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Asymptotic normality of coefficients
of P-recursive polynomial sequences

Zhongjie Li
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Tianjin 300350, China
lizhongjie@tju.edu.cn

Abstract

In recent years, the asymptotic normality of some famous combi-
natorial sequences has been the subject of extensive study. However,
the methods used to prove the asymptotic normality of various com-
binatorial sequences differ significantly. In this paper, we present a
sufficient condition for establishing the asymptotic normality of the
coefficients of a general P-recursive polynomial sequence. Addition-
ally, we provide two examples that illustrate the application of this
sufficient condition.

Keywords: P-recursive sequences, asymptotic normality, the central limit
theorem, the local limit theorem.

1 Introduction

Suppose that {f,(z)},>0 is a polynomial sequence with nonnegative coeffi-
cients a(n, k), that is,

n

folz) = Za(n, k)z*. (1.1)

k=0
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Let
a(n, k)
Z;’L:O (l(?’L./ 7)
be the normalized probabilities. We say that the coefficient a(n, k) is asymp-

totically normal with mean p, and variance o2 by a central limit theorem

if

p(n, k) =

T

1
— exp(—t2/2)dt
75 | _ee(=/2)

lim sup = (). (1.2)

n—00 2R

p(n7 k) -

k<pn+zon

We say that the coefficient a(n, k) is asymptotically normal with mean p,
and variance o2 by a local limit theorem on the real set R if

=0. (1.3)

lim sup
n—oQ z€R

Onp(nv Lun + IUTIJ) - \/%6

It is obvious that (1.3) can lead to (1.2), see Bender [1] and Canfield [2] for
details.

In recent years, the asymptotic normality of various combinatorial se-
quences has been extensively studied. This includes the Eulerian numbers

[3], the coefficients of ¢g-Catalan numbers [7], the ¢-derangement numbers
[8], the Stirling numbers of the first kind [11], the Stirling numbers of the
second kind [13], the resonant sextet numbers [16], the Laplacian coefficients
of graphs [21] and the Baxter permutations [24]. Most of their proofs are

given based on the properties of specific sequences. Next, we will present a
systematic method to prove the asymptotic normality of P-recursive polyno-
mial sequences { f,,(z)}n>0-

Recall that a P-recursive sequence {a, }n>o of order d satisfies a recurrence
relation of the form

po(n)an, +p1(n)anss + - + pa(n)ana =0, VYn>1,

where p;(n) are polynomials in n (see [20, Section 6.4]). Wimp and Zeilberger
[23] (see also [12, Sec. VIIL.7]) showed that a P-recursive sequence {a,}n>0
is asymptotically equal a linear combination of terms in the form of

e s(p,m), (1.4)
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where

P
Qlp.n) = ponlogn + Y ', (15)

J=1

(logn)! stjn’s/p, (1.6)

s=0

r

gl

s(p,m) =n .

J

Il
=)

where p, t being positive integers and p;, r, bs; being complex numbers. In
this paper, we focus on the case where po = 0in (1.5) and ¢ = 1 in (1.6).

Suppose that {f,(z)}n>0 is a P-recursive polynomial sequence with re-
spect to the variable x. According to the properties of the least common left
multiple of operators, we can obtain that both {f; (x)},s0 and {f, (z)}ns0
are also P-recursive polynomial sequences. Thus, they all have asymptotic
expressions similar to the above. By performing a ratio operation on their
asymptotic forms, we finally obtain the mean and variance of the coefficient
sequence of {f,(z)}n>0. Given the condition that the known P-recursive
polynomial sequences have only real roots, we can apply this method to
demonstrate that their coefficients are asymptotically normal.

This paper is organized as follows. In Section 2, we provide a sufficient
condition for the asymptotic normality of the coefficients of a P-recursive
polynomial sequence. In Section 3, we give two examples of the asymptotic
normality of specific sequences. Moreover, we list the means and variances
of some other sequences.

