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¢ Standard basis vectors: i = (1, 0) and j = (0, 1).
« Every vector v = (a, b} is a linear combination v = ai + bj.
+ Triangle Inequality: ||v + w| < |v|| + [w]].

12.1 EXERCISES

Preliminary Questions

1. Answer true or false. Every nonzero vector is:
(a) equivalent to a vector based at.the origin.
(b) equivalent to a unit vector based at the origin.
(c) parallel to a vector based at the origin.
(d) parallel to a unit vector based at the origin.

2. What is the length of —3aif |ja|| = 57

3. Suppose that v has components (3, 1), How, if at all, do the com-
ponents change if you translate v horizontally 2 units to the left?

4. What are the components of the zero vector based at P = (3, 5)7

5. True or false?

(a) The vectors v and —2v are parallel.

(b) The vectors v and —2v point in the same direction.

6. Explain the commutativity of vector addition in terms of the Par-
allelogram Law.

Exercises

1. Sketch the vectors vy, vy, v, V4 with tail P and head O, and com-
pute their lengths. Are any two of these vectors equivalent?

V1 v2 - V3 V4
P24 L3113 4D
2i@4 ) 1,3 | 2,49 |63

2. Sketch the vector b = (3, 4) based at P = (-2, —1).

3. What is the terminal point of the vector a = (1, 3) based at P =
(2,2)7 Sketch a and the vector ag based at the origin and equivalent
to a.

4, Letv= Fé, where P = (1, 1) and Q = (2, 2). What is the head
of the vector v/ equivalent to v based at (2, 4)? What is the head of the
vector vg equivalent to v based at the origin? Sketch v, vg, and v'.

In Exercises 5-8, refer to Figure 21.

.y

g./,;Find the components of u. 6. Find the components of v.

Q Find the components of w. 8. Find the components of q.

30° 45°
) 20°
w

15°\q

FIGURE 21

In Exercises 9-12, find the components of }_’—é
: \Q/P =(3,2), ¢=@2,7) 10. P=(1,-4), 0=(3,5)
}1P =(3,5), 0=(1,-4) 12. P=(0,2), Q=0
In Exercises 13—18, calculate.

13. (2, 1)+ (3,4) 14. (~4,6) — (3,-2)

15.5(6,2)

‘ 16. 4((1,1) + (3,2))
. (-3.3)+(3.2)

19. Which of the vectors (A)-(C) in Figure 22 is equivalent to v — w?

A ®)

©
FIGURE 22 -

18. (In2,e) + (In3, )

20. Sketch v + w and v — w for the vectors in Figure 23.
v
w
FIGURE 23

21\.\' Sketch 2v, —w, v + w, and 2v — w for the vectors in Figure 24, .

— N W AW

w={41)

e X
1 2 3 45 6
FIGURE 24
22. Sketch v = (1, 3), W = (2, —2), V4 W, V — W.
23, Sketchv = (0,2), w = (=2,4),3v+ w, 2v — 2w.
24, Sketchv = (-2, 1}, w= (2,2), v+ 2w, v — 2w,

25. Sketch the vector v such that v+ vy + v = 0 for vy and vy in
Figure 25(A). ’
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26. Sketch the vector sum v = vy + v, + v3 + v4 in Figure 25(B).

V3
Vo Y,
‘\1.. \ /'v2

x = x
\VI

A " ®)
FIGURE 25

27, Letv = F—é, where P = (-2, 5), O = (1, —2). Which of the fol-
lowing vectors with the given tails and heads are equivalent to v?

(a) (—3’ 3)9 (0’ 4) (b) (O) 0): (31 _7)

(C) ('_1! 2)7 (2’ _5) (d) (4’ '—5)7 (1’ 4)

28. Which of the following vectors are parallel tov = (6, 9) and which
point in the same direction?

() (12,18) () (3,2)

(@ (-6,-9) (e) (—24,-27)

(© 2,3)
® (—24, -36)

In Exercises 29-32, sketch the vectors ;\% and P—Q), and determine
whether they are equivalent.

29. A=(1,1), B=@3,7), P=(@4-1), 0=(,5)
30. A= (1,4, B=(-6,3), P=(,4), 0=(63)
3. A=(-3,2), B=(0,0, P=(0,0, 0=(3,-2)
32.A=(58), B=(1,8, P=(1,8), Q=(-38)

In Exercises 33-36, are ﬁ and ﬁ parallel? And if so, do they point
in the same direction?

B.A=(,D, B=3B,4, P=(1,1, 0=(,10
M. A=(-3,2), B=(0,0, P=(0,0), 0=(,2
35.A=(,2), B=(-6,3), P=(9,5, 0=(»174
36. A=(58), B=(2,2, P=(2), 0=(-379)
In Exercises 37-40, let R = (=2, 7). Calculate the following:

—
37. The length of OR

—_—

38. The components of u = PR, where P = (1, 2)
39. The point P such that I?ﬁ has components (—2, 7)

40. The point Q such that R_Q) has components (8, —3)

In Exercises 41-48, find the given vector.
gl\Umt vector ey where v = (3, 4)

42, Unit vector ey where w = (24, 7)

43. Vector of length 4 in the direction of u = (~1, —1)

44, Vector of length 3\in the direction of v = 4i + 3j

45. Vector of length 2 in the direction opposite to v =i — j

46. Unit vector in the direction opposite to v = (-2, 4)

. 55, 3j+ (9i+4j)

