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1. Introduction

A collection of arithmetic progressions (ai+niZ)ti=1 is called a disjoint covering system (DCS) if

every integer lies in exactly one of these progressions. It is a classical theorem of Mirski, Newman,

Davenport, and Rado (see [4]) that the moduli of a DCS cannot all be distinct: the largest modulus

must occur at least twice. Motivated by this, we study DCSs in which only the largest modulus is

repeated, namely those satisfying

n1 < n2 < · · · < nt−m < nt−m+1 = · · · = nt (m ≥ 2). (1)

We call a DCS trivial if m = t. There exist infinitely many systems satisfying (1) for m = 2, namely

(2Z, 4Z+ 1, . . . , 2t−1Z+ 2t−2 − 1, 2t−1Z+ 2t−1 − 1).

Following [2], we may normalize (1) using the 2-add/2-drop procedure and thus restrict attention

to the case where the smallest modulus is at least 3:

3 ≤ n1 < n2 < · · · < nt−m < nt−m+1 = · · · = nt (m ≥ 2). (2)

Indeed, if n1 = 2, then disjointness forces all other moduli to be even. In this situation we apply

the 2-drop operation: remove n1 and divide all remaining moduli by 2. Iterating 2-drop, we either

arrive at the trivial system (2Z, 2Z + 1) or obtain a system with n1 ≥ 3. Conversely, any system

satisfying (2) gives rise to systems with n1 = 2 via repeated 2-add, which adjoins the modulus 2

and doubles all other moduli. Thus, we may assume (2) without loss of generality.

Interpreting the earlier results via the above normalization (2), one obtains the following: Stein

[8] showed that there is no nontrivial DCS with m = 2, and Znám [10, 11] proved the same for

m = 3. Porubský [5] determined the unique nontrivial DCS for m = 4 and showed that for m = 5

there is no nontrivial system. Berger, Felzenbaum, and Fraenkel [2] classified all nontrivial DCSs

satisfying (2) for 4 ≤ m ≤ 9. Zeleke and Simpson [9] extended this classification to 10 ≤ m ≤ 12,

and Ekhad, Fraenkel, and Zeilberger [3] enumerated examples up to m = 32. Although they did

not prove completeness, they verified their list and exhausted all systems with largest modulus

≤ 600. They further conjectured that, for each fixed m, only finitely many systems exist in the

normalized setting.

Motivated by these results, we prove the following finiteness statement.

Theorem 1.1. For each fixed m ≥ 2, there exist only finitely many DCSs whose moduli satisfy (2).

To prove Theorem 1.1, it is convenient to pass to an equivalent formulation in terms of coset

partitions. Let n := lcm(n1, . . . , nt). Reducing modulo n, each progression ai+niZ corresponds to

a coset Ki ⊂ Zn of the subgroup of index ni, hence |Ki| = n/ni. Moreover, it is known that (2)
1
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implies ni | nt for all 1 ≤ i ≤ t (see [2]), hence nt = n. In this way, determining DCSs satisfying

(2) is equivalent to determining coset partitions

C = (K1, . . . ,Kt)

of the additive cyclic group Zn satisfying

n

3
≥ |K1| > |K2| > · · · > |Kt−m| > |Kt−m+1| = · · · = |Kt| = 1. (3)

In particular, the repeated largest modulus corresponds to the m singleton cosets in (3).

Our main result is most naturally stated in the coset-partition setting.

Theorem 1.2. Let C = (K1, . . . ,Kt) be a coset partition of Zn satisfying (3). Then the integer n

is bounded by a constant depending only on m.

There is another aspect of Theorem 1.2, which connects the disjoint setting to quantitative lower

bounds for uncovered sets in distinct-moduli covering problems.

Remark 1.3. Let (ai+niZ)ti=1 be a DCS satisfying (2) and write n := lcm(n1, . . . , nt). Removing

the m progressions with the repeated largest modulus n leaves a family of arithmetic progressions

with distinct moduli n1, . . . , nt−m whose uncovered set

R := Z \
t−m⋃
i=1

(ai + niZ)

has asymptotic density

δ(R) =
m

n
.

Balister, Bollobás, Morris, Sahasrabudhe, and Tiba [1] proved that for every ε > 0 there

exists M = M(ε) such that for any collection of arithmetic progressions with distinct moduli

d1, . . . , dk ≥ M , the uncovered set has density at least 1
2e

−4C , where C =
∑k

i=1 µ(di)/di for an

explicit multiplicative function µ (depending on ε). Applying this to the distinct-moduli system

above in the additional regime n1 ≥ M yields

m

n
= δ(R) ≥ 1

2
e−4C , hence n ≤ 2me4C .

