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6. For which of the following functions is the double integral over
the rectangle in Figure 15 equal to zero? Explain your reasoning.

@ f(x,y)=x%y ®) f(x,y) = xy?
(© f(x,y)=sinx @ flx,y)=e¢e"

-

FIGURE 15

Exercises

1. Compute the Riemann sum Sy 3 to estimate the double integral of
f(x,y) =xyover R = {1, 3] x [1, 2.5]. Use the regular partition and
upper-right vertices of the subrectangles as sample points.

2. Compute the Riemann sum with N = M = 2 to estimate the inte-
gral of \/x + y over R = [0, 1] x [0, 1]. Use the regular partition and
midpoints of the subrectangles as sample points.

In Exercises 3-6, compute the Riemann sums for the double inte-
gral /f Flx,y)dA, where R = [1, 4] % [1, 3], for the grid and two
R

choices of sample points shown in Figure 16.

3. fyy=2x+y 4. fx, ) =7

5, f(x,y) =4x 6. f(x,y)=x-2y
y y
3 eiele 3 .
2 . . g - -
1 2 3 4 1 2 3 4
A) ®B)

FIGURE 16

7. Let R = [0, 1] x [0, 1]. Estimate f/ (x + y) dA by computing
R

two different Riemann sums, each with at least six rectangles.

8. Evaluate f/ 4dA, where R = [2, 5] x [4,7].
JR

(15— 3x)dA, where R =1[0,5] x[0,3], and

44444

10. Evaluate // (=35)dA, where R = [2,5] x [4,7].
A

11. The following table gives the approximate height at quarter-meter
intervals of a mound of gravel. Estimate the volume of the mound by
computing the average of the two Riemann sums Sy 3 with lower-left
and upper-right vertices of the subrectangles as sample points.

075101 02 02 015 01
05 {02 03 05 04 02
0251015 02 04 03 0.2
0 01 015 02 015 01

Y10 025 05 075 1

12. Use the following table to compute a Riemann sum 83 3 for f (x, y)
on the square R == [0, 1.5] x {0.5, 2]. Use the regular partition and
sample points of your choosing.

Values of 7(x, y)

2 26 217 186 1.62 144
1522 18 157 137 122
18 15 129 112 1

05|14 117 1 0.87 0.78
0 1 0.83 071 0.62 0.56

A 15 2

1 pl 4 4

e Y dydx
0 JO

using the regular partition and the lower left-hand vertex of each sub-

rectangle as sample points. Use a computer algebra system to calculate
Sy, n for N = 25, 50, 100.

13. £A5 Let Sy, y be the Riemann sum for

14. CAS Let Sy, be the Riemann sum for

4 p2 .
/ f In(l + x2 + y?) dy dx
0 JO

using the regular partition and the upper right-hand vertex of each sub-
rectangle as sample points. Use a computer algebra system to calculate
Son, v for N =25, 50, 100.

In Exercises 1518, use symmetry to evaluate the double integral.

150 f / x3dA, R=[-4 4] x[0,5]
R
16. /f 1dA, R=1[24]%1-7,7]
R
17. /fR sinxdA, R =10,2n]x[0,2n]

18. f/R (2+x2y) dA, R=10,1]x[~1,1]

In Exercises 19-36, evaluate the iterated integral.

3 p2 2 p3
19. / / x3ydydx 20. / / x3ydxdy
1 JO 0 J1
= p9 p8 -1 p8
21?"/ / ldxdy 22. / f (—=5)dxdy
' Ja Je3 —~4 Ja4
. 1 e 1 rm
23, f f x2sinydydx 24. / f x?sinydxdy
- J-1Jo -1J0

6 pd 6 4
25. / / x%dx dy 26. / f y2 dx dy
: 2 J1 2 J1

1 p2 2 p2
27. f / (x +4y3) dx dy 28, / / (x2 -y dydx
0 JO 0 JO

4 9
29. / f Vx+4dydxdy
0 JO



xj4 pm)2 2 4
30, / / cos(2x + y)dydx 31, f / dydx
0 n/4 J1 Jo x4y
24 4 5
32. / / XY dydx 33. / / dydx
1 J2 0 Jo ~x+Yy
8 2 . 2 r3
34, /‘ / xdxdy 35, / / In(xy)dydx
0 J1 VxZ4y . 1 J1 M

1 r3 1
36. f f — 3 dxdy
0 Jo (x+4y)

In Exercises 3742, evaluate the integral.

,~ X
37, ~dA, R=[-2,4 1,3
(W//fm [—2,4]  [1, 3]

38. /fR x?ydA, R=[-1,1]1x10,2]

39. f/R cosxsin2yd4, R=[0,%]x[0,%]

Y =
40. f/Rx+ldA’ R =1{0,2] % [0, 4]

41?]] Fsinydd, R=10,21x[0,%
A [0, %]

42. / / SFHY gA, R =10, 1] x [1,2]
R

- 43, Let f(x,y) = mxyz, where m is a constant. Find a value of m such

that f/R f(x,y)dA =1, where R = [0, 1] x [0, 2].

3 rl

44, BEvaluate I = / / ye*” dy dx. You will need Integration by
1 J0

Parts and the formula

/ St —xDdx =x"t +C
Then evaluate I again using Fubini’s Theorem to change the order

of integration (i.e., integrate first with respect to x). Which method is
easier?

SECTION 15.1 Integration in Two Variahles 831

1 p1
45, Evaluate f f y+/ 1+ xy dy dx. Hint: Change the order of in-
0 J0
tegration.

1 pl )
46. Evaluate f / xe*¥ dx dy. Hint: Change the order of integra-
0 J0

tion.

1 pl
47, Evaluate f / J dy dx. Hint: Change the order of inte-
o Jo l+=xy
gration.

48. Calculate a Riemann sum S3 3 on the square R = [0, 3] x [0, 3]
for the function f(x, y) whose contour plot is shown.in Figure 17.
Choose sample points and use the plot to find the values of f(x, y) at
these points.

y

3\

NN

1 345
2\\

0 1 2 3 "

FIGURE 17 Contour plot of f(x, ).

49. Using Fubini’s Theorem, argue that the solid in Figure 18
has volume AL, where A is the area of the front face of the solid.