;" 47. Unit vector e making an angle of i’%’— with the x-axis

48. Vector v of length 2 making an angle of 30° with-the x-axis

49. Find all scalars A such that A (2, 3) has length 1.
50. Find a vector v satisfying 3v + (5, 20) = (11, 17).

51. What are the coordinates of the point P in the parallelogram in
Figure 26(A)?

52. What are the coordinates @ and b in the parallelogram in Figure
26(B)?

(-1,b)
(2,3)

(a, 1)

(—'31 2)

(A ®)
FIGURE 26

53. Letv= A_ﬁ and w = A—C), where A, B, C are three distinct points
in the plane. Match (a)—(d) with (i)~(iv). (Hint: Draw a picture.)
(a) —w (b) —v ) w—v @@ v-—w
@ CB (i) CA (i) BC (iv) BA
54. Find the components and length of the following vectors:
(a) 4i+3j (b) 2i —3j (© i+] (@ i-3j
In Exercises 55-58, calculate the linear combination.
3. 1s  1s
56. ‘—"2'1 + 5(7] - ‘2-'1)
57. Bi+j) — 6j+2( — 4i)

59. For each of the position vectors u with endpoints A, B, and C in
Figure 27, indicate with a diagram the multiples rv and sw such that

u = rv -+ sw. A sample is shown for u = 5—Q>

58, 3(3i —4j) + 53 +4j)

o«
o

Tswil”

FIGURE 27

60. Sketch the parallelogram spanned by v = (1, 4) and w = (5, 2).
Add the vector u = (2, 3) to the sketch and express u as a linear com-
bination of v and w.

In Exercises 61 and 62, express w as a linear combinationu = rv + sw.
Then sketch a, v, w, and the parallelogram formed by rv and sw.

6l. u=(3,—-1); v=2,1),w=(1,3)
62. u=1(6,-2); v={(1,1),w=(1,~1)
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12.2 SUMMARY

z * The axes in R? are labeled so that they satisfy the right-hand rule: When the fingers

of your right hand curl from the positive x-axis toward the positive y-axis, your thumb
points in the positive z-direction (Figure 15).

» | Sphere of radius R
and center (q, b, c)

(x—a)*+ @ -b%+(z—c)*=R?

y Cylinder of radius R with
vertical axis through (a, b, 0)

(@ —a)* +(y—b)* = R?

FIGURE 15

* The notation and terminology for vectors in the plane carry over to vectors in R3.
The length (or magnitude) of v = P Q, where P = (a1, b1, ¢1) and Q = (ap, by, ¢2), 18

VIl = 1IP0I = (@2 — a1)2 + (b2 — b2 + (3 — c1)?

Equations for the line through Py = (x, Yo, zo) with direction vector v = {a, b, c):

—_—
Vector parametrization: r(t) = O Py +tv = (x0, yo, 20) + ¢ {a, b, c)

Parametric equations:  x =xg+at, y=7yo+bt, z=z0+ct

To obtain the line through P = (a1, by, ¢1) and Q = (ay, by, ¢2), take direction vector

—_ . .
v=PQ = {a —ay, by — by, c; —c1), and use the parametrization above. The seg-

ment P Q is parametrized by r(z) for 0 <.t < 1.

12.2 EXERCISES

Preliminary Questions

1. What is the terminal point of the vector v = (3, 2, 1) based at the
point P = (1,1, 1)?

2. What are the components of the vector v = (3, 2, 1) based at the
point P = (1,1, 1)?

3. If v = —3w, then (choose the correct answer):

(a) v and w are parallel.
(b) v and w point in the same direction.

4. Which of the following is a direction vector for the line through
P=(3,2and Q=(1,1,1)?

@ (3,2,1) M (L, 1,1) (©) (2,1,0)

5. How many different direction vectors does a line have?

6. True or false? If v is a direction vector for a line £, then —v is also
a direction vector for £.

Exercises
1. Sketch the vector v = (1, 3, 2) and compute its length.

2. Let v=PyQp, where Py =(1,-2,5) and Qg = (0, 1, —4).
Which of the following vectors (with tail P and head Q) are equiv-
alent to v?

V1 v2 V3 V4
P (1,2,9 (1,5,4) 0,0,00 (2, 4,5
01(0,5-5)|(0©-813) | (-1,3,-9 | (1,7,4

3. Sketch the vectorz__—;— (1,1,0) based at P = (0, 1, 1). Describe

this vector in the form P ( for some point @, and sketch the vector vq
based at the origin equivalent to v.

4. Determine whether the coordinate systems (A)~(C) in Figure 16
satisfy the right-hand rule.

A) ®) ©
FIGURE 16
—
In Exercises 58, find the components of the vector P (.
5‘ P = (11 O’ 1)’ Q = (21 13 0)
6' P = (—31 '“43 2)’ Q = (11 —41 3)
7. P=(460), 0=(-121)

8. P=(-1,2,1), 0=0460



‘[n Exercises 9-12, let R = (1, 4, 3).
9. Calculate the length of 5—1_%

10. Find the point Q such that v = E_Q> has components (4, 1, 1}, and
sketch v.

11. Find the point P such that w = PR has components (3, —2, 3),
‘and sketch w.

12. Find the components of u = —P_fi, where P = (1, 2,2).

13:'/Let v = (4, 8, 12}, Which qf the following vectors is parallel to v?
—--Which point in the same direction?

