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DIOPHANTINE REPRESENTATION OF ENUMERABLE PREDICATES

Ju. V. MATIJASEVIC UDC 511

Abstract. An example is given of a diophantine relation which has exponential
growth. This, together with the well-known results of Martin Davis, Hilary Putnam,
and Julia Robinson, yields a proof that every enumerable predicate is diophantine.
This theorem implies that Hilbert's tenth problem is algorithmically unsolvable.

Introduction

Hilbert’s tenth problem was formulated in his famous lecture [1] in the following

manner:

“10. Determination of the solvability of a diophantine equation. Given a diophan-
tine equation with any number of unknown quantities and with rational integral numeri-
cal coefficients: To devise a process according to which it can be determined by a fi-

nite number of operations whether the equation is solvable in rational integers.”

Today, ‘‘a process according to which it can be determined by a finite number of
operations whether...”’ is naturally understood to mean an algorithm which solves the
problem propounded. The exact concept of an algorithm was not worked out until the
thirties of our century. D The emergence of this concept made it theoretically possible:
to establish the algorithmic unsolvability of mass problems,z) and by now many examples
of algorithmically unsolvable problems are known. In particular, Hilbert’s tenth problem

turns out to be unsolvable.

There cannot exist an algorithm which permits recognizing whether or not an arbi-

trary diophantine equation has a solution.

In the present instance it is immaterial whether we are interested in solutions in
the integers (as Hilbert himself formulated the problem) or restrict ourselves to solutions
in the natural numbers? only. As a matter of fact, a diophantine equation is an equa-
tion of the form

AMS 1970 subject classifications. Primary 02E10, 10B99, 10NOS.
1) For more detail concerning this concept see, for example, [2] or [3]

2) For more detail concerning the concept of mass problem see [3],Chapter V.
3) We call the positive integers natural.

Copyright © 1972, American Mathematical Society



2 Ju. V. MATIJASEVI

P(xl’ ey xﬂ):Q(xly ey xﬂ)y (1)

where P and () are polynomials with integral coefficients. (Since all polynomials
considered in this article have integral coefficients only, this property will not be spe-
cifically stipulated below.) The question of the solvability of equation (1) in the inte-

gers is equivalent, as is easily seen, to the question of the solvability of the equation

P(zl—ylv sy Zn_‘yn):Q(zl‘—y]_, v ey zn‘—‘yn)

in the natural numbers. Also, since every nonnegative integer is representable as a
sum of four squares according to a theorem of Lagrange (see, for example, [4]), the
question of the solvability of equation (1) in the natural numbers is equivalent to the

question of the solvability of the equation

PR+ritsi+fi+1, oo, i it +6a41)
=Q+ri+si+ti+1, wee, gatra+si+tn+1)

in the integers.

Thus, if an algorithm which permits recognizing the solvability of an arbitrary
diophantine equation in the natural numbers were possible, then an algorithm would
also be possible which permits recognizing the solvability of an arbitrary diophantine

equation in the integers, and conversely.

In the present article we shall restrict ourselves to considering solvability in the
natural numbers. Below all lower-case Latin letters, except 7 and j, are used every-
where as variables for positive integers, while 7 and j are variables running over the

nonnegative integers.

1

The question of what predicates’’ are diophantine is closely connected with
Hilbert’s tenth problem. By definition the predicate R(xl, cee, xn) is diophantine if a

polynomial R(xl’ R S TTRIE y]_) can be found such that?’
ﬂ(xl, feey xn)@ﬂyl ‘e y][R(xl, e ey x,;, yl’ se ey _l/,)=0]. (2)

The relations defined by the formulas p >4, p > ¢, tlg, p = g(modm) are examples

of diophantine predicates. In fact,
p>q&UAsip=q+s),
p>qedslp=q+6—11

1) Predicate is the joint name for properties (which are one-place predicates) and rela-
tions (which are multiplace predicates). In the present article we consider exclusively predi-
cates defined on the set of natural numbers.

2) The mathematical logic symbols used in this paper are read as follows: I, there is;
V, forall;o..=>..., if ..., then...;<=>, if and only if; &, and.
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plg< A sips=q),
p=qg(modm)=Astjp—qg=m{s—1).

All diophantine predicates are enumerable. By definition the predicate R(xl,~ . ,xn)
is enumerable if an algorithm can be found which is applicable (i.e. which completes the
task) to those and only those n-tuples of natural numbers for which the predicate R is

true. D

The property being a prime number is an example of an enumerable predicate, since
clearly it is possible to find an algorithm applicable to prime numbers and only to them.

Let us show that every diophantine predicate is in fact enumerable. Let
R(Xl sty xn) be a diophantine predicate, and R(xl ety X Yy y].) its corresponding
polynomial (i.e. satisfying condition (2)). Without loss of generality we shall assume
7> 0. (Otherwise we could introduce fictitious variables.) Let us consider an algorithm
which, when applied to an n-tuple of natural numbers, begins to sort out in some order
all j-tuples of natural numbers until a j-tuple is found which together with the original
n-tuple annihilates the polynomial R. (It is not important in the present instance just
what the result of the algorithm’s operation is.) According to condition (2), this algo-
rithm is applicable to those and only those n-tuples of natural numbers for which the

predicate R is true.

Consequently every diophantine predicate is enumerable. The main goal of the
present paper is to show that the converse assertion, formulated in the following man-
ner, is also valid:

Basic Theorem. Every enumerable predicate is diophantine.

Thus the property being an enumerable predicate, which has an algorithmic charac-
ter, coincides with the property being a diophantine predicate, which has an arithmetical
character.

That Hilbert’s tenth problem is algorithmically unsolvable follows immediately from
the basic theorem. Indeed, let ﬁ(xl AN xn) be an enumerable, but not a solvable,
predicate, i.e. one for which there cannot exist an algorithm which recognizes those
and only those n-tuples for which the predicate R is true.?) According to the basic
theorem, the predicate R is diophantine; so let R be a polynomial satisfying condi-
tion (2). Then an algorithm is impossible which permits recognizing the solvability of

an arbitrary equation of the form

R(ab ey Qn, yl’ ey yj)zo’

1) We are citing only one of the possible equivalent definitions. For more detail concern-
ing enumerable predicates see, for example, {2].

