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SSC: (circle) I/11/Tand Il

MATH 251 (22,23,24 ) [Fall 2020], Dr. Z. , Final Exam , Tue., Dec. 15, 2020

Email the completed test, renamed as finalFirstLast.pdf to DrZcalc3@gmail.com no
later than 3:30pm, (or, in case of conflict, three and half hours after the start).

WRITE YOUR FINAL ANSWERS BELOW
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Sign the following declaration:

I Hereby declare that all the work was done by myself. I was allowed to
use Maple (unless specifically told not to), calculators, the book, and all the material in
the web-page of this class but not other resources on the internet.

I only spent (at most) 3 hours on doing the exam. The last 30 minutes were spent in
checking and double-checking the answers.

I also understand that I may be subject to a random short chat to verify that I actually
did it all by myself.

Signed: % M

Possibly useful facts from school Geometry (that you are welcome to use) : (i) The
area of a circle radius r is 2. (ii) The circumference of a circle radius r is 277 (iii) The
parametric equation of an ellipse with axes a b and parallel to the z and y axes respectively
iszx=acosf, y=>bcosh, 0 < @ < 2rm. (iv) The area of an ellipse with axes a and b is wab
(v) The volume and surface area of a sphere radius R are 37R® and 47 R? respectively (vi)
The volume of a cone is the area of the base times the height over 3. (vii) The volume of
a pyramid is the area of the base times the height over 3. (viii) The area of a triangle is
base times height over 2.

Formula that you may (or may not) need

If the surface S is given in explicit notation z = g(z,y), above the region of the zy-plane

, D, then
[ [xis-
S
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1. (12 pts.) Without using Maple (or any software) Compute the vector-field line
integral

/ (cos (€Y + By)dx + (sin (e°®Y) + 1lz)dy
c
over the path consisiting of the five line segments (in that order)

(1,0) - (-1,0) —» (-1,1) = (0.2) = (1,1) — (1,0)

o e 6 ® @G

Explain!

ans.

@ v A 0D+ELZ,05 = <1 0> 28,05 = < 126,00
| (- y
fo cone MU giner 1 (1-2t) - b

@ V:Q—\,D)*t(O,l>:<-;’o\>¢,<0rt}T <_"t>
[l css e e bt yom e -t

B y=cai > = > <L <eler>
"5 133! e
(ro‘ c0S eQM (1-9) T e pos (t >_‘” (t'\)d}
/‘ .

@ \(7<0'2>‘}L<|,|>:<.(.12>4r<t/~t>= <t‘2—b>
yS(2t -b)
Jo‘ cos e "¢ t Sive cos (28 ¢ M
@ V= <1 >0 p<b,1>= <l})>+<0,t> = <1, v-e>

'()’a’ cose + 5(t-E) * 8n C.Ch('("t).ﬂ\



2. (12 points) Change the order of integration
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3. (12 points) Find the equation of the tangent plane at the point (%, &, &) to the surface
given implicitly by

2cos(z +y) +4cos(x + 2) +8cos(y +2) =7

Express you answer in explicit form, i.e in the format z = az + by + c.

ans. z = -'Lz'x""z'"!* %
T = 5
SN = >

Fe (e ) 4 By (4 92) + P (2a,) -
Ce = ~Zam (ery) = fam(xre) = @ point = =2 an(7) ~tem (%)

t\j - —ZSM(‘ZMj\) - 55\3’\(%4&'&) =z - 2%14(%) ‘88‘“ C%)
T2 = Ham(ere) g-ﬁgm(%iz:) - - Yo (2) —8sm ()
X R CEFI R

»._22- f-—(—%ﬁ:-sﬁ
Fo= 4 E-8Z - -2E-H3 = -6
503 (x-T) - o3 (w k) 6B (2 %)
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4. (16 points) Let a, b, c be three vectors such that
aH -> <, -1, 1> ¢\, 2
axb=i+j-k , bxc=i-j+k , axc=2i+j+2k

What is
(a+b+c)x (2a—b+3c) 7?

ans.

fax2e) ¢ (-8« (ax 2) +lx29) v (b ~b) + (b7 3¢)
v (ex28) + Lex -b) + (e ¥ 89

= 2 “Caxvyrg(axe)r 2 bra) —LbrB) ¢+ 3(>*0)
/WO:)?ZCC’&) - {cxb) +}(/m)
A_ ~2(axe) - ' - 2(a1c)+[® H_}
- (axb) +3(ar O r2(bra)+3 (bxo) »2(cx (t) (e b )

- >
BRI LRSS TR I B LN Wi VLR S

I

Lol 4 <6,3,6> - Z<‘l,l,,’l>k + 43{,‘3_,2> - 2<L)2> tal, sl >

- 1,
.

