Solving differential equations by means of Hermite transform

Helena Zakrajšek Faculty of Mechanical Engineering University of Ljubljana Aškerčeva 6, 1000 Ljubljana, Slovenia E-mail: helena.zakrajsek@fs.uni-lj.si

Abstract Let L be a linear differential operator with polynomial coefficients. We show that there is an isomorphism of differential operators D_α and an integral transform H_α (called the Hermite transform) on functions that enable us to find a solution of Ly = 0 provided that we know the solution of (D_αL)y = 0. A detailed algorithm is described to find the Hermite transform of a rational function.

1 Introduction

One of the well-known methods for solving linear differential equations is by means of definite integrals [5]. The aim is to obtain a definite integral of the form

y(x) =

�_β α f(t)K(x, t)dt, (1)

where x enters as a parameter, to satisfy the given linear differential equation

L_xy = 0

(the index x indicating that L involves only x and ∂/∂x). If we are able to determine

– the function K(x, t), known as the nucleus of the definite integral, so that it will satisfy a partial differential equation of the form

L_x(K) = M_t(K),

– the function f(t), a solution of the equation

M_t(f) = 0, (2)

where M_t is the operator adjoint to M_t,

– the limits of integration, α and β, such that

[P (K, t)]^{t=β}_{t=α} = 0

identically, where P , known as the bilinear concomitant, is an expression depending on K, f and its derivatives with respect to t,

then (1) will satisfy the equation L_xy = 0. Examples of functions which can be chosen as nuclei are e^{xt} (the Laplace transform), (x − t)^{−ν−1} (the Euler transform), arbitrary function of the product xt (the Mellin transform). The Laplace transform is adaptable to any linear differential equation while in the other two cases the equation has to be of a special form. The success of the method as a means of obtaining an explicit solution depends upon the ability to obtain a solution of (2).

Another method is Frobenius’ method of power series, which is one of the best-known methods for solving linear differential equations. In symbolic computation, other types of polynomial series have also been considered [2]. Rebillard [11] in his thesis considered Fourier series of families of hypergeometric polynomials. Here we use his approach on the family of generalized Hermite polynomials and show that there is an isomorphism D_α of differential operators so that differential equation Ly = 0 has a formal Hermite series solution whenever D_αy = 0 has a formal power series solution with identical coefficients (see also [12]). We use this to construct an integral transform H_α (called the Hermite transform) which enables us to find solutions of a given differential equation Ly = 0 if we know a solution of another differential equation (D_αL)y = 0. We exhibit a simple procedure to find the Hermite transform of polynomials and rational functions. In the last section we describe an algorithm that finds n + 1 linearly independent solutions of Ly = 0 provided that (D_αL)y = 0 has a rational solution with n distinct poles.

Let K be a field of characteristic zero and IN the set of nonnegative integers. Let E be the shift operator acting on sequences over K. We will denote by K[n, E, E^{−1}] the algebra of recurrence operators and by K[x, D] the Weyl algebra of linear differential operators with polynomial coefficients where Dp(x) =^d_{dx} p(x). If we write an element L of K[x, D] in the monomial form L = � i,k a_{ik}x^iD^k,

then max_{aik ≠0} k is the order of L and max_{aik≠0}(i + k) is the total degree of L. By L_a we will denote L_a = � i,k a_{ik}(x + a)^iD^k.

Note that L_af(x) = 0 iff Lf(x − a) = 0.

A polynomial family P = {P_n(x)}^∞_{n=0} is called hypergeometric if each P_n is of degree exactly n and satisfies the hypergeometric differential equation

σ(x)y^{′′} + τ(x)y^′ + λ_ny = 0 (3)

where σ and τ are polynomials of degree at most two, respectively one, and λ_n = −n �_{n−1}

2 σ^{′′}(x) + τ^′(x) � . With σ and τ the family is determined up to a multiplicative constant. To get a complete family – this means that for every n ∈ IN the equation (3) has a polynomial solution of degree n – the function n → λ_n has to be injective. Thus τ has to be of degree one, and if σ^{′′} ≠ 0 then 2τ^′/σ^{′′} ∉ {0, −1, −2, . . .}. For every hypergeometric family there exist recurrence operators X and B in K[n, E, E^{−1}] such that for each P_n we have

