RESEARCH ARTICLE | JULY 01 1962

Proof of a Conjecture by Dyson in the Statistical Theory of
Energy Levels ©

J. Gunson

’ '.) Check for updates ‘

J. Math. Phys. 3, 752-753 (1962)
https://doi.org/10.1063/1.1724277

@ B

View Export
Online  Citation

Articles You May Be Interested In

Class of Ensembles in the Statistical Theory of Energy-Level Spectra

J. Math. Phys. (June 1964)

Statistical Theory of the Energy Levels of Complex Systems. V

Mathematical Physics

Y
o
©
c
p -
-
o
ﬂ

J. Math. Phys. (May 1963)

Statistical Theory of the Energy Levels of Complex Systems. |
J. Math. Phys. (January 1962)

AIP Advances

Why Publish With Us?

average time

views in the last year
to 1stdecision L

scope

E 21DAYS " | ' OVER4MILLION i_", INCLUSIVE

4. AP

" L AP
~Z=. Publishing Learn More Z=. Publishing

¥S 9% :GT 9202 |!11dv 62


https://pubs.aip.org/aip/jmp/article/3/4/752/227957/Proof-of-a-Conjecture-by-Dyson-in-the-Statistical
https://pubs.aip.org/aip/jmp/article/3/4/752/227957/Proof-of-a-Conjecture-by-Dyson-in-the-Statistical?pdfCoverIconEvent=cite
javascript:;
https://crossmark.crossref.org/dialog/?doi=10.1063/1.1724277&domain=pdf&date_stamp=1962-07-01
https://doi.org/10.1063/1.1724277
https://pubs.aip.org/aip/jmp/article/5/6/763/231093/Class-of-Ensembles-in-the-Statistical-Theory-of
https://pubs.aip.org/aip/jmp/article/4/5/713/230167/Statistical-Theory-of-the-Energy-Levels-of-Complex
https://pubs.aip.org/aip/jmp/article/3/1/140/453743/Statistical-Theory-of-the-Energy-Levels-of-Complex
https://servedbyadbutler.com/redirect.spark?MID=188841&plid=3470637&setID=1044477&channelID=0&CID=1678023&banID=524321803&PID=0&textadID=0&tc=1&rnd=2251113240&scheduleID=3650750&placementScheduleId=3650750&adItemScheduleId=0&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&metadata=%5B%5D&mt=1777477614792002&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjmp%2Farticle-pdf%2F3%2F4%2F752%2F19167444%2F752_1_online.pdf&request_uuid=464130bf-71cd-431f-b84c-e5b932781bef&hc=8bc0d93dad32fc7ee23429f6b9331251e5a1c8bc&location=

JOURNAL OF MATHEMATICAL PHYSICS VOLUME 3, NUMBER 4

JULY-AUGUST 1962

Proof of a Conjecture by Dyson in the
Statistical Theory of Energy Levels

J. GunsoN
Department of Mathematical Physics,
University of Birmingham, England
(Received February 1, 1962)

A conjectured identity relating the statistical properties of two types of ensembles occurring in a
statistical theory of the distribution of energy levels in nuclei and other complex systems is proved.

N a recent series of papers,’ Dyson has introduced

new types of statistical ensembles in an attempt
to provide a mathematically tractable description
of statistical properties of energy levels in nuclei
and other complex systems. They possess the
probability distribution functions

PNﬂ(Gl; ) 0N)
r—1

= Chs H H lexp (i6,) — exp (i8,)]°, (1)

B>0 0<6,<2r

for N points {exp (¢6,)} distributed round the unit
circle |2| = 1 in the complex z plane. Two important
conjectures appear in the papers. The first gives
the normalising constant Cyg in Eq. (1) to be

Cws = M~ Y[TA + $8)17/TQ + 5NB). (2

This is proved to hold for all integers N and real
positive numbers 8 by Wilson® and independently by
the author. The second conjecture appears in part
III of reference 1 and can be stated as the following

theorem.

Theorem. Let Pyy (61, -+ , 0x) be the probability
distribution function describing the statistical prop-
erties of a set of N points {exp (#6,)} constructed
as follows: Take two independent sets each con-
sisting of N points distributed according to the
probability distribution function of Eq. (1) with
8 = 1 (Dyson’s ‘“‘orthogonal” ensemble'), super-
impose the two sets on the unit circle, and pick out
a set of N alternate points. Then

IDNJl(ely ttt ON) = 1)N2(01) D] GN): (3)
where Py, is the distribution function of the ‘‘uni-

tary’’ ensemble.!

1 F. J. Dyson, J. Math. Phys. 3, 140 (1962); 3, 157 (1962);

3, 166 (1962).
2 K. Wilson, J. Math. Phys. (to be published).