2) The theorem on the existence of such predicates is one of the fundamental results in the
theory of algorithms. For its proof see, for example, [2]
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where a,,-.-,a_ are parameters. All the more, therefore, it is impossible to have the
algorithm required in Hilbert’s tenth problem which permits recognizing the solvability
of an arbitrary diophantine equation.

Our proof of the basic theorem combines the result of several mathematicians’
efforts. Below (in $1) we give a short review of several results obtained earlier which

are closely connected with the basic theorem.

$1. Reduction of the basic theorem and corollaries of it

The conjecture that every countable predicate is diophantine was apparently first
stated by Martin Davis. In [5] he was forced to leave this supposition open; however,
a close result was obtained there. That is, Davis showed in [5] that every enumerable

predicate R(xl, cey x") is representable in the form

F(Kyy ooy X)) S AWV Z<0T -+ YiIR Ky ooy Xny @, 2, 41, ..., 4)=01, (1)
where R is a polynomial.l)

Using this representation, Davis, Hilary Putnam, and Julia Robinson proved in [6]
that an arbitrary enumerable predicate ‘(R(xl, cee, x") can be represented in the form

BKpy vy X)STY oo YiIP (X ooty Xy Y1y ov ey U))
= (xl’ L ] xﬂ) ylv s ey y])]' (2)

Here P and Q are functions constructed by superposing addition, multiplication, rais-

ing fo a power, and specific natural numbers,

The equation in the right side of (2) is called exponential diophantine. It is not
difficule to understand that by introducing additional variables, we can transform an
arbitrary exponential diophantine equation into a system of equations which is equiva-

2)

fent to it/ and each of whose equations has the form a = b+ ¢, a = bc, or a = b,
where a, b and ¢ are variables or concrete natural numbers. Let us assume that

Alg, p, &, Zyseee, zn) 1s a polynomial such that the equivalence
q:pk@%Hzl"" Zm[A(q’p’k7Zer R ] Zm):()] (3)

is valid, and let us replace each equation of the form @ = 6 with a copy of the dio-
phantine equation in the right side of (3) (substituting appropriate variables or specific
numbers for ¢, p and k, and each time choosing new variables as z,, - -,zm). We

obtain as the result a system of diophantine equations which is equivalent to the ori-

1) Strictly speaking, this result was formulated in Davis’ paper for the case when all vari-
ables run over the set of nonnegative integers. However, this difference is not an essential one.
To obtain representation (1), it is sufficient to take the analogous Davis representation and every-
where in the polynomial replace w, 2z, y1,--+,y; by w~1,2 - 1,91 — 1, -+ y;~ 1, respectively.

2) We call two systems of equations equivalent if the solvability of either one implies the
solvability of the other.
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ginal exponential diophantine equation. It is clear that an arbitrary system of diophan-

tine equations
Sl:Tl (l:I,...,a)

is equivalent to the single diophantine equation

a

Z (Si—T)*=0.

I=1 '
Thus, according to the result of Davis, Putnam and Robinson to which we referred
above, in order to prove that every enumerable predicate is diophantine, it is sufficient

to establish that the relation defined by the formula
g=0p" (4)

is diophantine.

In [7] Julia Robinson investigated the question of whether or not relation (4) is
diophantine, There she found several conditions sufficient for telation (4) to be dio-
phantine. In particular, the following result was obtained in [7]: relation (4) is dio-
phantine if there exists a diophantine relation Mu, v) which possesses the following

properties:l)

v uv(D (4, v) = v uk, (5)
veRguu[D (u, v)&v >ut). (6)

A relation Pz, v) possessing properties (5) and (6) is said to have exponential

growth,
The first example of a diophantine relation having exponential growth was publish-

ed in the short note [9].2) Thus in principle and thereby the proof of the basic theorem
was completed in that paper. A detailed account of the results of [?] is given below
(in §2).2) '

We consider several corollaries of the basic theorem in the last part of this section.

As we indicated in the Introduction, the predicate R(x, ..., x ) is called dio-

phantine if it is possible to find a polynomial R(x -+, x , ¥, -,y].) such that

1) In [7] the inequalities have the form v <u% and v 2> uk; however, as is easily shown,
this difference is not essential. See also [8].

2) The results set forth in [9] were first announced on January 29, 1970, at the Leningrad
Seminar on Constructive Mathematics (a joint seminar of the Leningrad Branch of the Steklov
Institute of Mathematics and Leningrad State University).

3) Although the proof cited in §2 is based on the same ideas as outlined in [%] , it differs
in many technical details and is on the whole simpler. (C. V. Eudnovski‘f published another ex-
ample of a diophantine predicate having exponential growth in Uspehi Mat. Nauk 25 (1970), no.
4 (154), 185~186.)
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Ry ooy X))oy - YilR (X ooy Xuy Uiy -5 Y) =0l (N

The diophantine equation in the right side of (7)

R(xly ...,xn,yl,...,y!-)::() (8)

actually has a general form. (An equation of the form P = Q is reduced to form (8) by
transferring all terms to the left side.) However, it is possible to impose additional re-
strictions on the form of this equation without, in spite of this, diminishing the extent of
the concept diophantine predicate. ,

First of all, we can restrict ourselves to polynomials of no more than fourth degree
in representation (7). Indeed, every diophantine equation is equivalent to a system of
equations each of which has the form @ = b + ¢ or a = be. Transforming this system in-
to a single diophantine equation by the method described above, we obtain a polynomial
of not more than fourth degree. Let us note yet another property of this polynomial which
is important for us: it takes only nonnegative values.