(a) (2,4,6)

(© (-7, 14, =-21)

\
(b) (-1,-2,3)
(@ (6,10, 14)

In Exercises 14-17, determine whether X—f? is equivalent to ﬁ_é

@ A=01LD B=(33)
"P=(1,45 0=(3,67)

15 A=1,41 B=(=220
"P=2,57 0=(=3,201
16, 4=10.0,0 B =(~4,2,3)
"P=(4,-2,-3) 0=(0,0,0

17 A=(,1,00 B=(@3375)
"P=(2,-97 Q=®4,-7,13)

In Exercises 18~23, calculate the linear combinations.

18. 5(2,2,-3) +3(1,7,2) ﬁ\—z (8,11,3) +4(2,1,1)
20. 6(4j + 2k) — 3(2i + Tk)

22, 504+2) -3@2j+k)+7@k —1)
23.4(6,-1,1)—2(1,0,-1) +3(-2,1, 1)

21, 1(4,-2,8)~ £(12,3,3)

In Exercises 24-27, determine whether or not the two vectors are par-
allel.

24, u=(1,-2,5),v= (-2

/25 u= (4,2, —6),v=1(2,~1,3)

26. u={4,2,-6),v=(2,1,3)
(-~

@7 u=(=3,1,4),v=16,-2,8)

10)

In Exercises 28-31, find the given vector.

28. ey, wherev = (1,1, 2)

29. ey, where w = (4, -2, —1)

30. Unit vector in the direction of u = (1, 0, 7)

31;Unit vector in the direction opposite to V= (—4,4,2)

32. Sketch the following vectors, and find the1r components and
lengths:

(a) 4i+3j—2k
(c) 4§+ 3k

(M) i+j+k
() 12i+8j~k

In Exercises 33-40, find a vector parametrization for the line with the
given description.

33. Passes through P = (1, 2,
34, Passes through P =
35. Passes through P =

—8), direction vector v = {2, 1, 3)
(4, 0, 8), direction vector v = (1, 0, 1)

(4, 0, 8), direction vector v = 7i + 4k
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36. Passes through O, direction vector v = (3, —1, —4)
37. Passes through (1,1, 1) and (3, —5,2)

38. Passes through (-2, 0, —2) and (4, 3,7)

39. Passes through O and (4, 1, 1)

40. Passes through (1, 1, 1) parallel to the line through (2, 0, —1) and
41,3

In Exercises 41-44, find parametric equations for the lines with the
given description.

41. Perpendicular to the xy-plane, passes through the origin
42. Perpendicular to the yz-plane, passes through (0, 0, 2)

43. Parallel to the line through (1,1,0) and (0, ~—1, ~2), passes
through (0, 0, 4)

44, Passes through (1, —1, 0) and (0, -1, 2)

45. Which of the following is a parametrization of the line through
P = (4, 9, 8) perpendicular to the xz-plane (Figure 17)?

(@ r() =4,9,8 +1(1,0,1) (b) x(z) = (4,9,8)+1(0,0,1)
(©) (1) =(4,9,8) +1(0,1,0) (d) () =(4,9,8)+1(1,1,0)

FIGURE 17

46. Find a parametrization of the line through P
dicular to the yz-plane.
47. Show that ry(t) and rp(¢) define the same line, where

= (4, 9, 8) perpen-

ri() =3, -1,4)+1(,12,-6)
rp(t) = (11,11, —=2) 4+ (4,6, =3)

Hint: Show that r(¢) passes through (3, —1, 4) and that the direction

vectors for ry (¢) and ry(¢) are parallel.
48. Show that r1(t) and rp (¢) define the same line, where

r®=tQ2,13),

ry(f) = (—6, -3, =9) +1(8,4,12)

49\ ‘Find two different vector parametrizations of the line through = -

P = (5, 5,2) with direction vector v = (0, —2, 1).

50. Find the point of intersection of the lines r(z) = (1,0,0) 4
t{(=3,1,0)ands(®) = (0, 1, 1) + £ (2,0, 1).

51, Show that the lines ry () = (—1,2,2) + {4, -2, 1) and r5(t) =
0,1,1) +¢ (2,0, 1) do not intersect.

52. Determine whether the lines r{(#) = (2,1, 1) +¢(—4,0,1) and
ra(s) = (—4,1,5) + s (2, 1, —2) intersect, and if so, find the pomt of
intersection.
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53. Determine whether the lines i) = 0,1, 1)+ ¢ (1,1, 2) and )

() = (2,0,3) + ¢ (1, 4, 4) intersect, and if 5o, fing the point of in-
tersection,

54. Find the intersectiop of the lipes i) = (=1, 1) +¢ (2,4) and
() = (2, 1) 45 {(~1,6) in R2,

55. A meteor follows 5 trajectory r() = (2, 1,4) 3¢ (3,2, ~1) km,
with ¢ in minutes, near the Surface of the earth, which ig Tepresented by
the XYy-plane, Determine at what time the meteor hits the ground,

57. Find the componentg of the vector y whose tai] ang head are the
midpoints of Segments AC ang BCin Figure 18, [Note that the mid-

. . b b b
POIRt of (a1, a5, a3) ang (g, by, b3) is (% Qib "37*3).1

58. Find the tomponents of the vector w whoge tail is ' apq head is
the midpoint of ABin Figure 18, :

59. A box that weighs 1000 kg is hanging from a crape at the dock.
The crane pag a square 20 by 20 m framework a5 in Figure 19, with
four cables, each of the same length, Supporting the hox, The box hangs
10 mbelow the leve] of the frameworke Find the magnitude of the force
acting on eacp cable.

Further Insights ang Challenges

In Exerciges 60-66, we consider the equations of g line in symmetrie
0.

