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A COMBINATORIAL APPROACH TO SOME POSITIVITY PROBLEMS*

MOURAD E. H. ISMAILt AND M. V. TAMHANKAR

Abstract. We give a purely combinatorial proof of the nonnegativity of the integrals

o
e-XxL(’x)I-’((1-’)x)L(x) dx and e-:XxL(x)L(x)L(x) dx,

where a, k, m, n are nonnegative integers and I e [0, 1]. We also state the combinatorial equivalent of a

conjecture of H. Lewy. This is done by applying the Master theorem of MacMahon.

1o |ntroduetion. In their study of discretization of the time dependent wave
equation in two dimensions, K. O. Friedrichs and H. Lewy needed the positivity of the
coefficients A (k, m, n) in

(1.1) {(1-r)(1-s)+(1-r)(1-t)+(1-s)(1-t)}-= A(k,m,n)rsmt
k,m,n =0

in order to show that the finite difference approximations to the solution do converge to
a solution of the wave equation. The question of the positivity of A’s is very simple to
state and surprisingly turned out to be difficult to prove. G. Szeg6 [13] solved this
problem using Sonine type integrals for Bessel functions. Szeg6 was also able to
generalize this problem in several directions. He also observed that, Askey and Gasper
[2], the coefficients A(k, m, n) can be expressed in terms of the simple Laguerre
polynomials {L, (x)}=o as

(1.2) A(k, m, n)= e-3XLk(x)L,(x)L,(x) dx.

The generalized Laguerre polynomials {L(x)}-_0 have the generating function, Szeg6
[14]

(1.3) L(x)t" (1- t)--1 exp
-xt

n=0

and satisfy the orthogonality relation, [11 ],

(1.4) e_XxL(x)LO(x)dx
F( + 1 + n),,, a> 1.

n!

The simple Laguerre polynomial Ln(x) is L(x). The Laguerre polynomials are often
called Rook polynomials; see Riordan [12]. Askey and Gasper [2] observed that, due to
the orthogonality relation (1.4), the coefficients A (k, m, n)are linearization coefficients
in

e-2XLk(X)e-2XL,,(x) A(k, m, n)e-2XL,,(x),
n=0

and proceeded to study the numbers

(1.5) A"(la.; k, m, n)= e x ,(x)L(x)L(x) dx,
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COMBINATORICS AND POSITIVITY 479

Because of the well-known formula, Rainville [11, p. 209],

(1.6) Ln(xy) y,. (1 +a),,(1--y)n-ky k

z,(x)
k=O (n-k)!(1 -t)k

the nonnegativity of A(/z; k, m, n) for some /z implies the nonnegativity of
A (; k, m, n) for all > 0. The following are three results on the sign behavior of
these coefficients.

THEOREM 1.1 (Askey and Gasper [3]). The numbers A(2, k, m, n) are nonne-
gative for all k, m, n 0, 1,. , if and only if a >(-5+)/2.

THEOREM 1.2 ebbi and Gillis [7]). The numbers (-1)kA (, k, n, n) are nonne-
gative for n=O, 1,. and k=O, 1,. ,n.

Quite recently T. Koornwinder [9] proved
THEOREM 1.3. Let

B(n, e-XxL:(Ax )L((1- A )x)L(x dx.

Then B (n, m, k O for a O and O A I. Furthermore if O < A < I then
B(O,m,n)>O.

Theorem 1.3 was iterated by Askey, Ismail and Koornwinder [5, Thm. 1]. Using
the orthogonality relation (1.4)one can easily see that

+"kB(n,m,k)L(a).L(Ax)L((1-A)x)=
=o F(a + 1 +k)

Going back to the Friedricks and Lewy conjecture, immediately after Szeg6 [13]
settled it, Kaluza [8] published an "elementary" proof of that conjecture and obtained
some monotonicity properties for the coecients A (k, m, n). Although Kaluza’s proof
is elementary, in the sense that it uses only elementary series manipulations, it depends
on a very tricky way of combining various powers of r, s and t. It is probably fair to say
that the impression one forms by reading Kaluza’s paper is that Kaluza’s method is too
tricky to work in any other problem. One purpose of the present work is to give Kaluza’s
paper another chance by systematizing his method. While doing so we shall give
combinatorial proofs of Theorems 1.1 and 1.3 when a is a nonnegative integer. Our
proofs use a powerful tool given by MacMahon, which he calls the Master theorem; see
MacMahon [10, pp. 93-98].