The following interesting result concerning the representation of one-place diophan-
tine predicates was obtained by Hilary Putnam in [19]. Let C(x) be a one-place diophan-

tine predicate, and let § be a polynomial such that
Ex)edqh .- YilSE ny oo, y) =0l

As was shown above, we can assume that § takes only nonnegative values, while its

degree is not higher than the fourth. Let us show that the following equivalence holds:

S@, gy, ---» y)=0qgyla=y(1—SY, ..., YL (9
It is clear that if the numbers a, Yyroow Y, are such that
S vy -5 Y)) =0, (10)
then the equality
a=yy(1 =Sy ..., y)) (11)

is valid for y, = a. Now let the numbers a, yg- -+, ¥, satisfy equality (11). Since
a>0 and y, > o,

1—So s 4) >0 (12)
But since the polynomial S does not take negative values, inequality (12) is possible
only if S(yo,- . -,y],) = 0. Hence (11) implies y, = @, and hence equality (10) is fulfilled.
According to (9), every one-place diophantine predicate C is representable in the
form
Cx At - Yilx=T o ---» )b (13)
where T is a polynomial of not more than the fifth degree.

Combining this result of Putnam with our basic theorem, we obtain this corollary:
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every one-place enumerable predicate C is representable in the form (13).
If the property being a prime number is taken as €, we obtain the fact that the
set of all prime numbers coincides with the set of all positive values of some fifth de-

gree polynomial with integral coefficients (the variables taking natural values).

Putnam’s result permits various generalizations to the case of multiplace predicates.

One of these is connected with the use of so-called pairing functions.

Let us denote by D,(x,, x,) the polynomial (x, + x2)2 + x,. Since

(%1 + 22 < (1 + x5)% -+ Xy = Dy (xy, 29 < (% + x)?
2 4 2%, 1 = (% + x 1)

we have,

X1+ %9 = [V Dy (xy, x3)],

where the square brackets are used, as usual, to denote the integer part of the number.

Hence

%y = Dy (%, %) — [V Da (s, 1)1,
Xy = [V Dy (%1, Xo)l— X1.
Consequently the polynomial D, possesses the following property:

D, (alv ay) = D, (by, by) = (a; = by &ay = by).

Polynomials in a large number of variables which possess this property can be de -

fined by induction:
Dita (51 -y %ep) = Dy (Da 51y -, e), Xup)) k=23, ...).

Let R(xl,- . -,xn) be an arbitrary diophantine relation, and let R be a polynomial

satisfying condition (7). It is clear that

K(xy, -.., X)) 2y - 2 Y o YRy o Zan Y ey yi))2
4+ Du(xyy .y Xa)—Dan(@y .., 2m)*=0).

Introducing yet another variable and performing the same transformation as in the case

of a one-place predicate, we obtain a representation of the relation R in the form

ﬂ(XI) “ o ey Xn)%ﬁ{tl “ae tk[Q(tl, sy tk):DIl(xly ey xn)], (14)

where O is a polynomial. Combining this result with our basic theorem, we obtain

this corollary: every enumerable relation R(xl,- ey xn) is representable in the form

(14).

Another interesting representation can be given for enumerable relations which are

representable in the form p = Flg,,---, qn), where F is a function. Using Putnam’s
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method, we can pass from a representation in the form of (7) to a representation in the

form
P=F@G, ..., ¢)=dY - Yilp=R(Gs - s Gus Y1r -.., g,

where R is a polynomial.

For example, the relation p is the kth prime number is an enumerable relation.
Consequently it is possible to find a polynomial P(k, Yy oo ys) with integral coeffi-
cients which for any fixed value & and arbitrary values of the remaining variables takes

exactly one positive value, and this value is the kth prime number.

§2. Example of a diophantine relation

having exponential growth

The example cited below of a diophantine relation having exponential growth was

constructed on the basis of well-known properties of the Fibonacci sequence
0,1,1,23,5,8,13, 21, 34, 55, 89, ....
This sequence is defined by the following relationships:
=0, ¢ =1, (1
Y1 =@+ 9 (F=1,2,..). (2)
We shall show that the relation defined by the formula
U= ¢2u (3)

is diophantine and has exponential growth.
Let us outline the plan of the proof. The sequence of Fibonacci numbers with

even indices

0,1, 3,8, 21,55, 144, ... (4)

satisfied the following relationships:
®=0, P:=1, @yt = 3P — Pot—). (5)
Hence it is possible to deduce that

el < Poy < 3%

Using these inequalities, it is not difficult to show that relation (3) in fact has expo-
nential growth.
In order to show that relation (3) is diophantine, we consider a series of sequences

defined for every m > 2 by the following relationships:

Ym0 = 0, P, = 1, WVm,k+1 = MPm, ke — Y, b—1- (6)

(Comparing (5) and (6), we see that sequence (4) enters into this series; namely,
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b, = 1/13 .) The numbers ¢y~ possess the following two properties which are impor-
i ) .

tant for us:

P, = j (mod m — 2), 7)
Y, j = Poj (modm—3). (8)

We show that adjacent terms of the sequence ¥, and only they, are solutions of

the equation
K —mxy -+ =1.

Thetefore, if v = ¢, and the numbers d, [ and m are such that

llm—2, 9
d|m—3, (10)
then it is possible to find numbers x and y such that
X—mxy + =1, (11)
u = x (mod [), (12)
v = x (mod d), (13)

We impose additional restrictions (each of which either has the form of a diophan-
tine equation or is easily reduced to that form) on the numbers «, v, / and d so that

these additional conditions and conditions (9)—(13) imply v = ¢2u.

First we prove a series of lemmas concerning properties of the numbers ¢ and
n
l’//m,n'
Lemma 1. leghy =, <py<--:<p <--n.

It is clear that this lemma follows immediately from the relationships defined in
(1) and (2).

Let us extend the sequence of Fibonacci numbers by setting

¢_, = 1. (14)

It is easy to verify that recursive relationship (2) is valid for also j = 0.

1)
(cpi-l ®; ) .
®; Pt

(I)j denotes the matrix

We denote by = the matrix

1) Recall that, unlike the remaining lower-case Latin letters, the letters i and i are
variables for nonnegative integers.
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Lemma 2. For any j

i

; =

1]

(15)
The proof is carried out by induction on ;.

Case j = 0. According to (1) and (14), we have

o (" ()9
P Py, 0 1

Induction Step. Assume that equality (15) is valid for some j. Then, according to

(2) and the induction hypothesis,

0

11l

o ( @y (Pi+1) ( 9 @i+ fPf—1>
1 = =
Pit1 Pite Pitr Qi+ @

z(q’i—l Q; )(0 1)=(D~E=Ei+l
9 @i/ \1 1 ! )

Lemma 3. Forany i and j,

The lemma is proved.

