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1. (10 pts.) Find the curvature of the curve
r(t) = (€', sint, cost)

at the point (1,0,1).

Ans.::

NS
—
S
S
N—

r'(t) = (e',cost, —sint)
r’(t) = (e, —sint, — cost)
We need to know what is the time when the particle visits the point (1,0,1). We have

to solve
(e',sint,cost) = (1,0,1)

This means, in particular, that e! = 1 that forces ¢ = 0. Plugging-in ¢ = 0 into the other

components gives
(e”,sin 0, cos 0) = (1,0,1)

that is correct, so t = 0 is indeed the time.

Plugging-in ¢ = 0 into r/(¢) and r”(t), we get
r'(0) = (e, cos 0, —sin 0) = (1, 1,0)
r’(0) = (1,0, 1)

Recall that the formula for the curvature is:
o = F0 X2 0)
' ()]3 ’

w0 P(0) x (0)]
"0 = R

We next must compute: r'(0) x r”(0).
r’'(0) x r”(0) = (1,1,0) x (1,0,—1) = (—1,1,-1) ,
(You do it!). We have:
['(0) x r"(0)] = (=1, 1, =1)| = V(-1)2 + 12+ (-1)2 = V3,

and

Y'(0)] = [(1,1,0)] = V12 + 12+ (02 = V2,

VB VB VBV G
R0 V2 4 4

so we have

k(0)




2. Sketch the region of integration and change the order of integration.

1 x 2 1 3 3—x
/ / F(z,y)dydx + / / F(z,y)dydx + / / F(z,y)dydx
o Jo 1 Jo 2 Jo

Ans.:: fol f;_y F(z,y)dzdy

If you draw the region (a trapezoid whose base is on the x-axis between (0,0) and (3,0),
whose height is 1 and whose vertices are (0,0), (3,0), (1,1), and (2,1)). It is a simple type
IT region (but a compound, type-I region). Its type-II description is

yielding the iterated integral

1 3—y
/ / F(z,y) dzdy
0 Jy

Comment: Quite a few people tackled each of the three double-integrals of the problem
separately, getting

1,1 1 p2 1 r3—y
/ / F(a:,y)dxdy—l—/ / F(:I;,y)dxdy+/ / F(x,y)dxdy
0 Jy o J1 0o J2

This is also correct, but not as simple as possible. These people got nine points.



3. (10 points) Find the absolute maximum value of the function f(z,y) = 2? + y? — 2x —
2y + 2 in the triangular region

{(z,y)|z>0,y>0,z+y<4}

Ans.:: 10

There are three types of finalists.

Critical points: First we look for critical points by solving f, = 0, f, = 0. Here f, =
22 -2, fy = 2y—2, so we have to solve 2z —2 = 0, 2y —2 = 0 giving the solutionz = 1,y = 1
yielding that the only critical point is (1,1). Since 1 +1 <4 and 1 > 0,1 > 0, it belongs
to our region, so we include it as a finalist.

Vertices: (0,0), (4,0), (0,4). These are automatically finalists.

Critical points from edges:
Left edge: © =0, 0 <y < 4. Plugging-in « = 0 into the function gives
fOy)=y*—2y+2 |

Since (y? — 2y +2)’ = 2y — 2 solving 2y — 2 = 0 gives y = 1. So we must include (0,1) as
a finalist.

Bottom edge: y =0, 0 < x < 4. Plugging-in y = 0 into the function gives
flz,0) =2 -2z +2 |

Since (22 — 2z + 2)' = 2z — 2 solving 2x — 2 = 0 gives x = 1. So we must include (1,0) as
a finalist.

Right edge (hypoteneus): x +y =4,i.e. y=4—z. So
flzd—2)=a?4+@d—2)?-2@x+4—2)+2=22%—8r+18 |,

since (222 — 8z + 18)" = 42 — 8 we have to solve 4z — 8 = 0 that gives z = 2. Plugging
into y =4 — x gives y = 2, so (2,2) is yet another finalist.

Now we are ready for the final show-down:
f0,00=2 , f(1,00=1 , [f(0,1)=1,
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f(4,00=10 , f(0,4)=10 , f(1,1)=0 , f(2,2)=-6

The largest of these is 10 so the absolute maximum value is 10.

