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Let Zn :=
{
0, . . . , n − 1

}
. For an arbitrary f ∈ ZZn

n , the functional directed graph prescribed by f , denoted Gf , is such4

that the vertex set V (Gf ) and the directed edge set E(Gf ) are respectively:5

V (Gf ) = Zn, E(Gf ) =
{
(v, f(v)) : v ∈ Zn

}
. (1)6

The functional directed graph Gf of a function f ∈ ZZn
n is graceful if there exists a bijection σ ∈ Sn ⊂ ZZn

n such that7 {
|σfσ−1(i)− i| : i ∈ Zn

}
= Zn. (2)8

We shall say that the function f itself is graceful. If σ = id (the identity function), then Gf (by extension f itself) is gracefully9

labeled. The set of distinct gracefully labeled functional directed graphs isomorphic to Gf is10

GrL(Gf ) :=

{
Gσfσ−1 :

σ is a representative of a coset in Sn/Aut(Gf ) and
Zn =

{
|σfσ−1(i)− i| : i ∈ Zn

} }
. (3)11

Fix n ≥ 2, let Tn ⊆ ZZn
n denote the semigroup defined as follows12

Tn :=
{
f ∈ ZZn

n : f(i) > i ∀ i ∈ Zn−1, and f(n− 1) = n− 1
}
.13

Part I. Linear Algebra Setup (matrices, kernels, and a normalized solver)14

For an arbitrary h ∈ ZZn
n let Ah ∈ {0, 1}n×n denote the adjacency matrix of Gh.15

Ah[i, j] =

{
1 if j = h(i)

0 otherwise
, ∀ (i, j) ∈ Zn × Zn.16

Let Lh := (Aid − Ah) denote the signed incidence matrix. Also let ei denote the i-th standard basis vector (i.e. the i-th17

column of Aid) and18

U :=
{
u ∈ Fn×1 : u[n− 1] = 0

}
=
(
Span(en−1)

)⊥
, H := (Aid − en−1 · e⊤n−1),19

so that H is the orthogonal projector onto U .20

Lemma 0.1 (Rank and kernels of Lh). For any h ∈ ZZn
n , dimker(Lh) equals the number of connected components of Gh.21

Consequently22

rank(Lh) = n−#{connected components of Gh}.23

In particular if f ∈ Tn then Gf is connected, hence rank(Lf ) = n− 1. Moreover for all f ∈ Tn one has24

ker(Lf ) = Span(1n×1), ker(L⊤
f ) = Span(en−1).25

Proof. Lh · x = 0n×1 means xi = xh(i) for all i, hence x is constant on each component; conversely any choice of constants26

on components gives a solution. This proves that the dimension of ker(Lh) = #{connected components of Gh}.27

For f ∈ Tn, every vertex flows to n−1, so the functional digraph is connected and by the rank-nullity theorem rank(Lf ) =28

n − 1. Also Lf · 1n×1 = 0n×1 is immediate, and any x with Lf · x = 0n×1 must be constant on the unique component,29

so x ∈ Span(1n×1). Finally L⊤
f · en−1 = 0 because the last row of Lf is 01×n, and the dimension of ker(L⊤

f ) = 1 since30

rank(L⊤
f ) = rank(Lf ) = n− 1.31
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Lemma 0.2 (Normalized path-solvers cf,u,v). Fix f ∈ Tn. For each ordered pair (u, v) where 0 ≤ u < v < n there exists a32

unique vector33

cf,u,v ∈ {−1, 0, 1}n×1 ⊂ U34

35

such that36
37

c⊤f,u,v · Lf = (ev − eu)
⊤ equivalently (c⊤f,u,v · Lf · x) = xv − xu. (4)38

Proof. The vector cf,u,v is obtained by telescoping vertices along the unique path in Gf spanning the vertex pair (u, v). If39

c, c′ are solutions then (c − c′)⊤ · Lf = 0, hence (c − c′) ∈ ker(L⊤
f ) = Span(en−1). Imposing c ∈ U (i.e. last coordinate of40

the vector c is 0) forces uniqueness.41

Fix once and for all any basis B = [b0 · · · bn−2] for the subspace U . Over the field F of characteristic ̸= 2 there exists a42

left inverse B+ such that B+ ·B = In−1 (e.g. the Moore–Penrose pseudoinverse). Define the coordinate vector43

αf,B,u,v := B+ · cf,u,v ∈ F(n−1)×1, so that cf,u,v = B ·αf,B,u,v.44

Part II. Polynomial f-certificates45

Introduce indeterminates x0, . . . , xn−1 entries of x and also treat the rows46

(y b0)
⊤, . . . , (y bn−2)

⊤,47

as formal row-vector variables ( y is a scalar indeterminate).48

Define the f -certificate (expanded with respect to the basis B) by49

PB,f (



x
y b0

...
y bi

...
y bn−2


) :=

∏
0≤u<v<n

( ∑
w∈Zn−1

αf,B,u,v[w]



x
y b0

...
y bi

...
y bn−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf ) ·



x
y b0

...
y bi

...
y bn−2


︸ ︷︷ ︸

zw

)
×50

51

∏
0 ≤ i < j < n

k ∈ Z2

((
ej + (−1)kei
0(n2−n)×1

)⊤

· (e0 ⊗ e⊤0 ⊗ Lf ) ·



x
y b0

...
y bu

...
y bn−2


)
. (5)52

Equivalently written when no confusion arises from dependence of terms on the basis B as53

