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A two-person poker game is analyzed and a solution is abtained. The
sssential difference between this game and those treated in the past is the
fact that this one allows arbitrarily high bets. It furns out, curiously
enaugh, that the number 7 is present in an essential way in both players?
solutions, and furthermore, the value of the game turns out to be 14 of
the ante. T leave to the numeralogists the explanation of thiz mystical
appesrance.

CTIDEAL poker, as it was aptly deseribed in Esquive, is the game as it
should be—without the sissy restrictions. Here bets, raises, and
cigar smoking are completely wide opex.

Te date, it seems there has been no attempt to analyze a poker where
there 1s no limit, on bets.  This is what we attempt in this paper. We con-
sider a highly simplified model, but one which we fecl maintains some of the
apirit of ‘real’ poker.

The Game

A and B each ante 1 unit and are each dealt a ‘hand,’ namely, a ran-
damly chosen real number in (0,1). Rach sees his, but not. the other’s,
hand.

A bets any amount he chooses (20).

B sees him, or folds.

The payoff is as usual.

We shall now find a selution to this game.

t Now at Brown University, Providence, Rhode Island,
as7



558 Donald f. Newman

It 18 INTERESTING 10 note that our solution is a pure strategy for hoth 4
and B in line with a conjecture of Brriman,™ and some results of Wriss-
BLuM.B!  The value of the game is 34 in favor of A,

For convenience, we denote the bet by 8 and let, £=2/(3+2}.

The Solution

A bets 0 if his hand lies in (14,44); bets g with either hand
¥ (-85 +2") or 1-37 ¢
B sees the bet g8 if and only if his hand exceeds 1 —84 £,

It 15 INTERESTING to look these strategies over in a qualitative way before
we proceed to the proof,

B's strategy is quite straightforward and offers little philosophical
charm. He merely sees the bet if his hand is good enough.

A's game, on the other hand, is very slick. He very systematically
bluffs by betting on the hands 14(1—3£+2¢) which fill the interval
(0, 1¢) and sometimes even suicidally, e.g., with the crummy hand 0.142815
he makes the bet of 200 units, a het he would otherwise enly make with the
guperb hand 0.99996 (full house, aces over fives).

4 is not an absolutely wild bettor, however, and usually his high bet
indicates a high hand, thus the 200 bet more usually oceurs with the 0.99996
than with the 0.142815. In faet, the hands from (44,1} are all reflected
by ‘honest’ bets and only the smaller inferval (0,14 represents 4’s
crookedness.

Note, howewver, that 4 bluffs 34 of the time and so wins 14 of the ante!
The moral: Honesty is the best policy? Guess not!™

The proof that follows is hardly an exciting one and the main point
of this paper is the resulf and not the proof.

The Proof

We need only show that our solution is a saddle point ameng all pure
strategies. These pure strategies are:

A bats 8{z) when dealt z.

B sees the bet 8 when hig hand, y, lies intheset S5 A(z) isa certain function
of x over (0,1). The 8z (058 < =) are subsetz of (0,1). We denate the collec-
tion of these Sghy Z.

We first write down the expectation to A due to this pure strategy.
Suppose then, that A is dealt 2, B is dealt . The gain to 4 is

L if y&’sﬁ(foh
148(x)y if y€ Spa, (y<z)
—[1+8(x)] i y€ S (y>z)
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We may write this gain as
I+0 if y§Ss,

L+ {sglz—y)1+B(x)]—1} i y€Sam.
The total expectation, E(2,8), then is

1+f-£r€3ﬁ(zl {sg(z—y)[1+p(z)] —1]} dudy.

What we must prove then is the statement
E(Z,8) Z E(Zs,80) 2 E{Z0,8),

where Iy, 8; are our asserted solutions,

I: Proof that E(Z.8,) 2E(Zq8)

Let us introduce 84 ={(a,1) where a=[1—measure(Ss}]; then, since
the abave integrand is monotone decreasing in y, we have

E(Z8)zE(2,8).

Consider A’'s strategy (Bq). For each 8>0 there are precisely two
hands, x;, 2o that correspend to this bet. Let S*=81N (z;,1)+ (2s,1),
8y*=(0,1). Then since we have added a region to the integral wherein
the integrand is =0 and removed a region wherein it is =0, we certainly
have E(Z',6) Z E(Z*,8).

But now the Sg* are intervals of the form [w(8),1], where

L zi=p{@) =20 for B0,
2. p(0) =0,

1
and B0 = [ wt @+ D=2l +2—1] do.

But for g satisfying 1 and 2, we find in fact that B is independent of p.
This may be verified directly by splitting the abave integral into [¢"+
[ii3+ f4s, changing the independent variable to £ and noting that x sim-
ply cancels out of the expression.

In particular, BE{Z*8.) =E(Zs8s) and I ig verified.

II: Proof that E(Z.8,) 2 E(Z,8)
We are faced with the task of proving that when =3, E, cur expec-
taney integral, is maximized by 8, that is, by the choice
L z=14(1-32+28% for z<4,
2. £=1 (B=0)} for 14 =x=44,
Lr=1-4§ for x>44
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E, however, is equal to
l & 2-¢ g ]
A 1-84 «H‘T (11 —845—z|+z—1] de.

Since £ is at our dispesal as a function of » we maximize E by maximizing
the integrand for each value of z.

1. If # <, the integrand is — 3¢ independent of £ and se we do not lose any-
thing by choosing & from x=14(1 —3£+28).
2. If 14 =5 =44, the integrand has a nonvanishing derivative

[dlxl fde — sg(m)],

and hence the maximum occurs at an endpoint. At £=0 the value {limit} is —%4¢
and at £=1 the value is 22 -1, S8ince 22 -1z — %4, the proper choice is £=1.

3. If 44 <z, the derivative does vanish (when x=1-34 £, and so thig £ as
well ag 0 and 1 must be considered. At 0 the integrand iz —34; at 1 theintegrand
s 22~1; when ©=1—34 £ the integrand iz 14{19 245 +6£). The value 0 iz
climinated zinee, again, 2 ~1= ~34, Also

(10246488 =1 - %P +1% (1 -5zl - %8 =2x-1
and this eliminates 1. It follows that x=1—34f

Steps 1, 2, and 3, taken together, constitute the required verification.
It can be seen, by direct integration, that the value to A is E{Za,f) =14.
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