Side of area A

FIGURE 18

Further Inéights and Challenges

50. Prove the following extension of the Fundamental Theorem of Cal-
2

9“F
culus to two variables: If ——— = f(x, y), then
dx dy

.//R flx,y)dA = F(b,d) — F(a,d) — F(b,c) + F(a,c)

where R = [a, b] X [c, d].
2
F
51. Let F(x,y) = x~1e*?. Show that 9
dx 0y
sult of Exercise 50 to evaluate / A ye*? d A for the rectangle R =

[1,3] x [0, 1].

= ye*” and use the re-

3%F
52. Find a function F(x,y) satisfying
dx dy
result of Exercise 50 to evaluate f / 6x2y dA for the rectangle
: R

R =1[0,11x[0,4].

= 6x2y and use the

53. Inthisexercise, we use double integration to evaluate the following
improper integral for & > 0 a positive constant:

00 ,~X _ ,—aX
1@ :f ¢ "¢ ux
0 X

—-X _ ,—ax

(a) Use L’Hopital’s Rule to show that f(x) = ¢ , though

not defined at x = 0, can be made continuous by assigning the value

f@)=a~1

(b) Prove that | f(x)| < e™* + ™% for x > 1 (use the triangle in-
equality), and apply the Comparison Theorem to show that I (a) con-
verges.

[e0) a
(c) Show-that I(a) = / / e dydx.
0 1
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Exercises
1. Calculate the Riemann sum for f(x,y) = x — y and the shaded
domain D in Figure 21 with two choices of sample points, e and o.
Which do you think is a better approximation to the integral of f over
D?Why?
y

4
[
o1 o iNe
3 X
2

o o D/
1

1 2 3
FIGURE 21
2. Approximate values of f(x, y) at sample points on a grid are given

f(x,y)dx dy for the shaded domain by

computing the Riemann sum with the given sample points.

in Figure 22. Estimate

y
1
33 351 39
ﬂ LX) 03'5 .
. e |29 4
2,7\ 23 |5\
J2] e3]36 },
os| C T N4
[ [ * A .3.6
37731 |32 32 %
-1.5 1
. FIGURE 22

3 ‘ﬁxpress the domain D in Figure 23 as both a vertically simple

AT‘e"g'i'on and a horizontally simple region, and evaluate the integral of
f(x,y) = xy over D as an iterated integral in two ways.

FIGURE 23

4, Sketch the domain

D:0=<x=x1, x2§y54—-x2
and evaluate f / y dA as an iterated integral.
D

In Exercises 5-7, compute the double integral of f(x, y) = x2y over
the given shaded domain in Figure 24.

5. (&) L6 3B }(C)

Ty y oy

2 - 2 ‘ 2

11 ‘ 1+ 1+
f——tt X e — X L X
1234 1234 1234
@ ®B) ©

FIGURE 24

8. Sketch the domain D defined by x +y <12, x >4, y > 4 and *

compute / / &Y dA.
D

9. Integrate f(x,y) = x over the region bounded by y = x% and
y=x+2.

10. Sketch the region D between y =x2 and y = x(1 —x). BEx-
press D as 2 simple region and calculate the integral of f(x,y) =2y
over D.

N
{ 11} Evaluate / f 24 d A, where D is the shaded part of the semicircle
Nt DX
of radius 2 in Figure 25.

12. Calculate the double integral of f(x, y) = y2 over the thombus R
in Figure 26.

y
44
3 R
L
2 5
} } b X -4 ¥
[ 1 2 .
FIGURE 25 y = v4 — x2. FIGURE 26
x|+ 3yl < 1.

13. Calculate the double integral of f(x, y) = x + y over the domain
D={(x,y) x> +y* S4,y=0}

14. Integrate f(x,y) =x +y+ 1)~2 over the triangle with vertices
(0, 0), (4, 0), and (0, 8).

15. Calculate the integral of f(x, y) = x over the region D bounded
above by y = x(2 — x) and below by x = y(2 — y). Hint: Apply the
quadratic formula to the lower boundary curve to solve for y as a func-
tion of x.

16. Integrate f(x,y) = x over the region bounded by y=ux,y=
4x — x2, and y = 0 in two ways: as a vertically simple region and
as a horizontally simple region.

In Exercises 17-24, compute the double integral of f(k,y) over the
domain D indicated.

17. f(x,y):xzy; 1<x<3, x<y<2x+1
18 fx,y)=1; 0<x=<1 l=<y<e
ﬁi§f@»&=m 0<x<l, lsy<é”

20. f(x,y)=cos@x+y); s<x=<% 1<ys2x
21 F(x,y) =2xy,bounded by x =y, x = y%

22. f(x,y)=sinx;bounded by x = 0,x =1,y =cosXx

23. f(x,y) = €*17;bounded by y =x — 1,y = 12 — x for
2<y=<4

24, f(x,y) = (x-{—y)‘l;boundedbyy:x,y:1,y =¢g,x=0
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" i In Exercises 25-28, sketch the domain of integration and express as an 39, f(x,y) = exz, (A)

; iterated integral in the opposite order.
/ 40. flx,»)=1-2x, (B)

' 9 r3

;( 2. fix,y)dyd 26. fx,y)dxd

ff " /4/ﬁ nREE i fEn =% ©
,!;’ 9 I 1 e
/ 27.A /2 flx,y)dxdy 28./0 /e Ffx, y)dydx 42, f(x,y)=x+1, D)

i -

/ 29. Sketch the domain D corresponding to 43, Galculate the double integral of f(x,y) = % over the region
4 r2
f / /452 +5ydxdy D Flgure 28.
0 JJSy

Then change the order of integration and evaluate.

30. Change the order of integration and evaluate

1 pn/2 2
f / xcos(xy)dx dy /D
0 JO y

Explam the simplification achieved by changing the order.

<
il
MR

kl Compute the integral of f(x,y) = (In y)‘ over the domain D X

bounded by y = ¢* and y = eV, Hint: Choose the order of integra-
tion that enables you to evaluate the integral. ~ FIGURE 28

32. Evaluate by changing the order of integration:

4 2
. 3 .
f / siny’ dy dx 44, Bvaluate /f x d A for D in Figure 29.
0 ﬁ D .

