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MATH 251 (22,23,24 ) [Fall 2020], Dr. Z. , Final Exam , Tue., Dec. 15, 2020 

Email the completed test, renamed as finalFirstLast. pelf to DrZcalc3@gmail.com no 
later than 3:30pm, (or, in case of conflict, three and half hours after the start). 
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Sign the following decl t· ara 10n: 

I 5~1 EM8Ht. 
M Hereby declare that all h 

use aple ( unless specifically told t t e work was done by myself. I was allowed to 
the web-page of this class b t no to), calculators, the book, and all the material in 

u not 0ther resources on the internet. 

Ichoenckil~ spentd (dat most) 3 hours on doing the exam. ng an bl The last 30 minutes were spent in 
ou e-checking the answers. 

I also understand that I b . 
d 'd •t all b may e subJect to a random short chat to verify that I actually 

1 1 y myself. 

Signed:~ 

Possibly useful facts from school Geometry {that you are welcome to use): {i) The 
area of a circle radius r is 1rr2• (ii) The circumference of a circle radius r is 21rr (iii) The 
parametric equation of an ellipse with axes a b and parallel to the x and y axes respectively 
is x = a cos 0, y = bcos0, 0 < 0 < 271". (iv) The area of an ellipse with axes a and bis 1rab 
(v) The volume and surface area of a sphere radius Rare !1rR3 and 41rR2 respectively (vi) 
The volume of a cone is the area of the base times the height over 3. {vii) The volume of 
a pyramid is the area of the base times the height over 3. (viii) The area of a triangle is 
base times height over 2. 

Formula that you may ( or may not) need 

If the surface Sis given in explicit notation z = g(x, y), above the region of the xy-plane 
, D, then J lF·dS= 

J f (-P 89 - Q 
89 + R) dA iv ax 8y 
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I 
1. (12 Pis.) Without Using Maple (or any software) Compute the vector-field line 
integral 

£ ( cos (e';") + Sy) dx + (sin (e'°'•) + llx) dy , 

over the path consisiting of the five line segments (in that order) 

Explain! 
(1,0)-+ (-1,0)-+ (-1,1)-+ (0,2)-+ (l,l)-+ (l,O) 

ans. -\'8 



, 
(l2 points) Ch ange the order of . t m egration 

ans. 

r1 {.fi J¼ }
0 

f(x,y)dydx 

OIL~ "'"' -\v'O su-'"' /in• ;, -tt~ « ' """'"- , -1,,c '"' =~ "-""' 
C< · B~ ~"'I -u-.. ''""""'" """'"" x,.J:, ~.; ,, ~._ , 

Wl ("' ..,Ok - d<»>"- ,,")'.l. .Jo' """ '" ½ ',, .+hW:, :+ "f 

<f o i,,-l 1,1e,,..<.>- F'"' i,.lw""' , , ' I" w<l "'':I.,. ,9.t , ""' ,.,.;. ~•• s,ll< 
t 

I ,,. .,_'J.. _jt\.\ -' .} 
- J -, J.,.- .:2-

4<:x' C)fQ.O... I)~ ( ~<.,\-o,r-5\J._., ; 

'j 1,1>,)~':. D)O ~ rot<' 0 \_ 

. )( l;o..;~ ~() ,%a"' ;'-\ :1-
,; ') I f Ila.. 1- 0 I 1 i I JO J,,'-1 ;--L.ll-l"IJQ_~c?-~ 

4 
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I t, i, ~L',1-,~J ~l'J.':\ 
t. J 'li-



I 
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V 3
• ( 12 points) Find the equation of the tangent plane at the point ( ', if, i) to the surface given implicitly by 

6 

2cos(x + y) + 4cos(x + z) + 8cos(y + z) = 7 

Express you answer in explicit form, i.e in the format z = ax + by + c. 

-1" -_5 I.A~ ,_zr ans. z = " J -, 
A- <. IS 

\ ·I· ' ' I I ' 

I 

; J, 
I , 

I 

J 



, 
I 

r 4. (16 points) Let a b b 
' ' c e three vectors such that 

axb==i+j-k 
What 18

. ' b x c == i - j + k ' a x c 2· . 2k = l + J+ 

(a+ h+c) x (2a- h+3c) ? 

ans. 

lNe. C.O..I'\ u~ prDf~"+j G..x(btc.")::.(o.,it,) -t(o..~c_) 

o.. )C ('.1-o.-b-t 'h. \•-r bx C '2..c...-½-;, ') c.> -t, x (2.o--p-1: '?. c..') 

