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MATH 251 (22,23,24 ) [Fall 2020], Dr. Z. , Final Exam , Tue., Dec. 15, 2020

Email the completed test, renamed as finalFirstLast.pdf to DrZcalc3@gmail.com no
later than 3:30pm, (or, in case of conflict, three and half hours after the start).

WRITE YOUR FINAL ANSWERS BELOW
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Sign the following declaration:

I Hereby declare that all the work was done by myself. I was allowed to
use Maple (unless specifically told not to), calculators, the book, and all the material in
the web-page of this class but not other resources on the internet.

I only spent (at most) 3 hours on doing the exam. The last 30 minutes were spent in
checking and double-checking the answers.

I also understand that I may be subject to a random short chat to verify that I actually
did it all by myself.

Signed:

Possibly useful facts from school Geometry (that you are welcome to use) : (i) The
area of a circle radius r is 2. (ii) The circumference of a circle radius r is 277 (iii) The
parametric equation of an ellipse with axes a b and parallel to the x and y axes respectively
isx=uacosf, y=>bcosh, 0 <O < 2m. (iv) The area of an ellipse with axes a and b is wab
(v) The volume and surface area of a sphere radius R are 3mR? and 47 R? respectively (vi)
The volume of a cone is the area of the base times the height over 3. (vii) The volume of
a pyramid is the area of the base times the height over 3. (viii) The area of a triangle is
base times height over 2.

Formula that you may (or may not) need

If the surface S is given in explicit notation z = g(z,y), above the region of the zy-plane

, D, then
//F-dS:
S
dg dg
—pZ X A
//p( Oz 6y+R>d



1. (12 pts.) Without using Maple (or any software) Compute the vector-field line
integral

/ (cos (%) + by) dx + (sin (e°Y) + 1lz)dy
c
over the path consisiting of the five line segments (in that order)

(170) — (_170) - (_L 1) - (072> — (17 1) — (170)

Explain!

ans.




2. (12 points) Change the order of integration

//f fo.y) dyob 27
508

\

|
ans. S . \ \/z f(/x(\/) dx oly

(
( \/: \[_‘7/\3 y:O = x

(Yl
R\-

\ \
So \\/z f(%\/)o(/xo(y



3. (12 points) Find the equation of the tangent plane at the point (%, &, §) to the surface
given implicitly by

2cos(z+y)+4cos(zr+2)+8cos(y+2) =7

Express you answer in explicit form, i.e in the format z = ax + by + c.

ans. z = «'}5\% ——%\/ 4%
/Qx e 22 qun (V) - Y s ()
P ("l 676 »k({%-ﬂ(%‘) - -9l = -2z

ﬁj = 2 5'((\(7%\/3 - Lty 12)
b, o) < - a (Y- e (B moaE. el
Jo - “Han (1) -@gm(&&\

P”ﬂ/bf/{,ﬁ‘@-. iy B o (B) . a4z - L

=303 (- Tr/ev -5[3 (\)/T%\“E‘g(%’v[o) =0

_BE’Y‘#I‘/L:—SJ_/ E%E_EBZ‘?;+TVE

~203 y »6@(} S L2+ gﬂ&ﬁ




4. (16 points) Let a, b, ¢ be three vectors such that

axb=i+j-k , bxc=i—j+k , axc=2+j+2k .

What is
(a+b+c)x (2a—b+3c) ?

ans. -—3\1 16K

(ax Q) —(o x4+ (a2 2C) +(b x24) = (Lxb) ¥ (b r D) & (c x2a) “(exb) + (e %)

Z(QZdS—(mxw\Afj[mx0\+-2(bxm)—'(wkb34—366*53‘+2(CKﬂ\"CCKVS‘*3(C“ﬁ
0 © ‘

- (2 b) ¢ Blaxe) w2 lpra) 4 L(cXA) - [cxb)
'(0\‘“0) "(Q\LC\ —(Pre)

- (axl) +3(anc) -1(&«&%3——2(&*6\‘¥(b(63

(i) e p (2 ezk) -2 Ty ) -2 (2i5e2k) + (oK)

/VQ*K4’“*%j+kﬂﬂ'lﬂﬁﬁ*2K~4]—25—4K+\~é+K
R T R A AR R R N2 R
© - %) ¥ LV
-2+ bE



5. (12 points) Find the three angles of the triangle ABC where

A=(0,0,00 , B=(1,0,1) , C=(1,1,0)

ans. The angle at A is: radians
The angle at B is: radians
The angle at C' is: radians




6. (12 points) Find the directional derivative of

, fl@y,2) =2 +y°+2° +ayz

Q
at the point (1,1,1) in a direction pointing to the point (—1,—1,—1)

ans.  _ Lk Jfb

‘\O)& = (“2/’9‘)"23

\
al . o - — AR

V%Qc<2fxi+\/%, 2424 X2, 3%74’%‘/>
L G PRI

\
203222 AL,uhy 21’3(’%*%8\

_ 2% (an)

_ ’\2/@

_ o AalE _
- 2L - am
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7. (12 points) Using the Chain Rule (no credit for other methods), find

99 g
ou VA X
at (u,v) = (0,1), where : Oi/ v

g(z,y) = 32" = 3y° |
and

r=e%cosv , y=-e"sinv .

ans. (9 (w$2 (\3-%1[\2 (I\\

e ¢ eos(1) = s (1)
V= ¢% el ) = sl

Loos() - cos(H) - ¢ —Gaein(y - svnl)- e’
= b oos2() - 51(\2((\

b (cos2] -0

9



8. (12 points) Without using Maple (or any other software), compute the vector-field
surface integral [¢ F.dS if