To compare with our finiteness theorem, note that Simpson [7] proved that in a DCS in which

each modulus occurs at most m times,

m
∏
p<p∗

p

p− 1
≥ p∗

holds where p∗ is the greatest prime dividing any modulus. It follows that the primes dividing the

moduli n1, . . . , nt−m are all ≤ p∗(m) for some function p∗(m) (which we will recover later in our

specific setting (2) in Lemma 3.5) by Mertens’ theorem∏
p<p∗

p

p− 1
∼ eγ log p∗

where γ is Euler’s constant. Since the multiplicative function µ in [1] satisfies µ(pi) = µ(p), the

quantity C is then bounded in terms of m as well. Consequently, in the large-minimum-modulus

regime n1 ≥ M( one obtains a bound of the form n ≤ N(m) from the density estimate of Balister

et al. together with Simpson’s prime-factor bound.
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Theorem 1.2 shows that, in the disjoint setting, this boundedness already holds under the minimal

normalization n1 ≥ 3, i.e. without any largeness assumption on the moduli.

2. Parallelotope partitions and cell inequalities

This section recalls the “parallelotope model” of Berger, Felzenbaum, and Fraenkel [2] and proves

a slightly more flexible inequality that contains both Proposition I in [2, §2] and a variant used

later in this paper as immediate corollaries. Although we present the inequality in a slightly more

flexible form, the underlying idea is essentially the same as in the proof of [2].

2.1. Parallelotopes, cells, and cell partitions. Fix an integer d ≥ 1 and a vector b =

(b1, . . . , bd) with bi ∈ N and bi ≥ 2. We consider the discrete box

P(b) :=
d∏

i=1

{0, 1, . . . , bi − 1} ⊂ Zd,

and we call P(b) the (d;b)-parallelotope.

Following [2], for T ⊆ [d] := {1, . . . , d} and u = (u1, . . . , ud) ∈ P(b), we define the T -cell (or cell

of index T ) by

X(u, T ) := {c = (c1, . . . , cd) ∈ P(b) : ci = ui for all i /∈ T}.
We set index(X(u, T )) := T . Note that coordinates in T are the free coordinates, and those in

[d] \ T are fixed. The cardinality of a cell depends only on its index:

|X(u, T )| =
∏
i∈T

bi.

We may suppress u and T from the notation when they are clear. A cell partition of P(b) is a

finite family of cells

F = (X1, . . . , Xt)

such that P(b) =
⊔t

j=1Xj . We always assume t > 1.

We will repeatedly pass to coordinatewise “shrunk” sub-parallelotopes. If b̂ = (b̂1, . . . , b̂d) satis-

fies 2 ≤ b̂i ≤ bi for all i, set

P̂ := P(b̂) ⊆ P(b).

For a cell X = X(u, T ), the intersection X̂ := X∩P̂ is either empty or again a T -cell inside P̂ (with

the same index T ). In particular, if we only shrink coordinates in [d] \ T , then X̂ = X whenever

X̂ ̸= ∅. We freely identify P(b) with the finite abelian group

G(b) :=
d∏

i=1

Zbi

via the obvious coordinatewise reduction map. In particular, translation by an element of G(b)

acts on P(b), preserving cardinalities of subsets and the cell-partition structure.

2.2. Cell inequalities. The key observation in [2] is that after shrinking certain fixed coordinates

to a common modulus b, one can partition the shrunk parallelotope into b congruence classes and

compare the total mass of cells lying in each class.
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Proposition 2.1. Let F = (X1, . . . , Xt) be a cell partition of P(b). Fix a cell X ∈ F . Let

S ⊆ [d] \ index(X) be any subset of the fixed coordinates of X, and assume

R := [d] \ (index(X) ∪ S) ̸= ∅.

Define

b := min{ bi : i ∈ R }.
Then one has the inequality ∑

index(Xj)⊆index(X)∪S

|Xj | ≥ b |X|. (4)

Equivalently, ∑
index(Xj)⊆index(X)∪S

Xj ̸=X

|Xj | ≥ (b− 1) |X|. (5)

Proof. Define b̂ = (b̂1, . . . , b̂d) by

b̂i :=

{
bi, i ∈ index(X) ∪ S,

b, i ∈ R.

Let P̂ := P(b̂) ⊆ P(b). By translating in G(b), we may assume X ∩ P̂ ≠ ∅; then X̂ := X ∩ P̂ is a

cell in P̂, and because we only shrank coordinates in [d] \ T , we have X̂ = X.