PB,f (x, y) :=
∏

0≤u<v<n

( ∑
w∈Zn−1

αf,B,u,v[w]
(
(ybw)

⊤ · Lf · x
)︸ ︷︷ ︸

zw

) ∏
0 ≤ i < j < n

k ∈ Z2

((
ej + (−1)kei

)
· Lf · x

)
. (6)54

Define also the basis-free f -certificate by55

Pf (x, y) := y(
n
2)

∏
0≤u<v<n

(
(xv − xu)

(
(xf(v) − xv)

2 − (xf(u) − xu)
2
))

. (7)56
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Lemma 0.3 (Basis-independence of the f -certificates). For every f ∈ Tn and every choice of basis B of U ,57

PB,f (x, y) = Pf (x, y).58

Equivalently,59

Pf (x, y) = det

(
Vandermonde



y x0

...
y xu

...
y xn−1


)
· det

(
Vandermonde



(x0 − xf(0))
2

...
(xu − xf(u))

2

...
(xn−1 − xf(n−1))

2


)
,60

hence PB,f is independent of the chosen expansion basis (even though (5) features rows (y b0)
⊤, . . . , (y bn−2)

⊤).61

Proof. By (4), for each pair (u, v) subject to 0 ≤ u < v < n we have62 ( ∑
w∈Zn−1

αf,B,u,v[w]
(
(ybw)

⊤ · Lf · x
)︸ ︷︷ ︸

zw

)
=
(
y (B ·αf,B,u,v)

⊤ · Lf · x
)
= (y c⊤f,u,v · Lf · x) = y(xv − xu).63

Multiplying over all 0 ≤ u < v < n gives the vertex Vandermonde factor y(
n
2)

∏
0≤u<v<n

(xv − xu). The edge factor64

∏
0 ≤ i < j < n

k ∈ Z2

((
ej + (−1)kei

)
· Lf · x

)
65

is already expressed in a basis independent fashion, and equals66 ∏
0≤i<j<n

(
(xf(j) − xj)

2 − (xf(i) − xi)
2
)
.67

Therefore PB,f (x, y) = Pf (x, y) as claimed.68

Remark (integrality for later and vertex Vandermonde symmetry). The right-hand side in Lemma 0.3 has integer69

coefficients. Thus, when we later reduce modulo a prime p, we reduce this integer-coefficient form (and do not need to70

interpret B+ over Fp). For the reader’s benefit we have encapsulated in the variables zw bilinear parts found in the vertex71

Vandermonde factor. For all w ∈ Zn−172

zw = (y bw)
⊤ · Lf · x =



x
y b0

...
y bi

...
y bn−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf ) ·



x
y b0

...
y bi

...
y bn−2


, (8)73

which will subsequently be key to expressing symmetries of the vertex Vandermonde factor to certain linear transformations.74

Part III. Change of variables: relating f- and f (2)-certificates75

Let Mf := (Aid +Af ). Note that Af(2) = A2
f .76

Lemma 0.4 (Incidence factorization). For f ∈ Tn one has77

Lf(2) = (Aid −Af(2)) = (Aid −A2
f ) = (Aid −Af ) · (Aid +Af ) = (Aid +Af ) · (Aid −Af ) = Lf ·Mf = Mf · Lf .78
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Proof. Af(2) = A2
f holds because following two edges in the functional digraph is composition. Then79

(Aid −A2
f ) = (Aid −Af ) · (Aid +Af ) = (Aid +Af ) · (Aid −Af )80

since Af commutes with any polynomial in Af .81

Lemma 0.5 (Invertibility of Mf ). For f ∈ Tn, Mf = (Aid +Af ) is upper triangular with diagonal entries 1, . . . , 1, 2. Hence82

det(Mf ) = 2 and Mf ∈ GLn(Fp) for all primes p ̸= 2 (in particular for p > 2n− 2).83

Proof. For i < n− 1, f(i) > i makes Af strictly upper triangular on the first n− 1 rows, and f(n− 1) = n− 1 contributes84

the bottom-right entry 1 in Af , hence 2 in Aid +Af .85

We now describe the change of variables that we consider throughout this note. Consider the linear map86 

x
y b0

...
y bw

...
y bn−2


7→
(
Mf ⊕

(
In−1 ⊗ (M⊤

f )−1
))

·



x
y b0

...
y bw

...
y bn−2


,87

which in our setting is indistinguishable from the map88 

x
y b0

...
y bw

...
y bn−2


7→
(
Mf ⊕

(
In−1 ⊗

(
H · (M⊤

f )−1
)))

·



x
y b0

...
y bw

...
y bn−2


. (9)89

We work over a field of characteristic ̸= 2 (so that Mf is invertible). The linear transformation is equivalently prescribed as90

a simultaneous linear maps91

x 7−→ Mf · x, (ybw)
⊤ 7−→ (ybw)

