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1. (10 points) Compute the line-integral

/ Tydr +3xdy
c

where C'is the closed path that consists from the line segment from (0, 0) to (1, 2) followed
by the line segment from (1,2) to (2,0) followed by the line segment from (2,0) back to
(0,0).

Ans.: 8

We use Green’s Theorem:

/Cde+Qdy:/L(g—§—g—§)dA ,

where R is the inside of C', and C' is traveled counterclockwise.
Here P = Ty and () = 3x so we have

/C7ydx+3a:dy=//R(3—7)dA: —4//RdA:—4ATea(R)

The region R is the triangle whose vertices are (0,0), (2,0), (1,2). Its base has length 2,
and its height is 2, so its area is 2-2/2 = 2, so this equals —8.

Finally, since the path goes from (0,0) to (1,2), then from (1,2) to (2,0) and then from
(2,0) back to (0,0), if you draw it (or even in your head) you can see that the direction is

clockwise. So we have to take the minus of that. So the answer is —(—8) = 8.

Comment: People who got the answer —8 (i.e. they didn’t multiply by —1) got six points.



2. (10 points) Find an equation of the tangent plane to the surface
®(u,v) = (u® + 02, 2uv,u®)

at the point (5,4, 1).

Ans.: r —2y+2z=-1
(orz—2y+2z2+1=00rz=-1/2—z/2+vy).

®, = (2u,2v,3u*) ,®, = (2v,2u,0)

Now it is time to find out what are the specific u and v at the point (5,4,1). We have to
solve
w+P=5 |, 2uw=4 , u=1

From the last equation we get u = 1. Plugging v = 1 into the second equation we get
2v =4 so v = 2. To make sure we plug-in © = 1 and v = 2 into the first equation and get
5 =5, so things are OK and indeed u =1 and v = 2.

Plugging-in these values of u and v into ®,, ®,, we get

d,=(2-1,2-2,3-1%) &, =(2-2,2-1,0)

So
P, = (2,4,3> , P, =(4,2,0)

To get the normal vector we take the cross-product ¢, x ®,:

n=(243)x(4,2,0)=(-6,12,—-12)
(you do it!). So the equation of the tangent plane is

—6(x —5)+12(y—4) —12(2—1)=0
Dividing by —6 we get:

(x—5)—2(y—4)+2(x—1)=0
This is an OK answer. Simplifying, we get:
r—2y+2z=-1 ,

that is the best answer.



3. (10 points) Find the absolute maximum value and the absolute minimum value of the
function f(x,y) = 22 + y? in the region

{(r,y)] 1< <1,-1<y<1}

Absolute minimum value: 0

Absolute maximum value: 2

We first find the critical points by solving f, = 0, f, = 0. Here f, = 2z and f, = 2y.
Solving 2x = 0,2y = 0, we get z = 0,y = 0 and so (x,y) = (0,0). Since (0,0) happens to
be in our region, we keep it as a finalist. We also have automatically, as finalists, the
four corners of the square (—1,—1),(—1,1),(1,—1),(1,1). We also have to find potential
candidates along the edges.

Left edge: v = —1: f(—1,y) = 1+ y2. Since (1 + y?) = 2y we get y = 0 yielding the
candidate (—1,0)

Right edge: = = 1: f(1,y) = 1 + 92 Since (1 + y?) = 2y we get y = 0 yielding the
candidate (1,0)

Bottom edge: y = —1: f(z,—1) = 22 + 1. Since (2? + 1) = 2x we get x = 0 yielding
the candidate (0, —1)

Top edge: y = 1: f(x,1) = 22 + 1. Since (22 + 1)’ = 22 we get 2 = 0 yielding the
candidate (0,1).

So we have nine finalists, and for each we have to plug-in into f(z,y) = 2 + y2.

£(0,00=0 , f(£1,00=1 , f(0,+1)=1 , f(£1,+1)=2

The smallest of these values is 0, that is the absolute minimum value. The largest of
these values is 2, that is the absolute maximum value.

Comment: Many people got the right answers but didn’t get full credit, since they didn’t
examine the edges. In this problem it turned out that the candidates from the edges didn’t
matter, but in many other problems, they are the winners (or losers).



