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legendre:= proc(lev,alpha) local leve,beta,F,G,leg: local 
s: if lev=1 then s:=6 fi: if lev=2 then s:=4 fi: if lev=3 
then s:=3 fi: if lev=4 then s:=2 fi:
leve:=4*sin(Pi/s)^2: F:=xx->subs(x=xx,hypergeom(
[1/s,1-1/s],[1],x)): G:=xx->subs(x=xx,x*diff(F(x),x)):
beta:=1-alpha: leg:=2*alpha/sqrt(leve)*F(alpha)*G
(beta)+2*beta/sqrt(leve)*F(beta)*G(alpha): 
print(): print(simplify(leg,hypergeom)=1/Pi): print():
end:

legendre(2,-1/5);

K

K

K

legendre(3,5/3);
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K

K



> > 

(4)(4)

(2)(2)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(3)(3)

> > 

> > 

> > 

> > 

> > 

> > 

K

K K

clausen:=proc(lev,x) local R,F,clau,s: if lev=1 then s:=6 
fi: if lev=2 then s:=4 fi: if lev=3 then s:=3 fi: if lev=4 
then s:=2 fi:
R:=x->hypergeom([1/2,1/s,1-1/s],[1,1],4*x*(1-x)):
F:=x->hypergeom([1/s,1-1/s],[1],x):
clau:=x->F(x)^2-R(x): 
print(): print(simplify(clau(x),hypergeom)=0):
end:

clausen(2,1/4);

K

clausen(2,-2);

K2 K



> > 

(4)(4)

> > 

(2)(2)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

K24

K

K

K

K K

K



(4)(4)

> > 

> > 
> > 

> > 
> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(2)(2)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

K K

K

K

K

K

K K

russellmodequ:=proc(lev,p) local uu,vv,mm,x,s,val,qq,m
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,coe,k,i,num,aalpha,bbeta,alpha,beta,sb,u,v,suma,ecus,
ecucoef,formu,sol,o,q: global P,hh,ro,BC,h,dpol,dec,pol,
T,llev: dec:=p: o:=time():                                            

if lev=2 then s:=4: ro:=256: BC:=n->(4*n)!/(n!^4): 
val:=simplify((p+1)/4): h:=4/denom(val): dpol:=2*val: 
fi: if lev=2 and d=3 then h:=1: dpol:=4: fi:
if lev=3 then s:=3: ro:=108: BC:=n->(3*n)!*(2*n)!/(n!
^5): val:=simplify((p+1)/3): h:=6/denom(val): dpol:=
numer(val): fi:               
if lev=4 then s:=2: ro:=64: BC:=n->((2*n)!)^3/(n!^6):
val:=simplify((p+1)/8): h:=8/denom(val): dpol:=numer
(val): fi: if lev=4 and d=3 then h:=1: dpol:=4: fi: if lev=
4 and d=1 then h:=1: dpol:=2: fi:             
coe:=seq(seq(c[k-i,i],i=0..k),k=1..dpol): num:=nops(
{coe}):
qq:=4/ro*exp(int(1/(hypergeom([1/2,1/s,1-1/s],[1,1],
4*x*(1-x))*x*(1-x)),x));
hh:=h: Order:=2*num: 
assume(q,real): mm:=convert(solve(series(qq,x)=q,x),
polynom): 
print(level=lev, degree=p): print(): print(`MODULAR 
EQUATION`): 
aalpha:=subs(q=q^p,mm): bbeta:=mm:                      
                              
uu:=convert(series(aalpha^(1/h)*bbeta^(1/h),q,2*
num),polynom):     
vv:=convert(series((1-aalpha)^(1/h)*(1-bbeta)^(1/h),
q,2*num),polynom):     
suma:=sum(sum(c[k-i,i]*uu^i*vv^(k-i),i=0..k),k=1..
dpol): ecus:=series(suma,q,2*num)-1: 
ecucoef:=coeffs(simplify(convert(ecus,polynom)),q):      
                                                 
formu:=sum(sum(c[k-i,i]*u^i*v^(k-i),i=0..k),k=1..
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dpol)-1:  
sol:=solve({ecucoef},{coe}): pol:=sort(subs(sol,formu),
[u,v]): P:=(uu,vv)->subs(u=uu,v=vv,pol): 
dec:=p: llev:=lev:                                           
print(u^h=alpha*beta,v^h=(1-alpha)*(1-beta)): print
(pol=0): print(Seconds=time()-o):
end:      

