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SSC: (circle) None /I /Il /T and II

MATH 251 (22,23,24 ) [Fall 2020], Dr. Z. , Final Exam , Tue., Dec. 15, 2020

Email the completed test, renamed as finalFirstLast.pdf to DrZcalc3@gmail.com no
later than 3:30pm, (or, in case of conflict, three and half hours after the start).

WRITE YOUR FINAL ANSWERS BELOW

1. 18
| l
~Lly-S Wy
STIXTEN T S
4.
T o 2vw
- %2
6. —m
3
7. & CcosrCl) - 3In2(1))
8. 18T
9. -B
10. 1oca) Mmins ar (-{”-_‘i) and ("-il'é)
11. 3.00
2
12. —6'
13, 23
L0S
14. 3/10

( \
15. S X -l -~u?vrvl dv du
0 J,

16. 14
17. O



Sign the following declaration:

I Hereby declare that all the work was done by myself. I was allowed to
use Maple (unless specifically told not to), calculators, the book, and all the material in
the web-page of this class but not other resources on the internet.

I only spent (at most) 3 hours on doing the exam. The last 30 minutes were spent in
checking and double-checking the answers.

I also understand that I may be subject to a random short chat to verify that I actually
did it all by myself.

Signed: @uvk—

Possibly useful facts from school Geometry (that you are welcome to use) : (i) The
area of a circle radius r is 2. (ii) The circumference of a circle radius r is 277 (iii) The
parametric equation of an ellipse with axes a b and parallel to the x and y axes respectively
isx=uacosf, y=>bcosh, 0 <O < 2m. (iv) The area of an ellipse with axes a and b is wab
(v) The volume and surface area of a sphere radius R are %ﬂ'RB and 47 R? respectively (vi)
The volume of a cone is the area of the base times the height over 3. (vii) The volume of
a pyramid is the area of the base times the height over 3. (viii) The area of a triangle is
base times height over 2.

Formula that you may (or may not) need

If the surface S is given in explicit notation z = g(z,y), above the region of the zy-plane

, D, then
//F-dS:
S
dg dg
—pZ X A
//p( Oz 6y+R>d



1. (12 pts.) Without using Maple (or any software) Compute the vector-field line
integral

/ (cos (%) + by) dx + (sin (e°Y) + 1lz)dy
c
over the path consisiting of the five line segments (in that order)

(1,0) - (=1,0) —» (-1,1) = (0,2) — (1,1) — (1,0)

Explain!
ans. (¢
P= cos(eSnX) sy Q= Sin(e ™) » ux
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2. (12 points) Change the order of integration

/: /0\/5 f(z,y) dydx

| l
ans. S [ £(x,Y9) dx dy
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3. (12 points) Find the equation of the tangent plane at the point (%, &, §) to the surface
given implicitly by

2cos(z+y)+4cos(zr+2)+8cos(y+2) =7

Express you answer in explicit form, i.e in the format z = ax + by + c.

__A_._5S I
ans. z = -_X" < =
F S B V3

-2sin(xry) + (-usin(x+2) -usin(uz)% ) - tsin(yre) 33—’;( =0

92 . agln(x+y) +usinxrz)
X -ygin(xr2)-8sin(yrz)

-28in(xry) - usin(mz)% + (-35in(qr2) - 38in(yrz) %7:5) =0

a2 = 28in(X+y) +8SiN(Y+2)
Ce) -Hslr\(m)-%‘sin(\sq-z)
i?-.(t_{ 1_% Ty 18in (T) + usin (§) R LT A f3 N
) G ~ 2 — -—
* ' “lsin(l_;)-%sh(%) -3 -udy W ?
92 S y
E(%:%l%)= 18inC3) *8vin(L) . WB+uNa 5@: -5
(=

-usin(g) -3sin( L)  -am-ud3 T -ef
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4. (16 points) Let a, b, ¢ be three vectors such that

axb=i+j-k , bxc=i-j+k , axc=2i+j+2k
<llll‘|> <‘l"|: (D (2.[ 12

(a+b+c)x (2a—b+3c) ?