P_n(x) = BP^′_n(x) = β_1(n)P^′_{n+1}(x) + β_0(n)P^′_n(x) + β_{−1}(n)P^′_{n−1}(x), (4) xP_n(x) = XP_n(x) = x_1(n)P_{n+1}(x) + x_0(n)P_n(x) + x_{−1}(n)P_{n−1}(x), (5)

where x_i, β_i ∈ K(n) and depend only on σ and τ [8, 9, 10, 11, 14]. If P is a family of Appell polynomials [3], i.e. P_n = β_1(n)P^′_{n+1}, then it is more convenient to use B̃ = B^{−1} acting on P_n by B̃P_n(x) = P^′_n(x) = 1 β_1(n − 1)

P_{n−1}(x). (6)

Consider a linear differential operator of order r L = r� k=0 p_k(x)D^k

with polynomial coefficients. In order to apply L to a formal series of hypergeometric polynomials

�_∞

n=0 c_nP_n(x) we need to know how differentiating and multiplying by x affect the series. Let us recall that for a recurrence operator F ∈ K[n, E, E^{−1}] F = s� k=r f_k(n)E^k, r, s ∈ ZZ,

its adjoint operator f is defined by F = −r� k=−s

f_{−k}(n + k)E^k.

If (a_n)^∞_{n=−∞} and (b_n)^∞_{n=−∞} are two sequences of functions, then^∞ � n=−∞

a_nF(b_n) =^∞ � n=−∞

F (a_n)b_n.

Therefore differentiating and multiplying a series by x can be expressed by the action of the adjoint operator on the coefficient sequence of the series [11] x � c_nP_n(x) = � X(c_n)P_n(x), � c_nP^′_n(x) =

� B̃(c_n)P_n(x)

where B̃ and X are the adjoints of B̃ and X from (4) and (5). Hence every operator L of order r induces a recurrence operator L such that L �_∞ � n=0 c_nP_n(x) � = ∞� n=0 L(c_n)P_n(x), and the hypergeometric family P = {P_n(x)}^∞_{n=0} gives rise to the transformation R_P : K[x, D] → K[n, E, E^{−1}] defined by

R_P : L = r� k=0 p_k(x)D^k → L = r� k=0 p_k(X)B̃^k.

Note that L( � c_nP_n) = 0 iff R_P (L)(c_n) = 0.

The Hermite polynomials, H_n(x), form a hypergeometric family. They are defined by the Rodrigues’ type formula [4, 13]

H_n(x) = (−1)^ne^{x2} d^n dx^n e^{−x2} . (7)

y(x) = H_n(x) is a polynomial of degree n whose leading coefficient is k_n = 2^n and satisfies the hypergeometric differential equation

y^{′′}(x) − 2xy^′(x) + 2ny(x) = 0, n = 0, 1, 2, . . . (8)

The most common alternative to the above terminology is to replace e^{−x2} by e^{−x2/2} in (7) yielding a polynomial He_n(x), which is called the Hermite polynomial by Jackson [6] and seems to be the preferred form for applications to statistics. He_n(x) is a monic polynomial of degree n and satisfies the differential equation

y^{′′}(x) − xy^′(x) + ny(x) = 0,

which is similar to (8). These observations thus suggest a further generalization which we use in the next section.

2 The isomorphism D_α

Let us focus on the hypergeometric differential equation

y^{′′}(x) − αxy^′(x) + αny(x) = 0 (9)

depending on a parameter α > 0. For α = 2 this differential equation is satisfied by H_n(x) and for α = 1 by He_n(x). As σ(x) = 1 and τ(x) = −αx, equation (9) has, by Rodrigues’ type formula, a polynomial solution for every n ∈ IN

H^{(α)}_n (x) =

B_n ρ d^n dx^n ρ(x)

where B_n is a normalization coefficient and ρ is a solution of the Pearson differential equation (σρ)^′ = τρ, therefore ρ(x) = e^{−αx2/2}. Put B_n = (−1)^n. Applying the formulas in [8, 9, 11] to the family H^{(α)} = {H^{(α)}_n ; n ∈ IN}, we obtain the corresponding operators X_α and B_α X_α = 1 α E + nE^{−1}, B_α = 1 α(n + 1) E, hence B̃_α = αnE^{−1}.