        

weber5:=proc()
global Q,R,P:
Q:=(u,v)->u^3+v^3:
R:=(u,v)->-u^2*v^2+4:
P:=(u,v)->Q(u,v)^2-u*v*R(u,v)^2: 
end:

weber7:=proc()
global Q,R,P:
Q:=(u,v)->u^4+v^4+7*u^2*v^2:
R:=(u,v)->u^3*v^3+8:
P:=(u,v)->Q(u,v)^2-u*v*R(u,v)^2:
end:

weber11:=proc()
global Q,R,P:
Q:=(u,v)->u^6+v^6:
R:=(u,v)->u^5*v^5-11*u^4*v^4+44*u^3*v^3-88*
u^2*v^2+88*u*v-32:
P:=(u,v)->Q(u,v)^2-u*v*R(u,v)^2: 
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end:

weber13:=proc() global Q,R,P:
Q:=(u,v)->u^7+v^7+13*(u^6*v+u*v^6)+52*(u^5*
v^2+u^2*v^5)+78*(u^4*v^3+u^3*v^4):
R:=(u,v)->u^6*v^6-64:
P:=(u,v)->Q(u,v)^2-u*v*R(u,v)^2: 
end:

weber17:=proc() global Q,R,P:
Q:=(u,v)->(u^9+v^9)+17*(u^8*v^5+u^5*v^8)+
119*(u^6*v^3+u^3*v^6)+272*(u^4*v+u*v^4):
R:=(u,v)->-(u^8*v^8)-34*(u^7*v+u*v^7)+
34*(u^6*v^6)+340*(u^4*v^4)+544*(u^2*v^2)-256:
P:=(u,v)->Q(u,v)^2-(u*v)*R(u,v)^2: 
end:

weber41:=proc() global Q,R,P:
Q:=(u,v)->u^(21)+v^(21)+943*(u^(20)*v^(5)+u^(5)
*v^(20))+
123*(u^(20)*v^(17)+u^(17)*v^(20))+
40713*(u^(19)*v^(10)+u^(10)*v^(19))+72939*
(u^18*v^3+u^3*v^18)+
3772*(u^18*v^15+u^15*v^18)+
733531*(u^17*v^8+u^8*v^17)+15088*(u^16*v+u*
v^16)+
339111*(u^16*v^13+u^13*v^16)-
6494359*(u^15*v^6+u^6*v^15)+3112310*(u^14*
v^11+u^11*v^14)+
11736496*(u^13*v^4+u^4*v^13)
-36004437*(u^12*v^9+u^9*v^12)+10422528*
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(u^11*v^2+u^2*v^11)+
49796960*(u^10*v^7+u^7*v^10)
+86812416*(u^8*v^5+u^5*v^8)+15450112*(u^6*
v^3+u^3*v^6)+
8060928*(u^4*v+u*v^4):
R:=(u,v)->41*(u^(20)*v^(8)+u^(8)*v^(20))-
u^(20)*v^(20)+574*(u^(19)*v+u*v^(19))-
4059*(u^(19)*v^(13)+u^(13)*v^(19))-155554*(u^
(18)*v^(6)+
u^(6)*v^(18))+574*u^(18)*v^(18)-
160310*(u^17*v^11+u^11*v^17)+701100*(u^16*
v^4+u^4*v^16)-
2050*u^16*v^16-1753160*(u^15*v^9+u^9*v^15)-
2488864*(u^14*v^2+u^2*v^14)-462726*u^14*
v^14+
20156994*(u^13*v^7+u^7*v^13)+10496*(u^12+
v^12)-
3571756*u^12*v^12-28050560*(u^11*v^5+u^5*
v^11)+
45567400*u^10*v^10-41039360*(u^9*v^3+u^3*
v^9)-
57148096*u^8*v^8-16625664*(u^7*v+u*v^7)
-118457856*u^6*v^6-
8396800*u^4*v^4+37617664*u^2*v^2-1048576:
P:=(u,v)->Q(u,v)^2-(u*v)*R(u,v)^2:
end:

weber:=proc(dd)
if dd=5 then weber5() fi:
if dd=7 then weber7() fi:
if dd=11 then weber11() fi:
if dd=13 then weber13() fi:
if dd=17 then weber17() fi:
if dd=41 then weber41() fi:
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print(P(u,v)=0):print(): print(): end:

K

K

K

K

webermodequ:=proc(lev,dd)
print(level=lev, degree=dd): print(): print(`MODULAR 
EQUATION`): print(432*u^(12)/(u^(12)-16)^3=alpha*
(1-alpha), 432*v^(12)/(v^(12)-16)^3=beta*(1-beta)): 
weber(dd):
end:

modequ:=proc(lev,dd)
if lev=1 then return webermodequ(lev,dd) else return 
russellmodequ(lev,dd): fi:
end:

modequ(1,5);

MODULAR EQUATION
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modequ(3,11);

MODULAR EQUATION
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fullsimplify:=proc(expression)
combine(evalc(simplify(expand(combine(rationalize
(radnormal(
expand(simplify(rationalize(simplify(
combine(radnormal(expand(expression)),radicals))))))),
radicals)))),radicals):
end:
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valuesR:=proc(lev,dd) local o: global hh,h,jjj,www,i,uv0,
A,G,SOL,nn,AA,div,L0:
o:=time(): modequ(lev,dd): print(): with(polytools):  
print(`MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM`)
: print(u^h=v^h,  RMP(u,v)=0): print(J=ro/(4*u^h)): 
print(): print(`VALUES OF J`): print():
G:=solve({P(u,v),u^hh=v^hh},{u,v}): nn:=nops({G}):
for i from 1 to nn do: uv0:=evala(simplify(G[i],
{expanded,symmetry})):  A:=convert(evala(simplify
(subs(uv0,ro/(4*u^hh)),{eliminated,expanded,
symmetry})),radical): if A=0 then else AA:=subs
(RootOf=0,A): if AA=A then print(NUMBER=i): L0:=
evalc(simplify(evala(subs(uv0,A)))): if evalf(abs(ro/L0),
100)>1 then div:=1: else div:=0: fi: if div=1 then print
(DIVERGENT): print(`convergent by analytic 
continuation`): fi: if ro/L0=1 then print(SINGULARITY): 
fi: if  Im(L0)=0 then else print(COMPLEX): fi: print(evalc
(evala(simplify((L0))))): print(): fi: fi: od:
print(Seconds=time()-o): end:

K K

valuesCH:=proc(lev,dd) local x,o: global jjj,www,i,A,G,
SOL,nn,uv0,AA,div,J0:
o:=time(): modequ(lev,dd): with(polytools):  print
(`MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM`): 
print((u^(12)-16)*v^4=(v^(12)-16)*u^4, WMP(u,v)=
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0): print(J=(u^(12)-16)^3/u^(12)): print(): print
(`VALUES OF J`): print():
G:=solve({P(u,v),(u^(12)-16)*v^4=(v^(12)-16)*u^4},
{u,v}): nn:=nops({G}): for i from 2 to nn do: uv0:=
evala(simplify(G[i],{expanded,symmetry})): A:=convert
(evala(simplify(subs(uv0,(u^(12)-16)/u^4),{eliminated,
expanded,symmetry})),radical): if A=0 then else AA:=
subs(RootOf=0,A): if AA=A then print(NUMBER=i): J0:=
evalc(simplify(evala(subs(uv0,A^3)))): if evalf(abs
(1728/J0),100)>1 then div:=1: print(DIVERGENT): print
(`convergent by analytic continuation`): fi: if 1728/J0=1
then print(SINGULARITY): fi: if Im(J0)=0 then else print
(COMPLEX): fi: print(evalc(simplify(evala(simplify(J0)))))
: print(): fi: fi: od: print(Seconds=time()-o):
end: 