THEOREM 1.4 (the Master theorem). Set

V, de (I AX),

where I is the n n identity matrix, A (aii)ii= and X, (xii)ii= , xii xi . Then the
coecient ofx x " in the power series 1/V, is the same as the coecient ofthe same
term in the expansion of

(alex1 +... + alex.)... (a. lXl +." + a.x).
In 2 we start by proving Koornwinder’s theorem, Theorem 1.3 for a

0, 1, 2,.... The proof we give is purely combinatorial and uses only the Master
theorem and the binomial theorem. This is followed by a similar proof of Theorem 1.1
for a 0, 1, 2,.... In ff 3 we mention an interpretation of the numbers A (2; k, m, n)
and B(k, m, n). In 4 we discuss an open problem of Lewy and point out its
combinatorial equivalent. Although we do not offer a solution to this open problem, we
hope to eventually get a solution by this approach. The present work is a continuation of
the work started in Askey and Ismail [4], and in Askey, Ismail and Koornwinder [5].
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480 MOURAD E. H. ISMAIL AND M. V. TAMHANKAR

2. Combinatorial results and proofs. We first prove Theorem 1.3 then proceed to
the proof of Theorem 1.1. In both proofs, we first obtain a generating function for the
triple sequence under consideration by using the generating function (1.3). Then we
apply the Master theorem to transform the problem to a combinatorial one. Finally
using elementary manipulations we handle the combinatorial problem.

Proof of Theorem 1.3 for a 0, 1, 2, . A generating function for B (k, m, n)
can be obtained as follows

xY, Be(k, m, n)rksmt e 2 rkL(Ax)sL((1 A )x)t"L(x) dx
k,m,n =O k,m,n =O

L((1-A)x)s" L:(x)t" dx.
m=O

Using the generating function (1.3)we get

B"(k, m, n)rks’t" {(1-- r)(1--s)
k,m,n =0

-+--------+ dx(l-t)}’- x exp -x 1-
1-r 1-s

( Ar=++(1-A)s_t)}--1-1-’(a/l) (1-r)(1-s)(l t) 1/1_r
F(a + 1 ){ 1 (1 A )r As Art (1 A )st + rst} x.

Because a is a nonnegative integer, it then suffices to show that the rational function
{1 -(1 -A )r-As-Art- (1 -A )st + rst}-1 has nonnegative power series coefficients. It is
not too difficult to see that

V3 1-(1-A)x1-Ax2-AXlXa-(1-A)X2Xa+XlX2X3
if we choose the corresponding matrix A3 of the Master theorem as

1 A -x/A (1 A -x/ \
A3 -(A (1 A A -4i "A).- -4-a 0

So, it remains to show that the coefficient of rkst in [(1-A)r-A(1-A)s-
t]k[-4A(1-A)r+As-4i-At][-r-41-As] is nonnegative. This is a
combinatorial problem and can be proved as follows’

[(1 A )r 4 (1 A )s 4/][-4a (1 x )r + As 1 At][-r 41 As]"

() (m)(-1)" E [(1-X)r-4a(1-A)s]’(-t)-i

[-4A (1 A)r + As]i(-41 At)-i[r +1 As]"

(--1)+m+" (--1)i(3
i,]

=(-1,+=+" (-l)’+o()(m)(i+j)
(2)rP+qsi+l+n-P-qtk+m-i-iA(q+2i+k-p)/2(1--A)(p+n-q+m+i-D/2.
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COMBINATORICS AND POSITIVITY 481

(a)Here we follow the standard convention that the bionomial coefficient
b

is zero if

either b or a- b is a negative integer. From the above computations we see that the
coefficient of rks"t can be obtained by letting p + q k, +/" + n p q m and
k + m -/" n. Therefore for k + m -> n

BO(k, m, n y. (_ l ),+p() ( m ) (k + m n). k +m-n-i p

( tl )A 2k+m_n_i_t(1 l )n_k+p+
k-p

=A2k+m_,(l_A),_k(k+m--n),n,{ ()( m )/2km
(-1)’[(1-A)/A]’

n-k+i
>-_0.