In Exercises 33~36, sketch the domain of integration. Then change the 7
order of integration and evaluate. Explain the simplification achieved
by changing the order.

4 2
ffs—lB—)—Cd dy 34.f/ Vi3 + ldxdy
0o Jyy

’ 1 pl
;_' 35 / / xe”’ dydx " 36. f / xey4dydx
— —x2/3

) 37 \Sketch the domain D where 0 < x <2,0 < y<2andxoryis FIGURE 29

greater than 1. Then compute / / TV dA.
D

45. Find the volume of the region bounded by z = 40 — 10y, z =0,
38. Calculate // e* dA, where Disbhounded by thelines y = x + 1, y=0,andy =4 —x2.
y=x,x=0,andx =1, ; . 2
46. Find the volume of the region enclosed by z =1 — y“ and z =
In Exercises 39-42, calculate the double integral of f(x,y) over the yr—1for0<x <2
triangle indicated in Figure 27.

47. Find the volume of the region bounded by z =16 —y, z =1y,

— 42 _Q_ 2
y y y=x%andy =8 —x~.
4 4 48, Find the volume of the region bounded by y =1 — X%, z=1,
3 3 - _ _
5 Ve 2 y=0,andz+y =2
: el
I8 o i e 1
E2 x va x 49 Set up a double integral that g1ves the volume of the regmn bounded
12345 12345 by’thetwoparabololdsz—x +y and 7 = 8 — x2 —y (Do not
(A) ®3) evaluate the double integral.)
y y
5 5 50. Setup adouble integral that gives the volume of the region bounded
4 2 4 byz:l—yz,z=y,x=O,y=0,andx+y=1.(Donotevaluate
3 : 3 the double integral.) .
2 2ty
1 1y 51. Calculate the average value of f(x,y)=e**? on the square
12345 12345 [0, 11 x [0, 11.
© (o)}

52. Calculate the average height above the x-axis of a point in the
FIGURE 27 region0 <x <1,0<y < x2
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53. Find the average height of the “ceiling” in Figure 30 defined by
z=y2sinxfor05x§7r,05y <1

z=y?sin

T

FIGURE 30

54. Calculate the average value of the x-coordinate of a point on the
semicircle x2 -+ y2 < R2, x > 0. What is the average value of the y-
coordinate?

55, What is the average value of the linear function

fG,y)=mx+ny+p
. x\2 y\2
on the ellipse <5) + (;) < 17 Argue by symmetry rather than cal-
culation.

56. Find the average square distance from the origin to a point in the
domain D in Figure 31.

FIGURE 31

57. LetDbetherectangle 0 < x < 2,——% <y< %,andletf(x, y) =

v/ x3 + 1. Prove that
3
fx,»dA < -
D 2

58. () Use the inequality 0 < sinx < x for x > 0 to show that

1 rl 1
/ / sin(xy)dxdy < -
0 Jo 4

(b) Use a computer algebra system to evaluate the double integral to
three decimal places.

< 7, where D is the disk

’ d
59, Prove the inequali ——
quatty //:D 44x24y2
x2 -+ y2 <4,

60. Let D be the domain bounded by y = %% +1and y = 2. Prove tL:

inequality
4 20
= 5// @ +yh)dA < —
3 D 3

61. Let  be the average of £(x,) =xy* on D = [0, 1] x [0, 4].
Find a point P € D such that f(P) = f (the existence of such a point
is guaranteed by the Mean Value Theorem for Double Integrals).

62. Verify the Mean Value Theorem for Double Integrals for f (x, y) =
e*Y on the triangle bounded by y = 0, x = 1,and y = x.

In Exercises 63 and 64, use (11) to estimate the double integral.

63. The following table lists the areas of the subdomains D; of the
domain D in Figure 32 and the values of a function f(x, y) at sample

points Pj e Dj.Estimate // flx,y)dA.
D

7 ]1 2 3 4 35 6

Area(D;) | 12 11 14 06 12 08
FPp 9 91 93 91 89 88

o7

Domain D

FIGURE 32

64. The domain D between the circles of radii 5 and 5.2 in the
first quadrant in Figure 33 is divided into six subdomains of angu-
lar width A0 = %, and the values of a function f(x,y) at sample
points are given. Compute the area of the subdomains and estimate

/./D flx,y)ydA.

FIGURE 33

65. According to Eq. (3), the area of a domain D is equal to f f 1dA.
D

Prove that if D is the region between two curves y = g1(x)_and
y = go(x) with g2(x) < g1(x) fora < x < b, then

//D LdA = /ab(gl(x) — g (x))dx
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The iterated integral may be written in any one of six possible orders—for example,

q d b
/ f £y, 2 dudydz
Z':P y:c X=q

* A z-simple region YV in R3 is a region consisting of the points (x, y, z) between two
surfaces z = z1(x, y) and z = z3(x, y), where z1(x, y) < z2(x, y), lying over a domain
D in the xy-plane. In other words, W is defined by

(x,y) €D, 710, y) <z < 22(x,y)

Similarly, we have x-simple regions and y-simple regions.
* The triple integral over W is equal to an iterated integral:

[, sovav= [ (207, senoacfa

* The average value of f(x, y, z) on aregion W of volume V is the quantity

?=%//fw flx,y,2)dv, V=///W 1dv

15.3 EXERCISES

Preliminary Questions

1 pd p7
1. Which of (a)—(c) is not equal to / / / fx,y,2)dzdydx?
0 J3 J6

(a) /:‘/01/;4f(x,y,z)dydxdz
(b) f;/()l/;f(x,y,z)dzdxdy

(©) /()1/34/6.7f(x,y,z)‘dxdzdy

2. Which of the following is not a meaningful triple integral?

1 px p2x+4y
(@ / f f EV gady dx
0 JO Jx+y

1 pz p2x+y
(b) / / / F Y gz dy dx
0 JO Jx+y

3. Describe the projection of the region of integration W onto the
xy-plane:

@) /01 /ox ,/ox2+y2 f(x,y,2)dzdydx

(b) _/0‘1/0«/1_7/24f(x,y,z)dzdydx

Exercises
In Exercises 1-8, evaluate / / 5 fx,y,2)dV forthe specified func-
tion f and box B.