valuesJ:=proc(lev,dd)
if lev=1 then return valuesCH(lev,dd): else return 
valuesR(lev,dd): fi:
end:

mychoose:=proc(lev,dd,kk) global u0v0,u0,v0,P1,P2,
rulepol:
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u0v0:=evala(simplify(G[kk],{expanded,symmetry})): 
P1:=evala(Minpoly(op(2,u0v0[1]),x)): P2:=evala
(Minpoly(op(2,u0v0[2]),x)): u0:=fullsimplify(convert(op
(2,u0v0[1]),radical)): v0:=fullsimplify(convert(op(2,
u0v0[2]),radical)): rulepol:={subs(x=u,P1),subs(x=v
(u),P2)}: 
end:

dvddv:=proc(dd) global T,dv,ddv,dv0,ddv0,atu0:
T:=u->P(u,v(u)): atu0:={u=u0,v(u)=v0,diff(v(u),u)=
dv0,diff(diff(v(u),u),u)=ddv0}: 
dv:=simplify(factor(solve(diff(T(u),u),diff(v(u),u)))):  
ddv:=diff(dv,u): 
dv0:=fullsimplify(subs(atu0,simplify(dv,rulepol))):
ddv0:=fullsimplify(subs(atu0,simplify(ddv,rulepol))):
end:

alpha0beta0russel:=proc(dd) global T,alpha0,beta0,z0,
dalpha0,dbeta0,ddalpha0,ddbeta0:
T:=u->subs(v=v(u),P(u,v)): alpha0:=solve(alpha*(1-
alpha)=expand(u0^h),alpha)[1]:  beta0:=1-alpha0:  
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z0:=fullsimplify(4*alpha0*beta0):  
dalpha0:=evalc(fullsimplify(expand(subs(u=u0,subs
(beta(u)=beta0,subs(alpha(u)=alpha0,subs(v(u)=v0,
subs(diff(v(u),u)=dv0,simplify(expand((alpha(u)*(h*u^
(h-1)-h*v(u)^(h-1)*diff(v(u),u))-h*u^(h-1))/(alpha(u)-
beta(u)))))))))))): 
dbeta0:=evalc(fullsimplify(expand(h*u0^(h-1)-h*v0^
(h-1)*dv0-dalpha0))):
ddalpha0:=fullsimplify(expand(solve(h*(h-1)*u0^(h-2)
-2*dalpha0*dbeta0-x*beta0-alpha0*(h*(h-1)*u0^(h-2)-
h*(h-1)*v0^(h-2)*dv0^2-h*v0^(h-1)*ddv0-x),x))): 
ddbeta0:=fullsimplify(expand(h*(h-1)*u0^(h-2)-h*
(h-1)*v0^(h-2)*dv0^2-h*v0^(h-1)*ddv0-ddalpha0)): 
end:

alpha0beta0weber:=proc(lev,dd) local q: global u0,v0,
alpha0,beta0,dalpha0,dbeta0,ddalpha0,ddbeta0,m0,
dm0,atu0,tau0,q0:  
atu0:={u=u0,v(u)=v0,diff(v(u),u)=dv0,diff(diff(v(u),u),
u)=ddv0}:  
alpha0:=solve(al*(1-al)=simplify(432*w0),al)[1]: 
beta0:=1-alpha0:
dalpha0:=fullsimplify(432*subs(atu0,simplify(dw,
rulepol))/(1-2*alpha0)):
dbeta0:=fullsimplify(rationalize(432*subs(atu0,simplify
(dy,rulepol))/(1-2*beta0))):
m0:=fullsimplify(sqrt(fullsimplify(1/dd*dalpha0/dbeta0))
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):
print(m[0]=m0): print(abs(m[0])=abs(m0)): tau0:=
evalc(expand(fullsimplify(m0*dd/sqrt(lev)*I))): q0:=exp
(2*Pi*I*tau0):
ddalpha0:=fullsimplify(2*dalpha0^2+432*subs(atu0,
simplify(ddw,rulepol)))/(1-2*alpha0):
ddbeta0:=fullsimplify(2*dbeta0^2+432*fullsimplify(subs
(atu0,simplify(ddy,rulepol))))/(1-2*beta0): dm0:=
fullsimplify(expand(rationalize(simplify(expand(m0/2*
(dbeta0/beta0-dbeta0/alpha0-dalpha0/alpha0+
dalpha0/beta0+ddalpha0/dalpha0-ddbeta0/dbeta0)))))):
end:

rama:=proc(lev,dd) local diver, q,o,BB: global q0,zz0,rh,
u0,v0,alpha0,beta0,z0,T,dv0,dalpha0,dbeta0,m0,polu,
ddv0,ddalpha0,ddbeta0,dm0,L0,b,a,vap,uu,cuu,sigma,
uf,dv,ddv,atu0,tau0,SDIV,FC,imtau0: o:=time(): atu0:=
{u=u0,v(u)=v0,diff(v(u),u)=dv0,diff(diff(v(u),u),u)=
ddv0}:  T:=u->P(u,v(u) ):
dv:=simplify(factor(solve(diff(T(u),u),diff(v(u),u)))):  
dv0:=subs(u=u0,subs(v(u)=v0,dv)): 
ddv:=diff(dv,u): ddv0:=fullsimplify(expand(rationalize
(solve(subs(u=u0,subs(v(u)=v0,subs(diff(v(u),u)=dv0,
subs(diff(diff(v(u),u),u)=x,diff(diff(T(u),u),u))))),x)))): 
alpha0beta0russel(dd):
m0:=fullsimplify(sqrt(rationalize(1/dec*dalpha0/dbeta0)
)): 
dm0:=fullsimplify(expand(rationalize(simplify(expand
(m0/2*(dbeta0/beta0-dbeta0/alpha0-dalpha0/alpha0+
dalpha0/beta0+ddalpha0/dalpha0-ddbeta0/dbeta0)))))):



> > 

(4)(4)

> > 

> > 

> > 

> > 

(5)(5)

> > 

> > 
> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(2)(2)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

 
L0:=simplify(evala(ro/z0)): 
b:=simplify(evala(fullsimplify((1-2*alpha0)*1/sqrt(llev)*
(m0*dec+1/m0)))): 
a:=simplify(evala(fullsimplify(-2*alpha0*beta0*
dm0/dalpha0*dec/sqrt(llev)))):
print(level=llev, degree=dec): print(): print(m[0]=m0): 
print(abs(m[0])=abs(m0)): tau0:=evalc(expand
(fullsimplify(m0*dd/sqrt(lev)*I))): assume(abs(ro/L)<1)
: BB:=convert(sum(BC(n)*(b*n+a)/L^n,n=0..infinity),
hypergeometric): if abs(evalf(ro/L0,100))>1 then FC:=
round(evalf(subs(L=L0,Pi*BB))): imtau0:=Im(tau0/FC): 
print(Im(tau[0])=imtau0): print(abs(q[0])=simplify(exp
(-2*Pi*imtau0))): print(): print(): print(Sum(BC(n)*
(b/FC*n+a/FC)/L0^n,n=0..infinity)): print(DIVERGENT):
print(`ANALYTIC CONTINUATION`): else FC:=1: print
(tau[0]=tau0): print(q[0]=simplify(exp(2*Pi*I*tau0))): 
print(): print(): print(Sum(BC(n)*(b/FC*n+a/FC)/L0^n,
n=0..infinity)= 1/Pi): print(): fi: print(): print
(`HYPERGEOMETRIC FORM`): print(): print(subs(L=L0,
BB/FC)=1/Pi): print(Seconds=time()-o):
end:

chudnovsky:=proc(lev,dd) local o,BC,FC,SDIV,SD,BB; 
global u0,v0,T,w0,dv0,alpha0,beta0,z,dalpha0,dbeta0,
m0,ddv0,ddalpha0,rootone,dy,ddy,a1,a2,
ddbeta0,b0,a0,J0, atu0,w,y,y0,dv,ddv,dw,ddw,zp,z0,
dm0,diver,tau0,imtau0,SDIVER: 
o:=time(): print(level=lev,degree=dd): print(): BC:=
n->(6*n)!/((3*n)!*(n!^3)):
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atu0:={u=u0,v(u)=v0,diff(v(u),u)=dv0,diff(diff(v(u),u),
u)=ddv0}: 
dvddv(dd):
w:=u^(12)/(u^(12)-16)^3: y:=v(u)^(12)/(v(u)^(12)
-16)^3:                                             
dw:=diff(w,u): ddw:=diff(dw,u): 
dy:=subs(diff(v(u),u)=dv,diff(y,u)): ddy:=subs(diff(v
(u),u)=dv,diff(dy,u)):
w0:=fullsimplify(subs(atu0,simplify(w,rulepol))):
T:=u->P(u,v(u)): 
alpha0beta0weber(lev,dd): z0:=expand(4*alpha0*
beta0): J0:=simplify(evala(fullsimplify(12^3/z0))): 
b0:=simplify(evala(fullsimplify((1-2*alpha0)*(m0*
dd+1/m0)*1/sqrt(lev)))):
a0:=simplify(evala(fullsimplify(-2*alpha0*beta0*
dm0/dalpha0*dd/sqrt(lev)))): assume(abs(1728/J)<1): 
BB:=convert(sum(BC(n)*(b0*n+a0)/J^n,n=0..infinity),
hypergeometric): if abs(evalf(1728/J0,100))>1 then 
diver:=1: FC:=round(evalf(subs(J=J0,Pi*BB))): 
imtau0:=Im(tau0/FC): print(Im(tau[0])=imtau0): print
(abs(q[0])=simplify(exp(-2*Pi*imtau0))): print(): print
(Sum(BC(n)*(b0/FC*n+a0/FC)/J0^n,n=0..infinity)): 
print(DIVERGENT): print(): print(`ANALYTIC 
CONTINUATION`): else FC:=1: print(tau[0]=tau0): print
(q[0]=simplify(exp(2*Pi*I*tau0))): print(): print(): print
(Sum(BC(n)*(b0/FC*n+a0/FC)/J0^n,n=0..infinity)=1/Pi)
: fi: print():  print(`HYPERGEOMETRIC FORM`): print(): 
print(subs(J=J0,BB/FC)=1/Pi): print(Seconds=time()-o):
end:
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ramapi:=proc(lev,dd,ee) global llev,dec:
mychoose(lev,dd,ee):
if lev=1 then return chudnovsky(lev,dd) else llev:=lev: 
dec:=dd: return rama(lev,dd) fi:
end:

valuesJ(1,13);

MODULAR EQUATION
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> > 

(9)(9)

> > 

> > 

> > 

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

> > 

> > 

(8)(8)

> > 

(17)(17)

K

K

K

K

K

K

K

K

K



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(13)(13)

> > 

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

> > 

> > 

(8)(8)

> > 

(17)(17)

K

K

K

K

K

K K K

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM

VALUES OF J

2304



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(13)(13)

> > 

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

> > 

> > 

(8)(8)

> > 

(17)(17)

2509056

24591257856

DIVERGENT
convergent by analytic continuation

COMPLEX

K

K

K



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(21)(21)

> > 

(5)(5)

> > 

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

> > 

> > 

(8)(8)

> > 

(17)(17)

K

K12288

K K

DIVERGENT
convergent by analytic continuation

K

K K

ramapi(2,29,3);



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

> > 

> > 

(8)(8)

> > 

(17)(17)

e
K

HYPERGEOMETRIC FORM

ramapi(2,29,9);



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

> > 

(2)(2)

> > 

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(17)(17)

K

Ke
K

K

K K

K

HYPERGEOMETRIC FORM

K

K K

K K

ramapi(2,29,8);



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(17)(17)

e
K

K

K

K

DIVERGENT
ANALYTIC CONTINUATION

HYPERGEOMETRIC FORM

K



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(17)(17)

K

valuesJ(2,3);

MODULAR EQUATION

K K

K

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM

VALUES OF J

2304

SINGULARITY



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(17)(17)

256

K1024

ramapi(2,3,1);

e
K

HYPERGEOMETRIC FORM



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

(24)(24)

> > 

> > 

> > 

(8)(8)

> > 

> > 

(17)(17)

(27)(27)

#EXAMPLES OF LEVEL 3#

valuesJ(3,23):