2 A sufficient condition for asymptotic nor-
mality

In this section, we consider the asymptotic normality of the coefficient of a

P-recursive polynomial sequence { f,,(z)}n>0, where f,(x) is expressed in the

form shown in (1.1). From (1.4), we observe that it is asymptotically equal
to

Q@ g (p n)(z). (2.1)

Firstly, we explore the relationships among f,(z), f.(x) and f, (z).
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Lemma 2.1. Assuming that { f,(x)}n>o is a P-recursive polynomial sequence
in the variable x, then {f,(z)}ns0 and {f, (2)}n>0 are also.

Proof. Since {f,.(z)}n>0 is a P-recursive polynomial sequence in terms of z,
there exists an operator L; such that

Ly fu(z) = 0. (2.2)

By taking the derivative of both sides of (2.2) with respect to x, we find that
there exists an operator Ly such that

Lyfy(x) + Lofo(z) = 0. (2.3)
According to Theorem 8 of [19], there exist operators U and V such that
ULl = VLQ = lclm(Ll, LQ),

where lclm(Ly, Ly) denotes the least common left multiple of L; and L.
Applying the operator V' to both sides of (2.3) yields

VLif(x)+ VL fo(2)
=V Lif,(2) + ULy fu(x)
= VL f,(x)
=0.

Consequently, we obtain that {f,(2)},>0 is also a P-recursive polynomial
sequence with respect to x. Using the same method, we can conclude that
this holds for {f, () }n>0- O

Remark 1. Suppose that {f,(x)},>0 is a P-recursive polynomial sequence.
According to (2.1), we can assume that the asymptotic expression of f,(x)
is as follows,

falz) = Or - 20D s, (p,n) (), (2:4)

where C is a constant.
Then we differentiate both sides of (2.4) with respect to x and obtain the
asymptotic expression of f;(az),

’

Ful@) = O - €2 CDE(Q) (p,n) (@)s1(p, 1) (x) + 51(p, ) (). (2.5)
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And it can be known from Lemma 2.1 that {f,(x)},>0 is also a P-recursive
polynomial sequence. Consequently, we can further assume that its asymp-
totic expression is as follows,

fal) = Ca - B0 @ s5(p,m) (), (2.6)
where C5 is a constant.

By comparing (2.5) and (2.6), we can obtain that

Q1(p,n)(x) = Q2(p, n)(x)
and
Cr - (@ (p,n)(x)s1(p, n) () + 5, (p, n)(x)) = Cs - 532(p, n)(x),

Therefore, we can derive that the asymptotic expansion of f;,(x),
ful) = Cy - €2PM @5y (0, 1) ().
Similarly, we can also obtain the asymptotic expression of f, () as follows,
f(@) = Gy - e@0m @y (5 m)(z),
where (Y is a constant.
Next, we present a lemma proposed by Bender [1] to determine whether
the coefficients of a polynomial sequence are asymptotic normal.

Lemma 2.2. Suppose that { f,,(z)}n>0 is a sequence of real-rooted polynomial
with non-negative coefficients defined by (1.1). Let

AU At :

If 02 — +00 as n — +00, then the coefficients of f,(x), that is, the numbers

a(n, k) are asymptotically normal by local and central limit theorems with

mean (i, and variance o2.

Combined with the above Remark 1 and Lemma 2.2, we present the main
result of this paper.

To make the theorem concise, we call that a P- recurmve polynomial se-
quence { () }nso is well-defined if the asymptotic form of fn (1) is expressed
as follows,

f(z)( ) = . Qo) i (Z b(l) —s/p +o(n M/P)) ,
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where f,(f)(x) denotes the i-th derivative of f,(z)(i = 0,1,2), C; is a con-
stant, Q(p,n) = 5.):1 pin?/?, p, M are positive integers, uj,n,b?’) are real
numbers, r; < ry < r3 and bg> > 0.

Theorem 2.3. Suppose that { fn(x)}n>o defined by (1.1) is well-defined and
s a sequence of real-rooted polynomial with non-negative coefficients. Let

’ 1"

AL P (1)
S E M AGY

If the following two conditions are satisfied, then a(n,k) is asymptotically
normal.