For each j, write X̂j := Xj ∩ P̂; then the nonempty X̂j form a cell partition of P̂.

Now partition P̂ into b congruence classes: for 0 ≤ k ≤ b− 1, set

Gk :=
{
c = (c1, . . . , cd) ∈ P̂ :

∑
i∈R

ci ≡ k (mod b)
}
.

Then P̂ =
⊔b−1

k=0 Gk and |Gk| = |P̂|/b for all k.

Consider the contribution of the cells with index(Xj) ⊆ index(X)∪S. If index(Xj) ⊆ index(X)∪
S, then R ⊆ [d]\ index(Xj), i.e. every coordinate in R is fixed inside Xj , hence X̂j is contained in a

single Gk (and in that case X̂j = Xj because we shrank only fixed coordinates of Xj). On the other

hand, if index(Xj) ⊈ index(X)∪ S, then index(Xj) contains some coordinate of R, so X̂j varies in

at least one coordinate in R of range {0, . . . , b− 1}; it follows by a direct counting argument that

|X̂j ∩ Gk| = |X̂j |/b for every k.

Let

Ak :=
∑

index(Xj)⊆index(X)∪S
X̂j⊆Gk

|X̂j | (0 ≤ k ≤ b− 1).

Since
∑

j |X̂j ∩ Gk| = |Gk| for each k, and the cells with index(Xj) ⊈ index(X) ∪ S contribute the

same amount to each Gk (namely |X̂j |/b), the quantities Ak must be equal for all k. Let k0 be such

that X̂ ⊆ Gk0 . Then Ak0 ≥ |X̂| = |X|, hence for every k, Ak = Ak0 ≥ |X|. Summing over k gives∑
index(Xj)⊆index(X)∪S

|Xj | ≥
∑

index(Xj)⊆index(X)∪S

|X̂j | =
b−1∑
k=0

Ak ≥ b |X|,

which is (4). Subtracting |X| from both sides yields (5). □
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2.3. Two immediate corollaries. To emphasize how Proposition 2.1 packages the two inequali-

ties used later, we record them as corollaries.

Corollary 2.2. In the setting of Proposition 2.1, take S = ∅ and set

b1(X) := min{ bi : i /∈ index(X) }.

Then ∑
index(Xj)⊆index(X)

|Xj | ≥ b1(X) |X|.

Equivalently, ∑
index(Xj)⊆index(X)

Xj ̸=X

|Xj | ≥ (b1(X)− 1) |X|,

which recovers the formulation appearing in [2, §2].

Corollary 2.3. Fix X ∈ F and let b1(X) be as above. Define the set of minimal fixed coordinates

F1(X) := { i /∈ index(X) : bi = b1(X) } ⊆ [d] \ index(X).

If [d] \ (index(X) ∪ F1(X)) ̸= ∅, define the next side length

b2(X) := min{ bi : i /∈ index(X) ∪ F1(X) }.

Then ∑
index(Xj)⊆index(X)∪F1(X)

|Xj | ≥ b2(X) |X|.

Equivalently, ∑
index(Xj)⊆index(X)∪F1(X)

Xj ̸=X

|Xj | ≥ (b2(X)− 1) |X|.

Remark 2.4. More generally, Proposition 2.1 lets one “declare as harmless” any set S of fixed coor-

dinates ofX and forces a lower bound with theminimum remaining side length outside index(X)∪S.
This is exactly the structural flexibility needed to keep later inductions uniform when p1 = 2, by

absorbing the smallest fixed side lengths into S and letting the inequality detect the next layer.

2.4. Coset-partition formulation of the cell inequalities. Let n =
∏ℓ

j=1 p
sj
j with primes

p1 < · · · < pℓ, and set

b = (p1, . . . , p1︸ ︷︷ ︸
s1

, p2, . . . , p2︸ ︷︷ ︸
s2

, . . . , pℓ, . . . , pℓ︸ ︷︷ ︸
sℓ

).

We recall the parallelotope function in [2]. For k ∈ Zn, write its residue modulo p
sj
j in base pj as

k ≡
sj∑
r=1

b(j)r p
sj−r
j (mod p

sj
j ), b(j)r ∈ {0, . . . , pj − 1}.

Define

φ(k) := (φ(1)(k), . . . , φ(ℓ)(k)), φ(j)(k) := (b
(j)
1 , . . . , b(j)sj ) ∈ [0, pj − 1]sj .

