Ramanujan’s tau function

Michael D. Hirschhorn

ABSTRACT. Ramanujan’s tau function is defined by

> T(n)g" =qB(q)*

n>1

where E(q) = H (1-—4q").
n>1

It is known that if p is prime,

7(pn) = T(p)7(n) — pilr (g) ,

n
where it is understood that 7 (—) =0 if p does not divide n.
p

We give proofs of this relation which rely on nothing more than Jacobi’s
triple product identity for p = 2, 3, 5, 7 and 13.

1. Introduction

Ramanujan’s tau function is defined by

> 7(n)g" = qB(q)*

n>1
where E(q) = H(l —q").
n>1
The tau function has many fascinating properties.
One of these is that if p is prime,
n

(11) r(pn) = (p)(n) — pilr (;) |

where it is understood that 7 (E) = 0 if p does not divide n.
p

It follows easily from (1.1) that tau is multiplicative,
(1.2) T(mn) = 7(m)7(n)

provided m and n have no common divisor other than 1,
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and that, at least formally,

(1.3) Z? = II <1 - T]()f) +p251_11)1.

n>1 p prime

I have found proofs of (1.1) for p = 2, 3, 5, 7 and 13 which require nothing
more than Jacobi’s triple product identity,

(1.4) [T +a ' D +ag® (1) = a"g™

n>1

Completely different elementary proofs of (1.1) for p = 2 and 3 have recently
been given by Kenneth S. Williams [3].

A modern proof of (1.1) may be found in [1].
2. p=2

Let
o) =D a", @)= " T =g

n>0
It can be shown with, or even without, (1.4), [2], Chapter 1 that
#(0)p(—q) = d(—q*)* and ¢(q)¥(q*) =1 (q)*.
Also, by (1.4),

o) = P and w(q) = ZLL.

It is easy to see that

(2.1) ¢(q) = ¢(q*) + 2q1(¢°)
Put —q for ¢ in (2.1).

(2.2) d(—q) = ¢(q*) — 2q0(¢®).
Multiply (2.1) by (2.2).

(2.3) ¢(—¢*)* = ¢(q") — 4¢%¢(¢*)*.
Put ¢ for ¢% in (2.3).

(2.4) $(—q)* = ¢(q°)? — 4qib(¢*)*.
Put —q for ¢ in (2.4).

(2.5) #(9)* = ¢(¢°)? + 4qv(q*).
Multiply (2.4) by (2.5).

(2.6) $(—¢*)" = o(¢®)" — 16¢°¢(¢")".

Put ¢ for ¢ in (2.6) and rearrange.
(2.7) #(q)" — d(—q)" = 161 (¢*)".
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We have
(2.8) Y 7(n)g" = qB(¢)**
_ 2112 E(Q)2 12
= a8(e) (E<q2>>
= qE(¢*)o(—q)"
= 4B()" (6(~q)*)°
— 4B() (6(c°)? — 4atb(q*)?)°

=qE(¢*)"* (¢(¢*)"? — 2499(¢*) "¢ (¢")? + 240¢°p(¢*)*¥(¢*)*
—1280¢°p(q*)%¥(¢")® + 3840¢ (¢*) "¢ (¢*)® — 6144¢°4(¢°)*¢(q*)*
+4096¢°¥(¢*)°) .

If we extract the even powers and replace ¢% by ¢, we obtain

(2.9)
> 7(2n)q" = —8¢E(9)*¢(0)*1(¢%) (36(q)® + 160g0(q) 4 (¢*)* + T68¢%1(¢*)®)

= —8¢B(q)"* (6(a)¥(¢)” (3 (6(a)* — 16q0(4)")” +256q6(q) ¥ (¢*)*)
= —84E(0)'20(a)" (3 (6(~0)")” + 25640 (a)")

— 84B(g)"” (EE%) <3 @EZ)))S e (EE(?q;f)