Comment: Many people got the right answer, but didn’t get full credit, because they
failed to consider all the finalists. In particular very few people found the finalist (2, 2)
on the hypotenuse. They lucked out since it turned out that the absolute maximum value
occurred elsewhere. If the problem would have been to find the absolute minimum value,
they would have gotten the wrong answer, because the absolute minimum value, that
happens to be —6, occurs at (2,2).



4. (10 points) Find an equation of the tangent plane to the surface

at the point (1,1,1)

Ans.:: 4x —3y+52 =6
(4(x—1)=3(y—1)+5(2—1) =0is OK too, as is z = (—4/5)x + (3/5)y + 6/5).

First, let’s make sure that the problem makes sense. Plugging-in (1,1, 1) into the equation
of the surface gives:
P4+1t—13=1 |,

that is a true statement, so we must go on.

Recall that for an implicitly-defined surface F(x,y,z) = 0 we take the gradient \7F and
plug-in the specific point (xg, 30, 2z0) in order to get the normal direction to the tangent

plane.
VF = (42°,—3y*, 52*)

Plugging-in z = 1,y =1,z = 1, we get:
n=(4-1%-3.12,5.1%) = (4, -3,5).
The equation of the tangent plane is:
n-(r—=x0,y—Yo,2—20) =0 ,
that in this problem becomes:
4,-3,5) - (x —1,y—1,z—1)=0

that gives
4x—1)—3y—1)+5(z—-1)=0 ,

which is an OK answer. Opening-up parentheses, we get:

dr — 3y +52 =6



5. (10 points) Compute fo,(1,1) if f(z,y) = e® tovty’,

Ans.: 13¢3

By the chain rule:
2
fola,y) = TV (2 4 y)

By the product rule followed by the chain rule:
foy(w,y) = e FVH (@4 3y7) (2w y) e I = e VI (04:3y7) (20 4y) 1)
Now we plug-in x = 1,y = 1, and get:

foy(L,1) = VT (143.12)(2- 14 1) + 1) = €3 - 13 = 13¢°



6. (10 points) Use the linearization of f(x,y) = /22 + y? + 1 to approximate f(2.01,1.98).

. 449 o149
Ans.: 150 OF 2150

Recall the linearlization formula:

L(z,y) = f(zo,v0) + fz(%0,%0)(x — x0) + fy(z0,y0)(¥ — ¥o)

Here z¢g = 2 and yo = 2. We have

I DTS S D x
fe(z,y) = 2(5’3 +y°+1)"2(22) —\/m

_1 2 2 -1 _ Yy
fy(fl?,y)—§(w +y°+1) (2y)——\/m

So

f(xo,90) = f(2,2) = V22422 +1=/9=3

2 2
f:c(a:anO):f(zaz):—/m:g )

2 2

fy(3307yo) = f(2,2) = \/ﬁ = 3

And so the linearization (at (2,2)) is:

L(m,y):3+§(9&—2)+§(y—2)

Finally, to get an approximation for f(2.01,1.98) we plug-in z = 2.01,y = 1.98:

L(2.01,1.98) = 3+ 2(2.01 = 2) + (198 —2) =34+ 2. — 4 2. 2 _
R 3+ ~ 773 100 3 100

; 2 1_3 1 449
3 100 150 150



7. (10 points) Does the following limit exist? If it does, find it. If it does not, explain why
it does not exist.
' ad +yP + 2
lim
(z,,2)—(0,0,0) 223 + 3y + 423

Ans.: Does Not Exist .

The easiest way to prove that the limit does not exist, is to pick two different straight-lines
approaching the origin. One could be along the z-axis, setting y = 0,z = 0, getting that
the limit of the function as (x,y, z) approaches (0,0,0) moving along the z-axis is:

. a3 1
lim 2z
(z,y,2)—(0,0,0),y=0,2=0 223 2

Approaching along the y-axis, we get

3

. Y 1
lim = ==
(z,y,2)—(0,0,0),2=0,2=0 3y3 3

Since these numbers are different, there is no way that the limit could exist.
Another way is to set y = kz, 2 = max getting that the limit along an arbitrary line is

i 23 + (kx)® + (mz)? 1+ k3 +m?
11m =
(z,y,2)—(0,0,0),y=kx,z=mzx 213 + 3(]{31')3 + 4(mm)3 2+ 3k3 + 4m3