What is

ans. 0

1 J k ?:JJ"\’%& cular

GxtbxtCx Oy*rbytly OaAz2+rbz+Cz

2o.x-bxt3Cx 204" byt 3‘-3 202 -bz*3C

| (04 *byt Cy)(202-bz2 +3C2) = (Qz¥b7 +Cz )(204-by* 5c3))
-:) ((ax tbxtCx)(202-bz+3C2) - (az+b2 *Cz)(lax-bxka))
+ K ((ax tbx tCx)Y204-by* 3(‘.3) - oy *byt Cy) (ﬁax-bx"?)CX))

Ciy=ISs =V s 1d 420 12D

= Ky, l, 2D
I J K
O %9 A2 | . {(agba-Geby) -j (axbz-azbx)* & (axby-G3bx)
P by b2 Cl|‘5:;z‘a|zbl'~3= | Axéz-ofzgx= -\ a:xg'3-a‘3gx=-(
| J K
bx b3 B2 1 . {(byca-bacy) -J(brcz=bzcx)* e (bxCy-bscx)
Crew b“igz‘bzzcl':ﬁ | bsxc?’z-bzchx= | bsxc“f’-g%cqx: (




5. (12 points) Find the three angles of the triangle ABC where

A=(0,0,0) , B=(1,0,1) , C=(1,1,0)
ans. The angle at A is: %— radians
The angle at B is: %" radians
The angle at C' is: -Qéj- radians
AB: C1-0,0-0,1-0% = <1, 0,15 fTvort = A2

BC:(\'|/"°[O’|> s (o,\"‘\> 40\.\*\ =ﬁ
cA=<0-1,0-1,0-0% = <-1,~1,0) A tri+0 = i1

"

AB.BC= O+0 -\

BC*CA=0-) +0 = -~ |

n

CA*AR = -1¢+g+rQ =2 - 1|

Ab - BC \

( L\- T
o= s —_— = =)= =
cose = BCeCA _ -1 _ Af-U\_ @
= <L cos™ ("3 )= —;-"
8e(lcA| 12 (43) 2
coso= CA* pB - -1 | cos~' .._(_\ -
IcaiiABl D 2 R



6. (12 points) Find the directional derivative of

fl@y,2) =2 +y°+2° +ayz
P (]

at the point (1,1,1) in a direction pointing to the point (—1,—1,—1)

ans. - 34
3
PR = (~2,-2,-2) u=<:l'- -2 -2

{usrusu ={n

Q€ = {342, 3y +XZ, 322+XY4D

ve (‘l'j,): <"'|l"‘|l l'|>

VEO,11)e WU
- "g —j_a - ? - - 2
A SRR L

i



7. (12 points) Using the Chain Rule (no credit for other methods), find

99
ou
at (u,v) = (0,1), where
g(xay) :3$2—3y2 )
and

r=e"cosv , y=e"sinv

ans. § (cost(1) - 3in(\))

Ju 9x\ ou 3y \ 2w
99 _ R _
|eox Ty

9A-"'S\I a:\h‘v
w‘eco %CSK\

'85%:.: 6x (eucosv) - 6y (eusiny)

2 GelYcosv e“CosV ~ Ge4sinvetsiny

&

= (61> = Gelcosie’cosl - 6esintesinl

6 cos*(\) = 6 Sin*(1)

»

6 Ccosz(1) - 3in2(\))



8. (12 points) Without using Maple (or any other software), compute the vector-field
surface integral [¢ F.dS if

F = (3x + cos(y® +yz), —2y + sl , 5z 4 sin(zy® 4 %))
and S is the closed surface in 3D space bounding the region