D, = OD;, @y = Dl

Proof. Let i and j be arbitrary nonnegative integers. According to Lemma 2,

The lemma is proved.

Lemma 4. For any j
det ©; = (—1).
Proof. Let j be a number. According to Lemma 2,

det ®; — det &/ — (detE) = (—1)'.

The lemma is proved.

Lemma 5. Forany j
Pt — PiPit — @7 = (— 1)
Proof. Let j be a number. According to (2),

O — (‘Pi—x <P/) . (<Pf+x—q)i P )
T\ 9 P; Pit1/
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Consequently
2 2
Qi1 — ¢jPj41— §; = det @

It remains to apply Lemma 4. The lemma is proved.

Notation of the form

il

ayy - 012) By Biz
(GZI (L7 ( 21 Bzz) (mods),

where Qi .. and s are integers, denotes that a = Bij (mods) (4, j=1, 2).

i
It is not difficult to verify that one can operate with matrix congruences exactly as
with the usual ones, i.e. one can add them, multiply them, etc., termwise.

Lemma 6. For any numbers i, j and s
Pisti = PiPsta (mod @s).

Proof. Let i, j and s be numbers. According to Lemma 3, (Dis+j

= (I)j(D;. Pass-
ing from this equality to congruence modulo ¢ _, we obtain
(CPis+j—1 Pis-+i ) _ (*P/-—: (Pj,) ((PS——I 0 )‘ (mod )
= s) .
Pisti  Pisti+r ¢ Pt/ \N 0 @epn
Hence ¢, .= (}’)](ﬁ; o (mod ¢ ).
The lemma is proved.

Lemma 7. For any numbers s and q, if ¢_>1 and ¢S|q5q, then s|q.

Proof. Let s and g be numbers satisfying the lemma’s conditions. Let us repre-

sent ¢ in the form is + j, where j < s. According to Lemma 6,

Pg = Qist) = Qjfets (mod ¢s)

and therefore ¢s‘¢j¢i‘+l' Lemma 5 implies that ¢_ and ¢s+l are relatively prime;
consequently gbs](j)].. According to Lemma 1, this implies j = 0. The lemma is proved.

Lemma 8. For any s and t,
®st = t@s@sTy (mod gf).
Proof. Let s and ¢ be natural numbers. According to Lemma 3,
(cpst_l Pst )_(cps_l @ )’ { (-1 1) Qs O )}‘
QPst Pst41 - Qs Qs41 =% 1 0 + 0 Ps-1
4 e i t—j
gm0 ) w0
2 o/ \0 o

where, as usual,
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Cézt(t—n...(t-—j_}.n
12§ '

Passing from equality (16) to congruence modulo (;S_z, we can drop all terms except
the first two in the sum in the right side. Thus

¢ f—1
Y ) (wl 0 ) (——1 ! )(cpﬂ.l 0 ) :
= 1 I ;).
< Pst Pst4a 0 (Pz—i-l + 19 1 0 0 (Péii (mod ¢;)

Hence

@5t = 19511 (mod ¢3).

The lemma is proved.
[Lemma 9. For any numbers s and 1, if ¢S|t, then ¢§|¢>Sl

Proof. Let s and ¢ be numbers satisfying the lemma’s condition. By Lemma 8
t—1 3
Pst = t(Psq)s—{—l (mOd (ps);

consequently (;Sggbst The lemma is proved.

l.emma 10. For any numbers s and q, if (ﬁﬁ‘(ﬁq, then (/)S|q.

Proof. Let s and g be numbers satisfying the lemma’s condition. If ¢_=1, the

conclusion is true. Therefore in what follows we shall assume ¢_ > 1.

According to Lemma 7, s|q. Let us represent g in the form sf. According to

lLemma 8,

fe
g = @st = Pz (mod ¢3);
consequently (,Z)Slthts';i But according to Lemma 5 the numbers ¢ _ and q.‘)s+1 are

relatively prime. Consequently QBSIZ, and therefore ¢s|q. The lemma is proved.
[.emma 11. For any &,
Dopp11) = E (mOd Qo + (P2k+2),

where E is the unit matrix.

Proof. Let k& be a number. According to Lemma 4,

O = (‘sz-l-l - (P2k>' an
— @k Pop—
According to (2),

Por—1 = Poat1 — Pat == Paptz — 2(P2/c§

consequently
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(%k+1 — (sz) . <q32k+1 — Qak )
— Q2 Par— — Qo Pobte — 2¢:k ’

Qo = — Patets (M0d Pop - Poeta),

Since

we have

(Csz.H — Qo j _ ((sz-u Poite
~— Qag (sz+2—2<sz B Parta 2(P2k+z““(P2k

According to (2),
2Pokts — Pok = Parts 1 Prkt1 = Pokts;

consequently

(%k+1 Ports )_(¢2k+1 (P2k+2)
Ports  2Pakte — Pk Potye  Portsl

From (17)—(20) it follows that
—1
Oz = Dopys (mOd P2 + %k+z)-
According to Lemma 3,
Dyot11) = Daotopys == Dz Depys;
so, according to (21),

(D2(2k+1) =E (mOd Qo - (sz—}-z)-

The lemma is proved.

Lemma 12. For any numbers i, j and k,

Pe((ze+1)ii) = Poj (MO Pore + Posps).

Proof. Let 7, j and & be numbers. According to Lemmas 3 and 11,

Dy et y1)i4h) = Do Dy = Dyj (M0d Pt + Pata).

Hence

Pe(rt0)i+) = Qo (M0d Par -+ Portes).

The lemma is proved.
Lemma 13. For any numbers j and k, if j <2k + 1, then
Pelekt1—) = — @y (Mod Por + Paeyz).

13

(18)

) (mod @z + Qoptej. (19)

(20)

(21)
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Proof. Let j and k be numbers satisfying the lemma’s conditions. According to

Lemma 2,

_ mrehti—) _ o(ht) m—af -
(DZ(Z/H—I—J') = B D Ch +1)C-' Y= (D2(2k+1)(D211-

Hence, according to Lemma 11,
O ptpr—p = D7 (mod Pae -+ Paea)-
According to Lemma 4,

_ Qejrr — Pef )
1 .
D = (—— Psj  Pojma )’

consequently

Pat1—j) = — Poj (MOd Por + Pasta).