In this case the transformation R_H(α) : K[x, D] → K[n, E, E^{−1}] is defined by R_H(α) : r� k=0 p_k(x)D^k −→ r� k=0 p_k(X_α) ~B^k_α,

where X_α = (n + 1)E + 1/αE^{−1}, ~B_α = α(n + 1)E are the adjoints of X_α and ~B_α, respectively.

Proposition 1 Let P be a hypergeometric polynomial family and X and B̃ the adjoints of X and B̃, respectively, defined in (5) and (6). If X and B̃ satisfy the commutation rule B̃X = XB̃ + 1, (10) then the transformation R_P : K[x, D] → K[n, E, E^{−1}] R_P : r� k=0 p_k(x)D^k −→ r� k=0 p_k(X)B̃^k

is a homomorphism of K-algebras. Proof Let L_1 =

�_{r1}

k=0 p_k(x)D^k and L_2 =

�_{r2}

j=0 q_j (x)D^j. Clearly R_P (λ_1L_1 + λ_2L_2) = λ_1R_P (L_1) + λ_2R_P (L_2). Using Leibniz’ rule

D^jp(x) = j� i=0 � j i � p^{(i)}(x)D^{j−i}

it follows that R_P (L_2L_1) = R_P � � r_2� j=0 r_1� k=0 q_j (x)D^jp_k(x)D^k � �

= R_P � � r_2� j=0 r_1� k=0 j� i=0 � j i � q_j (x)p^{(i)}_k (x)D^{j−i+k} � �

= r_2� j=0 r_1� k=0 j� i=0 � j i � q_j (X)p^{(i)}_k (X)B̃^{j−i+k}.

Since operators X and B̃ satisfy the same commutation rule as x and D, we can replace in Leibnitz’ rule D and x by B̃ and X, respectively, and we find out that

R_P (L_2)R_P (L_1) =

r_2� j=0 r_1� k=0 q_j (X)B̃^jp_k(X)B̃^k

= r_2� j=0 r_1� k=0 j� i=0 � j i � q_j (X)p^{(i)}_k (X)B̃^{j−i+k},

hence R_P (L_2L_1) = R_P (L_2)R_P (L_1). �

Let P = {x^n} be the power family. Since xx^n = Ex^n and Dx^n = nE^{−1}x^n, the adjoint operators are X_P = E^{−1} and ~B_P = (n + 1)E. Both families, H^{(α)} and P , satisfy the commutation rule (10), hence R_H(α) and R_P are homomorphisms.

We observe that

X_α = ~B_P +^1_α X_P , X_P = αX_α − ~B_α, ~B_α = α ~B_P , ~B_P =^1_α ~B_α,

meaning there is an isomorphism D_α : K[x, D] → K[x, D] such that D_αL applied to a formal power series � c_nx^n induces the same recurrence operator as L acting on a formal Hermite series � c_nH^{(α)}_n (x), therefore L � c_nH^{(α)}_n (x) � = 0 ⇐⇒ (D_αL) � c_nx^n � = 0.

To describe D_α on K[x, D], it suffices to give it on the two generators x and D

D_α : x −→ 1 α x + D, D −→ αD.

The inverse is given by

D^{−1}_α : x −→ αx − D, D −→ 1 α D. 3 The Hermite transform H_α

For α > 0 e^{− α2 x2} = � α 2π �_∞ −∞ e^{− α2 t2+iαtx}dt.

Since the integral can be repeatedly differentiated with respect to x, we obtain d^n dx^n e^{− α2 x2} = � α 2π �_∞ −∞ (iαt)^ne^{− α2 t2+iαtx}dt, hence

H^{(α)}_n (x) = (−1)^ne^{α2 x2} � α 2π �_∞ −∞ (iαt)^ne^{− α2 t2+iαtx}dt (11) = � α 2π �_∞ −∞ (−iαt)^ne^{− α2 (t−ix)2} dt. (12)

We observe that the change of variable u = � α/2 t converts (11) into

H^{(α)}_n (x) = � α 2 �_{n/2} 1 √ π �_∞ −∞ (−2iu)^ne^{−(u−i}

√_{α2 x)2} du and we find a connection between H^{(α)}_n and H_n

H^{(α)}_n (x) = � α 2 �_{n/2}

H_n( � α/2 x).