Then φ : Zn → P(b) is a bijection. If K ⊆ Zn is a coset and

|K| =
ℓ∏

j=1

p
rj
j ,
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then φ(K) is a cell with index set

index(φ(K)) =

ℓ⋃
j=1

∑
i<j

si + 1, . . . ,
∑
i<j

si + rj

 ,

and |φ(K)| = |K|. Conversely, the preimage of every cell of this form is a coset.

Moreover, if K,K ′ ⊆ Zn are cosets, then

index(φ(K ′)) ⊆ index(φ(K)) ⇐⇒ |K ′| | |K|. (6)

Let C = (K1, . . . ,Kt) be a coset partition of Zn. For a prime p, let νp(·) denote the p-adic

valuation.

Corollary 2.5. Fix K ∈ C and put

p1(n/|K|) := min{ p prime : p | n/|K| }.

Then ∑
Ki∈C

|Ki|||K|

|Ki| ≥ p1(n/|K|) |K|.

Equivalently, ∑
Ki∈C

Ki ̸=K, |Ki|||K|

|Ki| ≥ (p1(n/|K|)− 1) |K|.

Corollary 2.6. Fix K ∈ C and let p1(n/|K|) be as above. Assume that n/|K| has at least two

distinct prime divisors, and define

p2(n/|K|) := min{ p prime : p | n/|K|, p ̸= p1(n/|K|) }, e1(n/|K|) := νp1(n/|K|)(n/|K|).

Then ∑
Ki∈C

|Ki|||K| p1(n/|K|)e1(n/|K|)

|Ki| ≥ p2(n/|K|) |K|.

Equivalently, ∑
Ki∈C

Ki ̸=K, |Ki|||K| p1(n/|K|)e1(n/|K|)

|Ki| ≥ (p2(n/|K|)− 1) |K|.

Proof of both corollaries. Apply Corollary 2.2 (resp. Corollary 2.3) to the cell partition (φ(K1), . . . , φ(Kt))

of P(b).

For Corollary 2.5, the claim follows from |φ(Ki)| = |Ki|, the identity b1(φ(K)) = p1(n/|K|), and
(6).

For Corollary 2.6, set X := φ(K), and let Y be the cell obtained from X by declaring all

coordinates in F1(X) to be free. Then

index(Y ) = index(X) ∪ F1(X),

and

|Y | = |X|
∏

r∈F1(X)

br = |K| p1(n/|K|)e1(n/|K|).
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Since Y is a cell, KY := φ−1(Y ) is a coset and φ(KY ) = Y . Hence, for every Ki ∈ C,

index(φ(Ki)) ⊆ index(X)∪F1(X) ⇐⇒ index(φ(Ki)) ⊆ index(Y ) ⇐⇒ index(φ(Ki)) ⊆ index(φ(KY )).

Applying (6) with KY in place of K, we obtain

index(φ(Ki)) ⊆ index(X) ∪ F1(X) ⇐⇒ |Ki| | |KY | = |Y | = |K| p1(n/|K|)e1(n/|K|).

This gives the stated inequality. □

3. Main Result

In this section, we prove the main theorem by developing an inductive scheme that bounds the

prime exponents appearing in the coset sizes. The basic mechanism is a divisor-sum inequality,

which controls the largest relevant prime and its exponent once the contribution from smaller

divisor classes is bounded.

The case p1 = 2 requires a separate treatment, while the case of odd primes is handled uni-

formly through the divisor-sum inequality above. The proof is then organized through two nested

inductions: first, an induction that bounds sums over proper divisor classes, and second, an outer

induction on the prime level h, which together yield uniform bounds for all exponents and hence

for n itself.

Throughout this section, we fix a coset partition C = (K1, . . . ,Kt) of Zn satisfying (3) with prime

factorization,

n =

ℓ∏
j=1

p
sj
j , p1 < · · · < pℓ.

3.1. Notation for the proof. For a positive integer N , σ(N) denotes the sum of all positive

divisors of N . We say that a positive integer Q is supported on a set of primes S if every prime

divisor of Q lies in S.

Definition 3.1. Let C = (K1, . . . ,Kt) be a coset partition of Zn.

(i) For a subfamily F ⊆ C and 1 ≤ h ≤ ℓ, define

dh(F) := max{ νph(|K|) : K ∈ F }.

(ii) For K ∈ C, define

D(K) := {K ′ ∈ C : K ′ ̸= K, |K ′| | |K| }.

(iii) For K ∈ C, define

πh(K) :=

ℓ∏
j=h+1

p
νpj (|K|)
j .