4. (10 points) Compute fg,, if

f(z,y) = sin(z? + 2y 4+ y°)

Ans.:
—(z + 2y)(2z + y) sin(2? + zy + y?) + cos(z? + 2y + 3?)

By the chain rule applied to f(z,y) as a function of z, and viewing y as as stupid con-
stant:
fo = cos(z® +xy +4*) - (22 +y)

By the product rule, viewing f, as a function of y and treating x now as a stupid constant:
fay = (cos(z® +ay +y*)) - (2w +y) + cos(a® + 2y +y7) - (2 +y)"

where ' denotes differentiation with respect to 3. Using the chain-rule for (cos(z?+zy-+y?))’
we get that it equals —sin(z? + 2y + 3?) - (z + 2y). This gives:

Joy = —sin(w2 +my+y2) (x+2y) 2z +y) +COS(£L‘2 +acy+y2) 1=

—(z + 2y) (22 + y) sin(z® + 2y + y?) + cos(z® + zy + y*)



5. (10 points) Find % at the point (1,1,1) if (z,y, 2) are related by:

2332 4+ 3ryz = 4

Ans.: —1

First let’s make sure that our point (1,1,1) indeed lies on our surface:
1313 1°4+3.1-1-1=4

is correct, so the question makes sense (if it didn’t, you should refuse to do it).

Recall the formula
0z F,

or ~ F,
for an implicitly-defined function of the form F(x,y,2) = 0. Here F(z,y,2) = 23323 +
3ryz — 4. So
0z 3229323 + 3yz

dr  323y322 + 3xy

But we are interested only at what is going on at (1,1,1). So pluggingz =1,y =1,z =1
we get
0z _ 3(1)*(1°(1)°+3M(A) _ -6 _

dx — 3(1P(LP(1)2+3MA) 6

Comment: Students who forgot to plug-in z = 1,y = 1,z = 1 and gave as the answer

2,33
—% only got three points. It is very important to read and understand the

full question, and in this problem the final answer is of type number not “multivariable
function”.



6. (10 points) Find an equation for the plane that contains both the line
r=14+t,y=2+t,z2=34+t (—o0o<t< )

and the line
r=—t,y=1+t,2=2+t (—o0o<t<0)

Ans.: y—z=-1

In vector notation, the two lines are
(1,2,3) + (1,1, 1)t , (—=1,1,2)+(—1,1,1)t

So the direction vectors are (1,1,1) and (—1,1,1). To get the normal vector to the
plane, we take the cross-prodcut:

n=(1,1,1) x (-1,1,1) = (0, —2,2)

(You do it!). We also need a point (x,yo.20). Plugging-in ¢ = 0 (for example, you can
plug-in any other number, but 0 is the easiest) into the first equation you get that one
point on our plane is (xg, Yo, 20) = (1,2,3). In general the equation of a plane through a
point (xg, Yo, z0), with normal vector n is:

<x—$0>y_31072—20>'n:0
So, in this problem it is:
(x—1,y—2,2—3)-(0,-2,2) =0

that spell out to:
(@ —=1)(0) + (y = 2)(=2) + (2 = 3)(2) =0

Dividing by —2 we get:
(y—2)—(2-3)=0 ,

that simplifies to y — z = —1.

Comment: There are many choices for (zo,yo, z9) but at the end of the day you would
get the same answer for the equation of the plane (after simplification).



7. (10 points) A certain particle has law of motion
r(t) = (2sint, 2cos2t, 2sin3t)

Find its acceleration at ¢t = 7/6.

Ans.: (—1,—4,—18)

First we need the velocity:
v(t) =1'(t) = (2cost, —4sin2t, 6 cos 3t )
The acceleration is: a(t) = v/(t) = r”(¢t):
a(t) =r"(t) = (—2sint, —8cos2t, —18sin 3t )

This is the acceleration for general ¢. But we are only interested at what is going on
when t = 7/6, getting:

a(r/6) = (—2sinmw/6, —8cosm/3, —18sinm/2)

Doing the trig-function evaluations (that you either memorize, or put in the formula sheet,
I told you many times that you are allowed to do that), we get

a(n/6) =(-2-(1/2), =8-(1/2), =18 - (1)) = (-1, —4, —18)

Comment: People who left it unevaluated (i.e. as ( —2sinnw/6, —8cos7/3, —18sinm/2))
got six points only. People who didn’t plug-in¢ = 7/6 (i.e. left it as: ( —2sint, —8cos2t, —18sin 3t ))
only got three points. Read the question!