The lemma is proved.

Lemma 14. For any | and m > 2,

Y41 > Y,y 2> 0. (22)

The proof is carried out by induction on ;.

Case j= 0. According to (G), for any m > 2 we have

\Pm.x =1 > 0= 1«Pm.«-

Induction Step. Assume that inequality (22) is valid for some numbers j and m > 2.

According to (6) and the induction hypothesis, we have

Ym,tjte = Mmjtr — Ym,j 2 Ymjt1 + mojr — $mj) > Pmjgr > 0.

The lemma is proved.

Lemma 15. For any n and m > 2,
(m—1)"" < P ", (23)

The proof is carried out by induction on 7.

Case n= 1. According to (06), for any m > 2
m—1P=1=Pur2Lm

Induction Step. Assume that inequality (23) is valid for some numbers n and m > 2.

Then, according to (6), Lemma 14 and the induction hypothesis,

ll’m,n+1 = M\Ym,n — Vm, 1 = (m —_ l) Pm,n + (1Pm,n — q?m,n—q)

> (m—1) P> (m— l)n,
Vmnt1 = MPm,n — Y, 1 << MV, <: mr,
(24)
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The lemma is proved.

Lemma 16. For any j,
Pa,j = Pyj. (24)

The proof is carried out by induction on j.

Cases j=0 and j=1. According to (1) and (6),
Yoo =0=0¢p Pra=1=0q,

Induction Step. Assume that equality (24) holds for all ; not greater than some

number 7. According to (2), (6) and the induction hypothesis,

Ya,nt1 = 3Psn — Ps,n—1 = 3Pan — Pan—a = 2Pz + Pan = Pon + Pont1 = Pango-

The lemma is proved.

Lemma 17. For any j and m > 2,
q"’"i — mlpm.]\pM-H*l + ‘P?h,[—{—l = 1. (25)

The proof is carried out by induction on j. b

Case j=0. According to (6), for any m > 2
Yoo — MPmoPrs + P = 0 —m -0 1412 =1,

Induction Step. Assume that equality (25) is valid for some numbers j and m > 2,

According to (6) and the induction hypothesis,

Yin 41— M, 419, 2+ Ymajba = Yonsjts — Mm, s (M, s — Yim )
+ (M, 2 — P ) = Pmojba — A2 M, P, 41 - M, i1
— 2mMm, ffmja -+ Y = Won) — M, P, jr + B = 1.

The lemma is proved.

Lemma 18. For any numbers j, k and m > 2, if

R—mjk + B =1 (26)

and

i Tk, 27)

then it is possible to find a number i such that j= ¢m,i and k= ¢’m,i+l .
The proof is carried out by recursive induction on J.
Let j, £ and m be numbers satisfying the lemma’s conditions.
If j=0, then k=1 according to (26), i.e. j= ¥, oand k=y .

Therefore in what follows we assume that

1) This lemma can also be proved by a method analogous to the one applied to Lemma § if
congruent matrices are taken into consideration. However, we shall not introduce these matrices
since we do not need them for any other purpose.
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i>0 (28)
According to (26) and (27),
Elk—mj+ )=k —mjk+jk=1—F+jk=1+jlk—] >0

consequently
j>mj—k. (29)
From (26) and (28) it follows that
k(mj—k)=mjk—k=7—12>0 (29)
consequently
k>0, (30)

Let us set j, = mj— k and k; = j. According to (29) and (30),

0L jy< ku GL
By virtue of (26),
o — misk, - = (mj— B — m(mj— B) [ +
= m??— 2mjk + B> — M’ + mjk - P = —mjk + R = 1. (32)

Since j, < j according to (29), by the induction hypothesis (31) and (32) imply that

it is possible to find a number i for which
f1= Ymis Ry = Ymitr
Then, according to (6),
i = Ymitn
k = mj— ji = Mm, it1 — $mi = Pmii+arhr-

The lemma is proved.
Lemma 19. For any j and k, if k% _ ik — ]'Z =1, then it is possible to find a num-
ber i such that j=c, and k=, .

Proof. Let j and % be numbers satisfying the lemma’s condition. Then
P8R+ (B2 = P — 3= Bjk+ ot 2k K= R fe— [ =1
According to Lemma 18, this implies that it is possible to find a number 7 such that
J =1 k=11
But then, according to Lemma 16,

i= Pois k= Qoigyoa— @ = Poi 410
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The lemma is proved.
Lemma 20. For any |
Ya,j = J. ' (33)
The proof is carried out by induction on j. For j=0 and j =1 equality (33) fol-
lows from (6).
Induction Step. Assume that equality (33) is valid for all j not greater than some
number n. Then according to (6) and the induction hypothesis,

'lpz,n-i—l = 2‘]32,11_ lpz,n—-l = 2n — (ﬂ——' 1) =n + 1.

The lemma is proved.

Lemma 21. For any numbers a > 2, m > 2 and j,
Y, = Ya,; (mod m — a). (34)
The proof is carried out by induction on j.

Cases j=0 and j=1. According to (6), in these cases ¢ ;= v, ; forany a>
2 and m > 2; therefore condition (34) is fulfilled.

Induction Step. Assume that congruence (34) holds for some @ > 2 and m > 2, and

all j not greater than some n Then, according to (6) and the induction hypothesis,
'qu,n-f-] = mlpm,n - '\pm,n-q = a'lpa,n - 'lpg,n__.l = 'll)a,n+1 (mOd m— a).

The lemma is proved.
Lemma 22. For any numbers 1, j and m > 2, if llm -2, then ¢_ J=i (mod D);
for any numbers d, j and m> 2, if dlm -3, then (//m']. =¢,; (mod d).
It is clear that this lemma is an immediate consequence of Lemmas 21, 20 and 16.