= —24qE(q)** — 2" ¢ E(¢*)*

=-24 Z 7(n)g" — 2! Z 7(n)g*".

n>1 n>1
The term n = 1 in (2.9) gives

7(2) = —247(1) = —24,

so (2.9) becomes

S"r2n)g" = 7(2) 3 rm)g" 2 Y r(n),

n>1 n>1 n>1

as claimed.
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Aside: (2.7) can be written

4 4

(2.10) [Ha+e 20— - | JIa-120—¢>

= 16¢ H -

_ 42
wsy (L=a*)

IF we divide (2.10) by J] (1 —¢*")*, we find

n>1

(2.11) [Ta+ = JJa- =16 [ (1 + ™"

n>1 n>1 n>1

Jacobi described (2.11) as “aequatio identica satis abstrusa”. (“A fairly obscure
identity”.)

(2.11) can perhaps most strikingly be written [2], Chapter 19

0( II a- qn)g) = —8¢.

n>1
n#Z0 (mod 4)

IT (-¢m®% = 1-8¢+20¢° - 62¢* +216¢° — 641¢°
n>1
n#Z0 (mod 4)

+1636¢'° — 3778¢*2 4 8248¢** + - -- .

We have the 3-dissection

(3.1)
E(g)* =Y (=1)"(2n + 1)g +)/2
n>0
=1-3¢+5¢° —7¢° +9¢"° — 11¢" + ---
= A(¢*) — 3¢E(¢°)*.
We have

(3.2)
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q
— ¢ (A(¢%) —3¢E(¢°)*)"

q (A(¢*)® = 249A(¢*) E(¢°)® + 252¢° A(¢*)°E(¢”)® — 1512¢> A(¢*)° E(¢°)°
+5670¢* A(¢*)* E(¢°)** — 13608¢° A(¢®)* E(¢°)'° + 20412¢°A(¢*)*E(¢°)*®
—17496¢" A(¢*) E(¢”)*" + 6561¢°E(¢°)**) .

If we extract those terms in which the power of ¢ is a multiple of 3, and replace
¢® by ¢, we obtain

(3.3) Y 7(3n)q" = 252¢A(q)°E(¢*)® — 13608¢*A(q)* E(¢*)'® + 65614 E(q”)**

n>1

If we put ¢, wq, w?q for ¢ in (3.1) and multiply the three results, we find

(3.4) E(q)’E(wq)’E(w?q)® = A(¢*)® — 27¢°E(¢°)°,
E(@)"\°
(3.5) < B ) = A(¢°)® - 274’ E(¢°)°.

If in (3.5) we replace ¢ by ¢ and rearrange, we obtain
)12

(3.6) A = Ela

E@) 214B(¢’)"

If we substitute (3.6) into (3.3), we obtain

" E(g)" ’
(3.7) ;T(?ﬂl)q = 252 E(¢%)° <E(q3)3 + 27qE(q3)9)
—13608¢2E(¢%)" <§((Z§)3 + 27qE(q3)9>
+6561¢°F(¢3)**

= 252¢E(q)** — 3" ¢’ E(¢*)*

=252 Z 7(n)q" — 34 Z 7(n)g®

n>1 n>1

The term n = 1 in (3.7) gives
7(3) = 2527(1) = 252,
o (3.7) becomes
Z T(3n)q" = 7(3) Z 7(n)g"™ — 3 Z 7(n)g®
n>0 n>1 n>1

as claimed.
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Aside: Tt can be shown [2], Chapter 21 that

3n+1 3n+2
_ q q
Alg) = Eg) 1+6Z(1q3n+1 _1q3n+2)

n>0

_ E(q) Z qm +mn+n )
4. p=5

We have
(4.1) Blg)=1-q¢-¢+¢+q ¢ ¢+ +¢° ——++ -

=FEo+ L1+ E»

where F; is the sum of those terms in F(q) in which the power of ¢ is congruent to
i modulo 5. (i =0, 2, 3.)