Q=¥=tﬁ
a : c

60. Let o be the Jine through Py = (xg, ¥y, 20) with direction vector
V={(a,bp, ¢). Show that £ is defined by the Symmetric €quations (1 0).
Hint: Use the vector Parametrization 1 show that €very point on 1
satisfies (1 0).

61. Find the Symmetric quations of the line through'Po = (-2, 3, 3)
with direction vector v = (2, 4, 3y,

62. Find the Symmetric equationg of the line through p - (1,1, 2) and
Q= (-2, 4,0).
63. Find the ;synnnetric €quations of the line

X =342, Y =49, Z=12¢
64. Find 4 vector Parametrization for the line

*=~5 y.3

9 Fts—=z-1p

B=(1,1,0)
FIGURE 18

FIGURE 19

mediang,

68. A median of 5 tetrahedron ig 5 segment Jjoining 4 Vertex to the cep-
troid of the Opposite face, The tetrahedron jp Figure 20(B) has vertices
at the origin ang at the termina] points of Vectors u, v, and W. Show
that the mediang intersect at the termina] point of ‘%(u TV +w).

FIGURE 29
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4. Which s the projection of v along v: (@) v or (b) ey?

Exercises
In Exercises 1-12, compute the doy Pproduct,

1(1,2,1). 4,35 2 3,-2,2). 1,0,
3, <0,1,O>-<7,41,—3) 4.(1,1,1) -6, 4,2)
6 (§3)-3.2)

8 k.

10. Gi+2Kk) - (i - 41)

5.(3,1)- (4, =7
7. k. j

9. (i+j). (+k)

1. G+j+k). Gi+2j - 5K)

(=5,0,0)
15. (1,2, D, (7,3, -1) 16. (0,2, 4, (3, 1,0
12 4 1 7
(3 -4) (4~ (2, ~4)
In Exercises 19-22, find the cosine of the angle betweer, the vectors.
19. (0,3, 1, @0, 0)

it ok

20. (1,1, 1), (2,-1,2)

z’fnecessary.
2. (2,4/3) (1+ﬁ,1—ﬁ)
25.(LL1), (1,01
27.00,1,1), (1,-1,0)

24 (5.V3), (v3,2)
26.3,1,1), (24,9
B (L1-1), (1,

“.gg,,:’Find all values of p for which the vectorg are orthogona],
@ (6,3,2), (1,5, 1) ®) 4,-2,7), (525, 0)

30. Find a vector that is orthogonal to {~1, 2; 2).

'\.;3~1,:’ Find two vectors that are not multiples of each other and are both
orthogonal to 2,0, —-3).

32. Find a vector that ig orthogonal tg v — (1,2, 1) but not to w =
(1,0, -1).

33, Findv.e where Jly|| = 3, eisaunit vector, and the angle between
eand v ig 231

34. Assume that v lies in the yz-plane, Which of the following dot
products is equal to zero for a]] choices of y?

@ v-(0,2,1) (b) v.k

@ v.j

5. Let Ujjy be the projection of u along v, Which of the following is
the projection u along the vector 2v and which is the projection of 2u

(©) 2uyy

6. Which of the following is equal to cosg, where 4 is the angle
between u and v?

@u.vy

In Exercises 35-38, Simplify the expression,

3s, (v-w)-v+v-w
3e6. (v+w)-(v+w)~2v-w
37. (v+w)-v~(v+w)-w 38. (v+w)-v~(v~w)~w

In Exercises 3942, use the Properties of the dor product to evaluate
the expression, assuming thaty - v — 2l =1, gng vt = 3.

39. u. (4v) 40. (w+v).y
41, 2u. (Bu—v) 2. (u+ V) (u— v)
43. Pind the angle between v andwify.w— ~{v| Iwl).
44. Find the angle betweer, v amdwify. w— %NVH Iwi.

45. Assume that flv|| = 3w = 5, and the angle between v and W is
0=z, )

() Find v + wi.

46. Assume that f|v|| = 2w = 3, and the angle between v and w is

120°, Determine:

(@ v.w ®) J2v + wy (© J2v - 3w

47, Show that if e and f are unit vectors such that Jle - f I = -233, then
le =21 = 5. Hint: Show thate . ¢ _ 3.

48. Find Jj2e — 3fY, assuming that e and f are unit vectors such that
le+£) = V372,

49. Find the angle 6 in the triangle in Figure 12,

X im
FIGURE 12 B




\
50. Find all three angles in the triangle in Figure 13.

y
@.7)

6,3)

©,0 x
FIGURE 13

51. (a) Draw uyjy and vy for the vectors appearing as in Figure 14.
(b) Which of u)jy and v}y has the greater magnitude?

N

FIGURE 14

/'52¢'Let u and v be two nonzero vectors.

w(a) Is it possible for the component of u along v to have the opposite
sign from the component of v along u? Why or why not?

(b) What must be true of the vectors if either of these two components
is0? -

In Exercises 53-60, find the projection of u along v.
53. u=(2,5), v={(1,1) 54 u=(2,-3), v=(,2)
55. u=(-1,2,0), v=1(2,0,1)
56. u={1,1,1), v=(1,1,0
Sl u=5i+7 -4k v=k 58. u=i+29k, v=j
59. u={a,b,c), v=i 60. u=(a,a,b), v=i-j
In Exercises 61 and 62, compute the component of u along v,
6. u=1(3,2,1), v={(1,0,1)
62. u=(3,0,9, v=1{1,2,2)
\‘23 Find the length of O P in Figure 15.