Theorem 1. For any natural numbers u and v, in order that the equation v= ¢,
bold, it is necessary and sufficient that there exist natural numbers 1, g, b, m, x, y and

z such that

u<l, (35)
v<_l, (36)
Pz —2=1, (37)
g—gh—h=1, (38)
#lg, (39)
Iim—2, (40)

2h +g|lm—3, (41)
E—mxy -+ P =1, (42)
lx—u, (43)

2h +glx—w. (44)

Sufficiency. Let the numbers «, v, [, g, b, m, x, ¥y and z satisfy conditions (35)—
(44). According to Lemma 19, (37) and (38) imply
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l == s,
g = QPapt, h = g

for some numbers & and s. Hence according to (2) we have

2h - g = 29ar + Papt1 = Por + Popta.

According to Lemma 10, the fact that

112k 41

follows from (39), (45) and (46).
[ > 2 follows from (35). This and (40) imply

m> 2.

According to Lemma 18, the equality

X == \Pm,n

for some number 7 follows from (49) and (42).

According to Lemma 22, the congruence

X = @on (MOd P + Parto)

follows from (49), (41), (50) and (47). This and (44) imply

Let us represent the number n in the form (2% + 1)7 + j, where

U = Qgn (MOd Par + Paeta).

0<j< 2 +1.

According to LLemma 12,

This and (52) imply

Qan = Pay (MOd Qo + Popia)-

U = Qg7 (MOd Par + Parta)

According to (39), I < g; this, (36), and (46) imply

consequently

v 8 = Partr;

U< Qe + QParte-

According to Lemma 13,

so, according to (54),

Hence

so, according to (55),

Paht1—) = — Qg (M0d 3z + Qapta);

U+ Qaprtr—y) = 0(mod @ar | Parya).

U+ Qakt1—) > Qe + Paiete;

(45)
(46)

(47)

(48)

(49

(50)

(51)

(52)

(53)

(54)

(55)

(56)
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Pa(zbt1—i) == Pok + Pottr — U > ok 1 Parto — Part1 > Poee (57)
By Lemma 1, (57) implies that 2k + 1 —j > k, whence
j< k4L (58)
Again according to Lemma 1, this implies that ¢2]. < ¢y, 420 and especially that
(59)

Pzj < Par - [ FTRES
The equation

U= @y (60)
follows from (54), (56) and (59).

According to Lemmas 16 and 15, by (1) we have j< gbz].; therefore, according to
(60) and (36),

i<v L (61)
According to Lemma 22, x =2 (mod !) follows from (50) and (40). Therefore, accord-

ing to (43),
u=n (modl). (62)

Since n = (2k + 1)i + j, according to (48) and (62) we have u = (mod /). This, (35)
and (61) imply u = j; so, according to (60), v = ¢, . Sufficiency has been established.

Necessity. Let # be an arbitrary natural number and let

U= Pou. (63)
We set
[ = Pogut1y 2= QPagy. (64)
According to Lemmas 16 and 15,
' w2 Prans =

consequently inequality (35) is fulfilled.

According to Lemma 1 and (64),

V== Qg Pogut1 = I

consequently inequality (36) is also fulfilled.

According to Lemma 5, equality (37) is fulfilled.

We set

g = Qizanyn, h= Proqu-t1)=1. (65)
According to Lemma 6,
Poawtr = Q1@ty (mod Py).

Since ¢, =1, ¢, =2 and ¢, = 3, it follows from (64) that /=1 (mod 2); consequently

124 4 1) —1 = 0 (mod2).
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Therefore, according to (65) and Lemma s, equality (38) is fulfilled.
According to Lemma 9, condition (39) is fulfilled.
According to Lemma 6,
Pogut1 = (P1(P64'f}-1 (mod @,).
Since ¢, =1, ¢, =3 and ¢, =5, it follows from (64) that I =5%% =25%* =1
(mod 3); consequently

[(24u+ 1)—1 =0 (mod3).

Let us represent the number /(24x + 1) + 1 in the form 3¢, According to (65) and Lemma 6,

vk
h = Qrautn—1 = Qa1 (MOd @y);
so, since ¢, =0 and (;53 =2, b is an even number.

Let us set

h
m=3-+ (2h 4 g) o5 (66)

According to (39), m =3 + b% (mod I). But according to (38) and (39), h? =~ 1 (mod I);
consequently condition (40) is fulfilled. It is clear that condition (41) also is fulfilled.

Let us set

X = VYmu, Y= Pt (67)

According to Lemma 17, condition (42) is fulfilled.

According to Lemma 22, the congruence x = # (mod [) follows from (40) and (67),
i.e. condition (43) is fulfilled.

Also according to Lemma 22, the congruence x = v {mod 2b + g), i.e. condition (44),
follows from (41), (63) and (67). Necessity is proved.

Let us show that the relation defined by the formula

V= (;Szu (68)
is diophantine. To this end let us consider the following system of diophantine equa-
tions:

u+a=|, (69)

v+ b= (70)

?—lz-z%=1, (71)
gl-gh-ht=1, (72)
Ic =g, (73)
ld=m-2, (74)

(2b +gle=m-3, (75)
X2~ mxy + yt =1, (76)
p-q)=x-u (77)

b+ )7 ~s)=x-u. (78)
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It is clear that if the numbers 4, b, ¢, d, e, g, b, I, m, p,q, 7, s, u, v, x, y and z
satisfy conditions (69)—(78), then conditions (35)—(44) are fulfilled. The converse is
also true: if the numbers u, v, [, g, b, m, x, y and z satisfy conditions (35)—(44), then
it is possible to choose the remaining numbers so that conditions (69)-(78) are fulfilled.
Therefore, by Theorem 1, v = ¢, if and only if the system of diophantine equations
(69)—~(78) is solvable with respect to the remaining variables. To prove that relation
(68) is diophantine, it remains to remark that, as indicated in §1, an arbitrary system of
diophantine equations can easily be transformed into a single diophantine equation

equivalent to it.