This obviously depends on k£ and m, so there is no consensus, and the limit does not exist.
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8. (10 points) Find the length of the curve

r(t) = (4t, 3sint, 3cost) , 0<t<m

Ans.: b

r'(t) = (4, 3cost, —3sint)

and
It (t)| = |(4, 3cost, —3sint)| =

V42 + (3cost)? + (3sint)2 = \/16+9(0032t+sin2t) =16 +9=V25=5
So ds = 5dt, and

arclength :/ ds :/ 5dt = bm
c 0
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9. (10 points) A certain particle has acceleration
a(t) = (16e*", 9sin(3t), 6t)

and at t = 0 its velocity is (4, —3,0) and its position vector is (1,0,0), find its position
vector at any time t.

We first need the velocity v(t), obtained by integrating a(t):
v(t) = /< 16e*" | 9sin(3t), 6t) dt = (4e* | —3cos(3t), 3t*) + C

By-plugging in ¢ = 0 we get C = 0 and so
v(t) = (4e*, —3cos(3t), 3t?) + 0 = (4e", —3cos(3t), 3t?)

To get the position, we integrate the velocity:
r(t) = /(46‘“, —3cos(3t), 3t* ) dt = (e*, —sin(3t), t*) +C ,

By-plugging in ¢t = 0 we get C = 0 and so
r(t) = (e*, —sin(3t), t3)

Finally, plugging-in ¢ = 7/4, we get:

r(r/4) = (€™, —sin(3n/4), (1/4)3) = (e, ——, —)

Comment: People who left the answer as (€™, —sin(3w/4), (w/4)3) got eight points.
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10. (10 points) Let ®(u,v) = (3u + v, u — 2v). Use the Jacobian to determine the area of
®(R) for R = [2,5] x [1,7].

Ans.: 126

The Jacobian is (z4,) (Yy) — (z4) (ya) = (3)(—2)—(1)(1) = —7, so the magnification factor
is its absolute value, | — 7| = 7. The area of the rectangle R is (5—2)-(7—1) =3-6 = 18,
so the area of ®(R) equals 18 - 7 = 126.

Comments:

1. Some people didn’t know what [2,5] x [1, 7] means. It is the rectangle

{(z,y)|2<2<5,1<y<T7}

One or two people forgot to take the absolute value, giving the answer of —126, shame on
you! How many times did I tell you area can never be negative!.
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11. (10 pts.) Compute curl F if

F = (22530452 o2 4 9y 1, 3e20T3H5% 4 9gy 4 33 41, 52 H3vTo%)

Ans.: (0,0,1)

i ; k
curlF = a% 8% %
227 F3Y+52 L2 L 9y 41 3e2TH3VE5Z L opy + 3+ 1 He2rT3ytse

0 0
—i ( 562m—|—3y—|—5z o _(3€2x+3y+5z + Qxy + 3 + 1))

a_y 0z
. a 2x43y+52 a 2x4+3y+52 2
—j %56 —5(26 +y +2y+1)

0 0
+k (%(362‘”+3y+5z +2zy+3x+1) — 8—y(262$+3y+5z + oy + 2y + 1))

= i ((15€2*+3uH5% _ 15e20+3y+52) _ § (102 +3yH02 _ (2o t3y+52)

+k (662x+3y+5z + 2y + 3) o (662$—|—3y+5z + 2y + 2)
—§-0—j-+k-1 = (0,0,1)

14



12. (10 points) Evaluate the line integral

/F-dr ,
c

where C is given by the vector function r(t).
F(z,y,2) =yi+zj+yk |

r(t) =ti+tj+2tk , 0<t<1

Ans.:

wloo

Here r(t) = (t2,t,2t), so r'(t) = (2t,1,2). Since x = t?,y = ¢,z = 2t on C, translating F
to the t-language gives F = (¢, 2t,t).

1 1
/F-dr:/ (t,2t,t>-r’(t)dt:/ (426 8) - (26,1, 2)dt =
C 0 0

/1((t)(2t) + (2t)(1) + t(2))dt = /1(2752 + 2t 4 2t)dt = /1(2752 + 4t)dt =
0 0 0

2t3 2t3 2 2
‘——+2t2 - +2-12—0:§+2:§

‘03
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13. (10 points) Evaluate

///Eﬁdv’

where F is the solid that lies within the cylinder 2 4+ y? = 1, above the plane z = 0, and
below the cone 22 = 42?2 + 4y2.

