
Problems in (CM) Celestial Mechanics

H.Gingold

(2017-1687=330 years). Given N mass points that
obey Newton’s equations.

Siegel 1955 & Siegel and Moser 1971 (Lectures CM):
“Despite efforts by outstanding mathematicians for over 200
years, the problem forN > 2 remains unsolved to this day”.
“Complete behavior of solutions”. Based on initial positions
and velocities. Which solutions of Newton’s equations are:
bounded? unbounded? Periodic? Have Collisions? Among
which Particles? Nature of singularities? I will discuss:

Total Collapse. All N particles Collide at one point. A
second opposite scenario →

Total Escape. An expanding universe. All N particles
escape to infinity without collisions or other singularities.

Language: CM=N body problem=Newton’s or Gravi-
tational Equations.

– Typeset by FoilTEX – 1



Harry Pollard, CM, Carus Monographs, 1966, (cor-
rected) 1976. A 3 chapters introduction to CM. Accessible
text with exercises→ The N=2 body problem is still open.
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Newton’s Equations of the N body
problem

Notation: Transposition of a Matrix=†, Euclidean
Norm: ‖y‖2 = y†y, y ∈ Rm, ẏ = dy

dt , ÿ = d2y
dt2

.

The differential equations governing the position 3-

D vectors qi :=

 xi
yi
zi‘

 , of N point-masses mi, i =

1, . . . , N moving in R3 under the influence of their mutual
gravitation is

miq̈i =
∑
j 6=i

mimj(qj − qi)
‖qi − qj‖3

, mi > 0. (1)

(above:i fixed j varies) . What is mimj(qj−qi)
‖qi−qj‖3

?∑
j 6=i

mimj(qj−qi)
‖qi−qj‖3

? miq̈i ? Where is G?

Newton: “preposterous”, Feynman’s bewilderment.
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Initial conditions that we may not know!

qi(t0) = αi, q̇i(t0) = βi, αi 6= αj, i 6= j, αi, βi ∈ R3.
(2)

How many unknowns? 6N . (1) Is an equation for

q =
(
q†1, . . . , q

†
N

)†
∈ R3N of second order. q̇i(t) :=

dqi
dt , q̇ =

(
q̇†1, . . . , q̇

†
N

)†
∈ R3N is also an unknown (1).

If written as a first order system then y :=

 q

q̇

 ∈
R6N , ẏ = some f(y) ∈ R6N .

Notation: (tinf , tsup) =maximal interval of existence
of a solution to an IVP of (1) . σ = tsup or tinf

Example: 1 · ẏ = −1
y, y(0) = 1. y = 0 is a

singular point for the normalized differential equation.
y =

√
1− 2t is the unique solution. y

(
1
2

)
= 0, and

ẏ
(
1
2

)
= −∞, so (tinf = −∞, tsup = σ = 1/2).
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Theorem 1. The IVP (1),(2) possesses a unique solu-
tion on some [a, b] ⊂ (tinf , tsup).

Theorem. The system of equations has no critical
points in R6N . Hint: Use homogeneity.

∑
j 6=i

mj(qj−qi)
‖qi−qj‖3

6=
0.
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Singularities I. Collision and Non
collision

Given

q̇i(t) :=
dqi
dt
, q̈i =

∑
j 6=i

mj(qj − qi)
‖qi − qj‖3

, q =
(
q†1, . . . , q

†
N

)†
∈ R3N .

(3)

The equations of motion (1) are real analytic every-
where except where two or more of the particles occupy
the same point in R3. For i 6= j, let

∆ij = {q|qi = qj} , ∆ =
⋃

1≤i<j≤N

∆ij. (4)

4 is called the collision set.

Remark: Singularities of an ODE do not necessarily
coincide with Singularities of the Solutions. Singularities of
the NORMALIZED N body:
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1) The “invisible” t = ∞ , 2) The “Collision Set”
∆ . These may or may not coincide with singularities of a
particular solution.

Example: Singularities of the (normalized) ode 1 · ẏ =
y
t ,@ t = 0. However, the solutions to the IVP with y(0) =
0, are y(t) = kt, k ∈ R, (tinf = −∞, tsup =∞).

Definition. Consider (tinf , tsup = σ). If σ < ∞,
then q(t) is said to experience a singularity at σ.

Singularity of a solution at a finite point tsup = σ means:
limt→σ−q(t) or limt→σ−q̇(t) or both do not exist and
may be unbounded.

Definition. We say that σ is a Collision singularity of a
solution of (3) if

limt→σ−qi(t) = limt→σ−qj(t) ∈ 4ij, i 6= j.

Theorem 2. [Painlevé 1897] . i) If q(t) is singular
at σ, then q(t)→ ∆, as t→ σ−.

ii) For N = 2, 3, all singularities are Collision Singular-
ities.
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Definition. If q experiences a singularity at σ, but q(t)
does not approach a specific point q̂ ∈ ∆, then q has a
non-collision singularity.

Theorem 3. [von Zeipel, 1908],[H. Sper-
ling,1970], [McGehee ,1986] . A non-collision singularity
can only occur if the system of particles becomes unbounded
in finite time.

Wintner (1941) and Pollard and Saari (1968) distrusted
von Zeipel proof. McGehee (1986) showed that the initial
argument had been correct.