⊤ ·M−1
f (w ∈ Zn−1),92

which in our setting is indistinguishable from simultaneous maps93

x 7−→ Mf · x, (ybw)
⊤ 7−→ (ybw)

⊤ ·M−1
f ·H (w ∈ Zn−1).94

Lemma 0.6 (Corrected transpose computation). For every (u, v) pair subject to 0 ≤ u < v < n and every x,95

c⊤f,u,v ·M−1
f · Lf(2) · x = (xv − xu).96

Proof. Using Lemma 0.4 in the form Lf(2) = Mf · Lf , we get97

c⊤f,u,v ·M−1
f · Lf(2) · x = c⊤f,u,v ·M−1

f ·Mf · Lf · x = c⊤f,u,v · Lf · x = (xv − xu).98

by (4).99

Define the transformed basis in U by100

B′ := H · (M⊤
f )−1 ·B ⇐⇒ b′

w := H · (M⊤
f )−1 · bw, (w ∈ Zn−1).101

(We project with H so that the transformed vectors remain in U .)102

4



Lemma 0.7 (Transport of the solvers and coordinates). For every (u, v) pair subject to 0 ≤ u < v < n103

cf(2),u,v = H · (M⊤
f )−1 · cf,u,v.104

Consequently, the coordinate vectors are preserved:105

αf(2),B′,u,v =
(
(B′)+ · cf(2),u,v

)
= (B+ · cf,u,v) = αf,B,u,v.106

Proof. Set c̃ := H · (M⊤
f )−1 · cf,u,v ∈ U . Then107

c̃⊤Lf(2) = c⊤f,u,v ·M−1
f ·H · Lf(2) .108

But (Lf(2) · x) ∈ U for all x because the last row of Lf(2) is 01×n (since f (2)(n − 1) = n − 1). Hence H · Lf(2) = Lf(2) , and109

by Lemma 0.6 we have110

c̃⊤ · Lf(2) =
(
c⊤f,u,v ·M−1

f · Lf(2)

)
= (ev − eu)

⊤.111

By the uniqueness in Lemma 2 (applied to f (2)), c̃ = cf(2),u,v.112

For the coordinate statement, note cf,u,v = B · (B+cf,u,v) and apply H · (M⊤
f )−1 to obtain113

cf(2),u,v = B′ · (B+ · cf,u,v︸ ︷︷ ︸
αf,B,u,v

),114

so αf,B,u,v = (B+ · cf,u,v) is a valid coordinate vector of cf(2),u,v with respect to the basis B′, hence115

αf,B,u,v = (B+ · cf,u,v) =
(
(B′)+ · cf(2),u,v

)
= αf(2),B′,u,v.116

117

Lemma 0.8 (Certificate covariance under the change of variables). Under the substitution (9), the expanded f -certificate118

PB,f transforms into the expanded f (2)-certificate PB′,f(2) written in the transformed basis B′ defined above. Let Tf denote119

the n2 × n2 matrix defined by120

Tf := Mf ⊕
(
In−1 ⊗

(
H · (M⊤

f )−1
))

.121

We have122

PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) = PB′,f(2)(



x
y b′

0
...

y b′
i

...
y b′

n−2


)123

In particular124

PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) = Pf(2)(x, y).125
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Proof. Invoking the definition (5) yields126

PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) =

∏
0≤u<v<n

( ∑
w∈Zn−1

αf,B,u,v[w]

(
Tf ·



x
y b0

...
y bi

...
y bn−2


)⊤

· (ew ⊗ e⊤0 ⊗ Lf ) · Tf ·



x
y b0

...
y bi

...
y bn−2


︸ ︷︷ ︸

z′
w

)
×127

128

∏
0 ≤ i < j < n

k ∈ Z2

((
ej + (−1)kei
0(n2−n)×1

)⊤

· (e0 ⊗ e⊤0 ⊗ Lf ) · Tf ·



x
y b0

...
y bu

...
y bn−2


)
,129

by the argument which relates B to B′ in the proof of Lemma 0.7130

=⇒ PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) =

∏
0≤u<v<n

( ∑
w∈Zn−1

αf,B,u,v[w]



Mf · x
y b′

0
...

y b′
i

...
y b′

n−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf ) ·



Mf · x
y b′

0
...

y b′
i

...
y b′

n−2


︸ ︷︷ ︸

z′
w

)
×131

132

∏
0 ≤ i < j < n

k ∈ Z2

((
ej + (−1)kei
0(n2−n)×1

)⊤

· (e0 ⊗ e⊤0 ⊗ Lf ) ·



Mf · x
y b′

0
...