+ fn — 2. (2.8)

’

(1) The limits limy, oo fn(f;"

nT2-T1
noted by a and b respectively.

G and limy, s 4 o0 7"(1’()"75% both emist, de-

(2) There exists an integer m such that 1/p < m < r3 —ry. For indices
0 < s <m—1, the coefficients of n® in o2 are zero, while the coefficient
of n™ in o2 is positive.

/(1) i (i ' . . .
Proof. Let C; = Cib), b\ = b%r, then the asymptotic expression of fi’(1)
oG

can be reformulated as follows, ’
M
fygi)(l) =C;- Qpm) i (1 + Z bgi>n_s/” + o(n_M/”)> )
s=1

Consequently, we can obtain that

vy fT/L(l) _ C? ro—r1 Al AM 1
m=5m - " \Mtam et el ) ) 29

where A, is a polynomial in b§°>, cee bg()), bgl), cee bgl).

From this, we find that

c? D D 1
‘2 o 2 'n2r2—2r1 <1+ 1 + e+ M +0< )) (2.10)

Hon = 0712 nl/P nM/P n]‘[/P
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and
Gy . £ (1)
2 _ _ I\t
Cl n—1>I-Poo fn(]-) .pr2T a,
where D, is a polynomial in Ay, ..., A,.

By similar reasoning, we establish that

fa(1) Cr nt/e nMjp WMo
and
C‘ 1" 1
=3 = lim fni() =b,
C n—+oo f (1) - nrs—m
where By is a polynomial in b§0)7 A b§2)7 e b,

Given that r3 > ry > rq, it follows that r3 — r1 > ry — . Without loss of
generality, we assume that r3 —r; > 2ry — 2. Consequently, there exists an
integer Iy such that r3 —ry —1y/p = 2ry — 2r;, and another an integer Iy such
that r3 — 1 — lo/p = ro — 1. Thus, by (2.9), (2.10) and (2.11), we derive
that

. [
T ()

CB r3—r1 B1 BM 1
=" L+t ol =,

+ = .pmn 1+£+...+A7M+0 L
Cl nl/P nM/P nM/P

_0722.”27«2727»1 (1_~_D1_~__._+ Dy +0< 1 ))

nl/e nM/p nM/le

=b-n" " b B 4 4 b By _nri (/e

+ (bBy, — d®) -0 7P 4 (bBy 44 — a2Dy) - pre /e

4 4 (bByy_y — a®Dy,_y,_y) - ne i D/e

+ (bBy, — a*Dy,_y, +a) -nreTiTl/e

+ (bBiyy1 — a®Dyy_yy 41 + aAy) - e o

+ (bBrg—ri)p1 = @*Digyrpypty 1 + Auy )y 1) - 17+ C + 0(1).

+ Hn, — /J?z

According to condition (2), asn — +00, it follows that 02 — +o0c. Therefore,
a(n, k) is asymptotically normal. 0

Page 7 of 16



2 O0O~NOOOULDh WNE

3 The asymptotic normality of some sequences

In this section, we utilize Theorem 2.3 to demonstrate the asymptotic nor-
mality of two specific sequences. Moreover, we list the means and variances
of some other combinatorial sequences.

Recall that the hypergeometric polynomial of degree n is expressed in the
following form,

Ay, A2, *+*, Gp (al)k(a2)k e (ap)k? Z
F ;X - T
( b b, ) 2 B H

k=0

where (a), = a(a+1)---(a+mn — 1) is the Pochhammer symbol. We begin
by presenting a lemma established by Driver et al. [10, Theorem 7], which
proves that the roots of the hypergeometric polynomials 3F5, are all real.

Lemma 3.1. Let a,b > 0 and let [,m,n € N. Then the polynomials

—n, —m, a+1
3F2<n’ m, a ;x)
a, b

has only negative real zeros.

Let N N )
B v n n+k\ 4
fio) =St =3 () (")
k=0 k=0
be the Apéry polynomial. Chen and Xia [9] studied the 2-log-convexity of
fn(1), while Mao and Pei [18] proved the asymptotic log-convexity of Apéry-

like numbers. Next, we will prove the asymptotic normality of f(n, k). Let

the mean be u,, = ;:8; and the variance be 02 = f,z((ll)) + i — 2.

