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COMBINATORIAL ASPECTS OF ELLIPTIC CURVES GREGG MUSIKER

Theorem 3 (Garsia ? 2004) For an elliptic curve, we can write
Ny, as a polynomial in terms of Ny and q such that

k
Ny =Y (=1)""'Pri(g)Ni
i=1
where each Py ; is a polynomial in q with positive integer
coefficients.

This can be proven using the fact that
Ny =1+¢"—af —ak
and this leads to a recursion for of + of in terms of

ajta; = 14+49g—N; and

a1y = g.
‘We can prove positivity by induction.
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COMBINATORIAL ASPECTS OF ELLIPTIC CURVES GREGG MUSIKER

No
N3
Ny
Ny

+

(2+2¢)N; — N}

(3+3q+3¢> )Ny — (3+3¢)Ny + N}

(4449 + 4% +4¢°) N, — (6 4+ 8¢ + 6¢°) N2 + (4 + 4q)N} — N}
(5 +5g + 5¢% + 5¢° + 5¢*) N, — (10 + 15¢ + 15¢2 + 10¢°) N2
(10 + 15 + 10¢®) N} — (5 + 5g) N + N?

Question 1 What is a combinatorial interpretation of these

expressions, i.e. of the Py ;’s?
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Figure 6.2: Deterministic finite automaton Me.
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Regular cyclic languages such as £(g,t) were studied in [BR90], and we can

even define a zeta function for them. The zeta function of a cyclic language L is

defined as - .
T
LT)= E —

¢(L,T) exp(k:1Wkk)

where W is the number of words of length k. Alternatively, this can be written

as

C(L,T) = exp ( (# words admissible by path P) Tk).

allowed closed paths P

Theorem 6.20 (Berstel and Reutenauer). The zeta function of a cyclic and regular

language is rational.
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1 Quasiinvariants with a nice form

We begin by defining the following elements of the group algebra of Ss:

[Ss] = % z o, [S3)" = % Z sgn(o)o

oESs o€ES3
1 1
m = 5(1-‘1'823)(1—812)7 71'2=§(1+312)(1—823)

These defined, the following identities are easily verified:

(m)? = m, (mp)? = my (4)
[S3]'m1 = mime = mamy =0 (5)
[S3] +m1 +me+[S3) =1 (6)
893 = Ty (7)

TaS1271 = —S1371 (8®)

We now show that there exist quasiinvariants satisfying certain symmetry and
independence conditions.

Lemma 1. For allm > 0, there exist non-symmetric m-quasiinvariants Ay, A
of degrees 3m + 1,3m + 2, respectively, such that sa3(A;) = A; and in the quo-
tient QIm/<(el, e2,€3)), the image of A; and s12(A;) are linearly independent.
Further all four of these will be independent of A>™+(z).
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Theorem 1. The vector space of quasiinvariants has the following direct sum
decomposition:

QL,= P (wRNV;™'R)
TeST(n)

where ST'(n) is the set of standard tableaux of size n, yr is a projection op-
ertor due to Young (defined in full detail in the next section) and V7 is the
polynomial given by the product over the columns of T of the associated “Van-
dermonde determinants” (this is also defined in detail below). This character-
ization is proved using completely elementary methods (namely, computations
in the group algebra of the symmetric group) in section 4. In section 5 we use
this characterization to construct the basis for the [n—1, 1] isotypic component.
Precisely, for T' a standard Young tableau of shape [n —1,1] with j the entry in
the second row, we set

T 5 n

K

i / [ —zi)mat.
T =1

With this definition, we have

Theorem 2. The set

0, 1, 2, -2
Q7™ Q7™ Q7™,....Qr ™™}

is a basis for yr (QL,,/(e1,---,en)).
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Example: Factoring Ng Completely

=N (2 +2q — Nl) ((3+ 3+ 3¢%) — (3 + 3q) N1 +N12) ((1 —q+d) - (A +qgN + Nf)
Ne = E(Fy) = Ker(1 — %)
Ny = E(F;2) = Ker(1 — %) N3 = E(F;s) = Ker(1— %)
N, =EF,;) =Ker(1—m)

Cyea(m H(l u(d/k
kld

1-m=1-m)Q+n)Q+r+7)1-7+7%)
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