Definition 1 Let f be a complex function and α > 0. If there is a (finite or infinite) interval (a, b) such that the integral

H_α(f)(x) = � α 2π �_∞ −∞ f(−iαt)e^{− α2 (t−ix)2} dt (13)

is convergent for all x ∈ (a, b), then we will call the function H_α(f)(x) the Hermite transform of f with parameter α. As H_α(f)(x) = 1 √ 2πα e^{αx2/2}F(f(−it)e^{−t2/(2α)})(x),

where F(f)(x) =

�_∞

−∞ f(t)e^{itx} dt is the Fourier transform of f, we have the inversion formula f(t) = � α 2π �_∞ −∞ H_α(f)(x)e^{−α/2(x−t/α)2} dx,

whenever the integral on the right exists.

Evidently, not every function has the Hermite transform, so we will be concerned with questions of existence. For instance, if f(t) = e^{t4} , it is obvious that the integral

�_∞ −∞ e^{α4t4} e^{− α2 (t−ix)2} dt

does not exists for any α > 0 and x ∈ IR. On the other hand, the Hermite transform of e^{t2} exists for all positive α and it is defined on IR.

Definition 2 Let α > 0. A complex function f satisfies the H_α-condition if there exist a real number k < α/2, a nonnegative number N and a polynomial p such that

1. |f(−iαt)| ≤ p(t)e^{kt2} for |t| ≥ N,

2. f(−iαt) is absolutely integrable on (−N, N). Let f satisfy the H_α-condition. We write (13) in the form e^{α2 x2}

�_∞ −∞ f(−iαt)e^{− α2 t2} e^{iαxt}dt (14) and split the integral in three parts

�_∞ −∞ f(−iαt)e^{− α2 t2} e^{iαxt}dt = I_1 + I_2 + I_3, where I_1 =

�_N −N f(−iαt)e^{− α2 t2} e^{iαxt}dt, I_2 =

�_{−N} −∞ f(−iαt)e^{− α2 t2} e^{iαxt}dt, I_3 =

�_∞ N f(−iαt)e^{− α2 t2} e^{iαxt}dt.

Then |I_1| ≤

�_N −N |f(−iαt)|dt < ∞, |I_2| ≤

�_{−N} −∞ |p(t)|e^{(k− α2 )t2} dt < ∞, |I_3| ≤

�_∞ N |p(t)|e^{(k− α2 )t2} dt < ∞, hence the integral (13) is absolutely convergent on the real axis and uniformly convergent on any finite interval.

Theorem 1 Let f satisfy the H_α-condition for some α > 0. Then the Hermite transform of f with parameter α is defined for every x ∈ IR. The integral (13) converges uniformly on any finite interval and d^k dx^k

�_∞ −∞ f(−iαt)e^{− α2 (t−ix)2} dt =

�_∞ −∞ f(−iαt) d^k dx^k e^{− α2 (t−ix)2} dt.

Proof We have to justify that

�_∞ −∞ f(−iαt)e^{− α2 t2} e^{iαxt}dt can be repeatedly differentiated under the integral sign. Since d^k dx^k e^{iαxt} = (iαt)^ke^{iαxt} and observing that t^kf satisfies the H_α-condition if f does, the integral

�_∞ −∞ f(−iαt)e^{− α2 t2} d^k dx^k e^{iαxt}dt converges uniformly on IR, which concludes the proof. �

Proposition 2 If f satisfies the H_α-condition then

1. H_α(f^′)(x) =^1_α DH_α(f)(x) 2. H_α(tf)(x) = (αx − D)H_α(f)(x) Proof Using integration by parts and Theorem 1, we obtain