Clearly B(0, m, n)> 0 if 0 < A < 1. This completes the proof.
Note that in the process of proving Theorem 1.3 we actually proved that the

coefficient of rks"t" in [(1-A)r-x/A(1-A)s-x/t]k[-x/A(1-A)r+As-x/t]"
[-x/r-x/L-s] is B(k, m, n). Now we prove Theorem 1.1.

Proof of Theorem 1.1 for a 0, 1,. . First we compute a generating function for
A" (2, k, m, n). Straightforward manipulations similar to the first steps in the proof of
Theorem 1.3 yield, see also Askey and Ismail [4],

2
XY. A (2; k, m, n)rksmt" e Y L’(x)rk Y. L(x)s

k,m,n=O k=O m=O

L(x)t" dx
=0

{(1 (1 (1 ,(2-1 r s
r.._ s.._ -_.

1-r 1-s

hence it suffices to consider the case-a 0. Thus

2 Y. A(2, k,m,n)rks"t"={1-1/2(r+s+t)+1/2rst}-1.
k,m,n =0

Next we look for a matrix A3 such that the corresponding determinant V3 of the Master
theorem is

V3 1 1/2(r + s + t)+ 1/2rst.

The matrix A3 is certainly not unique, see Askey and Ismail [4], and

1
1 -1A3=

-1 1

is one such matrix. Hence A(2, k, m, n) is a positive multiple (= 2-k-"-") of the
coefficient of rks"t" in (r s t)k (--r + s t)" (--r s + t)". The last step in the proof is to
establish the nonnegativity of the coetficient of rks"t" in (r-s-t)k(--r+s-t)"(-r
s+t)". Let C(k,m,n) be the coefficient of rksmt" in (r--s-t)k(--r+s--t)"(-r-s)".

(n) t"-i(r-s-t)k(-r+s-t)"(-r-s)i.Clearly (r-s-t)(-r+s-t)’(-r-s+t)"=i=o
]

Therefore the nonnegativity of C(k, m, n) will imply the nonnegativity of A(2, k, m, n).
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482 MOURAD E. H. ISMAIL AND M. V. TAMHANKAR

The nonnegativity of C(k, m, n) can be established exactly as in the last part of Theorem
1.3. Indeed it is the special case A 1/2 of Theorem 1.3 and the proof is complete.

With reference to the remark made in the Introduction about Kaluza’s proof for
Theorem 1.3, it should be noted that the use of the Master theorem and the manipula-
tions in the proof of the Theorem 1.1 capture and systematize the essential idea of
Kaluza’s proof.

3. Weighted permutation problems. The combinatorial approach to the problems
discussed in the preceding sections reveals their combinatorial nature. The numbers
A(tz k, m, n) can be interpreted as the number of certain weighted permutations. Let
us consider the following derangement problem. We have three boxes containing k, m
and n objects, respectively. We rearrange the objects in such a way that the number of
objects in each box remains unchanged and no object remains in its own box. One can
easily see that there is a one-to-one correspondence between derangements and ways of
obtaining the monomial xyz in (y + z) (x + z)" (x + y)". Indeed the coefficient of
xy"z in (y + z) (x + z)" (x + y)" is the number of derangements. Askey, Ismail and
Rashed [6] used this idea and the generating function (1.3) to show that

(nl, n2,""" ,nk)=(--1)k e-L,,(x) L,,(x)dx,

where (nl, n2,"" ", rig) is the number of derangements of objects in boxes with ni
objects in the jth box, - 1,..., k. These derangements are really weighted permu-
tations. In this case a permutation has weight zero if an object remains in its original
box, otherwise the permutation has weight 1. As another example we consider the
numbers of Askey and Gasper

A(2; k, m, n)= e-2XLk (x )L,,, (x )L, (x ) dx.