[Poincare, Painleve]: Are there solutions with non-
collision singularities? Solutions in Rd, d = 1, 2, 3:

Theorem 4. i) [Mather and McGehee 1975], Yes for
N = 4, d = 1, COLLINEAR motion.

ii) [J. Gerver,1991], Yes, for a 3N body motion in a
plane with N very Large,d = 2.

iii) [Z. Xia, 1992] , Yes for N = 5, d = 3.
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10 Integrals of motion

Example of an “integral” of a scalar differential equation

2z̈ + 4z3 = 0⇒ 2z̈ż + 4z3ż = 0 =⇒ (5)

g(z(t), t) := ż2(t) + z4(t) = h.

g(z, t) is an “integral” .

Let q†k =< xk, yk, zk > . 1 “integral” , for the total
energy

T =

N∑
j=1

mj

2
‖q̇j(t)‖2 , U =

∑
j<k

mjmk

‖qj − qk‖
> 0, T−U = h.

(6)

T is the kinetic energy and U =
∑
j<k

mjmk

‖qj−qk‖
> 0 is

the negative of the potential energy. The gradient notation
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for U := U(q)

∇qkU :=<
∂U

∂xk
,
∂U

∂yk
,
∂U

∂zk
>†= Uqk = Uk = ∇kU

satisfies

mkq̈k = Uk =
∑
j 6=k

mkmj(qj − qk)
‖qk − qj‖3

=⇒ (7)

N∑
k=1

mkq̈k =

N∑
k=1

Uk = 0 =⇒ (8)

One vector equation of Conservation of Linear
Momentum=⇒ 3 scalar equations of conservation of Linear
Momentum

N∑
k=1

mkq̇k = a =⇒ (9)

N∑
k=1

mkqk = at+ b, a, b ∈ R3 ⇒

6 scalar integrals of motion.

– Typeset by FoilTEX – 10



Proposition 1. The center of mass qc of the N bodies
travels along a straight line.

Proof. Indeed

qc :=

∑N
k=1mkqk∑N
k=1mk

=
a∑N

k=1mk

t+
b∑N

k=1mk

. (10)

2

Yet another vector equation =⇒ 3 scalar equations of the
total angular momentum

N∑
k=1

(qk ×mkq̇k) = c. (11)

All together 10 scalar algebraic equations in the 6N

variables

 q

q̇

 ∈ R6N .

What use? i) Simplification. Reduce the number of
6N scalar differential equations of N body problem by
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10 to solve only 6N − 10 scalar ODE’s. In principle
algebraic equations are simpler than ODE’s. ii) Information
on trajectories and SINGULARITIES for N = 1, 2 .

Theorem 5. Bruns, (1887-1888) :No additional alge-
braic integrals of CM equations exist that are independent
of the 10 above.

Definition 1. A continuously differentiable (non con-
stant) scalar function g(q, q̇, t) ∈ C1(R6N r4,R) of the
6N + 1 variables (q, q̇, t) is said to be an “integral” of (1)
if g(q(t), q̇(t), t) = Constant for a solution (q(t), q̇(t))
of (1).
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The power of T-U=h.

Singularities of the N - body Equations=Collision set
∆ij = {q|qi − qj = 0} , ∆ =

⋃
1≤i<j≤N ∆ij , coin-

cide with singularities of solutions.

Theorem 6. [Painlevé 1897] . i) If q(t) is singular
at σ, then q(t)→ ∆, as t→ σ−.

Proof. A reoccuring argument

N∑
j=1

mj

2
‖q̇j(t)‖2 −

∑
j<k

mjmk

‖qj(t)− qk(t)‖
=

T (q̇(t))− U(q(t)) = h.

T ≥ 0, U > 0, As t → σ− , inft, j 6=k ‖qj(t) −
qk(t)‖ = 0 iff sup

∑N
j=1

mj

2 ‖q̇j(t)‖
2

=∞. 2
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Oscar King of Sweden and
Norway∩Weierstrass∩Mittag

Leffler∩Poincare∩Sundman∩Wang
Qiu-Dong

Construct a series solution to the IVP of the N body
problem VALID for ALL TIME.

See F. Diacu, “The Solution of the n-body Problem,”
Mathematical Intelligencer, 18 (1996) 66-70.

Weierstrass=⇒ Mittag Leffler=⇒Oscar King of Swe-
den and Norway=⇒Prize=⇒Poincare (1889) for original
and valuable ideas (Poincare did not solve the problem)

K. Sundman, 1913, ‘Mémoire sur le problème des trois
corps’, Acta Math. 36, 105–179. N=3, Power series
solution for

AngularMomentum =

3∑
j=1

qj(t)×mjq̇j(t) 6= 0.

(12)
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Wang Qiu-Dong, (1991). The global solution of the
N-Body problem, Celestial Mechanics and Dynamical As-
tronomy. (Stays away from singularities).

Some tools and ingredients:

a) Construct a 1-1 continuously differentiable mapping
from t ∈ (tinf , tsup) onto τ ∈ (−∞,∞).

b) Consider the solutions as complex valued analytic
solutions of the complex variable τ in a strip about the
real τ axis in the complex plane and construct a conformal

map of the strip onto the open Unit Disk:= w

∣∣∣∣ |w| < 1 .