H_α(f^′)(x) = i � α 2π �_∞ −∞ (t − ix)f(−iαt)e^{−(α/2)(t−ix)2} dt = � α 2π 1 α �_∞ −∞ f(−iαt) d dx e^{−(α/2)(t−ix)2} dt = 1 α DH_α(f)(x), which proves the first statement. For the second statement, we compute H_α(tf)(x) = � α 2π �_∞ −∞ (αx − αx − iαt)f(−iαt)e^{−(α/2)(t−ix)2} dt = αxH_α(f)(x) − DH_α(f)(x). �

Theorem 2 Let L be a linear differential operator with polynomial coefficients, α > 0 and let f satisfy the H_α-condition. If (D_αL)f(x) = 0 then LH_α(f)(x) = 0. Proof Since D_α is an isomorphism on K[x, D], we can write D_αL = � i,k a_{ik}x^iD^k, hence L = � i,k a_{ik}(αx − D)^iα^{−k}D^k. Then using Proposition 2 and linearity of H_α, we have LH_α(f)(x) = � i,k a_{ik}(αx − D)^iα^{−k}D^kH_α(f)(x) = � i,k a_{ik}(αx − D)^iH_α(f^{(k)})(x) = � i,k a_{ik}H_α(t^if^{(k)})(x)

= H_α � � � i,k a_{ik}t^if^{(k)} � � (x) = 0. �

Example 1 Let L = D^2 − 4xD + 3x^2 + 2n − 1. Then

D_αL = (α^2 − 4α + 3)D^2 + (−4x + (6/α)x)D + (3/α^2)x^2 + 3/α + 2n − 1

and choosing α = 1 a solution of D_1Ly = 0 is f(x) = e^{−3x2/4}x^{−n−1} for which H_1(f) does not exist. For α = 3 we get D_3L = −2xD + x^2/3 + 2n. A solution of D_3Ly = 0 is g(x) = x^ne^{x2/12} and H_3(g)(x) =

�_α

2π e^{x2/2}H_n(x) is a solution of Ly = 0, where H_n are Hermite polynomials.

Therefore each solution f of a differential equation D_αLy = 0 gives us a solution of Ly = 0 provided that the Hermite transform H_α(f) exists. Sometimes H_α(f) does not exist but H_α(f(t+αd))(x) exists for some d. Then we can still obtain a solution of Ly = 0 from a solution f of (D_αL)y = 0.

Corollary 1 Let d ∈ CC be such that f(t+αd) satisfies the H_α-condition. If (D_αL)f(x) = 0 then LH_α(f(t + αd))(x − d) = 0.

Proof Note that (D_αL)f(x) = 0 implies (D_αL)_cf(x + c) = 0 for every c ∈ CC. Since (D_αL)_c = D_αL_{c/α} if follows that (D_αL_{c/α})f(x + c) = 0 for every c. Taking c = αd and using Theorem 2 we obtain L_dH_α(f(t+αd))(x) = 0 and finally LH_α(f(t+αd))(x−d) = 0. �

Proposition 3

1. H_α

�_d

k=0 a_kt^k � (x) =

�_d

k=0 a_kH^{(α)}_k (x),

2. H_α((t + αd)^k)(x − d) = H_α(t^k)(x) for every d ∈ CC, k ∈ IN.

Proof By (12) and (13), H_α(t^n)(x) = H^{(α)}_n (x). (15) Therefore the first assertion follows by linearity of H_α. To prove the second statement, we integrate an analytic function f(t) = (−iαt)^ke^{− α}2^{(t−ix)2} over the rectangle with the vertices R, R + id, −R + id, −R where R > 0. By the residue theorem the integral is zero for every R > 0. On the other hand, letting R → ∞, the integrals over the vertical sides tend to zero, therefore

�_∞ −∞ f(t)dt =

�_{∞+id}

−∞+id

f(t)dt.

The integral on the left is equal to � 2π/αH_α(t^k)(x). To conclude the proof we introduce a new variable u = t − id in the integral on the right and obtain

H_α(t^k)(x) = � α 2π �_∞ −∞ (−iαu + αd)^ke^{− α2 (u−i(x−d))2} du = H_α((t + αd)^k)(x − d).