L fx,y0=2% 2<x<8 0<y<5 0<z<1
2 f(x,y,2) =225 [-2,3]1x[1,3] x[1, 4]
”i"3-,,f(x,y,z)=xey“27'; 0<x=<2 0<y=<l, O0s<z<l

X
4 f(x,9,2) = ——=; [0,2] x [2,4] x [—1,
f(x3.2) gy [0,2] x [2,4] x [-1,1]

07
S Sy =E-»0 -2 [0,11x[0,3]1x[0,3]
6. f(x,y,z)=§; 1=x=<3 0=<y=<2 0<z<4
7f(x ¥,2) = (x+2% [0,a] x [0,5] x [0, c]

8 fl,y,2) =G +y—2% [0,a]l x[0,b]x[0,c]

In Exercises 9-14, evaluate / f / f(x,y,2)dV for the function f
w
and region W specified.

9. f,»,0)=x+y; W:iy<z<x, 0<y=<yx, 0<x<l1

10. f(x,y,2) =" Wi0<z<1, 0<y<=x O0<x<1

o
(W fx,y,2) =xyz; Wi0=<z<1, 0<y=<v1-x2

O0=<x=x1
12. f(x,y,20)=x; W:ixt+y2<z<4

13, f(x,y,2)=¢* Wix+y+z=<l, x>0, y=0,
7220

4. f(x,y,2)=2;, W:x?<y=<2 0<x<l,
x—y<z=<x+y

15‘.4; Calculate the integral of f(x, y, z) = z over the region W in Fig-
ure 11 below the hemisphere of radius 3 and lying over the triangle D
in the xy-plane bounded by x = 1, y = 0, and x = y.



>

FIGURE 11

16. Calculate the integral of f(x,y,2) = e* over the tetrahedron W
in Figure 12.

FIGURE 12

17, /Integrate S(x,y,2) = x over the region in the first octant x>

O,y_>_0,z20)abovez=y2andbelowz=8-2x2—y2.

18. Compute the integral of F(x,y,2) = y? over the region within the
cylinder x2 4 y2 =4, where 0 < z < y.

19. Find the triple integral of the function z over the ramp in Figure
13. Here, z is the height above the ground.

FIGURE 13

20. Find the volume of the solid in R3 bounded by y =x%, x = y2,
=x-+y+5andz = 0.

21. Find the volume of the solid in the octant x > 0,y > 0,z > 0

bounded by x 4+ y 4+ z = 1 andx +y+2z =1,

22. Calculate / / / ydV,where W is the region above z = 2 +y?
w

and below z = 5, and bounded byy=0andy=1.

23. Evaluate / / [ xzdV, where W is the domain bounded by the
w

2 2
elliptic cylinder -2- + % =1 and the sphere x2 + y2 1 2 — 16 in

the first octant x > 0,y > 0, z > 0 (Figure 14),

SECTION 153 Triple Integrais 855

x X2+y2+22=16
FIGURE 14

24. Describe the domain of integration and evaluate:

3 pa/9-x? 0 f9-x2252
/ / / xydzdydx
0 Jo 0

25. Describe the domain of integration of the following integral:
2 A= 5o
[_2/_\/‘;2_ | S, y,2)dydx dz
26. Let W be the region below the paraboloid

P24y =g2

that lies above the part of the plane x +y + z = 1 in the first octant
(x =0,y >0,z > 0). Express

//W fex,y,20dv

as an iterated integral (for an arbitrary function f).

27. In Example 5, we expressed a triple integral as an iterated integral
in the three orders

dzdydx, dxdzdy, and dydzdx
Write this integral in the three other orders:
dzdxdy, dxdydz, and dydxdz
28. Let W be the region bounded by
Y+z=2, 2x=y, x=0, and z=0

(Figure 15). Express and evaluate the triple integral of f(x, y, z) = z
by projecting ¥V onto the:
(a) xy-plane.

(b) yz-plane. (¢) xz-plane.

Upper face
yt+z=2

FIGURE 15
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4. An ordinary rectangle of sides Ax and Ay has area Ax Ay, no
matter where it is located in the plane. However, the area of a polar
rectangle of sides Ar and A6 depends on its distance from the origin.

How is this difference reflected in the Change of Variables Formula f()\
polar coordinates?

Exercises

In Exercises 16, sketch the region D indicated and integrate f(x, y)
0)/(27‘ D using polar coordinates.

)f(x N=vVa2+y%, 24y?<2
2 fGy) =x2+y%
3. flx,y) =xy;
4 flx,y) =yE:+yH3

(5. Fe N =y62+yH)7Y yz 1k,

1<x2+y2<4
x>0, y=>0, x2+y2§4
20, x2+y*<1
2 +yt<1

6 Fx,y) ="t 32432 <R

In Exercises 7-14, sketch the region of integration and evaluate by
changing to polar coordinates.

2 pafd—x2
7. / / % +y¥) dy dx
-2 J0
3 pa/9—y2
8. / / Vx2 +y2dxdy
0 JO
p12 pa/1-x2
9./.»/ / xdydx
~JO 3%
4 paf16-52 y
10. / / tan™1 dydx
0 Jo x
5 py
11. / / xdxdy
0 Jo
2 p3x
12. / / ydydx
0 Jx

2 pafd—x2
13. / / (% + y2) dydx
-~1J0

y

’ 2 2x—x2 1
14, / / e dy dx
1J0 VxZ 452

In Exercises 15-20, calculate the integral over the given region by
changing to polar coordinates.

15 fo, ) =GE2+yH)7% 22432 <2, x>1

16. f(x,y)=x; 2<x2+y*<4

17. fOy) = lxyl; x2+y2<1

18 f, ) =E2+yH)732 22432 <1, x+y>1
A9 fryy=x—y; x2+y <1, x+y>1

20 foyy =y x2+y2<1, -12+y2<1

21. Findthe volume of the wedge-shaped region (Figure 18) contained
in the cylinder x2 + y = 9, bounded above by the plane 7 = x and be-
low by the xy-plane.

FIGURE 18

22. Let W be theregion above the sphere x2 + y + 7% = 6and below
the paraboloid 7 = 4 — x% — 2.

(a) Show that the projection of W on the xy-plane is the disk
x% + y < 2 (Figure 19).