y b′
i

...
y b′

n−2


)
,133

written alternatively134

=⇒ PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) =

∏
0≤u<v<n

( ∑
w∈Zn−1

αf,B,u,v[w]
(
(yb′

w)
⊤ · Lf ·Mf · x

)︸ ︷︷ ︸
z′
w

) ∏
0 ≤ i < j < n

k ∈ Z2

((
ej+(−1)kei

)
·Lf ·Mf ·x

)
135

by Lemma 0.4136

=⇒ PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) =

∏
0≤u<v<n

( ∑
w∈Zn−1

αf,B,u,v[w]
(
(yb′

w)
⊤ · Lf(2) · x

)︸ ︷︷ ︸
z′
w

) ∏
0 ≤ i < j < n

k ∈ Z2

((
ej+(−1)kei

)
·Lf(2) ·x

)
.137
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by the last equality in the proof of Lemma 0.7138

=⇒ PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) =

∏
0≤u<v<n

( ∑
w∈Zn−1

αf(2),B′,u,v[w]
(
(yb′

w)
⊤ · Lf(2) · x

)︸ ︷︷ ︸
z′
w

) ∏
0 ≤ i < j < n

k ∈ Z2

((
ej+(−1)kei

)
·Lf(2) ·x

)
.139

140

=⇒ PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) =

∏
0≤u<v<n

( ∑
w∈Zn−1

αf(2),B′,u,v[w]



x
y b′

0
...

y b′
i

...
y b′

n−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf(2)) ·



x
y b′

0
...

y b′
i

...
y b′

n−2


︸ ︷︷ ︸

z′
w

)
×141

142

∏
0 ≤ i < j < n

k ∈ Z2

((
ej + (−1)kei
0(n2−n)×1

)⊤

· (e0 ⊗ e⊤0 ⊗ Lf(2)) ·



x
y b′

0
...

y b′
i

...
y b′

n−2


)
.143

144

=⇒ PB,f (Tf ·



x
y b0

...
y bi

...
y bn−2


) = PB′,f(2)(



x
y b′

0
...

y b′
i

...
y b′

n−2


).145

as claimed.146

Remark: Since in the next to last equality the basis B′ in αf(2),B′,u,v is align with vectors (y b′
0)

⊤, . . . , (y b′
n−2)

⊤ it147

follows that PB′,f(2) is invariant to basis B′ change.148

Part IV. The Zn–grid ideal and canonical remainders (base ring made explicit)149

Throughout Parts IV–VI we work in polynomial rings in the variables150

x = (x0, . . . , xn−1)151

with coefficients in a coefficient ring K (e.g. K = Q or K = Fp), possibly enlarged by adjoining auxiliary indeterminates152

(such as y and the formal rows (ybw)
⊤). Whenever an integer j ∈ Z appears inside K, we mean its image under the canonical153

map Z → K.154

For such a ring K write K[x] := K[x0, . . . , xn−1] and define the Zn–grid ideal over K by155

I(K)
n :=

〈 ∏
j∈Zn

(xi − j) : i ∈ Zn

〉
⊂ K[x].156

If S is any K–algebra (for instance S = K[y] or S = K[y, {(ybw)[i]}]), we write again I(K)
n for its extension I(K)

n S[x] ⊂ S[x].157
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In this part we take K = Q and, to simplify notation, we set158

In := I(Q)
n ⊂ Q[x],159

and we also write In for its extension to Q[y][x] (and to any larger Q–algebra obtained by adjoining auxiliary indeterminates).160

Write F for the canonical remainder of a polynomial F ∈ (Q[y])
[
x
]
modulo In (with respect to the variables x0, . . . , xn−1).161

Lemma 0.9 (Remainder detects graceful labelings). For f ∈ Tn, the remainder Pf is a Z-linear combination of Lagrange162

basis polynomials on (Zn)
n×1, with coefficients Pf (v, y) for v ∈ (Zn)

n×1. Given by163

Pf (x, y) = y(
n
2)
∏
v∈Zn

(
(v!)2

(n− 1 + v)!

(2v)!

) ∑
σ∈Sn

|σ−σf |∈Sn

sgn(σ ◦ |σ − σf |)
∏
i∈Zn

( ∏
ji∈Zn\{σ(i)}

xi − ji
σ(i)− ji

)
.164

In particular165

Pf is identically zero ⇐⇒ Pf (v, y) = 0 for all v ∈ (Zn)
n×1 ⇐⇒ GrL(Gf ) = ∅.166

Proof. Modulo the ideal In, every polynomial is uniquely represented by its multivariate Lagrange interpolation remainder167

on the grid (Zn)
n. Thus Pf is identically zero iff all grid values Pf (v, y) vanish. The claimed expansion follows from the168

equality169

Pf (x, y) = y(
n
2)
∑
σ∈Sn

∏
0≤u<v<n

(
σ(v)− σ(u)

)((
σ(v)− σf(v)

)2 − (σ(u)− σf(u)
)2) ∏

i∈Zn

( ∏
ji∈Zn\{σ(i)}

xi − ji
σ(i)− ji

)
.170

By Lemma 0.3, Pf (v, y) features the factor
∏

0≤i<j<n

(vj − vi), hence vanishes unless entries of v yields a permutation of Zn;171

such v correspond to σ ∈ Sn via the equality vi = σ(i) for all i ∈ Zn. Thus the edge Vandermonde factor is nonzero iff172 {
|σfσ−1(i)− i| : i ∈ Zn