� Using the partial fraction decomposition of a rational function f it is easy to see that the Hermite transform of f exists as soon as f has no poles with zero real part. Namely, if ℜb ≠ 0 then g(t) = 1/(t − b)^k satisfies the H_α-condition for every α > 0, for g(−iαt) is bounded on IR. For simple fractions we have the following result. Proposition 4 For a complex number b with nonzero real part the following is true 1. H_α(^1_{t−b} )(x) = e^{αx2/2−bx}(C −

�_x

0 e^{−αs2/2+bs}ds) where C = H_α(^1_{t−b} )(0), 2. H_α((^1_{t−b} )^{k+1})(x) = (−^1_α )^{k 1}_{k!} D^kH_α(^1_{t−b} )(x).

Proof Let us write f(t) = (t − b)^{−1}. As H_α(1)(x) = 1 and H_α((t − b)f)(x) = H_α(tf)(x) − bH_α(f)(x), by Proposition 2 we get that y = H_α(f)(x) satisfies (αx − b)y − y^′ = 1, therefore H_α(f)(x) = e^{αx2/2−bx} � C − �_x 0 e^{−αs2/2+bs}ds � . By putting x = 0 we conclude the proof of the first statement. To prove the second identity we use induction on k and Proposition 2, and we compute H_α � 1 t − b

�_{k+1}�

(x) = − 1 αk DH_α � 1 t − b

�_k�

(x) =

= (−1/α)^k 1 k! D^kH_α � 1 t − b � (x). � Corollary 2 Let f be a rational function with a partial fraction decomposition f(t) = q(t) + n� i=1 m_i� j=1 c_{ij} (t − b_i)^j

, (16)

where q is a polynomial and b_i, i = 1, . . . , n, are distinct poles of f. Then for every d ≠ (1/α)ℜb_i, i = 1, . . . , n,

H_α(f(t + αd))(x − d) = H_α(q(t))(x) + n� i=1 C̃_i(d)u_i(x)F_i(x) − u_i(x)G_i(x) − v_i(x),

where for i = 1, . . . , n F_i(x) = e^{αx2/2−bix}, G_i(x) = F_i(x)

�_x 0 1 F_i(s) ds, C̃_i(d) are constants and u_i, v_i are some polynomials.

Proof If d ≠ (1/α)ℜb_i, then H_α((t + αd − b_i)^{−j})(x) exists for all x ∈ IR. By Proposition 4, H_α � 1 t + αd − b_i � (x − d) = e^{α(x−d)2 /2−(bi−αd)(x−d)} � C_i(d) −

�_{x−d} 0 e^{−αs2/2+(bi −αd)s}ds � , where C_i(d) = H_α(1/(t + αd − b_i))(0). Introducing the variable u = s + d, we get

H_α � 1 t + αd − b_i � (x − d) = C̃_i(d)F_i(x) − G_i(x), (17)

where we denoted C̃_i(d) = C_i(d)e^{−αd2/2+b}i^d +

�_d 0 e^{−αu2/2+biu}du.

One easily verifies that for a polynomial w

D^k(wF_i) = u_kF_i, (18) D^k(wG_i) = u_kG_i + v_k, (19)

where u_k and v_k are some polynomials. Therefore by linearity of H_α, Proposition 3, Proposition 4, (17), (18) and (19) we obtain

H_α(f(t + αd))(x − d) = H_α(q(t))(x) + n� i=1 C̃_i(d)u_i(x)F_i(x) − u_i(x)G_i(x) − v_i(x),

where u_i, v_i are polynomials defined by

u_i(x)F_i(x) =

m_i� j=1 � − 1 α �_{j−1} c_{ij}

(j − 1)!

D^{j−1}F_i(x), (20)

u_i(x)G_i(x) + v_i(x) =

m_i� j=1 � − 1 α �_{j−1} c_{ij}

(j − 1)!

D^{j−1}G_i(x). (21) �

Theorem 3 Let f be as in (16) and L a linear differential operator with polynomial coefficients. If (D_αL)f(x) = 0 then Ly = 0 has n + 1 linearly independent solutions of the form

m_i� j=1 � − 1 α �_{j−1} c_{ij}

(j − 1)!

D^{j−1}F_i(x), i = 1, . . . , n,

H_α(q)(x) − n� i=1 m_i� j=1 � − 1 α �_{j−1} c_{ij}

(j − 1)!