It is easy to prove that
(4.2) E1 = —qE(¢™)

and, using Jacobi’s expansion of the cube of Euler’s product, namely

(4.3) [Ta=a*=>"(=1)"@n+1)g /2
n>1 n>0
that
(4.4) FEoEy = —E%.
If we write
B B
4.5 S —— d g=—-=
(4.5) Q 2 and 2

then af = —1 and

(4.6) E(q) = qE(q*) (a — 1+ 8).
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We have
(4.7)
> _(n)g" =qE(¢)*
n>1
= B(@*)* (a -1+ p)"
= ¢ E(q®)* (o — 240 + 2520%? — 14720*" + 48300*" — 60727
—16192a'® 4 789367 — 82731'® — 2125200!° + 649704014
—734160' — 197786202 + 20346720 + 3487260a°
—7072408a° — 343219808 + 15343944a” + 134596a°
—250773600° + 60674460 + 334749360 — 122869680,
—38228232a 4 14903725 — 382282323 — 1228696832 + 334749363°
+60674463* — 250773603° + 1345963° + 1534394437 — 343219838
—70724085° + 348726080 + 20346728 — 197786232 — 7341633
+6497045 — 21252081° — 82731 4 7893657 — 1619258
—60728" + 483087 — 14725! + 252572 — 245373 4 3*4) .

If we extract those terms in which the power of ¢ is a multiple of 5, we obtain

(4.8)

> 7(5n)g” = ¢* E(q*°)** (48300 — 2125200'° + 348726000 — 250773600
n>1

414903725 — 250773603° 4 34872603 — 21252053'° 4 48305%°) .

Miraculously, this can be written

(4.9) > (n)g™" = ¢ E(g*)** (4830(a® — 11 + °)* — 5).

n>1

If in (4.6) we replace ¢ by q, ng, n°q, n3q and n*q where 7 is a fifth root of
unity other than 1, and multiply the five results, we obtain

(4.10) E(QEMmq)Em*q)Em*q)E(n'q) = ¢’ E(¢*°)°(a® — 11 + 3°).
E(qS 6
(4.11) a® —11+p° = PE)

If we substitute (4.11) into (4.9) we find
(4.12)
> E@)° \*
5n __ 25 25\24 11

n>1

— 4830q5E(q5)24 _ 511(125E(q25)24-
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If in (4.12) we replace ¢° by ¢, we obtain
(4.13)

> 7(5n)q" = 4830¢E(q)** - 5" ¢*E(¢°)**

n>1
= 48302 7(n)g"™ — 5 Z T(n
n>1 n>1
The term n = 1 in (4.13) gives
7(5) = 48307 (1) = 4830,
o0 (4.13) becomes

Y r(en)g" =7(5) Yy 7(n)g" ~ 5"y 7(n)g’
n>1 n>1 n>1

as claimed.

Aside: Tt can be shown [2], Chapter 8 that

o = r(q5)*1, ﬂ = 77’((15)5
where
qE
T(q) = q
14—
1+ - 3
1+ 1

1+
5n+1)(1 q5n+4)

:%”
_5+2 _ g5n+3)°
oo (=g 2)(1 = ¢ +?)

5. p=T7

We can write

where F; is the sum of those terms in F(q) in which the power of ¢ is congruent to
i modulo 7. (i =0, 1, 2, 5.)

It is easy to show that

(5.2) Ey = —¢°E(¢").
If we write
kg B _ FEj
(5:3) TR T B T B
then
(5.4) E(q) = ¢*E(q")(a+ f —1+7).