(0-.)('U-.')-(o..-it~) + lo.v-~c...) -t l.ox'l.o-)--(b>d,) -t (bx~l)+lu2A)-(c.)(bJ tC.0 ~'"J 
1 l 

0 o 0 
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7 

5. (12 points) Find the three angles of the triangle ABC where 

A== (0,0,0) , B == (1,0, 1) , C = (1, 1,0) 

ans. The angle at A is: 1} radians 

The angle at B is: -:Jt radians 

The angle at C is: radians 

m~ <'.'..I I Oi\1 

{$l_::. I_ CI \I-\ ( 

'frt_ ::- c._ I _0;..0~7 ,_ 

s;::- (-\>· () I "'17 

( 
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If 6. ( 12 Points) Find the directional derivativa of 

f(x,y,z)==x3 +y3 +z3 +xyz , 

at the point ( 1, 1, 1) in a direction pointing to the point ( -1, -1, -1 I 

ans. - 'if~ 

~x )}~t ~-z.. 
'l.k )( 2. 

~L -- ~1,. l.+ )( j 

~')<.-;. 3-t\::;..'-\ 

t~-~ 4 

,ti.-; 3-t b L\ 

v~ -

I 

P-:.. ( IJ I}') 

Q--::(-1)-1)-\) 

~:: (-~)-~)-1;)__/ 

l1 fQ \\:: J (:2ii(·l)~H-2l 

-?- -2 .-_:: ',, < :2.0, 1 2 J3 ' .u~ 1 
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7. (12 points) Using the Chain Rule (no credit for other methods), find 

8g 
au 

at (u,v) = (0, 1), where 

and 

g(x, y) = 3x2 - 3y2 
, 

u • x = e"cosv , Y = e smv 

~)t e_U, LO",\/ 

~-;.. e_lAC,;f\'1/ 
~l,... 

<Dx 
~)c 

;;":; -
-- -;,.. ..J 

(7'~ 

= ~)l(e,'\.osv) -t (,~~J(e"'~i"") 

t_:"" ,i)({,'-l,,nv J ::: G ( e''-c.oJ v)(e"'ltnv")-+ (-ID t , ,VI 

~(,:lJI) "'I 
Lol;" L1'\'\ (_t,o s:'tl. l1\ i 

-, ~(.ta;0>5l1)~(.e.ot:>1u)) -Col 

:;. (o U)SC.\/ {.OC.C.11 - (., ~ iv\Q) 9 "l\l 

I . ~\) ':: l eo cc~i.c,) -- "'')>I' 
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8. (12 points) Without using Maple (or any other software), compute the vector-field 
surface integral J 8 F .dS if 

F = ( 3x + cos(y3 + yz), -2y + ex+z2
, 5z + sin(xy3 +ex)) 

and S is the closed surface in 3D space bounding the region 

{(x, y, z): x2 + y2 + z2 < 4 and x > 0 and y < 0 and z > O} 

ans. itt 
p __ ~)(-'< C. 11t'\t-) 

x~v-Q;, , -iy~ e 

(2.-,. 5-i.-tS;t\ (:x.1'3+ tX) 

';,o 

:i. -r,_ L?-··? C.~ 1-;.. /ol.itl 

3 3 ~_,, l ~ol'1Yrt o 1 (i Sfk<l. . 
()·, vl"k b'\ -m 1;1~ 

Co~~·® 
ig 
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9 (12 · ) . pomts Compute th e vector-field surface integral J J s F.dS if 

F = ( 3z , 2x , y + z ) , 

and S is the oriented surface 

z = 2X + 3y , Q < X < 1, Q < y < 1 ' 

with upward pointing normal. 

ans. 