MODULAR EQUATION

K K

K K K

K K K

K K K K

K K

K

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM

VALUES OF J



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(17)(17)

(27)(27)

K

K

K K

K

DIVERGENT
convergent by analytic continuation

K27

3375

K1728



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(17)(17)

(27)(27)

K27000000

ramapi(3,23,8);

K

Ke
K

K27000000

HYPERGEOMETRIC FORM



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

> > 

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(17)(17)

(27)(27)

(29)(29)

K

ramapi(3,23,7);

K

Ke
K

K1728

HYPERGEOMETRIC FORM

K



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

> > 

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

ramapi(3,23,5);

K

e
K

K27

DIVERGENT
ANALYTIC CONTINUATION

HYPERGEOMETRIC FORM

K4



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

> > 

(30)(30)

(17)(17)

(27)(27)

> > 

(29)(29)

valuesJ(3,5);

MODULAR EQUATION

K K

K

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM

VALUES OF J

3375

DIVERGENT
convergent by analytic continuation

K27

216



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

> > 

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

K1728

ramapi(3,5,2);

e
K

K27

DIVERGENT
ANALYTIC CONTINUATION

HYPERGEOMETRIC FORM



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 
> > 

> > 

> > 

(11)(11)

> > 

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

K4

#EXAMPLES OF LEVEL 4#

valuesJ(4,19);

MODULAR EQUATION

K K

K

K K

K K K

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM

VALUES OF J

256



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

> > 

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(34)(34)

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

K

K

K64

DIVERGENT
convergent by analytic continuation

K

K K

ramapi(4,19,6);



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(34)(34)

(2)(2)

> > 

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

K

Ke
K

K K

K K

HYPERGEOMETRIC FORM

K K

K
K K

ramapi(4,19,2);



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(34)(34)

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

e
K

K

K

K

K

K

K

HYPERGEOMETRIC FORM



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

(36)(36)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(34)(34)

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

> > 

(29)(29)

K

K

K

K

K

K

K

K

valuesJ(4,7);

MODULAR EQUATION

K K

K



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

> > 

(14)(14)

(20)(20)

(36)(36)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

(37)(37)

> > 

(5)(5)

(19)(19)

> > 

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(34)(34)

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM

VALUES OF J

4096

256

K K

ramapi(4,7,3);



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

(36)(36)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

(37)(37)

> > 

(5)(5)

(19)(19)

> > 

(38)(38)

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

> > 

(15)(15)

> > 

> > 

(34)(34)

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

K

Ke
K

K K

K K

HYPERGEOMETRIC FORM

K K

K
K K

valuesJ(4,3);

MODULAR EQUATION

K K

K

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

(36)(36)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

(37)(37)

> > 

(5)(5)

(19)(19)

> > 

(38)(38)

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(34)(34)

(39)(39)

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

VALUES OF J

256

K64

valuesJ(4,31);

MODULAR EQUATION

K K

K K K K K

K

MAPLE FINDS THE SOLUTIONS OF THE  SYSTEM



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

(36)(36)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

(37)(37)

> > 

(5)(5)

(19)(19)

> > 

(38)(38)

(26)(26)

(33)(33)

(16)(16)

> > 

(7)(7)

(15)(15)

> > 

> > 

(34)(34)

(39)(39)

(2)(2)

> > 

(28)(28)

(12)(12)

(24)(24)

> > 

> > 

(8)(8)

(32)(32)

> > 

(30)(30)

(17)(17)

(27)(27)

(29)(29)

VALUES OF J

K

K

256

DIVERGENT
convergent by analytic continuation

K

DIVERGENT
convergent by analytic continuation

K



(10)(10)

(18)(18)

(4)(4)

> > 

> > 

> > 

(22)(22)

(31)(31)

(13)(13)

> > 

(23)(23)

(14)(14)

(20)(20)

(36)(36)

> > 

> > 

(11)(11)

(35)(35)

> > 

(9)(9)

> > 

> > 

> > 

(25)(25)

(21)(21)

(37)(37)

> > 

(5)(5)

(19)(19)

> > 

(38)(38)

(26)(26)
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