Let us show that relation (68) has exponential growth, i.e. that fo: all u
Pou < u# (79)

and for any k it is possible to find z such that

uk < Paus- (80)
According to Lemmas 16 and 15, the inequalities
2u—l < (P2u< 3 (81)

hold for any u. Hence inequality (79) is fulfilled for u > 3. We verify inequality (79)

for the cases v =1 and u = 2 immediately by calculating

Qoq =1 =13,
Qoo = 3 22,

Let & be an arbitrary natural number. Since a power function grows more slowly
than an exponential one, the inequality

uk < 24t
is valid for sufficiently large u; so, according to (81), inequality (80) is fulfilled for
those same .
Thus relation (68) in fact has exponential growth.
33. Diophantine representations of
resursive sequences

In proving that the relation v = ¢, is diophantine, we used the Fibonacci numbers
in very special ways, and the proof cannot be immediately generalized to the case of an
arbitrary recursive sequence. Nevertheless, Theorem 1 implies indirectly (via the basic

theorem) that for any recursive sequence X, the relation

v = Yy (1)

is diophantine. However, if we follow the proof of the basic theorem, there will be a

polynomial of hundreds of variables in the diophantine representation of relation (1),
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even in the case of an uncomplicated recursive sequence. Below we present a direct

proof that relations of the kind in (1) for sequences defined by linear recursive relation-
ships are diophantine.

We begin by establishing that the relation defined by the formula
q=p* (2)

(i.e. a relation of the kind in (1) for a sequence defined by the relationships y, =1 and
Xiyl = PXI») is diophantine. Julia Robinson showed in [7] how a diophantine represen-
tation of relation (2) can be found if we have a diophantine relation with exponential

growth. We shall utilize a somewhat different method, based, however, on ideas similar

to those set forth in [7). (Compare Lemmas 23 and 24 with Lemmas 5 and 8 in [7].)
In $2 we utilized the following two properties of the numbers ¢lm j

P, =j (mod m— 2), (3)
wm,]’ = Qoj (mod m-— 3) (4)

Here we use the analog of property (4); that is, we choose numbers a, 8 and & such
that

0Wm,j+1 + Bm,j = p/ (mod d). (5)

The numbers a, 8 and 4 are chosen on the basis of the following considerations.
If congruence (5) holds for all j, then according to the recursive relationship for ¢ j

we have
pri= A, nte -+ B‘Pm,n-}—l
=a (m\pm.n—i—l - \Pm,n) + B (mlpm,n - 1Pm,n~—l)
= m(@Pmnt1 + BYmn) — (@Pmn + BPmn—r) = mp” — p— (mod d).
Thus it is necessary that

d|mp* — pr=t — p*t;

so we shall set d = pm - pz -1,
The numbers a and f3 are chosen so that congruence (5) turns into an equality
for =0 and j=1, i.e. so that
a =1,
am 4B =p;
hence we have a=1 and B8 =p - m.

The following assertion is valid.

Lemma 23. For any {, p and m > 2,

Ym,jt1 4 (P ~— M) Ym,j = p/ (mod pm — p* — 1).

The proof is easily carried out by induction on j. The basic condition for the induc-
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tion is satisfied, thanks to the choice of the numbers a and f3; and the induction step
is easily justified, thanks to the choice of the number 4.
According to Lemma 23, if
9=VYmit1 + (P—M)Ym,;  (mod pm— p* — 1),
g<pm—p—1,
p< pm—p—1, ©)
then g = p’. We can replace condition (6) with a stronger diophantine condition by utiliz-

ing the following lemma.

Lemma 24, For any u, w and a, if
w—aa + 2ue 4 a®w? =1, (7)

then u> (a + 1)“-2; for any a it is possible to find numbers u and w as large as de-
sired which satisfy equality (7).
Proof. Let u, w and a be natural numbers satisfying (7). According to Lemma 18,

aw = l/la+2 s for some number s; moreover, if u < gw, then
v

U= lPa-i—2,s——1, (8)

while in the opposite case

U=l g,541- ©)

»

According to Lemma 22, s = aw (mod a); consequently s > a. This and (8) and (9)

imply that u > ¢ so that, according to Lemma 15,

a+2,a-1 ;
uz=(a-+ 1
The first part of the lemma is proved.

Let a be an arbitrary natural number. According to Lemma 22,

Pate.ae = ak (mod a)

for any &, whence a|y Set

a+2,ak’

. lPa—}-2.ak

U = Yata,abt1y W a

According to Lemma 17, equality (7) is fulfilled. According to Lemma 15, having chosen
the number & sufficiently large, we can make the numbers u and w as large as we

wish. The lemma is proved.
Theorem 2. For any natural numbers g, p and k, in order that the equation q =p*

hold, it is necessary and sufficient that there exist natural numbers a, s, t, u, v and
w such that
a=q-+p+k+tp* 42,

w—a(a -+ 2) uw - g’ = 1, (10)

(11)
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U= Qay, (12)

S—ust +2=1, (13)

s, (14)

9t < v, (15)
u—2|s—=k, (16)
pui—p*—1|t+(p—u)s-—q. (17)

Sufficiency. According to Lemma 24, (11) implies that « > (a + 1)*72, i.e., accord -

ing to (10),

U2 (q -+ p4 k4 p? 4 3)oHetitet
This implies

u>4, (18)
u—2 >k, (19)
pu—p—1>q, (20)
pu—p*—1 > pk. (21)
According to Lemma 18, the fact that
S = Yu,n, ! = YPuntq (22)

for some number 7 follows from (13) and (14).

According to Lemmas 15 and 16 and conditions (12), (15) and (18), we have
9. 3" <MW1 = W< 0= Qo = Pgu< 3.
Hence
u—2>>n. (23)
According to Lemma 22, n = s (mod u - 2); hence by (16) we have
n=k (modu— 2). (24)

This, (19) and (23) imply that 7z = k; thus by (17) and (22) we have

g =Yuptr+ (@ —u)Pur (modpu—p*—1).

According to Lemma 23, this implies
g = p* (mod pu— p® — 1);

k

so according to (20) and (21), g = p*. Sufficiency is proved.

Necessity. Let p and & be natural numbers, and let g = pk.

Choose a number a in accordance with (10). Since a power function grows more

slowly than an exponential one, for sufficiently large u the inequality
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guk+l< g1 (25)

is valid. We choose numbers » and w in accordance with Lemma 24 so that (11) and
(25) are fulfilled. Let us choose a number v in accordance with (12).