}
= Zn,173

in other words iff σfσ−1 is gracefully labeled. This is exactly the condition GrL(Gf ) ̸= ∅.174

Part V. Finite field variants over Fp and (f, r)–certificates175

A direct use of Lemma 0.8 over the Zn-grid is obstructed because the linear map x 7→ Mf · x does not preserve the lattice176

(Zn)
n×1. We therefore pass to a prime field Fp and a grid ideal stable under linear changes.177

Fix a prime p > 2(n− 1). In particular, p ̸= 2 and all integers 1, 2, . . . , 2n− 2 are nonzero in Fp.178

We will use the coefficientwise reduction map179

πp : Z[x, y] −→ Fp[x, y],180

and for any integer-coefficient polynomial F we write F (p) := πp(F ). By Lemma 0.3 the basis-free certificates Pf (x, y) lie in181

Z[x, y], so P
(p)
f is well-defined. (The expanded form PB,f may involve denominators coming from B+, but we never need to182

reduce those denominators modulo p thanks to basis-independence.)183

Because any permutation labeling uses the value 0 exactly once, it is convenient to slice by the index r where the label 0184

occurs.185

Definition 0.10 (Expanded cutoff polynomial Cf,r,B). Fix f ∈ Tn, a basis B = [b0 . . . bn−2] of U , and r ∈ Zn. For186
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x ∈ Fn×1
p we impose xr = 0 and define187

Cf,r,B
(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
:=
∏
i<r

∏
j∈Zp\Zn

( ∑
w∈Zn−1

(−αf,B,i,r[w])





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf ) ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2


︸ ︷︷ ︸

zw,r

−y j
)
×

∏
i>r

∏
j∈Zp\Zn

( ∑
w∈Zn−1

αf,B,r,i[w]





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf ) ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2


︸ ︷︷ ︸

zw,r

−y j
)
.

(10)188

Definition 0.11 (Basis-free cutoff polynomial Cr). Fix r ∈ Zn and define189

Cr(x, y) :=
∏

i∈Zn\{r}

( ∏
j∈Zp\Zn

(
y (xi − xr)− y j

))
.190

Lemma 0.12 (Basis-independence of the cutoff polynomial). For every f ∈ Tn, every basis B of U , and every r ∈ Zn,191

Cf,r,B
(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
= Cr(



x0

...
xr−1

0
xr+1

...
xn−1


, y).192
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In particular, Cf,r,B does not depend on the choice of basis B, nor on f ∈ Tn.193

Proof. Exactly as in the proof of Lemma 0.3, for every pair (u, v) with 0 ≤ u < v < n we have194 ∑
w∈Zn−1

αf,B,u,v[w]
(
(ybw)

⊤ · Lf · x︸ ︷︷ ︸
zw

)
= y(xv − xu).195

In (10) we always apply this identity with v = r and with xr = 0. Recall that196

zw,r =





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf ) ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



.197

For i < r we use the coefficients −αf,B,i,r, hence198 ∑
w∈Zn−1

(−αf,B,i,r[w]) zw,r = −y (xr − xi) = y (xi − xr),199

and for i > r we use αf,B,r,i, hence200 ∑
w∈Zn−1

αf,B,r,i[w] zw,r = y (xi − xr).201

Therefore every factor in (10) is exactly
(
y (xi − xr)− y j

)
with j ∈ Zp \ Zn. Multiplying over i < r and i > r yields202

Cf,r,B
(


x
y b0

...
y bi

...
y bn−2


, y

)
=

∏
i∈Zn\{r}

( ∏
j∈Zp\Zn

(
y(xi − xr)− y j

))
= Cr(x, y),203

which is the desired equality.204
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Definition 0.13 (The (f, r)–certificate). For r ∈ Zn, define205

PB,f,r(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y) := PB,f (





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



) Cf,r,B
(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
.206

Note that we have imposed xr = 0.207

Lemma 0.14 (Evaluation meaning of (f, r)–certificates). For any assignment



x0

...
xr−1

0
xr+1

...
xn−1


∈ (Fp)

n×1 one has208

PB,f,r(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y) ̸= 0 ⇔



x0

...
xr−1

0
xr+1

...
xn−1


=



σ(0)
...

σ(r − 1)
σ(r) = 0
σ(r + 1)

...
σ(n− 1)


for some σ ∈ Sn and σfσ−1 is gracefully labeled.209
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Consequently,210

GrL(Gf ) ̸= ∅ ⇐⇒ ∃ r ∈ Zn such that PB,f,r(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y) is not identically zero on



x0

...
xr−1

0
xr+1

...
xn−1


∈ Fn×1

p .211

Proof. If xr = 0 and some xi /∈ Zn, then xi − xr /∈ Zn and Cr
(


x0

...
xr−1

0
xr+1

...
xn−1


, y
)
= 0, so212

PB,f,r(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y) = 0.213

Thus nonvanishing forces xi ∈ Zn for all i, i.e. x ∈ (Zn)
n×1 with xr = 0.214

On (Zn)
n×1, Lemma 0.3 and Lemma 0.9 show Pf

(


x0

...
xr−1

0
xr+1

...
xn−1


, y
)
̸= 0 precisely on permutations which yield graceful215
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labelings, and the additional factors Cr
(


x0

...
xr−1

0
xr+1

...
xn−1


, y
)
are nonzero for such points (since all values lie in Zn). The final216

equivalence follows because every graceful labeling has a unique r with label 0.217