-1~ !
{b,5,6>
<-2,-2,2>
<3 -2,3>
<-4, -2,-4>
U

R
<36 4>



5. (12 points) Find the three angles of the triangle ABC where

A=(0,0,00 , B=(1,0,1) , C=(1,1,0)

ans. The angle at A is: 1\—}; radians

The angle at B is: %— radians ;

The angle at C is: L; radians
‘ je &A= D€ «p\= [AllB)si®
’ ::\;?u@ B = DYF ‘A B\ { a;"/B'sz‘J R btaé'o,b/)
@c = exF 61‘,’9[[?,07

b=AB ~g-A=(1,00)-(o0.0)= L1812
—E = AC cC-A=0 <1,1,0>
=

@A: b xE|=|b[lE|smb

| <1,0,0> % <1,0%] = [<r,00> (] <10,0>]emd

|<o-1,1-0,1-0 >|< {7 [ gind

| <-1,1,1>] = A2z snd

3 _I
anp:= =z =673

@g: |Dp#F| =Dl Flomb
[<1,0,1> ¥ <p,1,-1>| = Zsinb

1 <0-1,6+1,1-D>) 25118 .
z ‘<'“l\ll?_\_’ :E :X’é
Siﬂ9 ———T 2

@e -|esF|= ENFlon®

S e> x <, 1,-1>] =28nb
l<—1—o,o+|,|-o>\:2sme
: v
gnd = RSATITAE A JA(ZZ =0+ 3
z

7



6. (12 points) Find the directional derivative of

flxy,z) =2+ + 22 +ayz
T Q
at the point (1,1,1) in a direction pointing to the point (—1,—1,-1)

ans. _q.,rg

P = BcPayz by 332*’1:“&«,{%: 3¢ ¢ Ay
VPO = <3, Brt 361> 7 <t G s

N

anim: ("!,-!,—IB ~~(i’\|“) T &) 2,72 |
N A o
|<-2,-2,-2>) 7 3(24):[3W) =243 = el

. 2 2 2y _ (_1 -E-—g
w:!‘ZRd’=<-2"_d§| ZE] Z.“-z>- < -3-1 3 3>

. 3 {3 5 ez 4z 4B . _12dE



7. (12 points) Using the Chain Rule (no credit for other methods), find

9
ou

at (u,v) = (0,1), where
g(z,y) = 3% - 3y* |

and
. o o
x=e“cosv , y=e"sinv

ans. pCosZ

x =e tsl=cosl

dq de , 9
M—__q——'!"'dg%i 5:608”!—‘:@“1

de  dx du
= (6 ) cosV) ¥ 663)(@““") " %{% :etems V.
= polEws V- bet yem v 89 = ptsinV

1"

Ge™ (xeos v - ysn V)
= Geo[cos\eos | - dinjan \)

= (D(CDS?'I - qu’\> = heosZ



8. (12 points) Without using Maple (or any other software), compute the vector-field
surface integral [¢ F.dS if

F = (3z + cos(y® +yz), —2y + v+’ , bz + sin(zy® + %)) \
and S is the closed surface in 3D space bounding the region

{(z,y,2) 22 +9y*+2°<4 and >0 and y<0 and z>0}

ans.
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9. (12 points) Compute the vector-field surface integral [ [¢F.dS if
F=(32,2z,y+2z) ,
and S is the oriented surface
z=2m+3y , O0<z<xl, O<y<l1l |,

with upward pointing normal.

ans.