F = (3x + cos(y® +yz), —2y + S , 5z 4 sin(zy® 4 %)) ,
and S is the closed surface in 3D space bounding the region

{(z,y,2) 2> +y*+2°<4 and >0 and y<0 and z>0}

ans. X’W

AvF 24 (2)s g -

L
\Zoyion 15§ osple

V: %‘ﬁr = '%»TT'g =

e _ ghw
Lo - ogw
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9. (12 points) Compute the vector-field surface integral [ [ F.dS if
F=(3,2r,y+2z2) ,
and S is the oriented surface
z=2x+3y , O0<zr<l, O<y<l |,

with upward pointing normal.

ans. —I 6

11



10. (12 points) Without using Maple or software, find the critical point(s) of
flz,y) =4z —y* —In(2z +y) ,

and decide for each whether it is a local maximum, local minimum, or saddle point. Ex-
plain.

- g (2wy)
ans. (Lo () local ;i) 2 (e 2
=1
[, - [ 2 oy = (2x+)
X - L‘- ‘ ;L - L\,
7\';<+l\/ ;{/Xﬂ»\/ . qu”\{\—a
< — —\ _
p‘/ Y Qoxry h- ol axet)
2 \
- Ty T ATy oY
(?’XM/\Q \
p : | Q-‘;:’ -0
\{\I A+ C}/)C*r\/)?‘ y ) 2 - D
2= 7y -5 A7 g+l
_ 2
bxy = (o +y)* | - 2
ﬁ_ 2kl
\
\—/—,—\ E¥x+b:=1
8/)(’-'():
x: T
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11. (12 points) Without using Maple or software, using a Linearization around the point
(1,1,2), approximate f(1.001,0.999,2.001) if

/
fla,y,2) = V22 + 32 + 22 (2«%%&/242'232

ans. 2,000

\

Ax

- /2
b Ji(Z’KZ*%yzx‘%z) - Ox = )
JZ%2+%YZ+%

\

- /2
EY—' J?Z(Z’Kz’f%\/?'w‘%z) . 6\/

()

-/
% - Ji (2%2*3\/2+%2) . /ZTL’

p(l’llﬁ): m : ﬁ«.g

\
N
IS
(O

<

N
A
N!O

bl 2/
by lig,2) =1
“F’% (\1\12) = Z/%

L teyid)e 3 S(x-)*1ly-1) + Z (2-2)

2
34 ?Tg ( 1.001-1)+ (0-299%-1Y+ 3 (2-00'-27)

- “Z.po0%
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12. (12 points) Without using Maple (or any other software) and by using polar coordi-
nates (no credit for doing it directly) find

\/75 T 1 V1—zx2
rdydr + / / xdydz
/0 /0 2 Jo

Explain!

ans.

e

04(4\
0 <8 Yo
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13. (12 points) Convert the triple iterated integral

2
# N A—22 0

/ / / 22y zdrdydz
o Jo —\/a—22—y?

to spherical coordinates. Do not evaluate.

ans. STV ST( S ¢ pb s’mqﬂ ws’e sine w> APAQAp

0 1’([7_ b
02y 2 ///7 -
o< ff < :
—

2 ~. dod
S (Vsmwoosﬂz-.eiﬂﬁé',ﬁﬁ'?oﬂ' A sing dpa&df

. /\/‘
g6 - p

SW \T( X ‘ o sin'g wsle sine w>d dpdedp
[
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14. (12 points) Find the curvature of the curve
r(t) = (5,3sint, 3 cost)

at the point where t = %.

ans.

1
3

rlYz A0, 2wst / —35’((\{7>

'y - Lo, -2k, —30@51?\

e () s [orooszbs dsinte = alcosbesin?t) = = 3

L0, Zeost | 'Bsm{a> {0, -3\, '30051:\

[ q L “
o 3wk -3sint | (Lqcosk+ asn?e) ( — (DvJ + (0K

O -3k - oot
= (-9,00) = [31e000 = TR
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15. (12 points) Set-up an iterated double integral, in type I format, but do not compute,
for the surface area of the surface given parameterically by

2

r(u,v) = (U, ww,v?) |, O<u<wv<l

ans.
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16. (12 points) Let
f(ma Y, Z) = xy2Z3 )
and let
g(x,y,2) = v +y* +2°
compute the dot-product
grad(f) . grad(g)

at the point (1,1,1).

ans. \ |

Q‘P: 4\/2%31 7\%\'23( B,XVZ%Z>
Vo < {\, 2V, 3:,5“)

4\/2%31 7""\12?{ Z’XVZ%Z>'<\; 2V, 3%Q>
= \/223+ 4%\,223 +9 /)c\/z%q

@ G 1+ b9 - 4
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17. (8 points) Decide whether the following limit exists. If it does ,find it. If it does not,
explain why it does not exist.

[y (e y) ez
ey el

(4 ) - (2 + w)?

lim

(z,9,2,0)—(0,0,0,0) T+Y—2z2—w ' L%* \I),_ 2-W
ans.
i [ y)2- (z+)* 42 N
l -
Y
xyzw = {,0,0)9 aeY-T-w
7 Lz
. (x+y)2- (2w - T =t
’)C\/ZWd? O,‘L,0,0 /X{'Y"’L’W
2
_ (e y)?- (2ww)” -t £
Jimwn - r =
xyzw -= 0,0,%0 XeY-T-wW
)2_ 7 _t'l
i (x+Y)?- (24w ; vy
X\ -T-W -t

XYEW = 0'0/0)'b

Uit b axisks.
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