8. (10 points) Compute the (scalar-function) line-integral

/yds
c

where the curve C' is given by the parametric equation:

r(t) = (1+sinbt, 1+cosbt, VT5t) , 0<t<1

Ans.: 10 +2sinb

First we compute:
r'(t) = (5cos5t, —5sin5t, V75)

Next we take the magnitude:

I’ (t)| = |(5cos5t, —5sin5t, V75)| = \/(5005 5t)2 + (—5sin5t)2 4 (V/75)2 =

V/25 cos? 5t + 25 sin? 5t + 75 = \/25(C082 5t + sin” 5t) + 75 = v/100 = 10

So ds = 10dt, and our line-integral is:

1

)‘ — (10t +2sin 5t)| = 10 +2sin5—0 = 10+ 2sin5

sin bt 1
0 0

1
/ (14 cosbt)10dt = 10(t +
0

10



9. (10 points)

If
lim x,y,2)=1 lim x,Y,2) =7/6
(w,y,z)—>(1,2,3)f( 4 ) (m,y,z)—>(1,2,3)g( Y ) /
compute
lim — (f(z,y,2) +cos(29(z,y, 2)))? sin(g(z,y, 2))
(z,y,2)—(1,2,3)
Ans.: %

By the limit laws:

(m’y’zgigl(l’m(f(rc, y, z) + cos(2g(x,y, 2)))? sin(g(z,y, 2)) = (1 + cos(2 - 7/6))? sin(7/6) =

9
8

1 1 3 1
(1+—)2‘—:(§)2'§

2 2

Comment: People who left is as (1 + cos(2 - 7/6))? sin(7/6) got six points.

11



10. Compute
//Eﬁ,
s

F = (2 +sin(y + 2), y° + 22>, 2% + &™)
and where S is the boundary (consisting of all six faces) of the cube

{(Z‘,’y,Z)|0§l’,y,Z§ ]-}

where

with the normal pointing outward.

Ans.: 3

Since the (vector-field) surface-integral is over a closed surface (the whole boundary of
the cube), we use the divergence theorem.

[ [pas=[ ][ @mav .

where F is the inside of the cube, i.e. the region
E={(z,y,2)|[0<x,y,2 <1}
We must first compute divF':

0P 3Q R
dwF—%-f—a—y‘f’&
9 2 3 2 4 emy
za(x +sm(y+z))+a<y +$Z)+8(Z e =2r + 2y + 22
63: ay 6Z

So we have to compute:

1 1 gl
/ / / (22 + 2y + 2z) dz dy, dx
o Jo Jo

1 1
/ (2x+2y+2z)dz:(2x+2y)z+z2‘ =2x+2y)+1-0=2x+2y+1
0 0

The inside integral is:

The middle integral is
1 1
/ 2z +2y+1)dy = (23:y+y2—|—y)’ =2x+1241-0=22+2 ,
0 0
and finally, the outside integral is:

1 1
/(2w+2)d:n::c2+2:c‘ =12+2.1=3
0 0

12



11. By finding a function f such that F = ¥/ f, evaluate |, o F - dr along the given curve C.

F(z,y,2) = 9e2r+3ytdz g | 362m+3y+4zj 4+ 4e2rt3ytiz

Y

C:z=t> |, y=t* , z2=—-t9 , 0<t<1

Ans: e—1

It is easy enough in this problem to realize that F is a conservative vector-field, and, by
inspection that the potential function, f equales f(z,y,2) = e2*T3YT4= (of course you
are welcome to do it the long way, it is not that long, but in this problem it is acceptable
to do it by inspection).

The starting point is (plug-int =0intox =t> , y=t* , z= -t we get (0,0,0).
The end point is (plug-in ¢t = 1), is (1,1, —1). So, by the so-called fundamental theorem
of vector-field line-integrals:

/ F.dr= / Vf(x,y,z)dr = f(EndPoint) — f(StartingPoint) =
C e}
f(l’ 1, _1) _ f(0,0,0) _ 62.1-1—3-1-1-4-(—1) . 62.0+3.0+4.(0) _ 61 _ 60 o1

Comment: People who left it as e — e got eight points. People who did it correctly, but
the long way, not using the potential function as specifically asked by the question only
got two points. Follow instructions!