(iv) For 1 ≤ h ≤ ℓ, define

Ah := {K ∈ C : |K| is supported on primes {p1, . . . , ph} }.

(v) Let 1 ≤ h ≤ ℓ and let Q be supported on primes {ph+1, . . . , pℓ}. Define

Lh(Q) := {K ∈ C : πh(K) = Q}.

In particular, Ah = Lh(1).

(vi) If F ⊆ C, we say K ∈ F is division minimal in F if K ′ ∈ F and |K ′| | |K| imply K ′ = K.
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3.2. A divisor-sum inequality.

Proposition 3.2. Let N =
∏ℓ

j=1 p
sj
j > 1 be a positive integer with primes p1 < · · · < pℓ. Fix a

constant C0 > 0 and suppose

N − σ

(
N

pℓ

)
≤ C0. (7)

Then pℓ is bounded in terms of C0 only. Moreover, if pℓ ≥ 3, then each exponent sj (j = 1, . . . , ℓ)

is also bounded in terms of C0 only.

Proof. Write M := N/psℓℓ =
∏ℓ−1

j=1 p
sj
j . Using σ(pa) = (pa+1 − 1)/(p− 1) for a prime p, we get

σ

(
N

pℓ

)
= σ(p sℓ−1

ℓ )σ(M) =
psℓℓ − 1

pℓ − 1
σ(M) <

psℓℓ
pℓ − 1

σ(M).

Hence

N − σ

(
N

pℓ

)
> N

(
1− σ(M)

(pℓ − 1)M

)
. (8)

If M = 1, then the right hand side of (8) equals psℓℓ
(
1 − 1

pℓ−1

)
, which diverges as pℓ → ∞ or

sℓ → ∞ if pℓ ≥ 3; thus (7) forces both to be bounded.

Assume M > 1. Then
σ(M)

M
<

∏
j<ℓ

pj
pj − 1

<
∏
p≤pℓ

p prime

p

p− 1
.

A Mertens–type bound (see [6]) implies

σ(M)

M
< eγ log pℓ

(
1 +

1

log2 pℓ

)
. (9)

Combining (8), (9) and the assumption (7) gives

N

(
1− eγ

(
1 +

1

log2 pℓ

)
log pℓ
pℓ − 1

)
< C0.

The left hand side diverges as pℓ → ∞, hence pℓ is bounded.

If pℓ ≥ 5, then the parenthetical factor admits a positive absolute lower bound

δ5 := 1− eγ
(
1 +

1

(log 5)2

)
log 5

4
≈ 0.0067 > 0.

Thus N δ5 < C0, which forces N (and hence all exponents sj) to be bounded.

If pℓ = 3, write N = 2s13s2 . Then

N − σ
(N
3

)
= 2s1 +

3s2 − 1

2
.

Hence, s1 and s2 are bounded. □

3.3. Auxiliary Lemmas.

Proposition 3.3. Assume p1 = 2. Fix an integer Q ≥ 1 supported on {p2, . . . , pℓ}. Suppose there

exists a constant C(m) > 0 depending only on m such that∑
Q′|Q
Q′ ̸=Q

∑
L∈L1(Q′)

|L| ≤ C(m).

Then d1(L1(Q)) is bounded in terms of m only.
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Proof. We may assume L1(Q) ̸= ∅ and d1(L1(Q)) ≥ 1. ChooseK ∈ L1(Q) such that α := ν2(|K|) =
d1(L1(Q)). We distinguish two cases.

Case 1: n/|K| is not a power of 2. If K ′ ∈ L1(Q) \ {K}, then ν2(|K ′|) < α, so |K ′| | |K|/2. We

obtain ∑
K′∈L1(Q)
K′ ̸=K

|K ′| ≤ Qσ
(
2α−1

)
+m− 1,

since only singleton cosets repeat m times by assumption (3). Therefore, after enlarging C(m), we

have ∑
K′∈D(K)

|K ′| ≤
∑

π1(K′)|Q
K′ ̸=K

|K ′| ≤
∑

K′∈L1(Q)
K′ ̸=K

|K ′|+
∑
Q′|Q
Q′ ̸=Q

∑
L∈L1(Q′)

|L| ≤ Qσ
(
2α−1

)
+ C(m). (10)

Suppose n/|K| is odd. Then p1(n/|K|) ≥ 3. Applying Corollary 2.5, we have

2α+1Q ≤ (p1(n/|K|)− 1) |K| ≤
∑

K′∈D(K)

|K ′|. (11)

Otherwise, n/|K| is even and not a power of 2. The second smallest prime divisor p2(n/|K|) satisfies
p2(n/|K|) ≥ 3. Apply Corollary 2.6 with p1(n/|K|) = 2 to obtain

2α+1Q ≤ (p2(n/|K|)− 1) |K| ≤
∑

π1(K′)|Q
K′ ̸=K

|K ′|. (12)

Combining (11), (12) and (10), in either case, we have

2α+1Q ≤ σ
(
2α−1

)
Q+ C(m) = (2α − 1)Q+ C(m).