64. Find [ju |} in Figure 15.

FIGURE 15

In Exercises 65-70, find the decompositiona = aj|p + ay with respect
tob.

65. a={(1,0), b=(1,1) 66. a=(2,-3), b=1(50)
7. a= <47_1v0>: b=(071’1)
8. a=(4-1,5), b=(2,1,1)

), a = (x,y), b=<1,_1)
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70. a={x,y,z), b={(1,1,1)

71. Let ey = (cos 8, sin #). Show that ey - ey = cos(d — ) for any
two angles 8 and .

72. Let v and w be vectors in the plane.

(a) UseTheorem2 to explain why the dot productv - w does not change
if both v and w are rotated by the same angle 9.

(b) Sketch the vectors e; = (1, 0) and e; = (%, %2}, and determine

the vectors €/ , ), obtained by rotating ey, e, through an angle T Verify
thate; - e = ¢} - €.

In Exercises 73~76, refer to Figure 16.

73. Find the angle between AB and AC.

74. Find the angle between AB and AD.

75. Calculate the projection of K&) along IZ—D)

76. Calculate the projection of ZB along ZE

A=(0,0,1)
D=(0,1,0)
B=(1,0,0)
C=(1,1,0)

FIGURE 16 Unit cube in R3.

77. The methane molecule CHy consists of a carbon molecule bonded
to four hydrogen molecules that are spaced as far apart from each other
as possible. The hydrogen atoms then sit at the vertices of a tetrahedron,
with the carbon atom at its center, as in Figure 17. We can model this
with the carbon atom at the point (%, %, %) and the hydrogen atoms at
0,0,0),(1,1,0), (1,0, 1), and (0, 1, 1). Use the dot product to find
the bond angle « formed between any two of the line segments from
the carbon atom to the hydrogen atoms.

FIGURE 17 A methane molecule.

78. Iron forms a crystal lattice where each central atom appears at the
center of a cube, the corners of which correspond to additional iron
atomns, as in Figure 18. Use the dot product to find the angle B between
the line segments from the central atom to two adjacent outer atoms.
Hint: Take the central atom to be situated at the origin and the corner
atoms to occur at (+1, £1, +1).
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FIGURE 18 Aniron crystal.

79. 1et v and w be nonzero vectors and setu = €y + ey. Use
the dot product to show that the angle between u and v is equal to

the angle between o and w. Explain this result geometrically with a’

diagram.

80. Let v, w, and a be nonzero yectors such thatv-a =W~ a.
Is it true that v = W? Either prove this or give a counterexample.

§1. Calculate the force (in newtons) required to push a 40-kg wagon
up a 10° incline (Figure 19).

FIGURE 19

82. A force F is applied to each of two ropes (of negligible weight)
attached to opposite ends of a 40-kg wagon and making an angle of
35° with the horizontal (Figure 20). What is the maximum magnitude
of F (in newtons) that can be apptied without lifting the wagon off the
ground? '

FIGURE 20

83. Alight beam travels along the ray determined by a unit vector L,
strikes a flat surface at point P, and is reflected along the ray determined

Further Insights and Challenges

9(0. Prove the Law of Cosines, 2 =a+ p? — 2abcosb, by referring
to Figure 23. Hint: Consider the right triangle APQR.

H__...———-————’
b—acosf
FIGURE 23

91. Inthis exercise, We prove the Cauchy—Schwarz inequality: Hv and
w are any two vectors, then

fvewl < vl iwll B]

by a unit vector R, where 61 = 9, (Figure 21). Show that if N is th
unit vector orthogonal to the surface, then

R=2L-NN-L

Incoming light Reflected light

FIGURE 21

84. Let P and O be antipodal (opposite) points on 2 sphere of radius

r centered at the:_clx:igin azx_q_let R be a third point on the sphere (Figure
22). Prove that PR and QR are orthogonal.

FIGURE 22
85. Prove that v+ w\\2 — v - w\\2 =4V -W.

86. Use Exercise 85 to show that v and w are orthogonal if and only if
v —wi = v+ wil. ~

87. Show that the two diagonals of a parallelogram are perpendicular
if and only if its sides have equal length. Hint: Use Exercise 86 10 show
that v — w and v + w are orthogonal if and only if [Vl = fiwll.

88. Verify the Distributive Law:
u~(v+w)=u-v+u-w -

89. Verify that (W) w= A(v - w) for any scalar A.

(@) Let f(x)=lxv+ w||2 for x a scalar. Show that Fx) = ax? +
bx + ¢, where @ = |2, b =2v-wW,andc = w2

(b) Conclude that p? — dac < 0. Hint: Observe that f(x) = Oforallx.
92. Use (6) to prove the Triangle Inequality:
v+ wl < vl + vl
Hint: First use the Triangle Inequality for numbers to prove
v+ w) - (F+WI =S |(v4+w) v+ (v + W) - Wl

93. This exercise gives another proof of the relation between tb
dot product and the angle 9 between twO vectors v = {a1,b1) ap
w = {ag, b2} in the plane. Observe that v = vl {cosB1, sin#y) ar
w = ||w] {cos b, sin 6), with 81 and 6y as in Figure 24 Then use tt

addition formula for the cosine to show that

v-w= ||l iwll cos®



v XY

* The cross product v x w is the unique Vector with the foHowing three Droperties:
@ vxwis orthogonal to v and w.

(i) v x w hag length v
(i) {v, W,V X w}isa right-handed System.