Jacobi’s identity (4.1) yields
(5.5) affy = —1,
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(5.6) —a’ +af’+7=0,
(5.7) a—-pB2+p8y =0
and
(5.8) ?y+pB—~*=0.
We have
(5.9) > 7(n)q" = qE(q)**
n>1

— q49E(q49)24(a +6 -1 +’Y)24-

We can expand the right side of (5.9) and extract those terms in which the
power of ¢ is a multiple of 7. Thus, if H is the Huffing operator modulo 7, given by

(5.10) H (Z a(n)q”) = Za(?n)qM,

n n

and if we apply H to (5.9), we find

(5.11) > r(n)g™" = ¢ E(q)*H (e + 8- 1+7)).
n>1
Let
_ __El
(5.12) C=atB—1+7= gpin

Then (5.11) becomes

(5.13) > 7 (n)g™ = ¢ E(q*)* H(C*).
Now,

(5.14) H((®) = H(1) =1,

(5.15) H=H(a+p—-1+7~)=—-1,

(5.16) H(C*) = H(a® +2aB8+ (6% —2a) — 28+ 1+ 20y + 2By + 2y +~%) =1,
and it can be shown [2], Chapter 7 that

(5.17) H() =T,
(5.18) H(¢Y = —4T -7,
(5.19) H(¢%) = 10T + 49
and

(5.20) H(¢%) =49
where

(5.21) r- LW
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It can then be shown that ( satisfies the so-called modular equation

(5.22)
C"+7¢% +21¢5 +49¢H + (TT + 147)¢3 + (35T + 343)¢? + (49T + 343)¢ — T? = 0.

It follows that for i > 0,

(5.23)
H(C™T) + TH(CO) + 21H () +49¢) + (TT + 14T)H(C')
+(35T 4 343) H (C*2) + (49T + 343)H (¢ — T?H(¢Y) = 0.
Now write
(5.24) u; = H(CY).
Then

(5.25) up=1, uy =-1, ug =1, ug =7, ug = —47T-7, us = 10T+49, ug = 49

and for i > 0,

(5.26)
Ui+7 + 7ui+6 + 21’U,i+5 + 49’U,i+4 + (7T + 147)u1+3
If we write
(5.27) U=> uz'

i>0

it follows from (5.25) and (5.26) that

(5.28)
(147242122 + 4923 + (7T + 147)2* 4 (35T + 343)2° + (49T + 343)2° — T%2"\U
=1+62+ 1522 +282° + (3T + 63)2* + (10T + 98)2° + (7T + 49)2°

and so

(5.29)

7= 1+ 62+ 1522 + 2823 + (3T + 63)2* + (10T + 98)2° + (7T + 49)2°
14Tz + 2122 44923 + (TT + 147)24 + (35T + 343T)25 + (49T + 343T)26 — T227"

If we expand the right side of (5.29) as a series, we find
(5.30) Ugy = —16744T° — 711,

That is,

E 7\4 6
(5.31) H(¢2Y) = —16744 (tflf((C]T)‘*) —
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If we substitute (5.31) into (5.13), we find

(5.32)

FE)
— _16744q7E(q7)24 _ 711q49E(q49)24

6
> ()™ = ¢ E(g*)* (16744 <7E Uik ) ~ 711>

If in (5.32) we replace ¢7 by ¢, we obtain
(5.33)

> 7(Tn)g" = —16744qE(q)** — 7''q" E(¢")**

n>1
—16744 Z r(n)g™ — 7" Z 7(n)q"

n>1 n>1

The term n = 1 in (5.33) gives

7(7) = —167447(1) = —16744,
o0 (5.33) becomes

S (gt = (1) Y r)g" — 7Y 7(n)g”

n>1 n>1 n>1

as claimed.