D^{j−1}G_i(x),

where F_i and G_i are as in Corollary 2.

Proof For every d ≠ (1/α)ℜb_i, i = 1, . . . , n, by Corollary 1 LH_α(f(t + αd))(x − d) = 0. On the other hand, by Corollary 2,

LH_α(f(t+αd))(x−d) = LH_α(q(t))(x)+ n� i=1 C̃_i(d)L(u_i(x)F_i(x))−L(u_i(x)G_i(x))−L(v_i(x)).

Using (18), (19) and denoting L(u_i(x)F_i(x)) = ũ_i(x)F_i(x), L(u_i(x)G_i(x)) = ũ_i(x)G_i(x) + ṽ_i(x), we obtain_n � i=1 C̃_i(d)ũ_i(x)F_i(x) =^n� i=1 ũ_i(x)G_i(x) + polynomial.

As the right-hand side is independent of d, which is arbitrary, it follows that ũ_i(x)F_i(x) = 0, i = 1, . . . , n. Therefore u_i(x)F_i(x), i = 1, . . . , n, and H_α(q)(x) − � i u_i(x)G_i(x) + v_i(x) satisfy Ly = 0 and by (20), (21) we conclude the proof. �

Example 2 It is known that the Weber differential equation y^{′′} − xy^′ − ay = 0 has a formal power series solution [5, 7]

y = C_1 � 1 + ∞� k=1 a(a + 2) · · · (a + 2k − 2) (2k)!

x^{2k} �

+ C_2 � x + ∞� k=1 (a + 1)(a + 3) · · · (a + 2k − 1) (2k + 1)!

x^{2k+1} � . If a = −n, n ∈ IN, is even (odd) then the first (second) sum is a polynomial of degree n. With our method we can find explicit solutions when a = n. Writing L = D^2 − xD − n we get D_1L = −xD − n and a rational solution f(x) = x^{−n} of (D_1L)y = 0 gives a solution of Ly = 0 C_1 d^{n−1} dx^{n−1} e^{x2/2} + C_2 d^{n−1} dx^{n−1} � e^{x2/2}

�_x 0 e^{−s2/2}ds � . 4 An application

Let L be a differential operator of total degree m written in the monomial form L = m� i=0 a_{i,m−i}x^iD^{m−i} + � i+k<m

a_{i,k}x^iD^k. (22)

Recalling Theorem 3, we observe that if (D_αL)y = 0 has a rational solution, we get at least two linearly independent solutions of Ly = 0. It is known [1] that (D_αL)y = 0 may have rational solutions only if D_αL has singular points. First let us prove two lemmas.

Lemma 1

(x + D)^i = i� j=0 � i j � x^j D^{i−j} + terms of total degree < i

Proof We use induction on i. From Dx = xD + 1 it follows that D^nx = xD^n + nD^{n−1}, hence

(x + D)^{i+1} = i� j=0 � i j � x^{j+1}D^{i−j} + i� j=0 � i j � x^j D^{i+1−j} + . . . = i+1� j=0 � i + 1 j � x^j D^{i+1−j} + . . . .

which concludes the proof. �

Lemma 2 Let L be as in (22). Then D_1L is of order m iff

�_m

i=0 a_{i,m−i} ≠ 0. Additionally, if D_1L is of order m then it has no singular points. Proof By Lemma 1 we obtain

D_1L = m� i=0 a_{i,m−i}(x + D)^iD^{m−i} + � i+k<m

a_{i,k}(x + D)^iD^k = m� i=0 a_{i,m−i} i� j=0 � i j � x^j D^{m−j} + � i+k<m

b_{i,k}x^iD^k = m� j=0 x^jD^{m−j} m� i=j a_{i,m−i} � i j � + � i+k<m

b_{i,k}x^iD^k

which concludes the proof. � Let L be as in (22). First we construct a Laurent polynomial

p(t) = m� i−0 a_{i,m−i}t^{m−2i}

and let β be its zero. Next we search for solutions of Ly(x) = 0 in the form y(x) = u(ξ), where ξ = βx. We get a differential equation for the function u

L̃u(ξ) = � � m� i=0 a_{i,m−i}β^{m−2i}ξ^iD^{m−i} + � i+k<m

a_{i,k}β^{k−i}ξ^iD^k � � u(ξ) = 0.