We have seen, in 2, that A(2; k, m, n) is a positive multiple of the coefficient of
) )" %x y z in(x-y-z (-x+y-z (-x y+z)".Thecoefficientofx y "in(x--y--

z)k (--X + y Z)" (--X y + Z)" has the following interpretation. Consider three boxes
with k objects in the first box, m objects in the second box and n objects in the third box.
Rearrange the objects so that the number of objects in each box remains unchanged. To
each permutation attach the weight

(-- 1 )number of objects changing boxes.

It is easy to see that the coefficient of xky"Z in (x y z)k (--X + y Z)" (--X y + Z)"
equals the number of these weighted permutations. Another combinatorial inter-
pretation of A (2; k, m, n), in terms of distances in a Hamming scheme, can be found in
Askey, Ismail and Koornwinder [5].

As Askey, Ismail and Koornwinder pointed out in [5], the numbers

B(k, m, n)= Io e-XLk(AX)Lm((1-A )x)L"(x) dx’

have a combinatorial interpretation. We have three boxes containing k, m and n
objects, respectively. As we have seen, in 2, B(k, m, n) equals the coefficient of
kxyz in

[(1-a.)x-.,/a.(1-a)y-.,/zlk[-4a(1-a)x + ay 41 azl"[-4x 41 ay]".
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COMBINATORICS AND POSITIVITY 483

Thus the third box is a derangement box in the sense that all the objects originally
occupying it must move to other boxes. The reader can easily figure out the weights.

For more examples and related results we refer the interested reader to [4] and [5].

4. A problem of I-I. Lewy. The finite difference approximations to the time
dependent wave equation in three (space) dimensions lead to the following four
variable analogue of Friedrichs and Lewy’s problem.

Conjecture 1 (H. Lewy). If

[(1 r)(1 s)(1 t)(1 u){(1 r)(1 s)+ (1 r)(1 t)/ (1 r)(1 u)

(4.1) +(1 s)(1 t)/ (1 s)(1 u)/ (1 t)(1 u)}]-I
E(k, l, m, n)rkstt’u ",

k,l,m,n =0

then E(k, l, m, n)>-O.
The early coefficients in the power series expansion of

{(1 r)(1 s)/ (1 r)(1 t)/ (1 r)(1 u)/ (1 s)(1 t)/ (1 s)(1 u)
+ (1- t)(1- u)}-1

are positive but the later coefficients do change sign, because Huygen’s principle holds
in three-space. The factor {(1-r)(1-s)(1-t)(1-u)}-1 is an averaging factor that
makes the early positive terms count more than the later terms. This fascinating
problem of Lewy was mentioned in Askey [1] and in Askey and Gasper [2]. The
following is a combinatorial equivalent of Lewy’s conjecture.

Conjecture 2. Let

Y2 ix/’
Y3 " 12 2 1

Y4 --14 xfi- ___1

144 12 2

S

and let G(kl, k2, k3, k4) be the coefficient of rklsk2tk3u k" in ylkly2k2y3k3y4k4. Then

G(kl, k2, k3, k4)>-O
O-kj<-ti

for all lj, 0 _-< lj, 1 _-</" _<-4.

The equivalence of conjectures i and 2 follows from the MacNahon’s Master theorem,
since

1-1/2r -s -x/-it 12u

-r 1-1/2s -t

ir

124ri -s 1-1/2t -u

r -is

144 12
1 1/2(r + s + + u)+ (rs + rt + ru + st + su + tu

[(1 r)(1 s)+ (1 r)(1 t)+ (1 r)(1 u)+ (1 s)(1 t)+ (1 s)(1 u)
+ (1- t)(1- u)].
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484 MOURAD E. H. ISMAIL AND M. V. TAMHANKAR

We conclude this section by proving that the 4 4 matrix appearing in Conjecture 2
is essentially unique. This is not the case in all the previously mentioned problems; see
Askey and Ismail [4]. Let

1 ar es ht -ju
e’ r 1 bs -jet ku

h’r f’s 1- ct gu

-f r -k’s -g’t 1-du

1-1/2(r+s+t+u)
+ (rs + rt + ru + st + su + tu).