Let us set s = (/Iu,k and t = ‘/ju,k,+l . According to Lemma 17, condition (13) is
fulfilled; according to Lemma (14), condition (14) is fulfilled.

According to Lemmas 15 and 16 and (25), we have
Of = My ppn < 9T 27T o = P = 0

Consequently condition (15) is also fulfilled.
By Lemma 22, s = k& (modu — 2), i.e. condition (16) is fulfilled.

According to Lemma 23, the congruence
t (p—uws=gq (modpu—p*—1),

i.e. condition (17), follows from (24). Necessity is proved.

Let us complete the proof that the relation g = p* is diophantine. Utilizing Theorem
1, we can change condition (12) to a system of diophantine equations. It is clear that
we can also change conditions (14)—(17) to diophantine equations. It remains to trans-
form the resulting system of equations into a single diophantine equation.

Having established that the relation g = pkis diophantine, as was shown in S1, we
can transform every exponential diophantine equation into a diophantine equation equiv-
alent to it. Therefore, when establishing diophantineness, we shall henceforth utilize,
along with diophantine equations, also exponential diophantine equations.

We turn now to an exposition of the general method which permits finding diophantine
representations for a broad class of recursive sequences. We begin by considering one

of the simplest cases, the case when a sequence of natural numbers X, is defined by

relationships of the form

Li=a (=01, ..., ) (26)
i+

X[;Z ’Tkxi-——k (;::]%l,]\FQ, (27)
k=1

where j, a and Y, are fixed integers.
Theorem 3. Let X be a sequence of natural numbers defined by (26) and (27),
and let u and v be any natural numbers. In order that v = Xy it is necessary and

sufficient that there exist natural numbers p, x and z such that

p=(ol+ ... o[+ D (rl+ oo FHml+ 25 (28)
i+1 ‘ i d
(Z Tkpk~l)x =3 D Te@pp'— > ap’ (mod pt), (29)
k=1 / i==1 k=1 i=0
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X =op* 42z (mod prty), (30)
v<_p, (31)
2< pH. (32)

Proof. According to (26) and (27), for any p and u we havel!’

J+1 u u ik
(2 Ykpk——l)z pi= > (Z Tkxi--k_xi)pi
=1

=0 i=j+41 \ k=1

/ ‘ . i . / ' !
+ D) Tl P! — 3 Xipi= 3 S Te@iop P — 3 ;i (mod prt).

i=1 k=1 i=0 i=1 k=1 i=0
Thus the number
u
E X P (33)
i=0
is a solution of congruence (29). Since the number

it

D) Tept—1

k=1

and p are relatively prime, all solutions of (29) have the form

u
;"pu+1 + 2 Xi pi’
i=e

where A is an integer. In other words, (29) is equivalent to

u
X = Z %i pi (modp”'Fl). (34)
i=0

Condition (34) can be reformulated in the following manner: the first?) (u + 1) dig-
its in the p-adic representation of the numbers (33) and x respectively coincide. But
using (28), it can easily be shown that x, <p (0 <i < u). Consequently the numbers
X+ 12X, are the first (z + 1) digits of the number (33) in p-adic notation. But condi-
tions (30)—(32) mean that v is the (u+ 1)th digit of the number x in p-adic notation, and
consequently also of the number (33) in p-adic notation, i.e. v =¥, . The theorem is
proved.

Let us note that the sequences x and y defined as the nth solution of Pell’s
equation x? —(a® - l)y2 =1 fall into the recursive scheme (26)—(27).

Theorem 3 admits various generalizations. We shall indicate in turn a few possible
directions of such generalizations; however, it is actually possible to develop generali-
zations in several directions simultaneously.

In Theorem 3 we assumed that a_ and y, are specific numbers. However, it is

obvious from the proof that these numbers can depend on parameters. Sequences

1) This transformation has a very simple “‘geometric’’ meaning if we write the factors in a
p-adic number system (admitting negative digits and digits larger than p — 1) and carry out for-
mal multiplication **by column.”

2) The counting begins with the least signigicant digits.
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such that the three-place relation defined by the formula
m > 2 & X = '\pm'n

is diophantine,l) fall into this generalized scheme.

It is easy to obtain a generalization of Theorem 3 to the case of a recursive rela-
tionship which has the following somewhat more general form:

t
p; == Z 8k pire + %,

k=1
where &, is a fixed number and X; is a recursive sequence of the form (26)—(27). It is

possible to iterate the process which consists of defining a new sequence by means of
another sequence which has already been proved to be diophantine by the method de-
scribed.

It is not difficult to obtain a generalization of Theorem 3 to the case of sequences
defined not as sequences but as simultaneous recursions, i.e. when the recursive rela-

tion has the form

Yopg=ar,; (I=1, ..., i=0,...,)),
t H—l

=3 N tertloine (=1, .., i=j41,..).
s==1 k=1

Having obtained this generalization, we have thereby proved that the relation defined
by the formula X = A% is diophantine. Here X is a square matrix of variables, while

A, of the same order, is a square matrix of specific narural numbers.

It is somewhat more complicated to obtain a generalization to the case of a multi-
dimensional (i.e. depending on two or more indices) sequence defined by relationships

of the form? )

n Xo,i:—“Pi (L:O,]’ )) (35)
xl'izzmxl-—l,i-}-]’ (121,2, e i=0,1, ), (36)

=0
where p. is a one-dimensional recursive sequence whose diophantineness has been
previously established by the method described. Here it is necessary to consider num-
bers in whose p-adic representation the number X occupies the p'?*ith place (where
d is a sufficiently large number and i < d — #j).

Let us observe that the binomial coefficients forming the Pascal triangle fall into
recursive scheme (35)—(36).

We have been considering recursive sequences of natural numbers. In the case of
recursive sequences of integers it is sufficient to use, instead of a p-adic number sys-

tem, a (2p + 1)-adic system with digits — g, —p+1,..., p— 1, p.

Received 17 SEPT 1970

1) The diophantineness of this relation can be established in the same way that it was
for the relation g = p® if Lemma 21 is used instead of Lemma 23. This results in a simpler
representation.

2) The relationship is given here for the two-dimensional case.
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