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The first 17 nim-sets of cur for ¢ = {1. 6}.

n 1 2 3 4 5 6 7 8 9 10
N(m 2.{1,6}) - {0} {1} {0} {1 {0} {1} {0.2} {1.3} {0.2}
N(n,7.{1,6}) - - - - - - {0} (1} {0} {1}
Gr.e(n) 0 1 0 1 0 1 2 3 2 3

n 11 12 13 14 15 16 17
N(n.2.{1.61) {13} {02} {3} {0,1.2} {01,341 {0,125} {0.1.3.4}
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The first 17 nim-sets of cur for ¢ = {1, 6}.
n 1 2 3 4 5 6 7 8 9 10
N(n, 2, {1,6}) - {0} {1} {0} {1} {0} {1} {0.2} {1.3} {0.2}
N(n,7,{1,6}) - - - - - - {0} {1} {0} i1}
_G|]_5}[ﬁ) 0 1 0 1 0 1 2 3 2 3
n 11 12 13 14 15 16 17
N(n, 2,{1,6}) {1,3} 10,2} {3} {0,1,2} {0,1,3,4} {0,1,2,5} {0,1,3,4}
N(n,7.{1,6}) {0} {1} {0,2} {1,3} {0.2} {1,3} {0,2}
G1g(m) 2 3 1 4 5 4 5
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{0, 2}, {1, 3}, {0, 2}, {1, 3}, {0, 2}, {1, 3}, (0.2}, {1.3), {0.2}. {1. 3}. {0, 2}, {1, 3). {0, 2}, {1, 3).

{0.1,2},{0.1,3,4},{0,1,2,5}.{0,1,3,4}.{0.1,2,5}, {0, 1, 3, 4}, {0,1.2}.{0,1,3,4},{0.1,2,5}. {0,1,3,4},{0.1,2,5}, {0, 1, 3,4}{0, 1. 2, 5}, {0. 1, 3, 4}
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The first 30 nim-sets of cut for ¢ = {1.6), p = 2, decomposed into alternating subsequences. The first subsequence begins at 0, = (1. 1) and ends at 0, = (6, 6)
n 1 2 3 4 5 6 7 8 9 10
- - The second subsequence begins at Og = (7, 1) and ends at Oy = (12, 6)
N(n, 2,{1,6}) - 0 1 0 1 0 1 0 1 0 The third subsequence begins at Oy = (13 1) and ends at Ojs =(1316)
2 3 2 The fourth subsequence begins at Oy = (7,7) and ends at Ou =(12,12)
The fifth subsequence begins at ( 14.1) and ends at ( 18.6
n 11 12 13 14 15 16 17 18 19 The sixth subsequence begins at O o = (13.7) or Oz = (19, 1) and ends at O3 = (24. 6)
- The seventh subsequence begins at 0 = [14.7) and ends at 05 = (18. 12)
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Some known results about cuT.

Cut-set ¢ Nim sequence Proposition
in @ PDLP 2020

1¢c¢ (0)(+1) 6

where ¢ is the smallest element in ¢
1€ ¢ and (0,1) 3
¢ contains only odd numbers
(1,2,3)cc (0)+1) 7

(ie. g(n)=n—1)
¢ = 11,3 2} (0, 1)°(+2) 8

(E-THANATIPANOMDA , 2022)
Thessemulaiismin®. The nim-sequence of the game cut with cut-set C = {1, 2c} for any ¢ > 2 is precisely
Sk

(0, 1(2, 3), 1,4, (5,45, (3, 2)(4, 5)(6, 7)°(+8). ok even (Y 2ey ) 2ca, --- )

whine 2%¢c < <, <, .

In this section, we categorize the families of cut sets for which the nim-sequence of cut remains unknown. There are
4 such families. Let X to be a non-empty set of even numbers, each of which is at least 4. Let Y to be a non-empty set of
odd numbers, each of which is at least 5. Let x = 2c and y be the smallest elements of X and Y, respectively.

FamilyA:c = {1.3} U X,orCc = {1,3} UX UY

We already know from [3, Propositions 8] that the nim-sequence for ¢ = {1, 3, 2c} is (0, 1)°(+2).

Conjecture 1. The nim-sequence for all games of cut in this family are all precisely (0, 1)(+2).

FamilyB:C = {1 UX UY
The nim-sequence of this family seems to have some resemblance to the nim-sequence for ¢ = {1. 2c} when ¢ > 2,
but we cannot make a full conjecture at this time. The following partial extension of Theorem 19 seems to be true.

Conjecture 2. If 3x <y, then Ge(n) = Gjy.(n) forn = 1.

We note that proving the arithmetic-periodicity of Families A and B would imply Conjecture 1 of [3].
Family C: {1,2) Cc.3¢cC,C #(1.2).
It is not so clear how to categorize the patterns of this family. However, we do observe:

Conjecture 3. The nim-sequence for all games of cut in Family C are all ultimately arithmetic-periodic.

Family D: ¢ = (1,2}
The first 36 terms of the nim-sequence for this game of cut are

0, 1, 2, 3. T 4, 3, 2, 4, s 6, 7.
8, 9, % 6, 9, 8, 11, 10. 12, 13, 10, 11,
13, 12, 13, 14, 16, 17, 3 15, 17, 16, 19, 18

It is supposed that the nim-sequence for this particular version of cur is the most difficult to analyze. We also cannot find
any pattern here. In [3], it was shown that this game is equivalent to the take-and-break game with hexadecimal code
0.7F.
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