(b) Compute the volume of W using polar coordinates.

FIGURE 19

. 23/ Evaluate V%2 + y2 dA, where D is the domain in Figure 20.

Hint: Find the equation of the inner circle in polar coordinates and treat
the right and left parts of the region separately.

FIGURE 20

24, Evaluate / / x4/x2 + y2 d A, where D is the shaded region en-
D

closed by the lemniscate curve r2 = sin 26 in Figure 21.
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r2=gin 26

0.5

FIGURE 21

25. Let W be the reg1on above the plane z = 2 and below the parabo-
loidz =6 — (x +y )

(a) Describe W in cylindrical coordinates.

(b) Use cylindrical coordinates to compute the volume of W,

26. Use cylindrical coordinates to calculate the integral of the func-
tion f(x, y, z) = z over the region above the disk x2+ y2 < linthe
xy-plane and below the surface z = 4 + x% + y2.

In Exercises 27-32, use cylindrical coordinates to calculate

/ / / Fx,y,2)dV for the given function and region.
w

21 f @y ) =x2+y% x2+y2<9, 0<z<5

28, fe,y. ) =xz x*+y* <],
29, f(x,y,z)=y;
30 F,y,2) =z/x2+ 92 x +y25158_(x2+y2)

\\ 31 f(xyz)-—z, x24+y*<z<9

xz0, 0<z=<2

x24+y2<1, x>0, y=0, 0<z<2

3, fe,y, D)=z 0<z=<x*+y2<9

In Exercises 33-36, express the triple integral in cylindrical coordi-
nates.

f /-_J;;/ fGx,y,2)dzdydx

1 py=a/1—x2
34, / / / flx,y,2)dzdydx
0 —-x2

2

f/ —x2/ yf(x,y,z)dzdydx

y=v/22—x2 pfxT4y2
ff fo fle,y,2)dzdydx

A37 ,Fmd the equation of the right-circular cone in Figure 22 in cylin-
“drical coordinates and compute its volume.

FIGURE 22

Integration in Polar, Cylindrical, and Spherical Coordinates 865

38. Use cylindrical coordinates to integrate f (x, v, z) = z over the in-
tersection of the solid hemisphere %2+ y2 + 72 <4, 7z >0, and the
cylinder %2+ y? =< 1.

39. Find the volume of the region appearing between the two surfaces
id Figure 23.

FIGURE 23

40. Use cylindrical coordinates to find the volume of a sphere of ra-
dius a from which a central cylinder of radius b has been removed,
where 0 < b <a.

41. Use cylindrical coordinates to show that the volume of a sphere of
radius a from which a central cylinder of radius b has been removed,
where 0 < b < g, only depends on the height of the band that results.
In particular, this implies that such a band of radius 2 m and height 1 m
has the same volume as such a band of radius 6,400 km (the radius of
the earth) and height 1 m.

42, Use cylindrical coordinates to find the volume of the region

bounded below by the plane z = 1 and above by the sphere x2 + y2 +
2

7 =4,

43. Use spherical coordinates to find the volume of the region bounded
below by the plane z = 1 and above by the sphere x2 + y2 + 72 = 4,

44. Use spherical coordinates to find the volume of a sphere of radius 2
from which a central cylinder of radius 1 has been removed.

In Exercises 45-50, use spherical coordinates to calculate the triple
integral of f(x, v, z) over the given region.

45. f(x,y,0)=y; x*2+y*+72<1, x,9,2<0

46. f(x,y,20)=p"3 2<x2+y2+72<4

-

\47 fEynD=x2+y% p=<l

48. fir,y,0)=1 2> +y?+22<4z, 2> /x2+)2
9. fxy, 0 =val+y2+2% 242 +2<2

50. f(x,y,0)=p; x*+y*+72<4, z<1, x>0
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S1. Use spherical coordinates to evaluate the triple integral of
G, ,2) = z over the region

k2

0<6sZ, 05¢sg—, 1<p<2

52. Find the volume of the region lying above the cone @ = ¢q and
below the sphere p=R.
53. Calculate the integral of
@y ) =2 +y2 4 2302
over the part of the bal] x2 +y2 42 =< 16 defined by z > 2.

54. Calculate the volume of the cone in Figure 22, using spherical
coordinates.

55. Calculate the volume of the sphere x2 + ¥ 2= a2, using both
spherical and cylindrical coordinates.

56. Let W be the region within the cylinder x2 +¥% = 2 between z=
0 and the cone z = /32 + 32, Calculate the integral of f(x, y, 7) =
224 ¥? over W, using both spherical and cylindrical coordinates,

57. Bell-Shaped Curve One of the key results in calculus is the com-
putation of the area under the bell-shaped curve (Figure 24):

oo 2
I=/ e dx

-0

This integral appears throughout engineering, physics, and statistics,::

2 Sy .
and although ¢™*" does not have an elementary antiderivative, we can
compute / using multiple integration.

(a) Show that 12 = J » Where J is the improper double integral

[oe] [oe] 2 2
Jz/ / e Y dx dy
—00 J —00
2

Hint: Use Fubini’s Theorem and e~%*~>* — g=+* 1~y .
(b) Evaluate J in polar coordinates,
(¢) Prove that J = NZE

2 l 1 2
FIGURE 24 The bell-shaped curve y = ¢=*2,

Further Insights and Challenges

58. An Improper Multiple Integral Show that a triple integral of
2+ 2 +72 + )72 overall of R3is equal to 72, This is an improper
integral, so integrate first over P = Randlet R — oo,

59. Prove the formula

b4
nrda=-Z
J[ e ”

where r = V%2 +y2 and D is the unit disk x? 4+ y2 < 1. This is an

improper integral since In r is not defined at (0,0), so integrate first
over the annulus ¢ < <1,where0 < g < 1,and letg — 0,

1
60. Recall that the improper integral / x4 dx converges if and only
0

if a < 1. For which values of a does / rTdA converge, where
D

7 =v/x2 + 32 and D is the unit disk x2 +y2<1?