Summary of the arguments:

q(t), t = t(τ) , τ = τ(w) =⇒ Q(w) := q(t(τ(w)))
is analytic in the unit disk and has a converging power
series in w.

Advantages: Solution of an old famous problem.

Disadvantages: i) may have very slow convergence
ii) Does not inform on the mechanism of collision or non
collision singularities iii) Does not inform about asymptotics
on semi infinite intervals of existence say t ∈ (0,∞).
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Should we look for analogous results for any real analytic
differential system?

– Typeset by FoilTEX – 16



Expanding Universe=Total Escape as
t→∞.

Definition. The universe is expanding if the N body
problem possesses solutions qi(t), i = 1, . . . , N that
exist on a semi-infinite interval [t0,∞), that satisfy
limt→∞ ‖qi(t)− qj(t)‖ =∞, i 6= j.

Lemaître, (1927), appears to have been the first to notice
that the Einstein field equations of General Relativity admit
solutions that expand forever.

Hubble’s observation, (1929): many galaxies are speed-
ing away from us in the milky way, and from each other.⇒
we are living in an expanding universe.

Do Newton’s gravitational equations support an ex-
panding universe? All N bodies receding from each other
(FREE of SINGULARITIES)?

Theorem 7. [Bohlin, 1908]. The N = 3 body problem
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has for t large FORMAL solutions of the form

qi(t) = ait+ bilog t+ ci + Pi(
1

t
,
log t

t
), i = 1, 2, 3.

Pi(z, w) formal power series in two variables z and w,
Pi(0, 0) = 0.

Next

Theorem 8. [Chazy, 1922]. Assume: CI) Energy =
T − U = h > 0, CII) Solutions of the N = 3 body
problem exists on some semi infinite interval FREE OF
SINGULARITIES,

Then, I) the N=3 body problem has solutions of the
form

qi = ait+bi log t+ci+δi(t), i = 1, 2, 3, limt→∞δi(t) = 0.
(13)

II) ‖aj − ai‖ 6= 0, i 6= j.

III) bi = −
∑
j 6=i

mj(aj−ai)

‖aj−ai‖3
, i = 1, 2, 3.
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Remarks: For t large. IF there are NO SINGULARITIES
then the N bodies separate like II). Positions qi ∼ ait are
distinct and so are velocities q̇i ∼ ai.

According to Chazy, Poincare missed the term bi log t.

Theorem 9. [Myself & Solomon, JDE, 2017]. Given
any set of constant ai , ci ∈ R3, i = 1, . . . , N , satisfying
II). Then, the N body problem possesses unique vector
solutions

i) of the form

qi = ait+bi log t+ci+δi(t) i = 1, . . . , N, limt→∞δi(t) = 0,

on a semi infinite interval [t5, ∞) where t5 > 0 and
qi ∈ C∞[t5,∞).

ii) (FREE OF SINGULARITIES)

iii) Energy = T − U = h > 0.

iv) The 3N coefficients bi are uniquely determined by
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the 3N coefficients ai as follows

bi = −
∑
j 6=i

mj (aj − ai)
‖aj − ai‖3

, i = 1, . . . , N.

Proof. Integration of the N -body eq. by very fast
converging series. 2

Remark: e.g. Birkhoff, text 1966, Pollard,1967, Saari
1971, Marchal & Saari,1976, Mingarelli’s 2005 assumed
CII). Saari et al extended in various manners [Chazy, 1922]
to the N body problem ASSUMING existence of solutions
on a semi infinite interval FREE of SINGULARITIES rather
than proving that.
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Collisions and Total Collapse

Assume throughout given the IVP

q̇i(t) :=
dqi
dt
, q̈i =

∑
j 6=i

mj(qj − qi)
‖qi − qj‖3

, (14)

qi(t0) = αi, q̇i(t0) = βi, αi 6= αj, i 6= j, αi, βi ∈ R3.
(15)

Definition 2. We say that a singularity of the solution
of the IVP is due to a collision at time σ if there exist two in-
dices j 6= k such that limt→σ+qj(t) = limt→σ+qk(t) =
F ∈ 4. (or σ−).

We say that total Collapse occurs if limt→σ−qk(t) =
F ∈ 4, k = 1, 2, · · · , N .

Theorem. Sundman (1906, 1907 & 1913).

i) If total Collapse is to occur it will not take forever to
happen.
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ii) Total collapse cannot occur unless the angular mo-
mentum is zero.

Later we have

Theorem. (Pollard & Saari (1968)). i) A singularity as
t → σ = 0+ is due to a collision if and only if for some
positive constant α

U(t) =
∑
j<k

mjmk

‖qj(t)− qk(t)‖
∼ αt−2

3, as t→ 0+.

ii) A singularity as t→ 0+ is due to a collision if and only
if (the moment of inertia)

I(t) :=
1

2

N∑
k=1

mk ‖qk(t)‖2 = O(1), as t→ 0+.
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Tools

Sundman, Chazy, Pollard, Pollard and Saari, Saari &
Marchal,...

10 integrals of motion. Conservation of: momentum,
angular momentum and Energy.

