Noncommutative generalized Cata-
lan numbers and their generating
functions

M. Aigner (1999) introduced generalized Catalan
numbers:

s9 1 0 0 0
s 1 000
A=10 1 & 1 0

Cn(A) = (An)oo, n Z 0.

When sy = 1, s;, = 2 for ¢« > 1 we get Catalan
numbers

When s; = 1 for 7 > 0 we get Motzkin numbers
When s; = 0 for i > 0 we get (2:), n >0

Aigner also showed that

Co(4) Ci(A) ... Cu(4)
Ci(A) Cy(A) ... Chir(A)

and computed determinants for Hankel matrices started



Generalizations:

1) Different types of matrices

2) Matrices over noncommutative rings

Example 1:
11 1 . 1000 .
11 1 .1 100 .
A=1111 1110,

(k ones in the upper row, k > 2)

In this case

Co(A) 1 (kn+1)

- kn +1 n
- kth Fuss-Catalan numbers

Example 2:
(0 1 0 0 0 \
1 0 0
A=1 o0 0 . 1
1 ...0 .
0 1 0

o

(k zeros before 1 in the left column, k > 2)



In this case Cn(A)’s are kth Fuss-Catalan num-
bers and C,,(A) = 0if n # km

Our general approach is based on
finding equations for generating func-

tions
b(t) =) CulA)"
n>0
where C,(A) = (A")( using technique
of quasideterminants

Let A be a square matrix over an associative ring.

Notations: A% is the submatrix of A with ith row
and jth column removed; r; be the th row without
a;; and c¢; be the jth column without a;;.

Then

|Alij = ai; — ri(AY) ¢,

a21 a2

a1 a
Examples for A = ( i 12)
Al = — o Aljy = — 1
’ \11 = Q11 — Q12099 A21, \ !12 = Q12 — 411091 A22,

|Alo1 = ag1 — amagy ary, |Aln = asn — agaii ans

It A_l = <bU> then bpq = ‘A’q_pl



In the commutative case

det A
det AV
It is also convenient to box the entries a;; for |A|;;,
1.c.

Al = (=1

aijp a2 | (@11 a2
a21 a1 (22|,

Definition. Let A = (a;;), 7,7 > 0 over a ring.
We call C,(A) := (A")y the nth Catalan number
defined by matrix A.

First applications of quasideterminants

Let
apy aopi 0 0 0 ...
A — ajp a1l a2 0 0 ...
0 a91 A92 A9 0 ...
Then
Co(A) Ci(A) ... Cu(A)
Ci(A)  Co(A) ... Chii(A)

Co(A) Cor(A) . [Con(A)

= ap1412 .. - Ap—1.n " Apnp—1---A210A10



Ci(A)  Ci(A) ... Cy(A)
Co(A)  Ca(A) ... CiialA)

Cn.—ir.lo(A) Chi2(A) ... CZn.—l—.l.(A)

= ap112 - .- Ap—1n ° ’A‘nn *Apn—1---02104710

Second application of quasideterminants

Let A = (a;;), 4,5 > 0. Set A(k) = (a;5),1,j > k.

Recall that A is a lower Hessenberg matrix if
CLZ'J':OfOI’j—?;>1

Theorem. Let A be a lower Hessenberg matrix
such that all | A(k)|rr and a g1 are invertible. Then

1= Z(—l)kbo ~apr - by - agnc - ag—1 - b - ago
k>0

Let P = (pij), ©,7 > 0 be a Hessenberg matrix.
Define generating functions for generalized Catalan

numbers defined by P(k), kK > 0 by

Sr(t) = (P(k)")pit"

n>0



In particular, ¢o(t) is the generating function for
Catalan numbers defined by matrix P.

Corollary.

t) = 1+Z " oo (t)-por-d1(t)-prz - - - Pe—1Ok(t)-Pro
k>0

Various Special Cases:

Assume that P is a uni-Hessenberg matrix and there
exists a homomorphism 6 such that 6(p;;) = pit1+1

for all 7, 5. Set ¢(t) = ¢o(t). Then

B(t) =14 > t"(t) - 0(g(t)) - - 8°(6(t)) - pro

k>0

For Hessenberg matrix PP with constant diagonals we
get

= 1+Z "L () -por- () -por-B(t)-por - - - (t))Pro

k>0

S0, to solve the above equation we construct semi-
infinite Hessenberg matrix P with constant diagonals
and set

o(t) = Z(Pn)ootn

n>0



If, additionally, P is a three-diagonal matrix then

o(t) = 1+ td(t)poo + t*¢(t)poro(t)pro

If por = poo = p1o = 1 the last equation is the
well-known characteristic equation for the generating
function for Motzkin numbers.