* Properties of the cross Product:

)] WXV=—yxw

(i) vx w= 0 if and only if w = Ay for Some scalar or v = ¢
(iif) M) xw=vy X (Aw) = AV X w)
(iv) (u+v) xw:uxw#-vxw
vx(u+w)=vxu+vxw
* Cross products of standard basis vectors (Figure 15);
k J
ixj=k, ixk=j, ‘kxi:j

FIGURE 15 Circle for tomputing the crogg
products of the bagis vectors.

* The parallelogram Spanned by v and w has area v x w.
* The triangle Spanned by v and w pae area M
* Cross
* They

"product identity: |jy x Wi = v Iwi% ~ (v wy2.
ector triple producy is defined byu- (v x W). We have

Pre/iminary Questions

if
lar
v

3 4 2 7. Which of the following are meaningful and which are not? Explain

1. What is the (1, 3) minor of the matrix |—5 -1 1f?
@ (u. V)Xw
4 0 3
2. Thean

. () (u x V) .w
is the length
© Iwliu.v)

3. What is u x W, assuming that w x u =

(2,2,1)7 @ wii(u x v)
4. Find the Cross product withoyt using the formula; 8. Which of the following Vvectors are equa] 1o Jxi? -
(a) (43 8) 2) x (4’ 8’ 2) (b) (47 8) 2) x (2’ 43 1) (a) ix k
5. Whatareixjandixk? ) -k +
6. When is the Cross product v x w equal to zerg? () ixj
allx.
Exercises
In Exercises 14, calculgte the2 x 2 determinan., 1 2 3 1 0 0
2 7 2 4 4 & 10 o
i 2 3 3 =3 -4 0 1 0
1.}5 4 3 2.
- =52 In Exercises 9_j 2, calculate v w.
-6 9 q9 25
3'/ I 1/ * /5 14/ STE0AL Wy stween the
»b1) and
n Exercises 3-8, calculate the 3x3 determinan;. 1. v=, 0,0, w= (=1,0,1) \ilm 61) and
ot o2 1 o0 Lv=F 10 weq -6, 3) - Then use the
.14 -3 ¢ 6. -2 ¢ 3
Tl 0 1 I 3

12. v =g, LO), w= 011



In Exercises 13—16, use the relations in Eq. (5) to calculate the cross
product.

Jd3. G+ xk

4 -k x(j+k)

15, (i~3j+2k) x (j~k)

16. (21 —3j+4Kk) x (i+j— 7k)

In Exercises 17-22, calculate the cross product assuming that
uxv={(1,1,0), uxw=(0,3,1), vXw=(2 -1,1)

17. vxu 18. v X (u+v)

19. wx (u-+v) 20, (3u-+4w) x w

’\“2.@15"‘)(“ —2v) x (u+2v)

23. Lety = (a, b, ¢). Calculate v x i, vxj,andv x k.

22. (v+w) x (Bu+ 2v)

24. Find v x w, where v and w are vectors of length 3 in the xz-plane,
oriented as in Figure 16, and 8 = £

FIGURE 16

In Exercises 25 and 26, refer to F) igure 17.

i;25;;, Which of u and —u is equal to v x w?
56. Which of the following form a right-handed system?

(@) {v,w,u} (b) {w, v, u} (© {v,u,w)
(d) {u1 v, w} (e) {W, v, *u} (f) {V, —u, W}

FIGURE 17

T
{7.J~.Letv =(3,0,0)and w = (0, 1, —1}. Determine u = v x W using
1€ geometric properties of the cross product rather than the formula,

3. What are the possible angles 6 between two unit vectors e and f if
1
xf]| =57
2

-

SECTION 124 The Cross Product 661

29. Show that if v and w lie in the yz-plane, then v x wis a multiple
of i.

30. Find the two unit vectors orthogonal to both a = (3, 1, 1) and
b=(-1,2,1).

31. Let e and €’ be unit vectors in R3 such that e | ¢, Use the geo-
metric properties of the cross product to compute e x (¢ x e).

32. Calculate the force F on an electron (charge g = —1.6 x 1019 0]
moving with velocity 105 m/s in the direction i in a uniform magnetic
field B, where B = 0.0004i 4 0.0001 j teslas (see Example 5).

33. Anelectron moving with velocity v in the plane experiences a force
F = g(v x B), where q is the charge on the electron and B is a uni-
form magnetic field pointing directly out of the page. Which of the
two vectors Ky or F; in Figure 18 represents the force on the electron?
Remember that g is negative.

g AN
/ A\
A
]
v FZ /
//
. B.__-~
I/ ¥ \\
| . !
\\ ]
/
\\ //

FIGURE 18 The magnetic field vector B points directly out of the page.

34. Calculate the scalar triple productu - (v x w), whereu = (1,1,0,
v=(3,-2,2),and w = (4, -1, 2).

35. Verify identity (12) for vectors v = (3,~2,2)andw = (4, —1, 2).

36. Find the volume of the parallelepiped spanned by u, v, and w in
Figure 19,

37. Find the area of the parallelogram spanned by v and w in Fig-
ure 19,

w={(~4,2,6)
u=(1,0,4)

FIGURE 19

38. Calculate the volume of the parallelepiped spanned by

e u= (21 21 1): V= (17 Os 3)a W= (Oy _4) O)
39., Sketch and compute the volume of the parallelepiped spanned by

u=(1,0,0), v={0,2,0), w=(1,1,2)

40. Sketch the parallelogram spanned by u=(1,1,1) and v=
(0,0,4), and compute its area, '

41.‘"‘ Calculate the area of the parallelogram spanned by u = (1, 0, 3)
andv = (2,1, 1).
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43. Sketch the triangle with vertices atthe origin 0, p = (3,3,0), and
0 =1(0,3,3), and compute its areg using cross products,

44. Use the cross product to find the area of the triangle with vertices
P=(1,1,5), 0 = (3,4,3), and R = (1,5, 7) (Figure 20).