By Lemma 2, D_1L̃ has order less than m and (D_1L̃)y = 0 may have rational solutions which can be found by an algorithm of Abramov [1]. Using the partial fraction decomposition of f by Proposition 2 and Theorem 3 we get solutions of Ly = 0.

Example 3 Let L = D^3 − 4xD^2 + (4x^2 − 5)D + 8x. Then the Laurent polynomial is p(t) = t^{−1}(t^2 − 2)^2. We write y(x) = u(ξ), where ξ = √ 2x. The corresponding operator L̃ is L̃ = 2D^3 − 4ξD^2 + (2ξ^2 − 5)D + 4ξ and D_1L̃ = (2ξ^2 + 1)D + 4ξ.

Since (D_1L̃)y = 0 has a rational solution

f(ξ) = 1 2i � 1 √ 2ξ − i − 1 √ 2ξ + i � , by Theorem 3, we obtain solutions of L̃u = 0

u_1(ξ) = e^{ξ2/2−iξ/√2}, u_2(x) = e^{ξ2/2+iξ/√2},

u_3(x) = u_1(ξ)

�_ξ 0 1 u_1(s) ds − u_2(ξ)

�_ξ 0 1 u_2(s) ds, and putting ξ = √ 2x we find that

y_1(x) = e^{x2−ix}, y_2(x) = e^{x2+ix}, y_3(x) = e^{x2−ix}

�_x 0 e^{−s2+is}ds − e^{x2+ix}

�_x 0 e^{−s2−is}ds,

are solutions of Ly = 0.

References

[1] S. A. Abramov: Rational solutions of linear differential and difference equations with polynomial coefficients, U.S.S.R. Comput. Maths. Math. Phys. 29 (1989), 7-12. Trans. from Zh. vychisl. mat. mat. fiz. 29 (1989), 1611-1620.

[2] S. A. Abramov, M. Petkovšek, A. Ryabenko: Special formal series solutions of linear operator equations, Discrete Math. 210 (2000) 3–25.

[3] P. Appell: Sur une classe de polynômes, Ann. Sci. Ecole Norm. Sup 9(2) (1880) 119–144.

[4] T. S. Chihara: An introduction to orthogonal polynomials, Gordon and Breach, Science Publishers, 1978.

[5] E. L. Ince: Ordinary differential equations, Dover Publications, 1956.

[6] D. Jackson: Fourier series and orthogonal polynomials, (Carus Monograph No. 6), Math. Assoc. Amer., 1941.

[7] E. Kamke: Differentialgleichungen, Lösungsmethoden und Lösungen, Akademische Verlagsgesellschaft Becker & Erler Kom.-Ges., Leipzig, 1943.

[8] W. Koepf, D. Schmersau: Algorithms for classical orthogonal polynomials, Konrad- Zuse-Zentrum Berlin (ZIB), Preprint SC 96-23, 1996

[9] W. Koepf, D. Schmersau: Representations of orthogonal polynomials, J. Comput.

Appl. Math. 90 (1998), no.1, 57–94.

[10] A. F. Nikiforov, V. B. Uvarov: Special’nye funkcii matematičeskoj fiziki, Moskva:

Nauka, 1978.

[11] L. Rebillard: Etude théorique et algorithmique des séries de Chebyshev solutions d’équations différentielles holonomes, PhD thesis, Institut National Polytechnique de Grenoble, Grenoble, 1998

[12] A. Ronveaux, L. Rebillard: Expansion of multivariable polynomials in products of orthogonal polynomials in one variable, to appear in J. Appl. Math. Comput. (Special issue on Orthogonal Systems and Applications)

[13] G. Szegö: Orthogonal polynomials, American Mathematical Society, 1959.

[14] R. J. Yañez, J. S. Dehesa, A. F. Nikiforov: The three-term recurrence relation and the differentiation formulas for hypergeometric-type functions, J. Math. Anal. Appl. 188 (1994), 855–866.