If we let r 1, s u 0 we see that a 1. Similarly b c d 1/2. Now let r s 1,
u 0. This proves ee’= and similarly if’= gg’= hh’ kk’= ]’= . Thus

es ht -]u

1-1/2s -ft -ku

s
1 t gu

12f

1-1/2r

12e

12h

r s -t

12/" 12k 12g

1-1/2(r+s+t+u)
+(rs + rt + ru + st + su + tu).

The substitution r s 2, u 0 implies 12e2f2 + h2 0; hence h Aef where A
+x/ii. Similarly k Izfg, ] vhg where/x +x/-i-i, v +x/Ji. Clearly, by rescaling, we
may take e f =g 1. If in the resulting identity we let r s- u 2 we arrive at

1 a av /, 4 (/2, /,*)2

9 9/, 108 9A 3av

Assuming that/x 8a, v ca, where 6 + 1, e + 1, we can rewrite the above equation
as

that is

1 6 e 3 e (3--e)2
1 +---+--
99999 98e

8
6=2e-26

e

which holds only when 6 1 and e 1, since the only admissible values for e and are
+ 1. Thus there are only two matrices corresponding to A +x/ii. The entries in these
two matrices are complex conjugates, which is expected because their determinants are
real. This shows that, up to a complex conjugation, the matrix appearing in Conjecture
2 is unique.

REFERENCES

[1] R. ASKEY, Orthogonal Polynomials and Special Functions, CBMS, vol. 21, Society for Industrial and
Applied Mathematics, Philadelphia, 1975.

[2] R. ASKEr AND G. GASPER, Certain rational functions whose power series have positive coefficients,
Amer. Math. Monthly, 79 (1972), pp. 327-341.

[3] ., Convolution structures for Laguerre polynomials, J. Analyse Math., 31 (1977), pp. 48-68.

[4] R. ASKEY AND M. E. H. ISMAIL, Permutation problems and special functions, Canadian J. Math., 28

(1976), pp. 853-874.
[5] R. ASKEY, M. E. H. ISMAIL AND Z. KOORNWINDER, Weighted permutation problems and Laguerre

polynomials, J. Combinatorial Theory ser. A (1978), to appear.

D
ow

nl
oa

de
d 

09
/1

4/
26

 to
 7

1.
18

8.
12

2.
14

0 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



COMBINATORICS AND POSITIVITY 485

[6] R. ASKEY, M. E. H. ISMAIL AND T. RASHED, A derangement problem, MRC Technical Summary
Report CA 1522, Math. Res. Center, Univ. of Wisconsin Madison, 1975.

[7] D. DE33I AND J. GILLES, An inequality relating to triple product integrals ofLaguerre functions, Israel J.
Math., 18 (1974), pp. 45-52.

[8] TH. KALUZA, ElementarerBeweis einer Vermutung yon K. Friedricks und H. Lewy, Math. Z., 37 (1933),
pp. 689-697.

[9] T. KOORNWlNDER, Positivity proofs for linearization and connection coefficients of orthogonal poly-
nomials satisfying an addition theorem, J. London Math. Soc., (1978), to appear.

[10] P. A. MACMAHON, Combinatory Analysis, vol. 1, Chelsea, New York, 1960.
[11] E. D. RAINVILLE, Special Functions, Macmillan, New York, 1960.
[12] J. RIORDAN, An Introduction to Combinatorial Analysis, Wiley, New York, 1958.
[13] G. SZEGO, ber gewisse Potenzreihen mit lauter positiven Koeffizienten, Math. Z., 37 (1933), pp.

674-688.
14] ,Orthogonal Polynomials, Colloquium Publications, vol. 23, fourth ed., American Mathematical

Society, Providence, RI, 1975.

D
ow

nl
oa

de
d 

09
/1

4/
26

 to
 7

1.
18

8.
12

2.
14

0 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y


