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Plan of attack

e Find a nice (ordered) graph family

e Count the number of spanning trees for a lot of members (or
count total number of leaves) to generate sequence terms

e Guess the Rational Generating Function now that you have
sufficiently many terms
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e Profit.



What is a Graph?

A graph G is a pair (V, E) of vertices and edges between them.
We write V/(G) for the vertices of G and E(G) for its edges.




What is a Spanning Tree?

A spanning tree T of G is a tree (connected and no cycles) such
that V(T) = V(G).




How do we count spanning trees?

In our project, we counted labelled spanning trees. For example, K3
would have 3 trees, not 1.
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Tree Theorem, which uses the Laplacian Matrix of a graph.
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How do we count spanning trees?

You can count labelled spanning trees by using Kirchoff’'s Matrix
Tree Theorem, which uses the Laplacian Matrix of a graph. Take
the Laplacian Matrix of G with V(G) = {v1,...,v,} (below)

deg(vi)  —Lrw) -0 ~Liaow)
_1(v1~vz) deg(vz) . —1(V2an)
_1(V1~Vn) _1(v2~vn) . deg(v,,)

Delete the row and a column of an entry. Take the determinant.

Now you have computed the number of spanning trees, 7(G), of
G.



Counting spanning trees. Small example.

Let's apply the Matrix Tree Theorem to G = K3.
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Counting spanning trees. Small example.

Let's apply the Matrix Tree Theorem to G = K3. The Laplacian
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Graph families we considered
Powers of Cycles: Fix r. Then,

G ={GC, : n>2r+1}.
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Graph families we considered

Powers of Paths: Fix r. Then,

Hy:={P," : n>r+2}




What is a Generating Function?

Given a sequence (a1, a2, .. .), its generating function f(x) is the
formal power series
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Ant+r = Cr—1ap4r—1+ ...+ Coan

for all n, then we call it C-finite (of order r if ¢y # 0).



What is a Generating Function?

Given a sequence (a1, a2, .. .), its generating function f(x) is the
formal power series

oo
E anx".
n=1
If the sequence satisfies a recurrence relation
Ant+r = Cr—1ap4r—1+ ...+ Coan

for all n, then we call it C-finite (of order r if ¢y # 0).

Example: The Fibonacci Sequence (1,1,2,3,5,8,13,...) satisfies
the relation Fpyo = Fpy1 + Fp, so it is C-finite of order 2.



Why are you talking about C-finite sequences?

A sequence is C-finite satisfying the relation
antr = Cr—13n+r-1+ ...+ coan iff:

n_ p(x)
E apx" = 1 .
l—c_1x+...—ax"*— cx"

(p(x) has degree < r — 1 and depends on the initial terms of the
sequence)

Example: The Fibonacci Sequence has relation F,. o = Fpi1 + F
and its generating function is

1
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Plan of attack

Find a nice ordered graph family (C-finite sequence, a priori)

Count the number of spanning trees for a lot of members (Matrix
Tree Theorem) (or count total number of leaves)

Guess the Rational Generating Function now that you have
sufficiently many terms

o 777

Profit.



Some New Sequences

Number of spanning trees for G, (r > 4) and H, (r > 3) are not in
the OEIS.

egHnr (3,20) ;

eqHnr (4,20) ;

SeqHnr (5,20)

3 5= [75, 336, 1488, 6580, 29085, 128544, 568101, 2510716, 11096064, 49038840, 216726195, 957817168, 4233054171, 18707899800, 82679195856,

365399082748, 1614874071885, 7136904253920, 3154140822270, 139396634349556 ]

H4 5= [864, 5635, 35840, 226080, 1424736, 8975232, 56531412, 356045600, 2242419040, 14122994787, 88948032416, 560203336285, 3528214538112,
34368624, 8141986414720, 5551266971808376, 34962412626016064, 032, 13 35968365 |

[12005. 104448, 878688, 7272720, 59829840, 491863680, 4042376800, 33217265664, 272934155637, 2242522832400, 18425237837125,

151386977585232, 1243837315587760, 10219707278640384, 83967892455015936, 659902984258166320, 5668430017511142200,

46573358017220331264, 36965, 3144032857 14768

eqiinr (4,20) ;
eqiinr (5,20) ;
Hnx (6,2

g
8

2221034368624, 139950209558628, 881419864147200, 5551266971808376, 34962412626016064, 220196633083726032, 1386819546435968365 |

G5 == [ 12005, 104448, 878688, 7272720, 59829840, 491863680, 4042376800, 33217265664, 272934155637, 2242522832400, 18425237837125,
151386977585232, 1243837315587760, 10219707278640384, 36, 6899029842 20, 5668430017511142200,
46573358017220331264, 336814688436965, 3144032857 768)

G6 == 196608, 2158569, 22806000, 235669280, 2407426560, 24478578432, 248773434624, 2527609743360, 25677708264000, 260836913033840,
2649495039624576, 26912151112299600, 273358076605088256, 2776609368905663295, 28203 134687833 190400, 286470442090292386905,

29097934911 X 430800, 3002111 X ]




Some Generating Functions

The generating function [(£) for the number of spanning trees in Hs is The gencrating function f(£) Jor the number of spanning trecs in Gy is
160" + 77— 3302 4 A
i T 12+ 35+ 62 4 3L+ )2 — 4 — P —ai+1)?

[T

75
t+1)

The generating function [(t) for the number of spanning trees in Ha is Dy = (24 1)2(1% = 3% 4+ 66" — 106> + 662 — 36+ 1)2(8% — 417 — 1715 4 85 4+ 49¢" 4 86° — 1712 — 41 4 1)?
M ("2 4+ 311+ 12610 + 286° — 2765 + 3617 — B1e° + 361 — 270" +286° + 1203 + 3¢ + 1),

(15— 315+ 61T — 103 + 62 — 3t + 1)(15 — 417 — 1760+ 865 + 4911 + 813 — 1712 —dt + 1)




Counting Total Number of Leaves

How do we count the total number of leaves across all spanning
trees of a graph? Delete a vertex v and count the spanning trees of
G—v.

Z Z degg(v —v).

TeT(G) veV(G)

L(T) is the set of leaves a tree T.
T(G) is the collection of (labelled) spanning trees of G.
7(G) is the number of spanning trees of G.



Counting Total Number of Leaves in Vertex-Transitive
Graphs

A graph G is vertex-transitive if G — u is isomorphic to G — v for
all u,v € V(G).

Y IL(T)|=n-degg(v) - 7(G —v)

TeT(G)



The talk is over
Thanks!