Part VI. A stable Fp–grid ideal and the pullback step218

Fix the prime p > 2(n − 1) from Part V and set K := Fp. Let S denote any K–algebra obtained by adjoining auxiliary219

indeterminates (in particular y and the formal rows (ybw)
⊤). We work in the polynomial ring S[x] = S[x0, . . . , xn−1] in the220

variables x = (x0, . . . , xn−1).221

We now use the full Fp–grid ideal222

Jp := ⟨xp
i − xi : i ∈ Zn⟩ ⊂ Fp[x],223

and, by abuse of notation, we also write Jp for its extension JpS[x] ⊂ S[x]. The key facts are:224

225

Lemma 0.15 (The ideal Jp is the vanishing ideal of Fn
p ). Let S be a K = Fp–algebra and consider S[x] = S[x0, . . . , xn−1].226

A polynomial F ∈ S[x] vanishes at every point of Fn
p (i.e. F (a) = 0 for all a ∈ Fn

p ) if and only if F ∈ Jp (viewed as the227

extended ideal JpS[x]). In particular, if F ∈ Jp then F vanishes on Fn
p .228

Proof. Reducing successively in each variable using the relations xp
i ≡ xi (mod xp

i − xi) yields a canonical remainder F such229

that F − F ∈ Jp and degxi
(F ) < p for all i. If F vanishes on Fn

p then so does F . Fix all variables except x0 and view230

F as a polynomial in x0 of degree < p with coefficients in S[x1, . . . , xn−1]; vanishing at all p values of x0 ∈ Fp forces all231

these coefficients to vanish (the p × p Vandermonde matrix on Fp is invertible over Fp ⊂ S). Iterating this argument over232

x1, . . . , xn−1 shows F = 0, hence F ∈ Jp. The converse direction is immediate since each generator xp
i − xi vanishes on233

Fp.234

Lemma 0.16 (Grid ideal stability under linear maps). Let S be a K = Fp–algebra and view Jp as an ideal of S[x]. Let M235

be an n × n matrix with entries in Fp. Then the substitution x 7−→ M · x preserves Jp. In particular, if P (x) ∈ Jp then236

P (M · x) ∈ Jp.237

Proof. Write (M · x)[i] =
∑

j∈Zn

M [i, j]xj . Over Fp the Frobenius map satisfies
( ∑
j∈Zn

ajxj

)p
=
∑

j∈Zn

apj x
p
j =

∑
j∈Zn

ajx
p
j . Hence238

(
(Mx)i

)p − (Mx)i =
∑
j∈Zn

Mij(x
p
j − xj) ∈ Jp,239

so Jp is preserved.240

Lemma 0.17 (Change of variables for Cr). Let r ∈ Zn. Under the substitution (9), the cutoff polynomial Cr remains241
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unchanged:242

Cf,r,B
(
Tf ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
= Cf(2),r,B′

(





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2



, y

)
= Cf,r,B

(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
,243

where Tf := Mf ⊕
(
In−1 ⊗

(
H · (M⊤

f )−1
))

.244

Proof. The proof proceed similarly to the proof of Lemma 0.8 as follows. Invoking Equation (10) and skipping some of the245

steps carrying out the linear transformation we write246

Cf,r,B
(
Tf ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
=247
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248

∏
i<r

∏
j∈Zp\Zn

( ∑
w∈Zn−1

(−αf,B,i,r[w])

(
Tf ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



)⊤

· (ew ⊗ e⊤0 ⊗ Lf ) · Tf ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2


︸ ︷︷ ︸

z′
w,r

−y j
)
×

∏
i>r

∏
j∈Zp\Zn

( ∑
w∈Zn−1

αf(2),B′,r,i[w]

(
Tf ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



)⊤

(ew ⊗ e⊤0 ⊗ Lf ) · Tf ·





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2


︸ ︷︷ ︸

z′
w,r

−y j
)
,

249

15



250

=
∏
i<r

∏
j∈Zp\Zn

( ∑
w∈Zn−1

(−αf(2),B′,i,r[w])





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf(2)) ·





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2


︸ ︷︷ ︸

z′
w,r

−y j
)
×

∏
i>r

∏
j∈Zp\Zn

( ∑
w∈Zn−1

αf(2),B′,r,i[w]





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2



⊤

· (ew ⊗ e⊤0 ⊗ Lf(2)) ·





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2


︸ ︷︷ ︸

z′
w,r

−y j
)
,

251

252

= Cf(2),r,B′

(





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2



, y

)
= Cf,r,B

(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
.253

as claimed.254

Lemma 0.18 (No accidental modulo–p zeros on the Zn–grid). Assume p > 2(n− 1) is prime and view Zn = {0, . . . , n− 1}255

as a subset of Fp. Let f ∈ Tn and let v ∈ (Zn)
n×1. Write256

∆i(v) := vf(i) − vi ∈ {−(n− 1), . . . , n− 1} ⊂ Z.257

16



Define the integer258

Qf (v) :=
∏

0≤u<v<n

(vv − vu)
∏

0≤u<v<n

(
∆v(v)

