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MATH 251 (22,23,24 ) [Fall 2020], Dr. Z. , Final Exam , Tue., Dec. 15, 2020

Email the completed test, renamed as finalFirstLast.pdf to DrZcalc3@gmail.com no
later than 3:30pm, (or, in case of conflict, three and half hours after the start).

WRITE YOUR FINAL ANSWERS BELOW
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Sign the following declaration:

I Abh!.\* Ku\\(am\' Hereby declare that all the work was done by myself. I was allowed to
use Maple (unless specifically told not to), calculators, the book, and all the material in
the web-page of this class but not other resources on the internet.

I only spent (at most) 3 hours on doing the exam. The last 30 minutes were spent in
checking and double-checking the answers.

I also understand that I may be subject to a random short chat to verify that I actually
did it all by myself.

Signed: MM%NWD

—

Possibly useful facts from school Geometry (that you are welcome to use) : (i) The
area of a circle radius r is #r2. (ii) The circumference of a circle radius r is 277 (iii) The
parametric equation of an ellipse with axes a b and parallel to the x and y axes respectively
isz =acosf, y=bcosh, 0 <@ < 2x. (iv) The area of an ellipse with axes a and b is mab
(v) The volume and surface area of a sphere radius R are 3mR% and 47 R? respectively (vi)
The volume of a cone is the area of the base times the height over 3. (vii) The volume of
a pyramid is the area of the base times the height over 3. (viii) The area of a triangle is
base times height over 2.

Formula that you may (or may not) need

If the surface S is given in explicit notation z = g(z,y), above the region of the zy-plane
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1. (12 pts.) Without using Maple (or any software) Compute the vector-field line
integral
/ (cos (e5F) + 5y) dz + (sin (e°°Y) + llz)dy
¢

over the path consisiting of the five line segments (in that order)
(1,0) = (-1,0) = (-=1,1) = (0,2) = (1,1) = (1,0)

Explain!




2. (12 points) Change the order of integration

f/ f(xy)?i :
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3. (12 points) Find the equation of the tangent plane at the point (%, %, Z) to the surface
given implicitly by

2cos(z +y) +4cos(z +2)+8cos(y+2) =7

Express you answer in explicit form, i.e in the format z = ax + by +c.

ans. z = )L-\-\b-\' 1




4. (16 points) Let a, b, c be three vectors such that

axb=i+j-k , bxc=i-j+k , axc=2i+j+2k .

What is (13 151 0,151 (2,1,1)
(a+b+c)x(2a—b+3c) 7?
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5. (12 points) Find the three angles of the triangle ABC' where

A=(07010) ) B=(1:0:1) ) C=(19170)

ans. The angle at A is: | radians ;
The angle at Bis: | radians

The angle at C'is: ) radians
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6. (12 points) Find the directional derivative of

fly2)=22+y¥* + 22 +ayz

at the point (1,1, 1) in a direction pointing to the point (—1,—1,—1)

ans. *125

VA <3y°+92) ¥z+3\53) xg+3z’>

KA - 3
W= 43 <'l,—l,‘|> z <-ﬁv'ﬁ) —ﬁ>

V‘F("“‘> N <J1) 1 ) L1>
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7. (12 points) Using the Chain Rule (no credit for other methods), find

3z
b ){\ ) AS
at (%,%) = (0,1), where

Zy(zy) =32 -3y

wnd a:=e"soos\gt, y=e“gsin\({.
ans. (cos1) éx - (Sif\l)(nﬁ

0z oy dz
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8. (12 points) Without using Maple (or any other software), compute the vector-field
surface integral [, F.dS if

P Q R

F = (3z + cos(y® + y2), -2y + e=+** y 52 + sin(zy® + €%) )

and S is the closed surface in 3D space bounding the region

{(z.9,2): 22 + 42 +2° <4 and z>0 and y<0 and z>0}

ans. L1

Divergence Thm-
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9. (12 points) Compute the vector-field surface integral [ [sF.dS if