FIGURE 20

45. Use cross Products to find the area of the triangle iﬁ the xy-plane
defined by (1,2), (3,4), and (-2,2).

46. Use cross products to find the area of the quadrilatera] in the xy-
plane defined by (0, 0), (1, =D, 3, 1), and (2, 9,

47. Check that the four points P(2,4,4), 03, 1,6), R(2, 8, 0), and
S(7,2,1) all e in a plane. Then use vectors to find the area of the
Quadrilatera] they define,

48. Find three nonzero vectors a, b, and ¢ such thatax b =ga x ¢ #0
butb # ¢,

In Exercises 49-51, verify the identity using the formula Jor the cross
product.

49. VXW=-wxy
50. (Av) x W=Avxw ( a scalar)
51. (u+v)xw=u><w+vxw

52. Use the geometric description in Theorem 1 to prove Theorem 2
(i): v x w = 0 if and only if w = Av for some scalar Aorv=g,

53. Verify the relations (5).
54. Show that
X)) xj#ixGxj

Conclude that the Associative Law does not hold for crogs products.

FIGURE 21

56. Formulate and prove analogs of the result in Exercise 55
for the i- and Jj-components of y x w.

57. Show that three points P, Q, R are collinea (lie on a line)
if and onlyif]Té x PR = 0.

58. Use the result of Exercise 57 to determine whether the points P,
0, and R are collinear, and if not, find a vector normal to the plane
containing them,

@ P=(21,0), 2=(1,5,2), R=(-1,13,6)
®) P=(21,0), 0 = (-3,21, 10), R=(5-2,9)
© P=(1,1,0), 0=(1,-2,-1), R=@,2, —4)

59. Solve the equation (1, 1, 1) xX =1, =1,0), where X‘=
{x,¥,2). Note: There are infinitely many solutions,

60. [Ty Explain geometrically why (1, 1, 1y x x — (1,0, 0) has
1o solution, where X — {(x,,2). '

61. Let X = (x, ¥,2). Show that i x X = v has a solution if
and only if v is contained in the yz-plane (the i-component is Zero).

62. Suppose that vectors U, v, and w are mutually orthog-
onal—that is, n | V,ulw andy | w, Prove that (u x V)X w=10
and u x (¥ X w) =0.

If several forces ¥ J act at positions r j» then the net forque (units: N-m
or Ib-ft) is the sum

r:}er XFj

Torque measures how much the Jorce causes the object to rotate, By
Newton’s Laws, t is equal to the rate of change of angular momensum,

63. Calculate the torque t about O acting at the point P op the me-

chanical arm in Figure 22(), assuming that a 25-newton force acts as
indicated, Ignore the weight of the arm itself,

64. Calculate the net torque about O at P, assuming that a 30-kg mas(*®

1s attached at p [Figure 22(B)]. The foree Fg due to gravity on a mag m

m has magnitude 9.8 m/s? in the downward direction, &
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« The family of parallel planes with given normal vector n = {a, b, c) consists of «
planes with equation ax + by + cz = d for some d.
« The plane through three points P, O, R that are not collinear:

—_ =
-n=PQ x PR

- d =n- {x0, Y0, 20), Where P = (x0, Y0, 20)

« The intersection of a plane P with a coordinate plane or a plane parallel to a coordinate
plane is called a trace. The trace in the yz-plane is obtained by setting x = 0 in the
equation of the plane (and similarly for the traces in the xz- and xy-planes).

12.5 EXERCISES

Preliminary Questions

1. What is the equation of the plane parallel to 3x + 4y —z = 5 pass-
ing through the origin?

2. The vector k is normal to which of the following planes?
(a) x =1 b)) y=1 () z=1

3. Which of the following planes is not parallel to the plane x + ¥ +
z=17
(@) 2x+2y +2z=1
€ x—y+z=0

) x+y+z=3

4. To which coordinate plane is the plane y = 1 paraliel?

5. Which of the following planes contains the z-axis?
(@ z=1 ® x+y=1 (© x+y=0
6. Suppose that a plane P with normal vector n and a line £ with di-

rection vector v both pass through the origin and thatn - v = 0. Which
of the following statements is correct?

(a) L is contained in P.
(b) £ is orthogonal to P.

Exercises

In Exercises 1-8, write the equation of the plane with normal vector n

pgfsing through the given point in the scalar form ax + by +cz = d.
1L'n=(1,32), ¢4-11 2.n=(-1,2,1), 3,1,9

3on=(-1,21), &L9 an=@-41 141
=i, 3.1,-9) 6.n=j (541

7 n=k, (67,2 8. n=i—k, @472 -8
i §Wr1te down the equation of any plane through the origin.

16 Write down the equations of any two distinct planes with normal
vector n = (3,2, 1) that do not pass through the origin.

211 ,«' Which of the following statements are true of 2 plane that is parallel
to the yz-plane?
(@) n=(0,0,1)isa pormal vector.
() n={(1,0,0)isa normal vector.
(¢) The equation has the formay + bz =d
(d) The equation has the formx =d

12. Find 2 normal vector n and an equation for the planes in Fig-
ures 7(A)~-(C).

A ®) ©
FIGURE 7

}} 9x —d4y — 11z =2

In Exercises 1316, find a vector normal to the plane with the given
equation.

