y+z)^2 + (z+x)^2 = 12 xyz. 

The most wanted prime: 123…n.  See A7908.  

Most wanted formulas (see next slide)



Sequences with many terms, need formulas

From the analysis of LES A090252:

https://njas.blog/2022/06/03/the-two-up-sequence-a090252/

3, 1, 15, 33, 61, 97, 121, 129, 133, 245, 265, 389, 481, 485, 489, 2065, …
2

1, 6, 24, 54, 124, 214, 382, 598, 950, 1334, …

3 Simple interior nodes in 1 X n grid, A334701:

Have 500 terms

5 Look for words  “It would be nice to have a formula …” in OEIS entries.

Also A292104.

4 Also A067151,  A349784,  A350606.



The Scariest Sequence of 2022



A357082
20K terms



A357082
70K terms