{(z,y,2): 2> +y°+22<4 and >0 and y<0 and z>0}

Yt C\u.o-d
ans. (8w
risztey
div(F): 3-2+5= & ztal-rt
rt= Yy
=2

2 x voyume

J”E 6av = %S”dw

. - 2% Y-r*
D.i(r,e,zﬂosrel, %seen,O g

1 [T Ay
3 [ g { dz d© rdr

0 -E 0

P §
“_‘.t q-Yr r(“—ra) . L{‘._r3

0 (L]

T 3 or®
w -3 = yfir-0r" - (-2T'r + }
T 2
2 = gpr -30r3
bY

Sr Gm-—"’—_:}“ dr > %nr'-—'a‘_l‘_r“\z, Ip-6TW=6Tm
3
’ 3w)=13m
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9. (12 points) Compute the vector-field surface integral [ [ F.dS if
F=(3,2r,y+2z2) ,
and S is the oriented surface
z=2x+3y , O0<zr<l, O<y<l |,

-+
with upward pointing normal.

ans. -IS

%: 2x*3y

4z 2 343

Ps3z Q=2x R=Y72

Hgv-ds . HD (-p3 - @3} - ) gn

[S 0 (-3z2() - (3 +* \srz)c\p.

Sg (-6 C2xrayg) - 6x + 4* xrdy) dA
o

= (SD -1x ~RY-bx +yr2xr 3y dA

-\ (!
g S ~16X -4y dx Ay
0 Y0

_(Bxl | - _Q.-
T-luxg\o- g-1uy

11 Y-?-N*j dy
-‘M-Mz\'
0

2

-
-

-8-1= -5
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10. (12 points) Without using Maple or software, find the critical point(s) of

fly) =4z —y* —In(2z +y) ,

and decide for each whether it is a local maximum, local minimum, or saddle point. Ex-

plain.
ans. loca) Mins ar (-4,-%) and (.\d,-é)
\ Pxx= MY
fx=y-_2 fu= 29- xxs 2
Txg k! ax+y (2xwg)2
Exy = (__7-’ y
2x+
L“'—l— <0 1%- 53‘::.3 =0 %
2 x4 a
Cag= 26 =
-1 -1 2 29(1x+Y) (2x+Y3)
axny 2y~
Q=-3
1 = AX*F 3 ("'.L -1
‘-T{' Y 2%+ -\ uJ 2 )
L=2xrYy 1X'%_"‘
R
L= 2x-1 X2
2 2 xz-\
RS “
X=4
2
whet dotain i3
(1,-1) posirve and Fxx
Y y 4 alay |s & (occa\
p)«: A2 = b“ 16 Fxrx= —TT N —-|—-.-_q amla )l o
U 'z) q ("—.!L- 3_)
cX\S = 1 - 2 - 2 2
b L RPre ¥
(=2 4 (-5 o
2
f "Li-i- 24¢ = £ 21y — =12 *2L3\
=2+¢=(0 3 =
. - (R
= 16(10) - (8)* = 44 12 p=y(uy- (=12

min
since O (s + qnd fxx S+

MmN
since O s + qnd fxx ST



11. (12 points) Without using Maple or software, using a Linearization around the point
(1,1,2), approximate f(1.001,0.999,2.001) if

flx,y,2) = \/2332 + 3y? + 22

ans. 9%.00

nice point > (i1, 2)

BC,2)= {243 ¢ -9 =3

- e = = 4
Fxs 4 (ax1e3g2r2%) 2 o ux 2@ WLV T G eed /T T
c.,5= .& (gxlossz*lz)-vz e 6y o (,1,2) = ; : & {
LA edry 2 (3)
f2= 1 (axtrdyre2?) ez Getr2) = u

E— L 9
2L AdLrarv 92¢3) 6

Lxig2)7 3 + 3 (x-1) + 1(y4-0+ Z(2-2)
L(1-00'70.99% ,2.00\) = 3+ %-(0,00,)”(-0.001) - % (o.001)

= 3 0.002 _ 0.00!) ¢+ 0.002
— —
3 3

v, 3.06003
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12. (12 points) Without using Maple (or any other software) and by using polar coordi-
nates (no credit for doing it directly) find