15.5 Applications of Multiple Integrals

This section discusses some applications of multiple integrals. First, we consider quantities
(such as mass, charge, and population) that are distributed with a given density § in R? or
R3.In single-variable calculus, we saw that the “total amount” is defined as the integral
of density. Similarly, the total amount of a quantity distributed in R2 or R? is defined as
the double or triple integral:

Totalamount:// 8(x, y)dA or /// 3(x,y,2)dV
D w

The density function § has units of “amount Per unit area” (or per unit volume).

The intuition behind Eq. (1) is similar to that of the single-variable case, Suppose, for
example, that §(x, y) is population density (Figure 1), When density is constant, the total
population is simply density times area:

Population = density (people/km?) x area (km?)

To treat variable density

in the case, say, of a rectangle R, we divide R into smaller

rectangles R;; of area Ax A ¥y on which § is nearly constant (assuming that § is continuous
on R). The population in Rij is approximately § (P; j) Ax Ay for any sample point P;; in



874 CHAPTER 15 MULTIPLE INTEGRATION

* Radius of gyration: r, = (I/M)!/?
* Random variables X and ¥ have joint probability density function p(x, y) if

b d
P(asXsb;chsd)=/ f plx,y)dydx
x=q Jy=¢

* Ajoint probability density function must satisfy p(x, y) > 0 and

(o) o0}
/ / p(x,y)dydx =1
x=m—00 o y=—00

15.5 EXERCISES

Preliminary Questions

1. What is the mass density 8 (x, y, z) of a solid of volume 5 m3 with
uniform mass density and total mass 25 kg?

2. A domain D in R? with uniform mass density is symmetric with
respect to the y-axis. Which of the following are true?

@) xcm =0 (b) yem =0 (© Iy =0 @ =0

3. If p(x,y) is the joint probability density function of random
variables X and ¥, what does the double integral of p(x,y) over
[0, 1] x [0, 17 represent? What does the integral of p(x, y) over the
triangle bounded by x =0,y = 0, and x + y = 1 represent?

Exercises
{‘1. /Find the total mass of the square 0 < x < 1,0 <y < 1 assuming
a mass density of

8(x,y) = x? + y?

2. Calculate the total mass of a plate bounded byy=0andy=x"1
for 1 < x < 4 (in meters) assuming a mass density of 8(x, y) = y/x
kg/m?.

3. Find the total charge in the region under the graphof y = 4e=%2/2

for0 < x < 10 (in centimeters) assuming a charge density of § (x, y) =
10"6xy coulombs per square centimeter (C/cm?).

4. Find the total population within a 4-km radius of the city cen-
ter (located at the origin) assuming a population density of §(x, y) =
2000(x2 + y2)=02 people per square kilometer.

5. Eind the total population within the sector 2|x| < y < 8 assuming
a population density of 8(x, y) = 100e=0-1¥ people per square kilo-
meter.

6. Find the total mass of the solid region W defined byx >0,y >0,
x2 + y2 <4, andx <z7<32-~x (in centimeters) asswming a mass
density of §(x, y, ) = 6y glemd.

7. Calculate the total charge of the solid ball x2 + 2 +72<5 (in
centimeters) assuming a charge density (in coulombs per cubic cen-
timeter) of

8x,,2) = 3- 1078 (x2 +y2 4 )12

8. Compute the total mass of the plate in Figure 10 assuming a mass
density of f(x, y) = xz/(x2 + yz) g/cmz.

/.
/T
/\3

10
FIGURE 10

9. Assume that the density of the atmosphere as a function of alti-
tude 7 (in kilometers) above sea level is 8 (h) = ae=" kg/km3, where
a = 1.225 x 10% and b = 0.13. Calculate the total mass of the atmo-
sphere contained in the cone-shaped region v/x2 + y2 < 4 < 3,

10. Calculate the total charge on a plate D in the shape of the ellipse
with the polar equation

= lsin29 + lcos29 -
6 9

with the disk x2 + ¥ <1 removed (Figure 11) assuming a charge den-

sity of p(r, 8) = 3r~* Clem?.

FIGURE 11

In Exercises 11-14, find the centroid of the given region assuming the
density 8(x, y) = 1.

11. Region boundedby y =1—xZandy = 0

12. Region bounded by y2 = x + 4 and x = 4

13 ;Quarter circle 24+ y2<R%x >0,y>0

14, Infinite lamina bounded by the x- and y-axes and the graph of
y=e*
15. CA'S  Use a computer algebra system to compute numerically

the centroid of the shaded region in Figure 12 bounded by r2 = cos 20
forx > 0.



~<

r2

= oS 28

FIGURE 12

16. Show that the centroid of the sector in Figure 13 has y-coordinate

()

Y

v

l X

FIGURE 13

In Exercises 17-19, find the centroid of the given solid region assuming
a density of §(x, y) = 1.

17. Hemisphere x2 + y2 4 72 < R%,z>0

18. Region bounded by the xy-plane, the cylinder x2 + ¥y = RZ%, and
the plane x/R + z/H = 1, where R > O and H > 0

19. The “ice cream cone” region W bounded, in spherical coordinates,
by the cone ¢ = /3 and the sphere p = 2

20. Show that the z-coordinate of the centroid of the tetrahedron
bounded by the coordinate planes and the plane

Y
b

Tiliiog
a (5

in Figure 14 is 7 = ¢/4. Conclude by symmetry that the centroid is
(0/4, b/4a 0/4)

FIGURE 14

QL F‘Find the centroid of the region W lying above the unit sphere
%21 y2 422 = 6 and below the paraboloid z = 4 — x2 — y2? (Fig.
ure 15).

SECTION 155 Applications of Muitiple Integrals 875

FIGURE 15

22. TetR > Oand H > 0, and let W be the upper half of the ellipsoid
%2+ 3% + (Rz/H)? = R?, wherez > 0 (Figure 16). Find the centroid
of W and show that it depends on the height H but not on the radius R.

X

FIGURE 16 Upper half of ellipsoid x2 + y% + (Rz/H)? = R2, 7 > 0.

In Exercises 23-26, find the center of mass of the region with the give\n
mass density 8.

23. Region bounded by y =4 — x, x =0, y=0; 8(x,y)=x
24. Regionbounded by y? = x +4andx = 0; 8(x,y) = [yl
25. Region |x| + |y| < 1; 8(x, N=&+Dy+1

26. Semicircle x* + y2 < R2,y > 0, 6(x,y) =y

27. Find the z-coordinate of the center of mass of the first octant of the
unit sphere with mass density 8(x, y, z) = y (Figure .