Aside: It can be shown [2], Chapter 10 that

_2 49n+14)(1 _ q49n+35)
H 49n+7 (1 _ q49n+42) ’
n>0
L 49n+21)(1 q49n+28)

H 49n+14 (1 _ q49n+35)
n>0

g H 49n+7)(1 _ q49n+42)
7= AT 2L (1 — g19n+28)”
n>0
6. p=13
Define
E E 13
(6.1) ¢ (9) o £
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Then
(6.2) H(() =1,
(6.3) H(?) = —2T — 1,
(6.4) H(¢P) =13,
(6.5) H(¢Y =2T? - 13,
(6.6) H(¢%) = —20T7% — 10 x 13T — 132,
(6.7) H(¢%) =10T° — 132,
(6.8) H(¢") = 9873 4 28 x 1372% — 133,
(6.9) H(®) = —707* — 133,
(6.10) H(¢%) = —162T* + 108 x 1373 + 72 x 13*T?
+18 x 1337 + 134,
(6.11 H(¢Y) = 2387° — 134,
(6.12) H(¢M) = —902T° — 1672 x 137* — 792 x 13°T3
—198 x 13372 — 22 x 13T — 13°,
(6.13) H(¢Y) = —418T° — 135,
For 0 <i<12let
(6.14) G =<n'q)
where 7 is a 13th root of unity other than 1.
Then
(6.15) > Gi=13,
(6.16) D ¢ =-2x13T - 13,

(6.17) > =13

(6.18) D G =2x131% - 13,

(6.19) Z (P =—20x 1372 — 10 x 13°T — 13?,
(6.20) Z ¢8 =10 x 1373 — 133,

(6.21) Z ¢/ =98 x 13T% + 28 x 13272 — 13%,
(6.22) Z (¥ =70 x 137* — 134,

(6.23) Z ¢} = —162 x 13T* 4 108 x 13*T3

+72 x 13372 + 18 x 134T + 13,
(6.24) > ¢ =238 x 137° — 137,
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(6.25) D ¢ =902 x 13T° — 1672 x 13°T*
—792 x 13373 — 198 x 13*7T2 — 22 x 13°T — 139,

(6.26) D (1P =418 x 137° — 135,

From these we obtain the symmetric functions,

(6.27) 1= (=13,

(6.28) o = Z Gi¢; = 13T + 7 x 13,
1<J

(6.29) Ss= D Gi¢ik = 13T +3 x 13,
i<j<k

(6.30) Y4 =6x 13T* 4+ 7 x 13*T + 15 x 132,
(6.31) Y5 =74 x 137°% 4+ 37 x 13°T + 5 x 132,
(6.32) Y6 = 20 x 1373 + 38 x 13272 + 13T + 19 x 133,
(6.33) Yy =222 x 137% + 184 x 13°T?
+51 x 1337 + 5 x 134,

(6.34) Y =38 x 137 + 102 x 132°T® 4 56 x 1337
+13°T 4 15 x 134,

(6.35) Yo = 346 x 13T* 4 422 x 13%T3 + 184 x 13377
+37 x 13T + 3 x 135,

(6.36) Yo = 36 x 13T° + 126 x 13*T* + 102 x 13373
+38 x 1372 + 7 x 13°T 4+ 7 x 13°,

(6.37) Y1 = 204 x 1377 + 346 x 13°T* + 222 x 1337°
+74 x 13*T% 4 13°T + 13°

(6.38) Yo = 11 x 13T° + 36 x 13°T° + 38 x 1337*
420 x 1373 46 x 13°T? + 1357 + 136

and

13\14
(6.39) Y13 = HQ - qQFE(‘?qlég)14 =1".

It follows that the modular equation is

(6.40)

¢ —13¢12 4+ (13T + 7 x 13)¢M — (1327 43 x 13%)¢1 + (6 x 1372 + 7 x 132T + 15 x 132)¢°
—(74 x 13T? + 37 x 13°T + 5 x 13%)¢® + (20 x 1373 + 38 x 13272 + 13T 4 19 x 133)(7
—(222 x 1373 + 184 x 132T% 4+ 51 x 13°T + 5 x 13*)¢°

+(38 x 137 + 102 x 13273 + 56 x 13372 + 13°T + 15 x 13%)¢°

—(346 x 13T + 422 x 132°T% + 184 x 13%T? + 37 x 13*T + 3 x 13%)¢*

+(36 x 1375 + 126 x 132T* +102 x 13°7% 438 x 13*T2 47 x 13°T + 7 x 13°)¢*
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—(204 x 1375 + 346 x 132T* 4 222 x 13%T3 + 74 x 13*T? + 13T + 135)¢?
+(11 x 1375 + 36 x 13%T° + 38 x 13°T* + 20 x 13*T3 + 6 x 13°T? + 1357 + 13%)¢ - T7 = 0.

