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Plan of attack

• Find a nice (ordered) graph family

• Count the number of spanning trees for a lot of members (or
count total number of leaves) to generate sequence terms

• Guess the Rational Generating Function now that you have
sufficiently many terms

• ???

• Profit.



What is a Graph?

A graph G is a pair (V ,E ) of vertices and edges between them.
We write V (G ) for the vertices of G and E (G ) for its edges.



What is a Spanning Tree?

A spanning tree T of G is a tree (connected and no cycles) such
that V (T ) = V (G ).
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would have 3 trees, not 1.
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How do we count spanning trees?

You can count labelled spanning trees by using Kirchoff’s Matrix
Tree Theorem, which uses the Laplacian Matrix of a graph. Take
the Laplacian Matrix of G with V (G ) = {v1, . . . , vn} (below)

deg(v1) −1(v1∼v2) . . . −1(v1∼vn)

−1(v1∼v2) deg(v2) . . . −1(v2∼vn)
...

...
. . .

...

−1(v1∼vn) −1(v2∼vn) . . . deg(vn)
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Delete the row and a column of an entry. Take the determinant.
Now you have computed the number of spanning trees, τ(G ), of
G .
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Counting spanning trees. Small example.

Let’s apply the Matrix Tree Theorem to G = K3. The Laplacian
Matrix:  2 −1 −1

−1 2 −1
−1 −1 2


∣∣∣∣∣
(

2 −1
−1 2

)∣∣∣∣∣ = 22 − 1 = 3



Graph families we considered

Powers of Cycles: Fix r . Then,

Gr := {Cn
r : n ≥ 2r + 1}.

r = 2



Graph families we considered

Powers of Paths: Fix r . Then,

Hr := {Pn
r : n ≥ r + 2}

r = 2
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What is a Generating Function?

Given a sequence (a1, a2, . . .), its generating function f (x) is the
formal power series

∞∑
n=1

anx
n.

If the sequence satisfies a recurrence relation

an+r = cr−1an+r−1 + . . .+ c0an

for all n, then we call it C-finite (of order r if c0 ̸= 0).

Example: The Fibonacci Sequence (1, 1, 2, 3, 5, 8, 13, . . .) satisfies
the relation Fn+2 = Fn+1 + Fn, so it is C-finite of order 2.



Why are you talking about C-finite sequences?

A sequence is C-finite satisfying the relation
an+r = cr−1an+r−1 + . . .+ c0an iff:∑

anx
n =

p(x)

1 − cr−1x + . . .− c1x r−1 − c0x r
.

(p(x) has degree ≤ r − 1 and depends on the initial terms of the
sequence)

Example: The Fibonacci Sequence has relation Fn+2 = Fn+1 + Fn
and its generating function is∑

Fnx
n =

1
1 − x − x2



Plan of attack

• Find a nice ordered graph family (C-finite sequence, a priori)



Plan of attack

• Find a nice ordered graph family (C-finite sequence, a priori)

• Count the number of spanning trees for a lot of members (Matrix
Tree Theorem)



Plan of attack

• Find a nice ordered graph family (C-finite sequence, a priori)

• Count the number of spanning trees for a lot of members (Matrix
Tree Theorem)

• Guess the Rational Generating Function now that you have
sufficiently many terms



Plan of attack

• Find a nice ordered graph family (C-finite sequence, a priori)

• Count the number of spanning trees for a lot of members (Matrix
Tree Theorem)

• Guess the Rational Generating Function now that you have
sufficiently many terms

• ???



Plan of attack

• Find a nice ordered graph family (C-finite sequence, a priori)

• Count the number of spanning trees for a lot of members (Matrix
Tree Theorem) (or count total number of leaves)

• Guess the Rational Generating Function now that you have
sufficiently many terms

• ???

• Profit.



Some New Sequences

Number of spanning trees for Gr (r ≥ 4) and Hr (r ≥ 3) are not in
the OEIS.



Some Generating Functions



Counting Total Number of Leaves

How do we count the total number of leaves across all spanning
trees of a graph? Delete a vertex v and count the spanning trees of
G − v . ∑

T∈T (G)

|L(T )| =
∑

v∈V (G)

degG (v) · τ(G − v).

L(T ) is the set of leaves a tree T .
T (G ) is the collection of (labelled) spanning trees of G .
τ(G ) is the number of spanning trees of G .



Counting Total Number of Leaves in Vertex-Transitive
Graphs

A graph G is vertex-transitive if G − u is isomorphic to G − v for
all u, v ∈ V (G ).∑

T∈T (G)

|L(T )| = n · degG (v) · τ(G − v)



The talk is over

Thanks!