Dividing by Q yields

2α+1 ≤ (2α − 1) +
C(m)

Q
≤ (2α − 1) + C(m).

Hence α = d1(L1(Q)) is bounded in terms of m only.

Case 2: n/|K| is a power of 2. Then Q contains all odd prime factors of n, since n/|K| is a

power of 2. Therefore π1(K
′) | Q for all K ′ ∈ C. Moreover, if K ′ ∈ L1(Q), then |K ′| = 2eQ for

some e = ν2(|K ′|). Since Q = n/2s1 and |K ′| ≤ n/3 for all K ′ ∈ C by (3), we obtain

2eQ ≤ n

3
=

2s1Q

3
,

hence e ≤ s1 − 2. Therefore,

n =
∑
K′∈C

|K ′| =
∑

K′∈L1(Q)

|K ′|+
∑
Q′|Q
Q′ ̸=Q

∑
L∈L1(Q′)

|L| ≤ Qσ
(
2s1−2

)
+ C(m).

Dividing by Q yields

2s1 ≤ σ
(
2s1−2

)
+ C(m).

Hence s1 is bounded in terms of m, and therefore so is α. □

Proposition 3.4. Assume ph ≥ 3. Fix 1 ≤ h ≤ ℓ and a positive integer Q supported on primes

{ph+1, . . . , pℓ} and assume Lh(Q) ̸= ∅ and dh(Lh(Q)) ≥ 1. Suppose there exists a constant C(m) >
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0 depending only on m such that ∑
Q′|Q
Q′ ̸=Q

∑
L∈Lh(Q′)

|L| ≤ C(m).

Then ph and dh(Lh(Q)) are bounded in terms of m only.

Proof. Choose K ∈ Lh(Q) such that νph(|K|) = dh(Lh(Q)) and K is division minimal in

{L ∈ Lh(Q) : νph(|L|) = dh(Lh(Q))}.

Write NK := |K|/Q. If K ′ ∈ D(K)∩Lh(Q), then by the division-minimality, νph(|K ′|) < νph(|K|).
Indeed if νph(|K ′|) = νph(|K|), then K ′ would also belong to

{L ∈ Lh(Q) : νph(|L|) = dh(Lh(Q))},

and |K ′| | |K|, contradicting the division-minimality of K. This yields |K ′| | |K|/ph, and therefore,∑
K′∈D(K)∩Lh(Q)

|K ′| ≤ Qσ

(
NK

ph

)
+m− 1

by assumption (3). After enlarging C(m), we have∑
K′∈D(K)

|K ′| ≤
∑

K′∈D(K)∩Lh(Q)

|K ′|+
∑
Q′|Q
Q′ ̸=Q

∑
L∈Lh(Q′)

|L| ≤ Qσ

(
NK

ph

)
+ C(m).

By Corollary 2.5, we have |K| ≤
∑

K′∈D(K) |K ′|. Thus, we obtain

NKQ = |K| ≤ Qσ

(
NK

ph

)
+ C(m).

Dividing by Q yields

NK ≤ σ

(
NK

ph

)
+

C(m)

Q
≤ σ

(
NK

ph

)
+ C(m).

Hence

NK − σ

(
NK

ph

)
≤ C(m).

Note that NK is supported on {p1, . . . , ph}, and ph | NK because dh(Lh(Q)) ≥ 1. Hence ph is the

largest prime divisor of NK and νph(NK) = νph(|K|) = dh(Lh(Q)). Applying Proposition 3.2 with

C0 = C(m), we obtain that ph and dh(Lh(Q)) are bounded in terms of m only. □

Lemma 3.5. Fix 1 ≤ h ≤ ℓ and a positive integer Q supported on primes {ph+1, . . . , pℓ} and

assume Lh(Q) ̸= ∅ and dh(Lh(Q)) ≥ 1. Suppose there exists a constant C(m) > 0 depending only

on m such that ∑
Q′|Q
Q′ ̸=Q

∑
L∈Lh(Q′)

|L| ≤ C(m).

Then ph and dh(Lh(Q)) are bounded in terms of m only.