Fix origin of coordinate system at center of mass

qc :=

∑N
k=1mkqk∑N
k=1mk

⇒ q̂k = qk−qc ⇐⇒ {q̂k = 0⇔ qk = qc}.

The 1
2 moment of inertia I(t) := 1

2

∑N
k=1mk ‖q̂k(t)‖2.

After relabeling I(t) := 1
2

∑N
k=1mk ‖qk(t)‖2 .

Total Collapse⇐⇒ all point masses converge on the
center of mass

⇐⇒ I(t)→ 0, as t→ σ− ⇐⇒ qk(t)→ 0, k = 1, 2, · · · , N.
(16)
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Lagrange -Jacobi Identity

Ï = 2T − U = T + h = U + 2h. (17)

Sundman inequality with c =
∑N
k=1(qk ×mkq̇k)

‖c‖2 ≤ 4I(Ï − h). (18)

Tauberian Theorems.

McGehee (1974) Coordinates. An integration of the
N -Body problem via new coordinates. ⇐ Wang-(series
solutions), Zia-(Existence of Non Collision singularities).
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Simplest: The central force problem
N=1.

Any hints for the very complicated N body problem?

q :=

 x
y
z

 ∈ R3, ‖q‖ :=
√
qtq =√

x2 + y2 + z2, f(‖q‖) > 0 is a scalar function

q̈ = −f(‖q‖)[‖q‖−1 q], e.g. f(‖q‖) =
µ

‖q‖θ
, µ, θ ∈ R.

(19)

CM has a special central force

q̈ = − µq

‖q‖3
, µ > 0, f(‖q‖) =

µ

‖q‖2
. (20)

Assume the center of the coordinates system is at (0, 0, 0).
How much do we know?
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i) Conservation of Kinetic+Potential=h a constant.

q̇tq̇

2
− µ√

qtq
= h. (21)

Exist two constant vectors of the motion, c and e that
play a fundamental role in description of the trajectory of
a particle in the central force problem.

ii) c the angular momentum vector that is conserved

q × q̇ = c = constant vector

iii) If c 6= 0 then the motion of the particle with point
mass m takes place in a plane passing through (0, 0, 0)
and ⊥ to c.

Assume c 6= 0 .

iv) If the position P of the particle on its trajectory is
given in polar coordinates (r = ‖q‖ , θ) then upon proper
choice of coordinates q = (‖q‖ cos(θ), ‖q‖ sin(θ), z =
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0), c = ‖c‖ (0, 0, 1) , such that the motion takes place
say in the xy plane and the vector c and the z coordinate
has the same direction , then the rate at which the area is
swept out by a radius vector emanating from (0, 0, 0) is

Kepler’s Second Law.

1

2
‖q‖ (θ̇)2 =

1

2
‖c‖ . (22)

v) The other constant vector of integration e (with
e”eccentric axis”) satisfies

µ(e+
q

‖q‖
) = q̇ × c, e · q + ‖q‖ =

‖c‖2

µ
.

vi) The trajectory of a particle in a central field of grav-
itation is given in polar coordinates (with ω a constant)
by

r = ‖q‖ =

‖c‖2
µ

1 + ‖e‖ cos(θ − ω)
.

vii) Kepler’s First Law extended. The motion takes
place in a plane and the trajectories are conic sections.
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‖e‖ = 0⇒ r = ‖q‖ = ‖c‖2
µ =⇒ a circle.

0 < ‖e‖ < 1 =⇒ ellipse.

‖e‖ = 1⇒ a parabola

‖e‖ > 1⇒ a branch of hyperbola.

A focus of the conic coincides with (0, 0, 0) . Non of
the cases in vii) coincides with a collision. Are collisions
rare?

viii) Kepler’s Third law. If a denotes the length of the
semi major axis of the conic then

Area Ellipse = πa2(1− ‖e‖2)1
2, P eriod = (

2π
√
µ

)
3
2.

Remark: The impact of physical quantities like
c=angular momentum and e =eccentric axis on the shape
of a trajectory.

iv) If c = 0 then the motion of the particle takes place
along a fixed straight line passing (0, 0, 0) . Degenerate
motion. the only possibility for collision.
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Most motion is singularities and/or collision free. What
if N > 1 ?

Theorem 10. Saari (1973) : Collision singularities in
the N body problem are improbable. The set of initial
conditions leading to collision has measure zero.
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Classification of Motion by h. Recall
q̇tq̇
2 −

µ√
qtq

= h.

When combining the above (where c 6= 0) with

µ2(‖e‖2 − 1) = 2h ‖c‖2 =⇒ (23)

0 ≤ ‖e‖ < 1 Ellipse or circle. By (23) ⇐⇒ h < 0.

‖e‖ = 1⇒ a parabola. By (23) ⇐⇒ h = 0.

‖e‖ > 1⇒ a hyperbola. By (23) ⇐⇒ h > 0.

In the N body problem some researchers continue to
classify motion by the sign of h.
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Solutions in Rd, d = 1, 2, 3.

A goal: “Explicit” e.g. ẏ = y ⇒ y(t) = µet. Reduc-
tion to algebraic equations

Euler (1767), d = 1, N = 3 bodies moving along a
straight line.