~(')11~)~z. ~ \ / · 

) ~-'S 

"S~llec;. T~""' 

JL t ·ds , JJ (-'t> - -t e.)dt\ D .,If j 

JJ
0 

( - '3-z. (_~) - ~x (~ 1 -t ~-t-z.,) d.A 
bcll .J~ o.re. -:;:Vll.f\, oi, S'.l "<lf~ll. -i.- u.l i-1-"'- ~(,)<, '-')) 

ft (::: 3 li:l..)l"c's "'.i)ll)..) - '2.xl'!.""\-,: 1-1- ';l..>r-t>~) J..xcl-1 

I t (-1.ol Q..>t.k1"'iJ - ~x-tj"'"-;tx-+5j ')d-\C .l-; 

a J; lo' (_--l'h -1<~ - '-•* ~•1j} ~• d>J ' J: J: 
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f 
r 10. (12 points) Without using Maple or software, find the critical point(s) of 

f (x, y) = 4x - y2 - ln(2x + y) , 

and decide for each whether it is a local maximum, local minimum, or saddle point. Ex-
plain. 

I --2x-t') 

l\-.2:.- ~'u 
:U~'j 

-1: -=-~ 
:2_)< -\~ 

.2:.. -;, 1-1 
;:2. )<--t~ 

.2. -- L.\ l.'2.."1(-t"\) 

J.... -- '.l.ic -k 'j ::--
\ - 0 - 2--j, - -

Q_)(-< 'j 

:i_ 
- - I/~ 

- .2. '-j- l o 

- A-'1 '- ?-
'1 :;.- - \ 

l l. ,l~,-b 'rl: f' J ~ !>"'-"" ' " 

..I-,;.- 'J_.y. __ , 
:2, 

'> :> ?-i< 
1--
x. -- } 

'i -C.P~ ( i-\J ----

!{,,_y. d::1.,. 
~)()-:; .!.- 2-

{t,ict~) 

' +:rj-:. -i -t ~2-

Ct 1 - I) 
'-I - 1<c 

~)cl<-;; (_~2- -

p :i.. - <'d 
il<'1~ l~i.. -

f'j"I-.. -~ -t -, 2-
J t½-1, 
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T ,, 

11. (12 points) Without using Maple or software using a Linearization around the point 
(1, 1, 2), approximate /(1.001, 0.999, 2.001) if ' 

f(x, y, z) = J2x2 + 3y2 + z2 . 

ans. ~- ooo 33 

C ) \ l (>.. I., ' ) (.-z_ -c..) L0<,"\11-):. ,t(o.,'1:,,C...)t{x(°'-1b1l) u -o-.)-t~'jf.8.- , h,L {'1-b/ T z_. 1 1 

{ ( 1 1 11 2-) zu/s: 1t ,12..-t i-~ :: ::: '3 
2. 
1 

LC.Y,'1 ,1,,1:= '3 -t 1 cx-1;-t i.('j-1') ;- 1 ( z..· ;l) 

rltlj ; " u.c.::>I 1 0 ,~'l."I, "2. .c<>I) 

"\ 2..- (l..001--'2..) "IN ? u .oo\• I)~ l ~ O~,._q .. \ J "'t ,-( L0til1D ,C\-.."-11- ,e01 , ,., ? 1 3 

-t(\ ,oo\, OA~-., 1- ,,01:11') a o..:)C'?.'s3 J 

I 

I I 
I I 
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r 12. (12 points) Without using M: I 

nates (no credit for dom·g ·t ct· ap)e (or any other software) and by ueing poi.., eoordi-
1 irectly find -

Explain! 
1¥ 1:1: 11 1~ Xdydx + xdydx 0 0 :f/. o 

Ji -ans. 

~(<(L II~ 'j ;"lo ':l ~o 
' 

'1 :.. J ,_)<,__ 
0>ltu1 <,o\,, ,f,,.. 

J:z_ ~ki.,.__\ 
Q~~t 

~Q -(~ \ e b~ , 
l'l pl.,. ,t o.w- ""'.,,,.,l.1 

'>( - -
,J'"i.. 