2 −∆u(v)
2
)
∈ Z.259

Then, reducing modulo p, one has260

Qf (v) ≡ 0 (mod p) ⇐⇒ Qf (v) = 0 in Z.261

Equivalently, since Pf (x, y) = y(
n
2)Qf (x) has integer coefficients,262

Pf (v, y) ≡ 0 in Fp[y] ⇐⇒ Pf (v, y) = 0 in Z[y].263

Proof. If an integer a satisfies |a| < p and a ≡ 0 (mod p), then a = 0. For the first product, each factor vj − vi lies in264

{−(n− 1), . . . , n− 1}, hence is either 0 or a unit modulo p. For the second product, each ∆i(v) lies in {−(n− 1), . . . , n− 1},265

so for any pair u < v we have266 (
∆j(v)

)2 − (∆i(v)
)2

=
(
∆j(v)−∆i(v)

) (
∆j(v) + ∆i(v)

)
,267

where both factors lie in {−(2n− 2), . . . , 2n− 2} and hence have absolute value < p. Thus p divides
(
∆j(v)

)2 − (∆i(v)
)2

if268

and only if
(
∆j(v)−∆i(v)

)
= 0 or

(
∆j(v) +∆i(v)

)
= 0 as integers, i.e. if and only if

(
∆j(v)

)2
=
(
∆i(v)

)2
in Z. Therefore269

each factor in the definition of Qf (v) is either 0 in Z or a unit modulo p, so the whole product is 0 modulo p if and only if270

it is 0 in Z. The final equivalence follows from Pf (v, y) = y(
n
2)Qf (v).271

Lemma 0.19 (Covariance for (f, r)–certificates). For all f ∈ Tn,272

PB,f (



x
y b0

...
y bi

...
y bn−2


) ∈ In =⇒ PB′,f(2)(



x
y b′

0
...

y b′
i

...
y b′

n−2


) ∈ In,273

where In = I(Q)
n is the Zn–grid ideal over Q (extended to the ambient polynomial ring). Equivalently, the basis-free certificates274

satisfy Pf ∈ In ⇒ Pf(2) ∈ In.275

Proof. Assume PB,f ∈ In. By Lemma 0.3 we have the identity of polynomials PB,f (x, y) = Pf (x, y) with Pf ∈ Z[x, y]. By276

Lemma 0.9, the assumption Pf ∈ In is equivalent to277

Pf (v, y) = 0 in Z[y] for all v ∈ (Zn)
n×1.278

Fix r ∈ Zn. Consider the (f, r)–certificate279

PB,f,r(



x
y b0

...
y bi

...
y bn−2


, y) = PB,f (



x
y b0

...
y bi

...
y bn−2


) · Cf,r,B(



x
y b0

...
y bi

...
y bn−2


, y),280

with the specialization xr = 0. By Lemmas 0.3 and 0.12 this equals the basis-free product281

PB,f,r(x, y) = Pf (x, y) Cr(x, y) in Fp[y][x],282

with xr specialized to 0.283
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We claim that PB,f,r vanishes on Fn
p ; by Lemma 0.15 this is equivalent to PB,f,r ∈ Jp (viewed as an ideal of S[x]).284

Indeed, let a ∈ Fn
p with ar = 0. If some coordinate ai /∈ Zn then ai equals some j ∈ Zp \ Zn, so the corresponding cutoff285

factor y(ai − ar) − yj = y(ai − j) vanishes and hence Cr(a, y) = 0. Otherwise a ∈ (Zn)
n×1 and by the assumption above286

Pf (a, y) = 0 in Z[y], hence also in Fp[y]. In either case PB,f,r(a, y) = 0 in Fp[y]. Since xr is specialized to 0 in PB,f,r, the287

polynomial does not depend on xr and therefore vanishes on all of Fn
p . By Lemma 0.15, this implies PB,f,r ∈ Jp.288

Apply the change of variables from Lemma 0.8 together with Lemma 0.17. For each r we obtain289

PB,f,r

(
Tf ·



x
y b0

...
y bi

...
y bn−2


, y
)
= PB′,f(2),r(



x
y b0

...
y bi

...
y bn−2


, y).290

Since PB,f,r ∈ Jp and Jp is stable under linear substitutions in the x–variables (Lemma 0.16), we conclude291

∀ r ∈ Zn, PB′,f(2),r ∈ Jp.292

Hence, for each r, the polynomial PB′,f(2),r vanishes on Fn
p , and in particular on every permutation point v ∈ (Zn)

n×1 with293

vr = 0. For such a point we have in Fp[y]:294

0 = PB′,f(2),r(v, y) = Pf(2)(v, y) Cr(v, y),295

where we also used basis-independence PB′,f(2) = Pf(2) . Moreover Cr(v, y) is a nonzero element of Fp[y] (it is a nonzero scalar296

multiple of y(n−1)(p−n)), so we must have Pf(2)(v, y) ≡ 0 in Fp[y]. By Lemma 0.18, this congruence forces Pf(2)(v, y) = 0 in297