Lagrange (1772), d = 2, N = 3 bodies k = 1, 2, 3
rotating in a plane with same constant angular velocity ω
such that

xk(t) = ξkcos ωt−ηksinωt, yk(t) = ξksinωt+ηkcos ωt.
(24)

A configuration where the 3 bodies are positioned at
the vertices of an equilateral triangle.
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Central Configurations=CC

A central configuration is a special arrangement of the
N point masses interacting by Newton’s law of gravitation
with the following property:

Ui = −λmi(qi− s), λ ∈ R, s, qi ∈ Rd, d = 1, 2, 3, · · · ,
(25)

Ui =
∑
j 6=i

mimj(qj − qi)
‖qi − qj‖3

.

An ALGEBRAIC EQUATION!

Proposition 2. If (25) holds then s=“weighted average
of position vectors”=center of mass is

s = qc =

N∑
k=1

(
mk∑N
k=1mk

)qk, λ =
U

J
,
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where

U =
∑
j<k

mjmk

‖qj − qk‖
> 0, J =

N∑
k=1

mk ‖qk(t)− qc‖2 .

(26)
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Open problem. Finite # Equivalence
Classes of CC?

Call two configurations qi, q̃i ∈ Rd, d = 1, 2, 3 equiv-
alent if there are constants α ∈ R, b ∈ Rd and an dxd
orthogonal matrix Q such that

q̃i = αQqi + b, i = 1, . . . , N. (27)

.

Proposition 3. If q satisfies

∑
j 6=i

mj(qj − qi)
‖qi − qj‖3

= −λ(qi − s) (28)

with constants λ, s then q̃ satisfies

∑
j 6=i

mj(q̃j − q̃i)
‖q̃i − q̃j‖3

= −λ̃(q̃i − s̃). (29)
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with constants λ̃ = |α|3 λ, s̃ = s+ b . (28) and (29) have
the same form. Therefore, we say that (28) is invariant
under (27). Under Dilation α, Rotation Q and translation
b.

For the CC equations, this is sometimes called the Chazy-
Wintner-Smale problem: given N positive masses, is the
number of Equivalence classes of CC finite? [Smale singled
out the planar case d = 2 as the 6-th of his problems for
the twenty-first century. ]

References

[1] Mark J. Ablowitz & Harvey Segur, Solitons
and the Inverse Scattering Transform, SIAM,
1981.

[2] L. A. Ahlfors, Complex Analysis, McGraw-Hill,
New York, N.Y., 1979.

[3] A. A. Andronov, E. A. Leontovich, I. I. Gor-
don and A. L. Maier, “Qualitative Theory of

– Typeset by FoilTEX – 35



Second–order Dynamic Systems,” Wiley, New
York, 1973.

[4] J. C. Artés, R. E. Kooij and J. Llibre,
“Structurally stable quadratic vector fields,”
Mem. Amer. Math. Soc. 134 (1998), no. 639,
viii+108 pp.

[5] J.C. Artés, J. Llibre, J.C. Medrado, Nonexis-
tence of Limit Cycles for a Class of Structurally
Stable Quadratic Vector Fields, Discrete and
Continuous Dynamical Systems, Volume 17,
Number 2, February 2007.

[6] J. C. Artés, J. Llibre, N. Vulpe, Singular points
of quadratic systems: a complete classification
in the coefficient space, Internat. J. Bifur.
Chaos Appl. Sci. Engrg. 18 (2008), no. 2,
313–362.

[7] R. Barboza, Diffusive Synchronization of Hy-
perchaotic Lorenz Systems, Mathematical
Problems in Engineering, vol. 2009, Article
ID 174546, 2009. doi:10.1155/2009/174546

– Typeset by FoilTEX – 36



[8] N. Bautin, On periodic solutions of a system
of differential equations, Prikl. Math. Meh.,
18 (1954), 128.

[9] E. Belbruno, On simultaneous double collision
in the collinear four-body problem, J. Differ-
ential Equations, 52 (1984), 415-431.

[10] I. Bendixson, Sur les courbes définies par
des équations differérentielles, Acta Mathe-
matica, 24 (1901) 1-88.

[11] C. Bessega, “Every infinite-dimensional Hilbert
space is diffeomorphic with its unit sphere,”
Bull. Acad. Polon. Sci XIV (1966), 27–31

[12] G. Birkhoff, Dynamical Systems, second edi-
tion, American Mathematical Society, 1966.

[13] M. Bohlin, Astronomiska Jakttagelser och un-
dersekningar, Band 9, 1908.

– Typeset by FoilTEX – 37



[14] P. Candelas, G. Horowitz, A. Strominger,
E. Witten, "Vacuum configurations for su-
perstrings", Nuclear Physics B 258 (1985),
46–74.

[15] Chen, Guang Qing; Liang, Zhao Jun, “Affine
classification for the quadratic vector fields
without the critical points at infinity,” J. Math.
Anal. Appl., 172 (1993), 62–72.

[16] Chen Xiang–yan, On generalized rotated vec-
tor fields, Nanjing Daxue Xuebao (Nat. Sci.),
1 (1975), 100–108.

[17] J. Chazy, “Sur l’allure du mouvement dans le
prolème de trois corps quand le temps croît
indéfiniment,” Annales Scientifiques de l’École
Norm., 39 (1922), 29-130.