'<,. I v..1\-h_ r-!w -,.. 
o_,J, 11.,\~ le< r 

'f t~J t) :..Ji <c01e , i \o &-1-~ I' I., OH-f . 
.:i. 

e-- :n.. 
'1 

't),::: 0 

-
14 



r 
13, (12 points) C onvert the t . nple iterated int ¼ egral 

J. J.Jk'jo 2 

to spherical x yzd:tdydz 

coordinat es. Don t 0 evaluate. 

ans. ri1rla..1~--------a O • l§,.•~¢ CP!1.9s;o(t(J)',~J1deJ/ 

_,, ,,,_,aOJO- O\;)uJ ii ,OM..,~ lo ,jO( , .-,~' ,.,..<1,,._• 
"-1 1, '6(..+) . 

2 '" o "'~ '" o ,.o "' - _,,,_;,. 

X-:,,. p>-" Cose-

'),...- p~~r:"-e 
7,; r~s¢ 

p'l-sir-¢0-f&ed-; 
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T 
L.fl r 14. (12 points) Find the curvature of the curve 

r(t) = (5, 3 sin t, 3 cost) 

at the point where t = l 

I \ 
ans. 3 

(U.)-. lo 1 ?1.wt > -'5\,""t) 

( 11 (-t,):. <.o) •1fsl"lt:..) -1L.:il-t( 

'\. 
,._ j \ ·'3~ :"'-l. -

\" 0 j -r OIL fq L~!.1,.-t - "lc;;n '14,_/ L -
0 3c01l 

·O -1),nl -'3L~St-

\\-<'L~h{"(~J\\:~'L-:.-- '\ 

\I(' Lt)\\-- (r,t (.~ LD~ t:1),,.. f t 1 ~:,._1:. )1-

I~ 
1(:.. \\<'lt)\\3 

~, kff] 

-::. _ (c.o~Z.,l-t S,Vlq,) 
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,r 
I 

:-:•;,,./ 15. (12 points) Set-up an iterated double integral, in type J format, but do not compute, 
' for the surface area of the surfare given parameterically by 

r(u,v) = (u2 ,uv,v2) , O<u<v<l • 

ans. 

f ~, .__ <_ 2v..' V I O) 
v.. ;iv.., 

't ; ~-::,t,,o ,;._J;J_v/ 
" ~v ) 

..J _,) _..J ' I,)"-
N :- 111- )(:'Iv -;._ QJ>.- V O 

e, l.L '1.v 
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r 
i.6, (12 points) Let 

f(x, y, z) = xy2z3 , 

a.nd let 
g(x,y,z) = x+y2+z3 

compute the dot-product 
grad(!) . grad(g) 

at the point (1, 1, 1 ). -------------------
ans. llt 

~)( :. '1'1..-i..1 
-- ~'1"t-~ 

·h.-- 'h11.-r-:2. 
iJ~~ ,'1,...,,\2..,,l1 3 .... f,,,.__) 

~" (.,)) 1, \) 

~~.4.\12.i3'7 

?k, ~~-- t_1' i./~..,.. '--111,, ,-, 

.,. l-r'-1-tc>i@ 

5v \ 
~'l ., ?-'j 

~'],.-- ~1.? 
~,5~ <I, 1-i,-;.,,,_7 

,J· (l,IJ I) 
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;1· (8 points) Decide wheth 
eJCPlain why it does not e . er the following limi . XISt. t eXISts. If it does find ·t ' 1 • If it does not 

ans. 

lim ( X + y)2 - (z + w)2 x+y-z-w 

~.\- t;;rncll -t:;) 

\ ,m;~ o..-.,.. ~;¼u~~ ..,,~._, I .-_f frOQ0,'1,''j ~-,<l, <It\.• 

( o,o ,o, w') \)..) - '-4<;:, liflA- . 

c..,~ oJ- ( ~, .:i, Q ,o ') lt _,,.,s \;,..,_ 

> I ' It 

' 

l>'M )(1.- o l l ' 2... __-- -e , ,.,., _ l i "' "" :::- 0 
-,.:-"lo >c -10-0-0 x-70 'I - )' ...,a _:;;--

- Pwo~ CD, o,o, 0) t-\"'- I: rrt• l -~ ~"" jj .. J -1-1._ ,,,,.._ I ih- ;\-

(;)W- "i1' ' """"~ Re,,,.. .l.i ~"''I- I~ or- d:, (lu.S ~s . 
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