Let P be a two-diagonal uni-Hessenberg matrix with

Pk—1,0 = <1
(0 1 0 0
0 1 0 \
F= 2 0 0 ...
0 20 0 0

GRS

Let 0(z;) = 241 then

o(t) =1+ @()0((t)) . .. 0"((t)) 21"
One can see that ¢(t) = > - CPnk ety = ¢k
and ®(u) =) CPun, then

O(u) = 1+ ud(u)d(d(u))...0MNd(u))z .
Specialization z; — 1, ¢ > 0 leads to the classical
equation for generating functions for k-Fuss-Catalan

numbers, i.e. the specialization of ngk) is the nth
k-Fuss-Catalan number



Another model for Fuss-Catalan numbers

Let x;, ¢ > 0 be free variables. We define homomor-
phism 6 on Laurent polynomials in x;’s by setting
9(33@) = Tjy+1-

Let

rirgt 1 0 0
1'233’61 33'233’1_1 1 0

P = v - _
513333'01 X320 1 x3x21 1

Consider matrix

o O O
o O =
O~ O
— O O
o O O

We call C,,(E*P)xg, s > 0 the (s + 2)-th noncom-
mutative Fuss-Catalan number FC,(s + 2).

Note that C, = FC,(2) are noncommutative Cata-
lan numbers introduced by A.B. and V.R. earlier.

Proposition. Set ¢ = > . C,(E°P)t". Let
Ym = xmxgbl_l, m > 1. Then

GO =1+t0""0) Y1+ (0°0) - ys - (00) - y1 - ¢



Combinatorial interpretation of noncommu-
tative Fuss-Catalan numbers

Fuss-Catalan number ﬁﬂ(kngl) is the number of
paths m on Z x Z from (0,0) to (n, (k — 1)n) con-
sisting of moves — and 1 below y = (k — 1)z

(Dyck or Catalan paths)

To each corner p = (p1, p2) of such path 7 set
c(p) = ((k = 1)p1 — p2), c(p) > 0.

We call p a southeast corner of m if m goes right and
up and a northwest corner otherwise.

To each path 7 we assign an element M, by

_ w(p)
Mz = H Lep)
the product is over all corners p € P in the natu-

ral order and w(p) = 1 for southwest corners and
w(p) = —1 for northwest corners.

Theorem. FC; = > M,
over all Dyck paths 7 from (0,0) to (n, (kK — 1)n).

For £k = 2 it describes noncommutative Catalan
numbers introduced by A.B. and V.R.



Hankel matrices

Ci Cu ... Cip
Civi Ciyo ... Cigng1| o

= Tipon, ©=0,1
Civn Civi11 --- |Cizon

Narayana numbers

Denote by P, (k) the set of Dyck paths from (0, 0) to
(n,n) with k evenly indexed horizontal moves. It is
known that Narayana number N(n, k) =1(})(.",)

n\k/ \k—1
is equal to | P, (k)|

Denote by N (n, k) the sum of monomials correspond-
ing to paths from P, (k) and call it the Noncommu-
tative Narayana (n, k)-number.

(xlxgl 1 0 0o .. \

5625135175 :ngl_lt t 0 E
P = | xsryt wsay't wzry’ 1

mxalt x4x1_1t mxz_lt $4£U3_1t K

\

Then C,,(P"zg = >_1_  N(n, k)t*.



Orthogonal polynomials

Let Cp, (1, ... elements of a ring R with an anti-
involution @ +— @ and C; = C; for ¢ > 0. Define
orthogonal polynomials P,(t) € R[t] as

Co C1 ... Chq 1

Pn(t)zol Co ... C, t

Cn On+1 C2n—1 t"

In this definition elements C; play a role of abstract
(noncommutative) moments. Polynomials P,(t) are
orthogonal w. 1. t. {(at',bt’) = aCj;b.

For noncommutative Catalan numbers C;’s

Poia(t) = (t=woni15, —Tou25,_1) Pu(t) = 22025, 5 Pua(t) -

One can compute P,(t) as

Py(t)=> (=1)"*B(n+k,n — k)t*
k=0
where B(n+ k,n — k) are noncommutative binomial
coefficients introduced by A.B. and V.R.