F=(32,2,y+2) ,

and S is the oriented surface

z2=2x+3y , 0<z<l, O0<y<1 ,

with upward pointing normal.

|5

= S@D (32 (2) - 2x(2) + y+z)dp - ggb(-51-6x+3>d/\

S Gty e+, oty oy

-lOs('l‘)'E’ ASAY
~lpx - \Hy = ._,5
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10. (12 points) Without using Maple or software, find the critical point(s) of
flz,y) =4z -3y’ —In(2z +y) ,

and decide for each whether it is a local maximum, local minimum, or saddle point. Ex-

plain.
ans.  (0,1) lowl min . (1,0) leal may
Y S
lx*g
- - ‘ = 0 - -2y - -\—-
23 oy ) 23y
Oz ’15('2)(4'\3) -
___LL_-z = = My -2y )
(2x+y)
¢
2
(2#ry) =
|
'¥93 2+ (2#&3)1
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11. (12 points) Without using Maple or software, using a Linearization around the point
(1,1,2), approximate f(1.001,0.999,2.001) if

f@,y,2) = V222 + 3y + 22 .

ans. ‘1001/3000
§ . b POis2)= 3
JBEa3y% 22 Fx(151,1) = 2/3

_,,éﬂ-—— (onk. o4 *3(""2)2 3 = |
mz (1:1,2) £, (141,2) = 2/3

L
I - W

L(1:2) = $05052)4 B (n12) (-0 44, 001,2) (y=1) + £5,(1,1,2) (2-2)
=9 é"(*-\)* G-+ 5(z-2)

34 %(0.00]) ~0.00| + % (0.001)

1

4 (1001, 0449 , 2.001)

Go00 |
3000
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12. (12 points) Without using Maple (or any other software) and by using polar coordi-
nates (no credit for doing it directly) find

;R 1 I
/ /a:dyda:+/ / rdydx
o Jo 2 Jo X
)

| - =
Explain! i ¥ 612 Yo
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13. (12 points) Convert the triple iterated integral

Q'\/m! 0
/‘/ / 2%y zdr dydz
0 J0 _,/4_,,2_”:

to spherical coordinates. Do not evaluate.

o S’“ g’“ gi PqSl'nsiJCosﬁsinécése AP(J@AP’

0 0 I

(adii = 1
Xz psin B ooc® y = psindsind

z= poosg 5

/psu’nﬂroge)(pgmﬂffose) = prsin®f cos B
(p’ginfﬁa)se)(fsfnﬂ' s-’n@) - ps sin® ¢ sin0 cosB

(Pgsfnaﬁ sinécose)((écusﬁ) = Plsin®d wsg sin0 coc ©
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0 =

rm(4) =

(L) x

14. (12 points) Find the curvature of the curve

r(t) = (5,3sint,3cost)

at the point where ¢ = 7.

(0, 3cost | ~Dsint D
0, -3sint | -3cst D
| 3cosk  -3sink
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15. (12 points) Set-up an iterated double integral, in type I format, but do not compute,
for the surface area of the surface given parameterically by

r(u,v) = (W, w,v?) , O<u<v<l

HE, S‘ Sl ua\JqJ du O\

17




16. (12 points) Let
f(.'C, Y, Z) = my2z3 )

and let
gl z) = a:+y2+z3 .

compute the dot-product
grad(f) . grad(g)

at the point (1,1,1).

ans. |

VA% ; <\jlz3) 2%323) 5¥5212> => VEO) = {0,203
V9= <1, 2y, 32t = V9(hi) =<1, 2,3)

Vi V3, 7 {2530 «<h2,3> = 4y +9 =y
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17. (8 points) Decide whether the following limit exists. If it does ,find it. If it does not,
explain why it does not exist.

(z+y)? - (2 +w)? _ oot
(z,0,2,w)—(0,000) ZTH+Yy—z—w : o

H \jqri&bles in o limid P(oblem i< nonsence !