[18] 0 C. Chicone and J. Sotomayor, “On a Class
of Complete Polynomial Vector Fields in the
Plane,” Journal of Differential Equations 61
(1986), 398-418.

– Typeset by FoilTEX – 38



[19] A. Cima and J. Llibre, “Bounded Polynomial
Vector Fields,” Transactions of the American
Mathematical Society, Vol. 318 (1990), 557-
579.

[20] E. Coddington & N. Levinson, Theory of
Ordinary Differential Equations, McGraw-Hill,
1955.

[21] C. Conley, Isolated Invariant Sets and the
Morse Index, CBMS Regional Conf. Ser.
Math. 38, 1978.

[22] B. Coomes, The Lorenz System does not have
a Polynomial Flow, Journal of Differential
Equations 82 (1989) 386-407.

[23] W. Coppel, A Survey of Quadratic Systems,
Journal of Differential Equations 2 (1966)
293-304.

[24] J. Coste, J. Peyraud and P. Coullet, Asymp-
totic behavior in the dynamics of competing

– Typeset by FoilTEX – 39



Species, SIAM J. APPL. Math. Vol. 36, No.
3, (1979), 516-543.

[25] G.F.D. Duff, Limit–cycles and rotated vector
fields, Ann.ofMath., 57 (1953), 15–31.

[26] F. Diacu, “The Solution of the n-body Prob-
lem,” Mathematical Intelligencer, 18 (1996)
66-70.

[27] F. Dumortier, J. Llibre and J. Artés, Qual-
itative theory of planar differential systems,
Universitext, Springer-Verlag, Berlin, 2006,
xvi+298 pp.

[28] M. Eastham, The Asymptotic Solution of Lin-
ear Differential Systems, Oxford, 1989.

[29] M. S. ElBialy, Collision-ejection manifold and
collective analytic continuation of simultane-
ous binary collisions in the planar n-body prob-
lem, J. Math. Analysis and Applications, 203
(1996), 55-77.

– Typeset by FoilTEX – 40



[30] U. Elias, H. Gingold,“Asymptotic approxima-
tion for matrix differential equations and ap-
plications,” Differential Integral Equations, 10
(1997), 137-152.

[31] U. Elias, H. Gingold,“More on asymptotic
approximation for matrix differential equa-
tions,” J. Math. Analysis and Applications,
230 (1999), 97-111.

[32] U. Elias, H. Gingold,“Effects of varying nonlin-
eariy and their singular perturbation flavour,”
J. Math. Analysis and Applications, 248
(2000), 309-326.

[33] U. Elias, H. Gingold,“A method for asymp-
totic integration of almost diagonal systems,”
Asymptotic Analysis, 29 (2002), 343-357.

[34] U. Elias, H. Gingold, “A framework for
asymptotic integration of differential sys-
tems,” Asymptotic Analysis 35 (2003), 281-
300.

– Typeset by FoilTEX – 41



[35] U. Elias, H. Gingold, Critical points at infin-
ity and blow up of solutions of autonomous
polynomial differential systems via compact-
ification, Journal of Mathematical Analysis
and Applications, 318 (2006), no. 1, 305-322.

[36] A. Yu. Fishkin, On the number of limit cycles
of planar quadratic vector fields. (Russian)
Dokl. Akad. Nauk 428 (2009), no. 4, 462–464.

[37] R. Geroch, “Asymptotic Structure of Space-
time,” from the book Asymptotic Structure of
Space-time, F. P. Esposito & L. Witten, eds,
Plenum, Ney York, 1977.

[38] H. Gingold, Approximation of unbounded
functions via compactification, Journal of
Approximation Theory 131 (2004), 284-305.

[39] Y. Gingold, H. Gingold, Geometric Proper-
ties of a Family of Compactifications, Balkan
Journal of Geom. Appl 12 (2007), 44-55.

– Typeset by FoilTEX – 42



[40] H. Gingold and D. Solomon, “The Lorenz Sys-
tem has a Global Repeller at Infinity,” Jour-
nal of Nonlinear Mathematical Physics, 18
(2011), 183-189.

[41] H. Gingold and D. Solomon, “On Complete-
ness of Quadratic Systems,” Nonlinear Analy-
sis, 74 (2011) 4234-4240.

[42] H. Gingold and D. Solomon, "More Compact-
ification for Differential Systems," Advances
in Pure Mathematics, 3 (2013), 190-203. doi:
10.4236/apm.2013.31A027.

[43] H. Gingold and D. Solomon, “Celestial me-
chanics solutions that escape,” Journal of Dif-
ferential Equations, 263 (2017), 1813–1842,
http://dx.doi.org/10.1016/j.jde.2017.03.030.

[44] H. Gingold and A. Tovbis, “Solutions of
Finitely Smooth Nonlinear Singular Differ-
ential Equations and Problems of Diagonal-
ization and Triangulation,” SIAM Journal of
Mathematical Analysis, 29 (1998), 757-778.

– Typeset by FoilTEX – 43



[45] I. Gradshteyn & I. Ryzhik, Table of Integrals,
Series, and Products, Academic Press, 1980.