13



12. Evaluate the line integral

/ Sydx + bxdy + 6z2dz
c

where C:x=t2,y=t,2=1>,0<t<1.

Ans.: 8

Here you are not told what method to use, so you can do it whichever way you want, as
long as it is correct.

First Way: We can see that the vector-field of the question F = (5y,5x,6z) is con-
servative, and by insection or the offical way, the potential function is: f(x,y,2) =
S5ry + 3z%. The starting point is (0,0,0) and the end-point is (1,1,1), so the answer
is f(1,1,1) — £(0,0,0) =8 — 0 = 8.

Second Way:

/l(5t)(2t) dt + (5t%) dt + (6t%)(2t) dt = /1(10752 + 5% + 12t%) dt =
0 0

1 1
/ (152 +126%) dt = (5> +3tY)| = (5-134+3- 1) = (5-03+3-0) =5+3-0-0=38
0 0

14



13. Evaluate

1
4
///;5x2+y2+z2 Vo

where F is the portion of the ball 22 + 32 + 22 < 4 that lies in the octant

{(z,y,2)]x >0,y >0, 2=>0}

Ans.: 7

We convert to spherical coordinates. Since z > 0, we have 0 < ¢ < 7/2. Since
x>0,y >0 we have 0 < § < /2. Since the radius of the sphere is 2, we have 0 < p < 2.
Recall that 22 + y? + 22 = p? and dV = p?sinddpdfd ¢ . Our integral becomes

ip%iwdpdedgb = singdpdf dp =
I A
([ smodn [ an [ ap)

) (7/2)(2) = (—cos(m/2) — —cos(0))(x/2)(2) = (x/2)(1)(2) = =

/2

~ (- oos0)

0

Comment: People who got the right answer (by luck) but set-up the wrong limits-of-
integration in the triple-spherical-integral (but did everything else correctly) got five points.

15



14. Evaluate the triple integral

[1],

E={(2,4,2)]0<2<1,0<y<z,y+2<z<y+2z}

where

Ans.: 1.

We first, set-up the volume-integral as a triple-iterated-integral.

1 z y+2z
/ / / 10yz dx dy dz
0 0 y+z

The inner-integral is:

y+2z y+2z
/ 10yzdxr = 10yz (/ 1 da:) = 10yz (a:
Yy+z y+z

The middle-integral is:

z z yg 2 2'2 02
/ 10y2% dy = 1022 (/ ydy> = 1022 <—‘ ) = 1022 (— — —> = 52*
0 0 2 lo 2 2

The outside-integral is

y+2z

) = 10yz(y+22—(y+2)) = 10yz(2) = 10yz>
Ytz

1 1
/ 5z4dz:z5‘ 1P _0P=1-0=1
0 0

16



15. Find the Jacobian of the transformation from (u,v,w)-space to (x,y, z)-space.
r=2u+3v+uw? |, y=—-u+2v , z=v+3w,

at the point (u,v,w) = (1,1,0).

Ans.: 21

(3_“?%_1” 2 3 2w
Goa B -2 o
9z 9z Oz 0O 1 3

=2[(2)(3) = (0)()] = 3[(=1)(3) = (0)(0)] + 0((=1)(1) = (2)(0)) =2-6 +9 =21

17



16. Evaluate the integral
[[ e
D T

{(z,y)|2® +y* < 4,2 >0,y <0}

where D is the region

We convert this to polar coordinates. Since z is positive and y is negative, this is
the lower-right quarter-circle (living in the fourth quadrant) and the limits-of-integration
in the 6 variable are —7/2 < 6 < 0 or 37/2 < 027 (both are equally correct). The limits
of integration in the r variable are 0 < r < 2, since the radius of the (quarter)-circle is 2.
Recall that 22 + y? = r? and dA = rdr df. So we have

8 2 2 8 0 2 9 8 0 2 )
// 8ie’2” 20 A = SL/ / e 2 rdrdf = 8¢ / db (/ e 2" rdr)
D 7 T J-x/2J0 T —m/2 0

88w (e 2 _ 8w [e® 60) _ 8
T2\ —4 ) wa2\—a =4)"°

18



17.. Calculate the iterated integral

1 1 g1
/ / / (2z + 2y + 2z) dx dy dz
o Jo Jo

Ans.: 3

This is the same as the second part of problem #10. The inside integral is:

1 1
/ (2x+2y+22)dz:(2:13+2y)z+22‘ =2r+2y)+1-0=20+2y+1
0 0

The middle integral is
1 1
/(2x+2y+1)dy:(2:1;y+y2+y)’:2x+12+1—0:2x—|—2 ,
0 0

and finally, the outside integral is:

1

1
/ (2x+2)dx:x2+2x‘ =12+2.-1=3
0 0

19



18. Find the maximum value of the function

flz,y) =3z +4y

subject to the constraint z2? + 3% = 25.