Ans.: 27

We use cylindrical coordinates. Recall that (just like in polar) 22 + % = r2. Also

dV = rdzdrdf. In cylindrical language the surface 22 = 422 + 4y? means z? = 4r2 which
means z = 2r or z = —2r. But since our region is above the xy-plane, the limits in
the z-integration are 0 < z < 2r (i.e. the bottom half of the cone, namely z = —2r is
irrelevant). The projection on the zy-plane is the disc 2% + y? < 1, that means 0 < r < 1,
and since we are having the whole disc, we have the full range of #: 0 < 6 < 27.

Our integral becomes:

27 1 2r 1 27 1 2r 27 1 2r
/ / / —rdzdrd@z/ / / dzdrsz/ / (/ dz) drdf =
0 o Jo T 0 o Jo 0 0 0
27 1 27 1 27 1 27
/ / QrdrdG:/ (/ 2rdr)d9:/ (ﬂ )d9:/ (1)d6 = 21
0 0 0 0 0 0 0

16



14. (10 points) Evaluate the iterated integral

2 3x T+y
/ / / rdzdydx
0 x 0

Ans.: 24

The inside integral is:

r+y
/ rzdz = xz
0

The middle integral is:

z:x+y__ 9
=z(x+y—0)=z"+ay

2=0

2‘y=3x

3x
X
/ (¢ +y) dy = 22y+ 2

5 = x2(2x)+g((3ac)2—x2) = 2x3+g(8w2) = 2% +42° = 627

y=z

The outside integral is:

2 4 2 3
/ 62> do = 6x—
0 4

T= 3
=22 —0Y) = 2(16) =24
o 2( ) 2( )

17



15. (10 points) Use the given transformation to evaluate the integral

//R(Qx—l-y)QdA ,

where R is the triangular region with vertices (0,0),(2,-3), (3,=5); z = 3u —v, y =
—dHu + 2v.

Ans.:

=

First we compute the Jacobian (3)(2) — (—1)(—5) = 1.
We need to find the three vertices of the triangle in the uv-plane.

For (0,0) we solve 3u — v = 0, —5u + 2v = 0, getting u = 0,v = 0, so we have the point
(0,0) in the uv-plane.

For (2,—3) we solve 3u — v = 2, —bu + 2v = —3, getting u = 1,v = 1,(you do it!) so we
have the point (1,1) in the uv-plane.

For (3,—5) we solve 3u — v = 3, —bu + 2v = —5, getting u = 1,v = 0,(you do it!) so we
have the point (1,0) in the uv-plane.

This is a much simpler region, the triangle with vertices (0,0), (1,0), and (1,1). Its type-1
description is:
{(u,v) |0 <u<1,0<v<u}

The integrand in the uv-language is:
2z +y)* = (2(3u — v) + (=bu + 2v))? = u?

So the xy-integral becomes the following uv-integral

1 u 1 u
/ / |1]-u2dvdu:/ / u? dv du
o Jo o Jo

The inside integral is

18



16. (10 points) Evaluate the iterated integral by converting to polar coordinates.

1 0
/ / 10(z* + y*)* dy dx
0 J—v1—z2

Ans.:

w3

We must use polar coordinates (since the question asked for it). The region of integration
is (in type-I format)

{(z,y)|0< 2 <1, —/1-22 <y <0}

If you draw it (do it!), this emerges as a quarter-disc, center the origin, radius 1, that lives
in the fourth-quadrant (the lower-right quadrant). This means that the limits of 6 are
—m/2 < 6 <0 (or, equally correctly 37/2 < 6 < 2m). The limits in the r-integration are
0 < r <1 (since the radius of the disc is 1). Recall that dydz = dA = rdrd6 and that
22 4+ y2 = r?, so we have that our integral is

0 1 0 1 0 1
/ /10(r2)4rdrd0:/ /10r9rdrd0:(/ d@)(/ 10r%dr) =
—7/2J0 —7m/2J0 —7/2 0

L) = 0- a2 -0 =

(9 0 2

—m/2

19



17. (10 points) Compute the (vector-field) line-integral

/F-dr ,
c

where C' is an ellipse with semi-major-axis 4 and semi-minor-axis 3, traveled clockwise,
and the vector-field F is
F=(2y, 3z)

(Reminder: the area of an ellipse with semi-major axis a and semi-minor-axis b equals
mwab).