Proof. If h = 1 and ph = 2, then the lemma is a direct consequence of Proposition 3.3. If ph ≥ 3,

Proposition 3.4 proves the lemma. □

Lemma 3.6. Fix 1 ≤ h ≤ ℓ and let K ∈ C. Put Q := πh(K) so that K ∈ Lh(Q). Assume:
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(H1) Q is bounded in terms of m only;

(H2)
∑
L∈Ah

|L| is bounded in terms of m only.

Then there exists C(m) > 0 depending only on m such that∑
Q′|Q
Q′ ̸=Q

∑
L∈Lh(Q′)

|L| ≤ C(m).

Proof. We prove for each divisor Q′ | Q,

Sh(Q
′) :=

∑
L∈Lh(Q′)

|L|

is bounded in terms of m only. The lemma follows because Q has only finitely many divisors by

assumption (H1) (bounded in terms of m).

We prove boundedness of Sh(Q
′) by induction on h.

Base case: h = 1. If Q′ = 1, then S1(1) =
∑

L∈A1
|L| is bounded by assumption (H2). Fix Q′ > 1

and assume by induction on divisibility that S1(Q
′′) is bounded for all proper divisors Q′′ | Q′.

If d1(L1(Q
′)) = 0, then L1(Q

′) = {L ∈ C | |L| = Q′}, and this is a singleton set by (3). Hence

S1(Q
′) = Q′ is bounded. Otherwise d1(L1(Q

′)) ≥ 1. By the induction hypothesis on divisibility,

the hypotheses of Lemma 3.5 are satisfied with h = 1, so d1(L1(Q
′)) is bounded. Note that all

sizes in L1(Q
′) are among {Q′pe1 : 0 ≤ e ≤ d1(L1(Q

′))}, and each size occurs at most once by (3).

Hence, S1(Q
′) is bounded. This completes the base h = 1.

Induction step. Assume the statement holds for h − 1 ≥ 1. Fix h and Q′ | Q. If Q′ = 1, we

are done by (H2). Assume Q′ > 1 and that Sh(Q
′′) is bounded for all proper divisors Q′′ | Q′. If

dh(Lh(Q
′)) = 0, then Lh(Q

′) ⊆ Lh−1(Q
′) and we conclude by the induction hypothesis on h − 1.

Now we assume dh(Lh(Q
′)) ≥ 1. By induction hypothesis on divisibility, Lemma 3.5 gives bounds

on ph and dh(Lh(Q
′)).

For each 0 ≤ e ≤ dh(Lh(Q
′)), set Q′

e := Q′peh. If L ∈ Lh(Q
′) and νph(|L|) = e, then L ∈ Lh−1(Q

′
e)

by definition. Thus

Sh(Q
′) ≤

dh(Lh(Q
′))∑

e=0

Sh−1(Q
′
e).

Each Q′
e is bounded in terms of m, and

∑
L∈Ah−1

|L| is bounded because Ah−1 ⊆ Ah. Hence

each Sh−1(Q
′
e) is bounded by the induction hypothesis on h − 1, and so Sh(Q

′) is bounded. This

completes the induction. □

3.4. Proof of the theorem.

Theorem 3.7. Assume n =
∏ℓ

j=1 p
sj
j with primes p1 < · · · < pℓ. Let C = (K1, . . . ,Kt) be a coset

partition of Zn satisfying (3). Then, for every h = 1, . . . , ℓ,∑
K∈Ah

|K|

is bounded by a constant depending only on m.

Proof. We argue by induction on h.
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Base case: h = 1. If d1(A1) = 0, then every K ∈ A1 has |K| = 1, and there are at most m such

cosets, so the sum is bounded. Assume d1(A1) ≥ 1. Then L1(1) ̸= ∅, and since Q = 1 has no

proper divisors, the hypothesis of Lemma 3.5 with h = 1 and Q = 1 is trivially satisfied. Hence

d1(L1(1)) = d1(A1) is bounded in terms ofm. Hence all sizes inA1 are among {pe1 : 0 ≤ e ≤ d1(A1)}
and each size occurs at most once, except that |K| = 1 can repeat at most m times. Thus∑

K∈A1
|K| is bounded.

Induction step. Fix h ≥ 2, and assume
∑

K∈Aj
|K| is bounded for every j < h. We show the

same for Ah.

First, we bound ph and dh(Ah). If dh(Ah) = 0 there is nothing to prove about the ph-part.

Assume dh(Ah) ≥ 1. Because Q = 1 has no proper divisors, the hypothesis of Lemma 3.5 is

trivially satisfied, and the lemma yields bounds on ph and dh(Ah).