Z[y], i.e. Pf(2) vanishes (over Q) on every permutation point of (Zn)
n. Non-permutation points already yield Pf(2)(v, y) = 0298

because of the vertex Vandermonde factor. Therefore Pf(2)(v, y) = 0 for all v ∈ (Zn)
n×1, and Lemma 0.9 gives Pf(2) ∈ In,299

as claimed.300

Remark: The assertion PB,f,r(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y) ∈ Jp for a specific r ∈ Zn holds iff Gf admits no graceful labeling301
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subject to the vertex labeled r in Gf being assigned the label 0. Recall that302

PB,f,r(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y) := PB,f (





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



) Cf,r,B
(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y

)
.303

Thus changing r ∈ Zn amounts to considering evaluation points x ∈ (Fp)
n×1 (where we partition (Fp)

n×1 into n disjoint304

classes) of the same polynomial PB,f (



x
y b0

...
y bi

...
y bn−2


) i.e. the first factor of PB,f,r. By contrast the second factor i.e. the cutoff305

polynomial Cf,r,B
(


x
y b0

...
y bi

...
y bn−2


, y

)
changes considerably for distinct r ∈ Zn. Observe that for a fixed r ∈ Zn, assigning to306

xr a value v ∈ Zp\{0} result in the vanishing of the said cutoff polynomial. Furthermore for a fixed r ∈ Zn, our chosen linear307

map globally fixes the cutoff factor Cf,r,B
(


x
y b0

...
y bi

...
y bn−2


, y

)
see Lemma 0.17. Thus the linear transformation effects for the308
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first factor the following map309

∀ r ∈ Zn, PB,f (





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



) 7−→ PB′,f(2)(





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2



).310

By the ideal stability result if for some r ∈ Zn, PB′,f(2),r(





x0

...
xr−1

0
xr+1

...
xn−1


y b′

0
...

y b′
i

...
y b′

n−2



, y) /∈ Jp then PB′,f(2)(



x
y b′

0
...

y b′
i

...
y b′

n−2


) /∈ In which in311

turn implies that there must some r ∈ Zn such that PB,f,r(





x0

...
xr−1

0
xr+1

...
xn−1


y b0

...
y bi

...
y bn−2



, y) /∈ Jp and incidentally PB,f (



x
y b0

...
y bi

...
y bn−2


) /∈312

In.313

Lemma 0.20 (Composition Lemma). Fix n ≥ 2 and let314

Tn :=
{
f ∈ ZZn

n : f(i) > i ∀ i ∈ Zn−1, and f(n− 1) = n− 1
}
.315

If Gf(2) is graceful for some f ∈ Tn, then Gf is graceful; equivalently316

GrL(Gf(2)) ̸= ∅ =⇒ GrL(Gf ) ̸= ∅.317
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Proof. Gf(2) is graceful implies that PB′,f(2)(



x
y b′

0
...

y b′
i

...
y b′

n−2


) /∈ In by Lemma 0.9. The contrapositive of Lemma 0.19 yields318

PB′,f(2)(



x
y b′

0
...

y b′
i

...
y b′

n−2


) /∈ In =⇒ PB,f (



x
y b0

...
y bi

...
y bn−2


) /∈ In.319

Finally PB,f (



x
y b0

...
y bi

...
y bn−2


) /∈ In implies Gf is graceful by which320

GrL(Gf(2)) ̸= ∅ =⇒ GrL(Gf ) ̸= ∅,321

as claimed.322

The Graceful Tree Labeling Theorem.323

Theorem 0.21. [Tree Labeling Theorem] Fix n ≥ 2 and recall that324

Tn :=
{
f ∈ ZZn

n : f(i) > i ∀ i ∈ Zn−1, and f(n− 1) = n− 1
}
.325

For all f ∈ Tn, we have GrL(Gf ) ̸= ∅.326

Proof. For an arbitrary f ∈ Tn, consider the sequence of iterates of f of total length 1+ ℓ where ℓ = ⌈log2(n−1)⌉. The initial327

member of the sequence is f . Each subsequent member of the sequence is obtained by iterating the previous member of the328

sequence. In other words the sequence is (g0, . . . , gℓ) where gi ∈ Tn for all i ∈ Z1+ℓ. The initial condition for the sequence is329

g0 = f (20) = f.330

The recurrence relation prescribing all other members of the sequence indexed by 0 < i < ℓ is:331

gi+1 = gi ◦ gi = g
(2)
i .332

The sequence is therefore of the form:333

(g0 = f (20), . . . , gk = f (2k), . . . , gℓ = f (2ℓ) = f (n−1)).334

Observe that gℓ(Zn) = {n − 1} by which we see that gℓ is graceful. By repeatedly invoking the Composition Lemma 0.20,335

we have we have GrL(Gf ) ̸= ∅ as claimed.336
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