If, as before, we let u; = H(¢*) and U = Zuizi, then

i>0

(6.41) U=

Sl=

where
(6.42)

D=1-132+ (13T + 7 x 13)2* — (13T + 3 x 13%)2% + (6 x 13T* + 7 x 13*T + 15 x 13%)2*
74 x 13T% 4 37 x 132°T 4 5 x 13%)2° 4 (20 x 1373 + 38 x 13%T? + 13T + 19 x 13%)2°

222 x 137% + 184 x 132°T? 4+ 51 x 1337 4 5 x 13*)27

38 x 1374 4102 x 13273 + 56 x 13372 + 1357 + 15 x 13%)2®

(
(
+(
(346 x 137* + 422 x 132T% + 184 x 13%T? + 37 x 13*T + 3 x 13%)2°
(
(
(

+(36 x 137° + 126 x 13%T* + 102 x 13373 + 38 x 13472 + 7 x 13°T + 7 x 13%)2*°

—(204 x 13T° + 346 x 132T* + 222 x 13373 + 74 x 13*T? + 13°T + 13%)211

+(11 x 1375 + 36 x 132T° + 38 x 133T* + 20 x 13473 + 6 x 13°T? + 13°T + 135)212 — 7713
and
(6.43)

N =1-122+ (11T 4 77)z* — (10 x 13T + 30 x 13)2z® + (5472 + 63 x 13T + 135 x 13)2*
(59272 + 296 x 13T + 40 x 13?)2° + (140T° + 266 x 13T% + 7 x 133T + 133 x 13?)2°
— (133273 + 1104 x 1372 + 306 x 132T + 30 x 13%)z7
+(190T* + 510 x 1373 + 280 x 132T% 45 x 13T + 75 x 13%)2®
— (138477 + 1688 x 1373 + 736 x 13272 + 148 x 133T 4 12 x 13%)2°
(10875 + 378 x 13T + 306 x 13273 4 114 x 13372 + 21 x 13T + 21 x 13%)21°
—(408T° + 692 x 13T* + 144 x 13*T3 + 148 x 13372 + 2 x 13°T + 2 x 13°)2"!

(

+(117° 4 36 x 1375 + 38 x 132T* + 20 x 13373 + 6 x 13472 4 13°T + 135)212.

If we expand U to the power 24, we find that

(6.44) H(C*) = ugq = —577738T7'2 — 131
We then have
(6.45) > 7(n)q" = qE(q)**
n>1
E(g \*
— 169 fp(,169)24
q (@) q"E(q'09)

= q169 [5(q169)24¢24

(646) ZT(lgn)qlgn — qlng(q169)24H(C24)

n>1

— q169E(q169)24 (_577738T12 _ 1311)
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E(q13)2 12
— 19 (16924 [ _p7773g (M) 31
q (q ) qBE(q169)2
= —577738¢ 3 E(¢"?)?* — 134" B(¢'%9)**
and

(6.47) > 7(13n)q" = —5TT738¢E(q)** — 13'1¢" E(¢"%)**

n>1

= 577738 ) _ 7(n)g" — 13" > " 7(n)g"*".

n>1 n>1
The term n = 1 gives
7(13) = —=5777387(1) = —577738,
o0 (6.47) becomes
(6.48) Z 7(13n)q"™ = 7(13) Z 7(n)g"™ — 13" Z 7(n)g"",
n>1 n>1 n>1

as claimed.
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