[46] J. Guckenheimer & P. Holmes, Nonlinear Os-
cillations, Dynamical Systems and Bifurca-
tions of Vector Fields, Springer-Verlag New
York, 1983.

[47] J. Harlim & A. J. Majda, Filtering Nonlin-
ear Dynamical Systems with Linear Stochastic
Models, Nonlinearity 21 (2008) 1281-1306.

[48] P. Hartman, Ordinary Differential Equa-
tions, 2nd edition, Birkhäuser, 1982.

[49] J. Hell, Conley Index at Infinity, a PhD dis-
sertation submited to the Free University of
Berlin, 2010.

[50] J. Hell, “Conley Index at Infinity,”
https://arxiv.org/abs/1103.5335v2, 2012.

– Typeset by FoilTEX – 44



[51] Einar Hille, A Note on Quadratic Systems,
Proceedings of the Royal Society of Edin-
burgh, Section A, 72 (1974), 17-37.

[52] E. Hille, Analytic Function Theory, Chelsea
Publishing Company, New York, N.Y., 1982.

[53] K. Hoffman & R. Kunze, Linear Algebra, 2nd
ed, Prentice Hall, Englewood Cliffs, New Jer-
sey, 1971.

[54] Hsieh, Po-Fang & Sibuya, Yasutaka, Ba-
sic Theory of Ordinary Differential Equa-
tions, Universitext. Springer-Verlag, New
York, 1999.

[55] S-B, Hsu, S. Hubbell & P. Waltman, A contri-
bution to the theory of competing predators,
Ecological Monographs 48 (1979), 337–349.

[56] D.D. Hua, L. Cairó, M.R. Feix, K.S. Govinder
& P.G.L. Leach, Connection between the exis-
tence of first integrals and the Painlevé Prop-

– Typeset by FoilTEX – 45



erty in Lotka-Volterra and Quadratic Systems,
Proc Roy Soc Lond 452 (1996), 859–880.

[57] E. Hubble, "A relation between distance and
radial velocity among extra-galactic nebulae,"
Proceedings of the National Academy of Sci-
ences, 15 (1929) 168–73.

[58] Yu. S. Ilýashenko, “Finiteness Theorems for
Limit Cycles”, Translated from the Russian by
H. H. McFaden. Translations of Mathemati-
cal Monographs, 94. American Mathematical
Society, Providence, RI, 1991. x+288 pp.

[59] F. John, Partial Differential Equations, 4th
ed, Springer-Verlag, 1982.

[60] D. Jordan & P. Smith, Nonlinear Ordinary
Differential Equations: An Introduction for
Scientists and Engineers, 4th edition, Oxford
Texts in Applied and Engineering Mathemat-
ics, 2007.

– Typeset by FoilTEX – 46



[61] T. Kato, A Short Introduction to Perturbation
Theory for Linear Operators, Springer-Verlag,
1982.

[62] V. Kozlov & V. Palamodov, “On Asymptotic
Solutions of the Equations of Classical Me-
chanics,” Soviet Math Dokl., 25 (1982), 335-
339.

[63] V. Kozlov, “Asymptotic Solutions of Equa-
tions of Classical Mechanics,” Prikl. Matem.
Mekhan., 46 (1982), 573-577.

[64] A. N. Kuznetsov, “Differentiable solutions to
degenerate systems of ordinary equations,”
Functional Analysis and its Applications, 6
(1972), 119-127.

[65] P.G.L. Leach & J. Miritzis, Competing
Species: Integrability and Stability, Journal
of Nonlinear Mathematical Physics, 11 (2004)
123–133.

– Typeset by FoilTEX – 47



[66] S. Lefschetz, Differential equations: Geomet-
ric theory, Dover, New York, 1977.

[67] G. Lemaître, "Un univers homogène de masse
constante et de rayon croissant rendant
compte de la vitesse radiale des nébuleuses
extra-galactiques". Annales de la Société Sci-
entifique de Bruxelles A (1927) 49–59.

[68] E. N. Lorenz, Deterministic Nonperiodic Flow,
Journal of the Atmospheric Sciences 20
(1963), 130-141.

[69] Luo, Albert C. J., Global Transversality, Res-
onance, and Chaotic Dynamics, World Sci-
entific Publishing Co. Pte. Ltd., Hackensack,
NJ, 2008.

[70] C. Marchal & D. Saari, "On the final evolution
of the n-body problem," Journal of Differntial
Equations, 20 (1976) 150-186.

[71] J. N. Mather and R. McGehee, Solution for
collinear four-body problem which becomes

– Typeset by FoilTEX – 48



unbounded in finite time, pages 573-597 in
Dynamical Systems, Theory and Applications,
Battelle Rencontres (Seattle 1974), Lecture
Notes in Physics, Vol 38, Springer- Verlag
(1975).

[72] R. McGehee, Triple collision in collinear three-
body problem, Invent. Math., 27 (1974), 191-
227.

[73] R. McGehee, “Von Zeipel’s theorem on singu-
larities in celestial mechanics,” Expo. Math. 4
(1986), 335-345.

[74] G. Meisters, “Polynomial Flows on Rn,” Pro-
ceedings of the Semester on Dynamical Sys-
tems, Autumn 1986, at the Stefan Banach
International Mathematics Center, ul. Moko-
towska 25, Warszawa, Poland.