Ans.: —127

Since an ellipse is a closed curve, we can use Green’s Theorem: if F = (P, (@), then

Jorar= [ (Ge-5)

where R is the inside region of the curve, and the line-integration is performed coun-
terclockwise. Since in this problem we are told that the line-integration is performed
clockwise, we need to stick a minus sign in front, getting (here P = 2y, Q = 3x):

/F Cdr = — // (8m 32) ——Qy) // (3—2) = —arca(R)

The area of the ellipse is 3 -4 - 7 = 127, so we get that the answer is —127.

Comment: People who forgot to stick the minus sign (and got 127) got six points.
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18. (10 points) Compute the vector-field surface integral:

/LE&,

F = (5z, 2y, 3z)

where

and where S is the boundary of a pyramid whose base is a 2 x 2 square and whose height
is 3, with the normal pointing outward.

(Reminder: the volume of a pyramid is the area of the base times the height divided by 3)

Ans.: 40

We use the divergence theorem:

[ [Fas=[ ][ @wav .

where FE is the interiour of the surface (in this problem the pyramid).

The divergence is P, + @, + R, =5+ 2+ 3 = 10, so we have

//SF'dSZ///E(lO)dV:10///E1dV:10Volume(E)

By the hint, the volume is (2-2-3)/3 = 4, so the answer is 10 - 4 = 40.
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19. (10 points) Find the maximum value of the function f(z,y) = z2y* subject to the
constraint x2 + 2y% = 6.

Ans.: 8

The goal function is f(z,y) = z?y*, and the constraint function is g(x,y) = 2% +
2y? — 6. We have to solve the Lagrange-multiplier equation

vi=Avg ,
that spells out, in this problem, to be:
(2zy*, 42%y®) = N2z, 4y)
That yields the two equations:
20yt =20z, 42%y® = 4y

It would be nice to get rid of the annoying A by dividing the first equation by the second,
but we must first consider the case when:

z =0 (and using z2 + 2y? = 6 gives 0% + 2y? = 6, so y = £/3, giving the two candidates
(0, £v3)).

y = 0 (and using 22 +2y* = 6 gives 22 +2-02 =6, s0 v = ++/6, giving the two candidates
(£1/6,0)).

Now that we have taken care of the cases of “division by 0”7, we can safely divide the first
equation by the second, getting

2yt 2\
dr2y® Ay
that simplifies to:
y T
2 2y
and cross-multiplying gives 2% — y? = 0. Factorizing, we get (x —y)(z +y), so we have two
remaining options y = z and y = —z. Plugging this into the constant equation we get

22 +2(£2)* =6
yielding 322 = 6, so 22 = 2 and & = ++/2. Since y = +x, this gives the four additional
candidates (£v/2,+/2).

Now it is time for the final contest:
F0,£V3) =0 , f(£V6,0)=0, f(£V2,4£V2)=2-4=38

The largest value amongst these is 8, so this is the answer.

Comment: Many students got the right answer, but forgot to consider the finalists
(0,£v/3), (£v6,0). These people only got (very generously!) six points. If the prob-
lem would have been to find the absolute minimum value, they would have gotten the
Wrong answer.

22



20. (10 points) Find the local maximum and minimum values, and saddle point(s) of the
function f(z,y) = e* — ze.

Local maximum value(s): None
Local minimum value(s): None

saddle point(s): (0,0)

f:r:em_ey ’ fy:—$6y

For future reference:

Sz =€, fﬂcy:_ey 7fyy:_37ey
To get the critical points, we solve

e? —eY=0 , —ze¥=0
It is easier to tackle the second equation first. Since e¥ is never zero, it is safe to divide by
it, getting as the only option, = 0. Plugging it into the first equation gives e® — e¥ = 0,
so e¥ = 1 yielding y = 0. So the only critical point is (0, 0).
It now remains to find its nature. When z = 0,y = 0 we have
fwm(070):€O:1 3 fmy(oao):_eoz_l y fyy(oao):()

so the discriminant D = f. fy, — f2, equals (1)(0) — (=1)*> =0 — 1 = —1. Since this is
negative it means that (0,0) is a saddle point.
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