11



- 10. (12 points) Without using Maple or software, find the critical point(s) of
fz,y) =4z —y* -In(2z+y) ,

and decide for each whether it is a local maximum, local minimum, or saddle point. Ex-
plain.

ans. ool min (@ (41 )

y 2 I
fo=u- 2%+ ‘Pﬂ’ ZH"Q.,’CﬂJ : z
A
'p'x']c —(Z'X"_‘j)q
0= 4" fery
7 _ ’9:._
- oy
1=y —

‘ - LU
Py = 2 G G
foye 2 o =2 o T -
')ta ('L("T‘()‘\)l (’Ji,,\)'z (""{Y %

Z —
D= Aundyy (Ay T = lo6 —6t =22
N> 0 AND gu>o = (HCAL MIN
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11. (12 points) Without using Maple or software, using a Linearization around the point
(1,1,2), approximate f(1.001,0.999,2.001) if

f(il:,y,Z) = \/2$2+3y2+z2
(p,2) =3

ans. 3.001

2x
L= == Yy == h-
P P fox> 372>

fe2)=ze 3 =40 =3
r')z(_l.l,l)':"‘sz" , ‘(\Ls:

W

Qpprox = 3+ %[0.601) .05 + %(U.OO\) = 3.00)

13



12. (12 points) Without using Maple (or any other software) and by using polar coordi-
nates (no credit for doing it directly) find

—@ T 1 N
/ / :L'dyd:n+/ / zdydx
0 0 2 Jo
® @

ans.

® p-= 5 e os'adéﬂc,@S’CS%E

= g(Yle)l

14



13. (12 points) Convert the triple iterated integral

Y
K pV4—=22 50
/ / / x?yzdzr dydz
0o Jo —/4—-22—y?

to spherical coordinates. Do not evaluate.

ans.

15



14. (12 points) Find the curvature of the curve

r(t) = (5,3sint, 3cost)

at the point where ¢ = %.

1
ans. =

e *r"Lt_)! L) = <0,3ust, -3sint>
lv'cal® (8 = <0,-3sm b, Scost >
() =20, 2ce g, -B5NE
- <0, 7, 52>
" (Z)=<p, -3emT, Scosg>
=<0,-38 -5>
v 220,85, -5 5 xgo, - B £
<—§-C—%l- [—@)L-Q’BB 0-0,0>
T —-—,00>-< % 0,0>=<- qoo>

i

=<K~

O o g (@08 (3T (O

2
TUCEREICIE ‘4q,o,o>\=’ §9* = 9

a . L
K= ¢ = 3
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15. (12 points) Set-up an iterated double integral, in type I format, but do not compute,
for the surface area of the surface given parameterically by

r(u,v) = (u?,uw,v?) , 0O<u<wv<l

ans. JTKZ_\]?" —L‘—M,V'2u,1>|dLLch D;{(‘“‘V)l ben<evell
-y ' |

§: tf: | rax Oyl du dv

(o= <, v, 0>

Yy=< 0, U, V>

Vy KV = 2wV, 0> x<0,w,\,1u>b
< HE-0, 0-duv, 20*-02
<%, -Gy, 2w>

"

A
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16. (12 points) Let
f(x,yaz) = $y223 s

and let
9(z,y,2) = z+y* +2°

compute the dot-product
grad(f) . grad(g)

at the point (1,1, 1).

ans. (4

VP=<P, )4—‘3,5’3> =2 ‘jzta” ngts) 37‘32?3>
Vg=<9qv,05,9:7 = < 1y, 22°>

3]

V‘L '\75: 3225* 4%5"25* qkﬂ'zzs
= \+-’-]'"-lq’= 4

18



17. (8 points) Decide whether the following limit exists. If it does .find it. If it does not,
explain why it does not exist.

2 _ 2
b @Y= (ztw)
(z,y,z,w)—(0,0,0,0) rt+y—z—w

ans.

— P“’%L“”J D wi%h/\o& equabicv e oéct ‘% R h\ﬁ prbviv% W does vt exisk
P wg?yoae\mt% {om dufevent olirections

M = ?ﬁf = v = ( B

>0 *

W = Y-y S0 L .

Y0 Y ﬂ whant fxppfoncbuv@% €ﬂfm DL:\-Q»M‘QVW

M - -22 _ 450 uvectionsy , B Bl B Hu sawt
2=o -z

e = W2 s l

-0 = -y cw >0
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