[75] A. Mingarelli & C. Mingarelli, “Conjugate
points in the gravitational n-body problem,”
Celestial Mechanics and Dynamical Astron-
omy, 91 (2005), 391-401.

– Typeset by FoilTEX – 49



[76] R. Moeckel, “Central Configu-
rations” on Scholarpedia, 2014,
doi:10.4249/scholarpedia.10667.

[77] R. Moeckel & R Montgomery, Symmetric Reg-
ularization, Reduction and Blow-up of the
Planar Three-body Problem, Pacific Journal
of Mathematics, 262 (2013), 129-189.

[78] J.D. Murray, Mathematical Biology,
Biomathematics Texts 19, Springer-Verlag,
1989.

[79] F. Olver, Asymptotics and Special Functions,
Academic Press, 1974.

[80] P. Painlevé, Lecons sur la Théorie Analytique
des Equations Différentielles, Hermann, Paris,
1897.

[81] K. Pepkin & W. Taylor, Senior Wonders: Peo-
ple Who Achieved Their Dreams After Age 60,
2014.

– Typeset by FoilTEX – 50



[82] L. Perko, Rotated vector fields and the global
behavior of limit cycles for a class of quadratic
systems in the plane, J. Differential Equations,
18 (1975), 63–86.

[83] L. Perko, Differential Equations and Dy-
namical Systems, 3rd edition, Texts in Ap-
plied Mathematics 7, Springer-Verlag, 2001.

[84] E.L. Pianka, Competition and niche theory in:
Theoretical Ecology: Principles and Applica-
tions, May RM, Blackwells, Oxford, 167-196,
1981.

[85] H. Poincaré, Mémoire sur les courbes définies
par une équation differérentielle, Journal
Mathématiques, 7 (1881) 375-422.

[86] H. Pollard, The Behavior of Gravitational Sys-
tems, Journal of Mathematics and Mechan-
ics, 17 (1967) 601-611.

[87] H. Pollard, Celestial Mechanics, Carus Math-

– Typeset by FoilTEX – 51



ematical Monographs, 18, Mathematical As-
sociation of America, 1976.

[88] H. Pollard & D. Saari, Singularities of the n-
Body Problem I, Arch. Rational Mech. Anal.,
30 (1968), 263-269.

[89] H. Pollard & D. Saari, Singularities of the
n-Body Problem II, Inequalites II, Academic
Press, 1970, 255-259.

[90] H. Pollard & D. Saari, Escape from a Grav-
itational System of Positive Energy, Celestial
Mechanics, 1 (1970) 347-350.

[91] J.W. Reyn, A bibliography of the qualita-
tive theory of quadratic systems of differential
equations in the plane, 3rd ed., Report of the
Faculty of Technical Math. and Infor. 94–02,
Delft, 1994.

[92] R. K. W. Roeder, “On Poincaré’s fourth and
fifth examples of limit cycles at infinity,”

– Typeset by FoilTEX – 52



Rocky Mountain J. Math, 33 (2003), 1057-
1082.

[93] D. Saari, On Oscillatory Motion in the Prob-
lem of Three Bodies, Celestial Mechanics, 1
(1970) 343-346.

[94] D. Saari, Expanding Gravitational Systems,
Transactions of the American Mathematical
Society, 156 (1971) 219-240.

[95] D. Saari, “Improbability of collisions in New-
tonian gravitational systems II,” Transactions
of the American Mathematical Society, 181
(1972), 351-368.

[96] D. Saari, “A global existence theorem for the
four body problem,” Bulletin of the American
Mathematical Society, 82 (1976), 743-744.

[97] D. Saari, “A global existence theorem for the
four-body problem of Newtonian mechanics,”
Journal of Differential Equations, 26 (1977),
80–111.

– Typeset by FoilTEX – 53



[98] D. G. Saari, The manifold structure for colli-
sion and for hyperbolic-parabolic orbits in the
n-body problem, J. Differential Equations, 55
(1984), 300-329.

[99] D. Saari & F. Diacu, "Superhyperbolic expan-
sion, non-collision singularities and symmetry
configurations," Celestial Mechanics and Dy-
namical Astronomy, 60 (1994) 91–98.

[100] D. Saari & Z. Xia, “Singularities in the Newto-
nian n-body Problem,” Hamiltonian Dynamics
and Celestial Mechanics, Contemporary Math
198 (1996), AMS, 21-30.

[101] G. Sansone and R. Conti, Non-linear differen-
tial equations, Pergamon Press, Oxford, 1964.

[102] D. Schlomiuk and N. Vulpe, “The Full Study
of Planar Quadratic Differential Systems Pos-
sessing a Line of Singularities at Infinity,” J
Dyn Diff Equat 20 (2008), 737–775.

– Typeset by FoilTEX – 54



[103] C. Simo and E. Lacomba, Regularization of
simultaneous binary collisions in the n-body
problem, J. Differential Equations, 98 (1992),
241-259.

[104] C. L. Siegel, Der Dreiestoβ, Ann. Math. 42
(1941), 127-168.

[105] C. L. Siegel and J.K. Moser, Lectures on
Celestial Mechanics, Springer-Verlag, 1971.
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