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Consider the generating function

F(x, y, t) = 1
xy

+
(
1
x +

1
xy2 + 1

y + 1
x2y

)
t

+
(
2+ 2 1

x2
+ 1

xy3 + 2 1
y2 + 2 1

x2y2 + 1
x3y

+ 2 1
xy + x

y + y
x

)
t2

+ · · · ∈ Q[x, x−1, y, y−1][[t]].

Let Fx(y, t) = [x0]F(x, y, t) and Fy(x, t) = [y0]F(x, y, t).
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y)t
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“Orbit sum”
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Famous theorem:

If the orbit sum is zero, the generating function is algebraic.

More or less.

The theorem requires F(x, y, t) to be analytic at x = y = 0.

In fact, our F(x, y, t) is not algebraic.
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Let

F1 = [x<y<]F

F2 = [x≥y<]F

F3 = [x<y≥]F

F4 = [x≥y≥]F

so that F = F1 + F2 + F3 + F4.

Then:
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F1(x, y, t) = [x<y<]

=:T︷ ︸︸ ︷
xy− x

y − y
x + 1

xy

1− (x+ y+ x−1 + y−1)︸ ︷︷ ︸
=:S

t

F2(x, y, t) = t 1y [x
<]
((

[y>]
y− y−1

1− St

)(
[y−1]

T

1− St

))
F3(x, y, t) = F2(y, x, t)

F4(x, y, t) =
1
xy [y

>]
((

[x−1]
(y− y−1)[y−1] T

1−St

1− St

)(
[x>]

x− x−1

1− St

))
+ 1

xy [x
>]
((

[y−1]
(x− x−1)[x−1] T

1−St

1− St

)(
[y>]

y− y−1

1− St

))
.

So F is D-finite.
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Using computer algebra, we can derive from these expressions that
the sequence an defined by

F(1, 1, t) =

∞∑
n=0

ant
n

provably satisfies the recurrence

(2+ n)(4+ n)(6+ n)(−1+ 2n+ n2)an+2

− 4(3+ n)(−18+ 4n+ 9n2 + 2n3)an+1

− 16(1+ n)(2+ n)(3+ n)(2+ 4n+ n2)an = 0.

Its only asymptotic solutions are 4n

n and (−4)n

n3 , so F(1, 1, t) cannot
be algebraic.
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Goal: if ai,j,n is the number of walks of length n ending at (i, j),
show that

∑∞
n=0 a0,0,nt

n is algebraic. (Or at least D-finite.)

Idea: Construct an annihilating operator

P(n, Sn) + iQ(n, i, j, Sn, Si, Sj) + jR(n, i, j, Sn, Si, Sj)

of ai,j,n with P 6= 0.

Then P(n, Sn) annihilates a0,0,n and we are done.

This worked well in 2011 for the quarter plane, but the 3/4 plane is
too hard even in 2021.

We have no doubt that such an operator exists, but it is so big
that we were not able to find it.

Any other ideas?
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Quarter plane:

(1− t(xy+
1

x
+

1

y
))F(x, y, t) = 1−

t

x
F(0, y, t) −

t

y
F(x, 0, t)

y = Y(x, t) :=
x− t−

√
t2 − 2tx+ x2 − 4t2x3

2tx2

Guess and check!

22



Quarter plane:

(1− t(xy+
1

x
+

1

y
))F(x, y, t) = 1−

t

x
F(0, y, t) −

t

y
F(x, 0, t)

y = Y(x, t) :=
x− t−

√
t2 − 2tx+ x2 − 4t2x3

2tx2

Guess and check!

22



Quarter plane:

(1− t(xy+
1

x
+

1

y
))F(x, y, t) = 1−

t

x
F(0, y, t) −

t

y
F(x, 0, t)

y = Y(x, t) :=
x− t−

√
t2 − 2tx+ x2 − 4t2x3

2tx2

0 = 1−
t

x
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Y(x, t)
F(x, 0, t)
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Y(x, t)

x
F(0, Y(x, t), t)

Guess and check!
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Three quarter plane:

F = F1 + F2 + F3 + F4
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[x0]F4(x, y, t)
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− Y(x, t)2
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[x−1]F2(x, y, t)
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y=Y(x,t)

[x−1]F2(x, y, t) =
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Here are guessed differential equations for these series:

• [y0]F2(x, y, t) appears to satisfy an equation of order 13 with
t-degree 174 and x-degree 119 involving integers with up to
127 decimal digits.
Total file size: 8.3Mb

(≈ 66000 postcards)

• [x−1]F2(x, y, t) appears to satisfy an equation of order 13 with
t-degree 172 and y-degree 118 involving integers with up to
127 decimal digits.
Total file size: 8.3Mb

• [y0]F4(x, y, t) appears to satisfy an equation of order 25 with
t-degree 633 and x-degree 434 involving integers with up to
477 decimal digits.
Total file size: 694Mb

(≈ 34m3 of postcards)
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Unfortunately, this is not quite enough to complete the job.

So far we only have differential equations with respect to t

The system of functional equations involves substitutions with
respect to x and y

For executing the “check” part, we therefore also need differential
equations w.r.t. x and y.

We will try to have them ready before Doron’s 80th birthday.

In any case, I am looking forward to the next ten years of guessing
and checking!
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