Z

FIGURE 17

28. Find the center of mass of a cylinder of radius 2 and height 4 and
mass density e ™%, where 7 is the height above the base.
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29. LetR be the rectangle [—a, a] x [b, —b] with uniform density and
total mass M. Calculate:

(a) The mass density § of R

(b) Iy and Iy

(¢) The radius of gyration about the x-axis

30. Calculate I, and Iy for the rectangle in Exercise 29 assuming a
mass density of §(x, y) = x.

31. Calculate Iy and I for the disk D defined by x2 + y2 < 16 (in
meters), with total mass 1000 kg and uniform mass density. Hint: Cal-
culate Iy first and observe that Iy = 21,. Express your answer in the
correct units.

32. Calculate Iy and I, for the half-disk x2 4+ y2 < R?, x > 0 (in me-
ters), with total mass M kilograms and uniform mass density.

In Exercises 33-36, let D be the triangular domain bounded by the co-
ordinate axes and the line y = 3 — x, with mass density §(x, y) = y.
Compute the given quantities. '

33 I Total mass 34, Center of mass
35, I, 36. I

In Exercises 37-40, let D be the domain between the line y = bx /a
andthe parabolay = bx?* / a?, wherea, b > 0. Assume the mass density
is 8(x,y) = 1 for Exercise 37 and 8(x, y) = xy for Exercises 38—40.
Compute the given quantities.

37. ;Centroid 38. Center of mass
39, I, 40. I

41. Calculate the moment of inertia Iy of the disk D defined by
x% + y2 < R? (in meters), with total mass M kg. How much kinetic
energy (in joules) is required to rotate the disk about the x-axis with
angular velocity 10 rad/s?

42. Calculate the moment of inertia I, of the box W = [~a, a] x
[~a, a] x [0, H] assuming that W has total mass M.

43. Show that the moment of inertia of a sphere of radius R of total
mass M with uniform mass density about any axis passing through the
center of the sphere is %M R?. Note that the mass density of the sphere

is 8 = M/ (3 R3).
44, Use the result of Exercise 43 to calculate the radius of gyration of

a uniform sphere of radius R about any axis through the center of the
sphere.

In Exercises 45 and 46, prove the formula for the right circular cylinder
in Figure 18.

45. I, = 1 MR? 46. Iy = 1MR? + L MH?

FIGURE 18

47. The yo-yo in Figure 19 is made up of two disks of radius 7 = 3 cm
and an axle of radius » = 1 cm. Each disk has mass M7 = 20 g, and
the axle has mass My =5 g.

(a) Use the result of Exercise 45 to calculate the moment of inertia 1.
of the yo-yo with respect to the axis of symmetry. Note that [ is the
sum of the moments of the three components of the yo-yo. '

(b) The yo-yoisreleased and falls to the end of a 100-cm string, where it
spins with angular velocity w. The total mass of the yo-yoism = 45 g,
so the potential energy lost is PE = mgh = (45)(980)100 g-cm?/s2.
Find w using the fact that the potential energy is the sum of the rota-
tional kinetic energy and the translational kinetic energy and that the
velocity v = bw since the string unravels at this rate.

Axle of radius b

FIGURE 19

48, Calculate I, for the solid region W inside the hyperboloid x2 +
y? =72 4 1 between z = O and z = 1.

49. Calculate P(0 < X <2;1 <Y <2), where X and Y have joint
probability density function

A@xy+2x+y) f0<x<4aid0<y<2
0 otherwise

px, ¥y =[

50. Calculate the probability that X + ¥ < 2 forrandom variables with
joint probability density function as in Exercise 49.

51. The lifetime (in months) of two components in a certain device
are random variables X and Y that have joint probability distribution
function

o y) = @ —2x—y) ifx>0,y>0,2x+y<48
' 0 otherwise

Calculate the probability that both components function for at least 12
months without failing. Note that p(x, y) is nonzero only within the tri-
angle bounded by the coordinate axes and the line 2x + y = 48 shown
in Figure 20.

y (months)

48

2x+y=48
36+ i’

Region where x 2 12,y 212

24+
\(and 2x+y<48
12

Y x (months)
12 24

FIGURE 20

52, Find a constant C such that

| Cxy f0<xand0<y<l-=x
pix,y) = [0 otherwise

is a joint probability density function. Then calculate:
@ Px<lir<} (b) P(X27)
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15.6 SUMMARY

* Let G(u,v) = (x(u, v), y(u, v)) be a mapping. We write x = x(u, v) or x = x(u, v)

and, similarly, y = y(u, v) or y = y(u, v). The Jacobian of G is the determinant

ox Bx

3¢, y) | 3u 8w

Tac(G) = A, v) dy 9y
ou v

¢« Jac(G) = Jac(F)™!, where F = G-,
* Change of Variables Formula: If G : Dy — D has component functions with continy-
ous partial derivatives and one-to-one on the interior of Dy, and if J is continuous, then

//D f&,y)dxdy = //Do Fx,v), y@u, v)

9(x, y)
a(u, v)

dudv

* The Change of Variables Formula is written symbolically in two and three variables as

8(x, y) ' 0(x,y,2)
dd:-ﬁdd, ddd:—hddd
ray o(u, v) wav rayaz a(u, v, w) wavaw
15.6 EXERCISES
Preliminary Questions '
1. Which of the following maps is linear? 3. What is the area of GR)ifRisa rectangle of area 9 and G is a
@ (uv,v) () (u+v,u) (©) (3,¢e%) mapping whose Jacobian has constant value 47

2. Suppose that G is a linear map such that G(2, 0) = (4,0) and
G(0, 3) = (=3, 9). Find the images of:

(@) G(1,0) (b) G(1,1) © G2,1)