Ans.: 25

This calls for Lagrange multipliers. The constraint is 22 + y? — 25 = 0 so f(z,y) =
3z + 4y and g(z,y) = 22 + y? — 25. The Lagrange multiplier equation

vVIi=Avyg ,

becomes, in this problem
(3,4) = X\(2x,2y)

that spells out to the equations
3=2\z , 4=2\y

Since x can’t be zero (if it was you would get nonsense 3 = 0), we can divide the second
equation by the first, getting:

4y
3 z
that means that y = %x. Plugging-this into the constraint equation, gives
4
fL’z —+ (533)2 = 25 s

that means A
P1+(3)%) =25 ,

SO: o5
2
— =25
Y
This gives 2 = 9 and we have two solutions z = 3 and z = —3. By doing back substi-

tution we get that when z = 3,y = % -3 =4 and when x = -3,y = % - (=3) = —4. So we

have two finalists (3,4) and (—3, —4). Plugging-in the function f(x,y), we have
F(3,4)=3-3+4-4=25
f(=3,—-4)=3-(=3)+4-(—4)=-25

The larger value of these is 25, so 25 is the maximum value. The minimum value happens
to be —25, but I didn’t ask for it, so don’t give it. (Also the location where the maximum
value is attained is the point (3,4) but I didn’t ask for that either, so don’t tell me what I
didn’t ask for.)

20



19. Find the local maximum and minimum values and saddle point(s) of the function
flaz,y) =2 +y° = 3ay

local maximum value(s): None
local minimum value(s): —1 (at (1,1), but I didn’t ask for the location).

saddle point(s): (0,0)

fe = 32? — 3y, f, = 3y> — 3z. For future reference f,, = 6z, f, = —3, f,, = 6y. We need
to solve f, =0, f, = 0, so we have to solve

322 =3y =0 ,3y>—3z=0
Soy = 2% and x = y?. Plugging the first equation into the second, we get z = (22)? = 2% so
r—x% =0, 50 (1—23) = 0 that has two solutions x = 0 and x = 1. By back-substitution,
when x =0, y =0 and when z =1, y = 1.
So we found two critical points: (0,0) and (1,1).
Now we need to compute the discriminant D = f,. f,, — fgy at each of these points.

When (z,y) = (0,0), we have fr, =0, fzy = =3, fyy =0, s0 D = (0)(0) — (=3)?> = -9 < 0.
This means that (0,0) is a saddle point.

When (x,y) = (1,1), we have fyz = 6, foy = —3, fyy = 6,50 D = (6)(6)—(—3)> =36—9 =
25 > 0. This means that (1,1) is a local max. or local min. Since f,, > 0, it is a local
min, and the value there is f(1,1) =13 +1>-3-1-1= —1.

Comment: Some people missed the point (0,0) (since they solved z* = z by dividing

both sides by x, that is only legitimate when z # 0, thereby missing the option of = = 0).
These people got five points.
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20. Sketch the region of integration and change the order of integration.

1 x 2 2—x
/ / F(z,y)dydx + / / F(z,y)dydx
o Jo 1 Jo

fo f2 Y F(z,y) drdy

The region is the triangle whose vertices are (0,0), (2,0), and (1, 1), that is a simple type
IT region (horizontally simple):

R={(z,y)|0<y<l,y<z<2-y}

yielding fol f;_y F(z,y) dzdy.

Comment: Some people treated each of the two double integrals separately, getting as

answer:
1 pl 12—y
/ / F(z,y) dxdy-i—/ / F(z,y) dzdy
0 Yy 0 1

These people got nine points, since it is a correct answer, but not as simple as the one
above, that only involves one double-integral.
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