14, x—z=0
15.3(c — 4) —8(y — ) + 11z =0
16. x =1

In Exercises 17-20, find an equation of the plane passing through the
three points given.

IZP =@2,-1,4, 0=(1L11, R= (3,1,-2)
18. P=(5,1,1), 0=(1,12), R=02,11
19}P =(1,0,0, 0=0,11, R= 2,0, 1)
20. P =(2,0,0), 0=(0,40), R= 0,0,2)

In Exercises 21-28, find the equation of the plane with the given de-
scription.

21. Passes through O and is parallel to 4x -9y +z=3

22. Passes through (4, 1, 9) and is paralleltox +y +z =3

23. Passes through (4, 1, é) and is parallel to x = 3

24. Passes through P = (3, 5, —9) and is parallel to the xz-plane
25.:,'Passes through (~2, —3, 5) and has normal vector i +k

26. Contains the lines ry(#) = (t, 2t 3ty and rp(t) = (3¢, ¢, 8t)

27. Contains the lines ri(t) ={2,1, 0) + (¢,2¢,3r) and ry(t) =
(2,1,0) + (3¢, ¢, 8¢) :



28. Contains P = (—1, 0, 1) and r(¢) = (¢ +1,2¢,3t — 1)
29, Aretheplanes 3x +2y — z = Sand3x + 12y — 6z = 1 parallel?

30. Are the planes 2x — 4y — z = 3 and —6x + 12y + 3z = 1 paral-
lel?

In Exercises 31-35, draw the plane given by the equation.

['31/.)x+y+z=4 32, 3x 42y — 67 =12

Vo™’

33, 12x—6y+4z=6 34, x+2y=6

5. x+y+z=0

36. Let a, b, ¢ be constants, Which two of the following equations
define the plane passing through (g, 0, 0}, (0, b, 0), (0, 0, ¢)?

(b) bcx + acy + abz = abc
Y
b

(@) ax +by+cz=1

() bx +cy+az=1 (d)Z—-{- +§——_—1

37. Find an equation of the plane P in Figure 8.

\

FIGURE 8

38. Verify that the plane x —y+5z=10 and the line r(¢) =
(1,0,1) +£{=2, 1, 1) intersect at P = (-3, 2, 3). _

In Exercises 39—42; find the intersection of the line and the plane.

39, x+y+z=14, x®)=(11,0+7(0,24)

40, 2x+y=3, r(®)=2,~1,-1)+1(1,2,~4)
41, z =12, r(@) =1(-6,9,36)

2, x—z=06 r{)=(1,0,-1)+1{4,9,2)

In Exercises 43—48, find the trace of the plane in the given coordinate
plane. .
43, 3x — 9y +4z=35, yz 44, 3x -9y +4z7=5, xz
45. 3x +4z = -2, xy 46. 3x +4z = -2, xz
47. —x+y=4, xz 48, —x+y=4, yz

49, Does the plane x = 5 have a trace in the yz-plane? Explain.

50. Give equations for two distinct planes whose trace in the xy-plane
has equation 4x + 3y = 8.

51. Give equations for two distinct planes whose trace in the yz-plane
has equation y = 4z.

52. Find parametric equations for the line through Py = (3, ~1,1)
perpendicular to the plane 3x -+ 5y — 7z = 29.

U. .
53. Find all planes in R3 whose intersection with the xz-plane is the
ine with equation 3x + 2z = 5. :

SECTION 125 Planes in 3-Space 669

54. Find all planes in R3 whose intersection with the xy-plane is the
liner(t) = ¢t(2,1,0).

In Exercises 55-60, compute the angle between the two planes, de-
fined as the angle 0 (between O and 1) between their normal vectors
(Figure 9).

55, Planes with normals ny = (1,0, 1), mp = (=1, 1, 1)
56, Planes with normals ny = (1,2, 1), mp = (4, 1, 3)
57. 2x +3y+7z=2and4x — 2y 42z =4

58, x —3y+z=3and2x —3z=4 '

59, 3(x — 1) — 5y +2(z — 12) = 0 and the plane with normal n =
(1,0,1)

60. The plane through (1, 0, 0), (0, 1, 0),and (0, 0, 1) and the yz-plane

[

ny
FIGURE 9 By definition, the angle between two planes is the angle
between their normal vectors.

61. Find an equation of a plane making an angle of % with the plane
3x+y—4z=2.

62. Let P; and P be planes with normal vectors n and ny.
Assume that the planes are not parallel, and let £ be their intersection
(a line). Show that n; X my is a direction vector for L.

63. Find a plane that is perpendicular to the two planes x +y =3 and
x+2y—z=4

64. Let £ bethe intersection of the planesx + y +z = landx + 2y +
3z = 1. Use Exercise 62 to find a direction vector for £. Then find a
point P on L by inspection, and write down the parametric equations
for L.

65. Let £ denote the intersection of the planes x —y —z =1 and
2x 4+ 3y + z = 2. Find parametric equations for the line £. Hint: To
find a point on £, substitute an arbitrary value for z (say, z = 2) and
then solve the resulting pair of equations for x and y.

66. Find parametric equations for the intersection of the planes 2x +
y—3z=0andx+y=1.

67. Two vectors v and w, each of length 12, lie in the plane x + 2y —
27 = 0.The angle between v and w is 77 /6. This information determines
v X wup to a sign £1. What are the two possible values of v x w?

68. The plane

2

Ziliic
2437
intersects the x-, y-, and z-axes in points P, Q, and R. Find the area of

the triangle AP QR.