Theorem 3.2. The coefficients f(n,k) of the Apéry polynomial f,(x) are

—1+V5

asymptotically normal by local and central limit theorems with i, ~ ==

—5’?/5n.

n,

02 ~

Proof. By transforming f,(x), we can express it as follows,

In(x) = 3F, (—n, T 1; I)

1,1
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Consequently, based on Lemma 3.1, we can know that f,(x) has only negative
real roots.

Using the Maple package APCI developed by Hou [14], we can derive the
following recurrence relations,

(11n* + 33n + 25) (n+1)?
n 127 mfn(1)7
, ~55m% 4 187n” +190n + 48 n(bn +7) ,
" 55nt 4+ 154n3 + 110n? — Tn — 12 ,,
fn+2(1) = n2(n +2)(5n — 1) fn,+1(1)
(n+1)(n+3)5n+4)(n—1)
n?(n+2)(5n — 1)

f7z+2(1) = fn+1(1) +

fu().

Then, utilizing the Mathematica package P-rec.m provided by Hou and

Zhang [15], we can obtain the following asymptotic expressions,
11455 5445 13-5V5 1
(1) =0y | =22 ) [ —
fa(1) 1( 2 >n<+ on s To\n2) )
, 11+5V5) —1+v5 —1+5 1
F) =y (B ZLEVE Sl Vs (1))
2 5n 25n2 n2
, 11455\ 9-11v5 18(=3+ 5 1
.fn(l):C3' ——£ n{l+ \/>_ ( \/>)+0 D) )
2 10n 25n2 n?

where (', Cy, C3 are all constants. Furthermore, we find that

_ fan (1) 1145V5
lim = .

(3.1)

Next, based on the Maple package APCI, we derive the following recurrence
relations,

/ (n+1)2

= "y - S ) (32)
fay=- - i)(f; g )+ ”“352(3371’”‘) )
(3.3)
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Thus, according to Theorem 2.3, Equations (3.1) and (3.2), we can conclude
that

SR
Cy ~ notee fu(1)
(010 fors(D) _ (n+1)(8n+3)

= i -
7L~I>IJIrlOO 577,2 fn(l) 5n2
C—14V5
—
Similarly, we can also derive that
G 3-5
o, 2
Hence, we obtain the mean as follows,
fu(1)
Hn =
fa(1)
—1++/5 7-3vV6 5-2V5 1
T2 '”(H on 2z 0\2) ) (3.4)
-1+5
~——n
2
and
(1 — - 2(—40 +1 1
fu(1) _ 3 \/5-n2 1+7 6v5 _ 2(-40+ 7\/5)+0 —|. (35)
fa(1) 2 5n 25n? 2
From (3.4) and (3.5), we can finally get the variance,
2 _ Ja(1) 2
o, = + pn — Hy,
fa(1)
3=V o To6VE 2A-4041TVE) 1
2 5n 25n2 n?
-1 — -2 1
—0-7_._\/5-71 1+7 W55 \/5-1-0 —
2 10n 25n2 n?
3-Vh 7-3V5  67-29V5 1
I <1+ 5n s \m
10

Page 10 of 16



2 O0O~NOOOULDh WNE

5-2V5

7 n+C+o(1)
5-2V5
~

Therefore, according to Theorem 2.3, we can conclude that f(n, k) is asymp-
totically normal. O

Next, we provide another example to illustrate the application of Theorem
2.3. To begin, we present a lemma proposed by Driver et al. [10, Theorem 9]
that establishes the reality of the roots of the hypergeometric function 3F5.

Lemma 3.3. Let a,b > 0 and let [, m,n € N. Then the polynomial

<—n, —m, —l )
3Fh 3 &
a, b

has only positive real zeros.

Let

n

n 3

ga(2) =) g(n,k)z* = (Z) a*

k=0 k=0

be the Franel polynomial. And let the mean be pu, = 328
(1l

be 02 = “Znéli + i — 2.