4. Estimate the area of G(R), where R = [1,1.2] x [3, 31]and G
is a mapping such that J ac(G)(1, 3) = 3.

Exercises

1. Determine the imageunder G(4, v) = (2u, u + v) of the following
sets;

(a) The u- and v-axes

(b) The rectangle R = [0, 5] x 0,71

(¢) The line segment joining (1, 2) and 5,3

(@) The triangle with vertices 0, 1), (1,0), and (,D

2. Describe [in the form ¥ = f(x)] the images of the lines 1 =c¢and
v = ¢ under the mapping G(u, v) = (u/v, u? — v?).

3. Let G(u, V) = (uz, v).Is G one-to-one? If not, determine a domain
on which G is one-to-one. Find the image under G of:
(a) The u- and v-axes
(b) The rectangle R = [-1, 11 x [-1,1]
(c) The line segment joining (0, 0) and 1,1
(d) The triangle with vertices 0,0),(0,1), and (1, D

4. Let G(u, v) = (e*, ¥ +v),
(@) Is G one-to-one? What is the image of G?
(b) Describe the images of the vertical lines % = ¢ and the horizontal
lines v = ¢,

In Exercises 5-12, let G, v) = Qu-+v,5u + 3v) be a map from the
uv-plane to the xy-plane,

5. Show that the image of the horizontal line v =c is the line
y= -25-x + %c. What is the image (in slope-intercept form) of the ver-
tical line u = ¢?

6. Describe the image of the line through the points (u,v) = (1, 1)
and (u, v) = (1, —1) under G in slope-intercept form.

7. Describe the image of the line v = 4y under G in slope-intercept
form, :

8. Show that G maps the line v =mu to the line of slope
(5+3m)/©2 +m) through the origin in the xy-plane.

9. Show that the inverse of G is
G0k, 3) = Bx ~ y, ~5x +2y)
Hint: Show that G(G~1(x, y)) = (x, y) and GG, v) = (u, v).

10. Use tﬁe inverse in Exercise 9 to find:
(a) A pointin the uv-plane mapping to (2, D

(b) Asegment in the uv-plane mapping to the segment Joining (-2, 1)
and (3, 4)

11. Calculate Jac(G) = %Ei’%;
u’

_ 8(u, v)
12. Calculate Jac(G™ 1) = 2¥ Y
( a(x, y)

In Exercises 13-18, compute the Jacobian (at the point, if indicated).
13, G(u,v) = Bu + 4v, u — 2v)
4. G@r,s) = (s, r +5)



. G(r0) = (rsint, r —cost), (1) =(1,m)
16. G(u, vj = (lnu, w7, @) =(,2)
17. G(r,8) = (rcos6,rsing), (r,60)=(4, %)
18. G(u, v) = (ue?, €%)

19. Find a linear mapping G that maps [0, 1] x [0, 1] to the parallelo-
gram in the xy-plane sparned by the vectors (2, 3) and (4, 1).

20. Find a linear mapping G that maps [0, 1] x [0,-1] to the parallelo-
gram in the xy-plane spanned by the vectors (~2, 5 )y and (1, 7).

21 Let D be the parallelogram in Figure 13, Apply the Change of
Variables Formula to the map G(u, v) = (5u + 3v, u + 4v) to evalu-

ate // xy dx dy as an integral over Dy = [0, 1] x [0, 1].
D

G4

6.1

FIGURE 13

22. Let G(u, v) = (u — uv, uv).

(a) Show that the image of the horizontal line v = c is y = 1 ¢
-

x if

¢ # 1, and is the y-axis if ¢ = 1.
(b) Determine the images of vertical lines in the uv-plane,
(¢) Compute the Jacobian of G.

(d) Observe that by the formula for the area of a triangle, the region D
in Figure 14 has area %(b2 —d?). Compute this area again, using the
Change of Variables Formula applied to G,

(e) Calculate / / xydxdy.
D

—-X

a b

FIGURE 14

23. Let G(u,v) = Bu + v, u — 2v). Use the Jacobian to determine
the area of G(R) for:

(a R =1[0,3]x[0,5] ®) R=1[(2,5]x[1,7]

24. Findalinear map T that maps [0, 1] x [0, 1] to the parallelogram P
in the xy-plane with vertices (0, 0),(2,2), (1,4), (3, 6). Then calculate
the double integral of e2* ™Y over P via change of variables.

25. With G as in Example 3, use the Change of Variables Formula to
compute the area of the image of [1, 4] x [1, 4].

SECTION 15.6 Change of Variables 889

In Exercises 26-28, let Rg = [0, 1] % [0, 1] be the unit square. The
translate of a map Go(u, v) = (¢ (u, v), V¥ (u, v)) is a map

Gu,v) = (a4 ¢u, v), b+ ¥(u, v)

where a, b are constants. Observe that the map Gy in Figure 15 maps
Ry to the parailelogram Py and that the translate

Gi(u,v) = 2+4u +2v, 1 + 5 +3v)
maps R to Py.

26. Find translates G, and G of the mapping Gy in Figure 15 that
map the unit square Ry to the parallelograms 7, and Ps.

27. Sketch the parallelogram P with vertices (1, 1),2,4),3,6),4,9
and find the translate of a linear mapping that maps Rg to P.

28. Find the translate of a linear mapping that maps R to the paral-
lelogram spanned by the vectors (3, 9) and (—4, 6) based at (4, 2).

y
! Goltt, ) = (4 + 20, u + 30) 23 ©9
RO ———- Po
“, 1)
“ ] X
1
y
1 (8,5)
Gi(t, )= 2 +4u+20, 1 +u+30) (4
Ro el
(6,2
“ ] X
! @0
1 y
4,5 €4
‘ﬂ ) g
22 Ly 462
1@» )

FIGURE 15

29. Let D = G(R), where G(u,v) = (% u + v) and R = [1,2] x

[0, 6]. Calculate / y dx dy. Note: It is not necessary to describe D.
D

30. LetDbetheimageof R = [1,4] x [1,4] under the map G (u, v) =

(uz/v, v2/u).

(a) Compute Jac(G).

(b) Sketch D.

(c) Use the Change of Variables Formula to compute Area(D) and

//D f(x,y)dx dy, where f(x,y) = x +y.

31. Compute / / (x +3y) dx dy, where D is the shaded region in
D
Figure 16. Hint: Use the map G(u, v) = (u — 2v, v).

y
\ x+/2y=10
\3.\
1fm—m——>
+ t X
x+2y=6 6 10

FIGURE 16