Proof. From Eqgs. (1) and (2) we obtain the
probability of finding any point in the interval
[a;, a» + dai], any other point in the interval

[az, a2 + das], ete., where a; < ap < -+ < ay <
o + 27I', to be
NICw H1 H 2 sin [(@, — @,)/2] de, das -+ + day.

(4)

This is correctly normalised to unity over the domain
0 < o < a < < ay < 27. We can now
express N1 Pyy(6y, --- , 0y) d8, --- dfy as a sum
of partial probabilities over configurations, a partic-
ular configuration being specified by the assignment
of the 2N angles o, +-+ , ay and B;, -+ , By from
the orthogonal ensembles A and B into the 2N
intervals I, = [6,, 6, + d6\] and G, = [6, + db,, 6,.,,]
A=1, 2, , N, one in each interval. A typical
contribution can be written

cxy? [ oy [ o [ an T T

v=1 p-1

X [4sin [(@, — a,)/2] sin [(8, — 8,)/2]]
e, --- doy (5)

in which, for a given integer m, 0 < m < N, we
require: m of the angles « are identified with m of
the angles ¢, N — m of the angles 8 are identified
with the remainder of the ¢'s, The remainder of the
angles @ and g are identified with the angles 6, in
a one-to-one manner. For a given m, we then have
(%)? essentially different possible identifications and
thus the same number of different contributions
to Pyy. Each of these terms must be positive, each
being an independent contribution to a probability,
so we may write Eq. (5) in the form

0;+21r

2
(CiNY? f dg, det [¢*="]

X det [e™“*] d6, - doy (6)
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on using the identities

1

1

@2 sin [(@, — @,)/2]) = """V det (™)

"

=
¥

u= 14

ky=p—®=1/2; pv=12,---N. (D)

We choose the ordering in the assignment of the
angles @ and 8 in such a manner as to make the
integrand positive at some point in the region of
integration. It is then positive over the whole region
of integration and so we are justified in dropping the
modulus signs. Let us define normal ordering as
that in which the angles a (and likewise the angles 8)
are identified successively as one of the angles 6 or ¢
in increasing order of value. The integral in Eq. (6)
may then be either positive or negative and we assert
that its sign is given by the expression

(=D (=D 8)

in which P, , is the number of interchanges of the
angles 6, ¢ between the two determinants in the
integrand required to transform a particular positive
term, taken as standard, into the term under con-
sideration. To see this, consider the interchange of
the integrations over the interval G of the unit circle
in ensemble A with that over G’ in ensemble B
(Fig. 1).

This interchange produces a new term in which
the normal ordering has been destroyed, but it can
be restored by interchanging columns within each
determinant in the manner suggested by the solid
arrows in Fig. 1. The essential point about the latter
is that this permutation involves in all an odd number
of interchanges of columns in the two determinants,
as the variable in every interval appears either in
the A or B determinants and there are always an
odd number of intervals (and hence 6's and ¢’s)
between two intervals of type (. The same argument
holds, with the necessary changes made, for inter-
changes of the 8's.

The next step is to sum the integrands of all the
(M)* terms when written in normal form with ap-
propriate sign factors included. To do this, we ex-
press the determinants in terms of alternating func-
tions and use the identity

ey Fie. 1. Interchange of
4 v G’ two integrations over the
intervals G and @ in a
contribution to Pya(6),
" * <o, By
C “teromemamsaeman .
Z ('—1>Pt(_‘1)Pv AN(vTI; s Xy Yty t yN)
X AN(yl) Yy Trgay, 7xN)
= (I:) AN(xl; Tty xN) AN(yU Tty yN)y (9)
in which

Ap(zy, ++ 2w = H I:I (2, — 2,) = det [2) ]

and where the sum Y is taken over all partitions of
the 2’s and y's between the arguments of the alter-
nating functions A. This identity is an immediate
consequence of Cauchy’s result that any polynomial
in N variables which is completely antisymmetric
in the variables and contains powers of degree no
higher than (N — 1) in each variable is a multiple
of Ay. The sum of all the (¥)? terms then becomes

G427

N1 Cy)? f dipy - -

det [e***] d, d8, -+ dby.  (10)

g2
dep: () det [e™]
01

The integrals over the ¢’s can now be evaluated to
give

N
NIPyu(01, -+ 6y) = (N1 Cyy)” 2 (52
m=0

y (2 F(IN-!!_ %N)) (et [e™])? 3

= (2m)~"(det [¢""])*
= N!P;\*z(al,og, e ,GN) (11)

as required. The factor 4 in the second expression

is introduced to express the probability that a
particular alternate series of N points out of the
two possible choices is taken.
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