— Vi—z?
/0 / xdydm—i—/f/ xdydz

Explain!

ans.

i3
3

D:‘i(x:g)\ osxeﬂi ' 05‘56.)\% U ic""‘&)‘%_‘_Xé \ ,0£&5<_-‘"x*- i

0:§(r0)| Osre osesn§ v i(v,o)\wrct' 1 0$05T §

n % T
2
S { rtoss rdrde M [ rCcose rdvdé
0 0 0 o
-1
2 2=
3cost | T 'f_ﬂs_i‘ 7
o 3 o 3 0
j{ ul2 n 10-143
22 cosH cos®
0 24 0 12
T
s LU w Sin®
Mz 3ind | = * I o
2’ 0
= “ﬁ - ﬁ : 0
pI-| 3
E +Q ° 'E.
6 6

Borh Gre e @a.the gruph wirh Aifferent muges 5o

sdding tOgRTRer Qives tnd AN WY,
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13. (12 points) Convert the triple iterated integral

L V4—22 0
/ / / 22y zdrdydz
0 JO —\/4—22—y2

to spherical coordinates. Do not evaluate.

12
(oS

ans.

xzrg’wz“-nez
D:i(xn‘jy’b)l'ﬂ € x40 , 0¢ Y+ 0e 282 ;

dV = dxdyd2zpasingdpde d& -
1nd quad

X2 pstng cose
4= psindsing

Z = pcosp

W
g ‘\ Sl (pSin®dCose)’ Cpsing sinb) (pcose) PSinpdpdd 4o
0 Jo
2 Vo
n ‘ . l
L. cos*eSng do j Sin*p sind cosad Singd d¢ J p2(P)(PYCPY) dp
> T — 0 e~
8in'@ Ccos ¢ pe
-4 3 -
2 S )1
2 2 o

(—icos‘n 1--‘3- os* 3 )( -é sin>m --’gsins"_% )( 7-_;.)

T ()()
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14. (12 points) Find the curvature of the curve
r(t) = (5,3sint, 3 cost)

at the point where t = %.

(D= <1, 3cast, ~3siney D
r’(%): \, 3cos‘-§,-isi01§> =2, -333
v (¥) = 0,-38int ,~3COSFD

(B2 omtsn Erenbye o, 3, 4

ey e (3

J k
Cd R AN)ER) () HiCE ) v (F o)

SET

'\9\-*1‘1*% :jﬁo

,,iq'o = QOO = _3_6. . i
(0 4o Loo (o0 = 1
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15. (12 points) Set-up an iterated double integral, in type I format, but do not compute,
for the surface area of the surface given parameterically by

2

r(u,v) = (u?, ww,v?) , O<u<v<l

{ 1)
ans. S j -yl - utvrvt dv du

D: fCuwm | 0gugt usveg g
{ Au
[ [*wma- sy v av e
0 Jy

{ '
S j -aud-u2vrvl dv du
1

17



16. (12 points) Let

and let
g(z,y,2) = v +y* +2°

compute the dot-product
grad(f). grad(g)

at the point (1,1,1).

ans.

qrea(e) = <y2?, axyz?, 3x\yz?)d

Qrod (€Y (L1 ) 7 <1y2, 3

%rquSP {1, 29, 323D

qrad( (b)) = e 203D

<1235 002,3)

= l«Y4y+rqQ = IV
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17. (8 points) Decide whether the following limit exists. If it does ,find it. If it does not,
explain why it does not exist.

R € )l CRR) &
(z,y,2,w)—(0,0,0,0) r+y—z—w

ans. @
i (xry)t- (z1w)? _ o-0 e
‘ —
~1-WwW 0+0-0-0 °

(% 42, W) (0,0,0,0) Xy

et y,2,ws0

. 2 '
X . Lw X = 0O
X0 X x>0

game > Umir ex\s¥s =0

1% %X,Y4,2:30

. 2 :
limm -—W- _ lm , =0
wd -~W w0
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