; and the variance

Theorem 3.4. The coefficients g(n, k) of the Franel polynomial g,(x) are

asymptotically normal by local and central limit theorems with i, ~
n
12°

n 2
2, 0™

Proof. Since the Franel polynomial is defined as
gnx—kzo k T = 3l2 1’1 Pt I

it follows from Lemma 3.3 that g, (z) has only negative real roots.
Utilizing the Maple package APCI, we obtain the following recurrence

11
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relations,
n% + 21n + 16 8(n+1)2
e g ()L
(n+2)2 g/+1( )+ (n+2)2
, (3n—|—8)(3n2—|— 12n +11) ,
1
4513 + 243n? + 432n + 256
gn+1(1)
Bn+4)(n+3)(n+2)
8m+1)?Bn+7) (1)
Gt O+ 3)(n+2) "
" 3(n +2)(18n* + 100n? + 197n* 4+ 173n 4 60)
Inys(1) = 2 2 In+2
(n+3)(9n?+1ln+4)(n+1)
(n+3)(n + 1)(9n2 + 11n + 4) /!
8(n + 2)(9n? + 29n + 24) "(1)
(n+3)(9n2 + 11n + 4) m\/

Next, using the Mathematica package P-rec.m, we can derive the corre-
sponding asymptotic expansions,

= (1= Soo(3))
g;L(l):CQ-S"(l—;-f—Q?Z ())
)

" n 2
= cuwn (1= 2+ 2o (2)

where C1, Cy, C5 are all constants. Consequently, we have that

! 1 " 1
lim gn+1(1) _ gn+1( ) _ gn+1( ) = 8. (36)

n—+00 gn(l) g,’l(l) g;;(l)

By utilizing the Maple package APCI once more, we obtain the following
recurrence relations,

gn(l),

gn+2(1) =

(1)

11n2+7n+2 12(7171) ’ 12 7"
mi1(1) = ————— g, (1) — ——2g, (1) + ———g.(1), :
n+1 ’ 77l—5 ’ 6 "
n )= ———— 1 T 1) — 1).
g, ( ) 6n2+4n+1gn+1( )+6n2+4n+1gn( ) 6n2+4n+1gn( )
(3.8)
12
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According to Theorem 2.3, along with Equations (3.6) and (3.7), we get that

— = lim
Ci n—-+o0 gn(l) -n

gnt1(1) gn+1(1)
ey T+ 5N

= Jim )
n——+o0o gn+1
200+ 5
1
T2

Similarly, based on Theorem 2.3, as well as Equations (3.6) and (3.8), we
have

9:.(1) _n
I == 3.9
gn(1) 2 (39
and
g,(1)  n? 5 2 1
—1l-—+4+ — — - 3.10
gn(1) 4 3n + 9n? o n? (310)
Combining Equations (3.9) and (3.10), we find that the variance is
2 _ gn(1) >
"= () i = oy
n2 1 + 2 - 1 n n n?
1 o2 "\ 2 2 1
n
12
Therefore, g(n, k) is asymptotically normal. O

Finally, we list the asymptotic values of means and variances for some
combinatorial sequences.

13
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Table 1: The means and variances

Means | Variances | References
The Narayana numbers 2 n [4]
The unaerated Motzkin triangle* z 2 [5]
The reversed unaerated Motzkin triangle z 1% []
The even Motzkin triangle* 5 3 [5]
The reversed even Motzkin triangle* & 1 [5]
The odd Motzkin triangle* g 2 [5]
The reversed odd Motzkin triangle* 2 2 [5]
The Schroder triangle* (2“2/5)" % [5]
The reversed Schroder triangle” @ % [5]
The generalized Narayana numbers e 2 [6]
The central trinomial coefficient z - [17]
The Delannoy numbers 2 % [22]

Remark 2. The asterisk indicates that the specific numerical values were not
given in the previous article. In this article, we have calculated the means

and variances of the sequences.

Remark 3. Based on [5], we call an infinite lower triangular matrix [a, x]n x>0
asymptotically normal if the numbers a,, ;, are asymptotically normal.
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