Next, we bound dh−1(Ah), dh−2(Ah), . . . , d1(Ah) by descending induction on the index. Let

1 ≤ j < h and assume that dj+1(Ah), . . . , dh(Ah) are already known to be bounded. If dj(Ah) = 0

we are done for this j. Otherwise choose K ∈ Ah such that νpj (|K|) = dj(Ah) and set Q := πj(K).

Because K ∈ Ah, only primes pj+1, . . . , ph can appear in Q. Their exponents are bounded by the

descending induction hypothesis, and the primes themselves are bounded because ph has already

been shown to be bounded. Hence Q is bounded in terms of m. Moreover K ∈ Lj(Q).

Since j < h, the outer induction hypothesis gives that
∑

L∈Aj
|L| is bounded, so Lemma 3.6

(applied with this j and K) provides a bound for
∑

Q′|Q
Q′ ̸=Q

∑
L∈Lj(Q′) |L| depending only on m.

Then Lemma 3.5 (with h = j) shows that dj(Lj(Q)) is bounded. By choice of Q, we note that

dj(Ah) ≤ dj(Lj(Q)), and hence dj(Ah) is bounded.

Thus d1(Ah), . . . , dh(Ah) are all bounded. Consequently every size |K| with K ∈ Ah divides

Mh :=

h∏
j=1

p
dj(Ah)
j .

Observe that Mh is bounded since ph and each exponent are already bounded. By (3), each size

> 1 occurs at most once, and |K| = 1 occurs at most m times, so∑
K∈Ah

|K| ≤ (m− 1) +
∑
d|Mh

d = (m− 1) + σ(Mh),

which is bounded in terms of m only. □

Corollary 3.8. Under the assumptions of Theorem 3.7, the integer n is bounded in terms of m

only.

Proof. Since Aℓ = C and
∑

K∈C |K| = |Zn| = n, the claim follows by taking h = ℓ in Theorem 3.7.

□

4. Discussion

Corollary 3.8 shows that, for each fixed multiplicity m, the largest modulus

n := lcm(n1, . . . , nt)

of a DCS satisfying (2) is bounded in terms of m alone. Our proof, however, is purely qualitative.

Because the argument proceeds through nested inductions on prime layers and divisor classes, any
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quantitative upper bound extracted from the proof would likely be extremely large and far from

optimal.

By contrast, the computational data of Ekhad et al. [3] suggest that the actual extremal behavior

is much more rigid. In particular, among the examples listed there for m ≤ 32, the minimal

candidate for the optimal upper bound appears always to be of the form

2s13s2 .

This leads naturally to the following problem.

Problem 4.1. For each fixed m, determine the optimal upper bound for the largest modulus n

among DCSs satisfying (2).

The available data suggest the following conjectural principle.

Conjecture 4.2. Fix m. Among DCSs satisfying (2), the maximum value of the largest modulus

is attained by one for which

n = 2s13s2 .

If true, this would reduce the extremal problem to the 2-3-primary case. Moreover, the meth-

ods developed in the present paper suggest that, in this special case, the exponents s1 and s2
should admit comparatively small bounds. It is therefore plausible that these bounds lie below the

range already verified computationally in [3]. Such a result would bring one closer to a complete

characterization of the examples appearing in the tables of [3].

A second issue concerns the role of disjointness in density estimates for uncovered sets. As

explained in Remark 1.3, removing the m copies of the repeated largest modulus from a DCS

leaves a distinct-moduli covering problem whose uncovered set has density

δ(R) =
m

n
.

Thus, in the present setting, boundedness of n is closely related to a lower bound for the density

of the uncovered set. This motivates the following broader question.

Question 4.3. To what extent does the additional structure coming from disjointness improve

lower bounds for the density of the uncovered set in distinct-moduli covering problems?

The arguments developed in this paper suggest that disjointness is not merely a technical as-

sumption. Rather, it imposes strong structural constraints, and these constraints may force stronger

boundedness phenomena than those presently available in the general distinct-moduli setting con-

sidered by Balister et al. A natural direction for future work would be to identify a quantitative

measure of “distance from disjointness” and to study how lower bounds for uncovered density im-

prove as this parameter decreases. A satisfactory formulation of such a principle would likely clarify

the relationship between the present method and the framework of [1], and may also shed further

light on the extremal problem discussed above.
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[5] Š. Porubský. Generalization of some results for exactly covering systems. Mat. Časopis, 22:208–214, 1972.
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