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Abstract

In this thesis we introduce the splitting algebra of a separable and monic polynomial.
Furthermore, we explore the connection between Galois Theory and Representation
Theory through the splitting algebra. In the first chapter we mainly use commutative
algebra to justify why we call A = Flxy,...,2,|/{(c1 —ai,...,0, — a,) the splitting
algebra of a separable and monic polynomial, and we show that the dimension of A
over I is n!. In chapter two we continue to use commutative algebra to show that
the splitting algebra is isomorphic to a product of splitting fields of a separable and
monic polynomial. Finally in chapter three we use the Normal Basis Theorem to

prove that the splitting algebra is isomorphic to the regular representation of G,,.
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Chapter 1

Dimension of the Splitting Algebra

The main purpose of this chapter is to define the splitting algebra of a monic poly-
nomial f(z) € Flz] and compute its dimension as vector space over F. One general
assumption that we will be making is that the field F' has infinitely many elements.

We will also introduce the concept of an F-algebra.

1.1 Background

1.1.1 Polynomials

Definition 1.1.1. Let n > 1 and A = (\y,...,\,) € Z%;,. A monomial in zy,...,z,

A A1

is a product of the form x* = x; A2

- Ty A

Definition 1.1.2. A polynomial f in xy,...,x, with coefficients in F' is a finite

Suim
=Y
A

where each ¢y, € F, and 2 is a monomial for all A\. The set of all polynomial in

x1,...,x, with coefficients in F' is denoted Fxy, ..., x,].
Remark 1.1.3. It is well known that Flzy, ..., z,] is a ring.

Important examples of polynomials are the elementary symmetric polynomi-

als defined as follows.



Definition 1.1.4. Suppose z1,...,x, are variables over a field F'. Then

01 =21+ -+ Tnp,

09 = E TiZj,

1<i<j<n

Ok = E LiyLig *+ + Ly,

1<i1 << <n

Op = 1T Tpy.

The following identity is a very useful property of the elementary symmetric poly-

nomials.

Proposition 1.1.5 ([1, Prop. 2.1.4]). Suppose x1, ..., x, are variables over F'. Then
(x—z1) - (x—m,) =a" —oz" '+ 4+ (=1)"0, in Flzy,...,2,,2].

Definition 1.1.6. A polynomial g € F[xy,...,x,] is called symmetric if

g(xo(1)7 s 7370(71)) = g(wla B 7xn)
for all permutations ¢ in the symmetric group &,,.

Remark 1.1.7. It is easy to see that the elementary symmetric polynomials are

symmetric in the sense of Definition 1.1.6.

The last important property of the symmetric polynomials that we will need
is the following theorem known as The Fundamental Theorem of Symmetric

Polynomials.

Theorem 1.1.8 ([1, Thm. 2.2.2]). Any symmetric polynomial in Flzy,...,x,] can

be written uniquely as a polynomial in o4, ..., 0,.

We next define the discriminant.



Definition 1.1.9. Given Flxy,...,x,] such that n > 2, then the discriminant A is

A = H([L’l — 17]')2.

i<j
Remark 1.1.10. It is obvious that the discriminant A is a symmetric polynomial.
Therefore,

A= A(oy,...,0,) in Floy, ..., 0]
Now we define the discriminant of of a monic polynomial.

Definition 1.1.11. Given a monic polynomial f(z) = 2" — a;2" ' + -+ + (—=1)"a,

in Flz|, the discriminant of f(x), denoted A(f), is
A(f) = A(al,...,ai,...,an) e F.

The last important concept that we need to introduce here is the idea of a separable

polynomial.

Definition 1.1.12. A polynomial f(z) € F[z] of degree n > 0 is said to be separable

or separable over F' if it has n distinct roots in some extension field of F'.

Remark 1.1.13. It is well known that if f(x) € F[z] is monic, then A(f) # 0 if and
only if f(z) is separable over F. See [1, Ex. 4.2.4].

1.1.2 Ideals

Definition 1.1.14. Suppose fi,..., fs are polynomials in F[xq,...,x,]. Then we
define the set

oo fo) = {3 it
i=1

The key property of the set (fi,..., fs) € Flzy,...,x,] is summarized in the

hl,...,hseF[Il,...,CCn]}.

following proposition.

Proposition 1.1.15 ([2, Lem. 3.1.5]). Let fi,..., fs be polynomials in Fxy, ..., z,).
Then (fi,..., fs) is an ideal of Flxy,...,x,]. We call {f1,..., [fs) the ideal gener-
ated by fi,..., fs.



The next result is a very important theorem known as the Hilbert Basis Theorem.

Theorem 1.1.16 ([2, Thm. 4.2.5]). If I C Flxy,...,x,)] is an ideal, then there exist
g1,---,9s € I such that I = (q1,...,gs). In other words, every ideal I C Flx1,...,x,]

has a finite generating set.

1.1.3 Grobner Bases

If we examine in detail the division algorithm in F[z| or the Gaussian elimination
algorithm for a system of linear equations, we see that the notion of ordering terms
of a polynomial is an essential ingredient for both algorithms. Therefore, it should be

no surprise that mathematicians have developed precise definitions to deal with the

ordering of monomials in Flxy, ..., z,].

Note that there is a one-to-one correspondence between n-tuples A = (Ay,..., \,) €
Z%, and monomials =M p M € Flay, ..., z,]. Furthermore, any order-
ing we impose on the set Z%, will give us an ordering in the monomials in F'[z1, ..., z,].

Therefore, we will follow the convention that if > is any ordering on the set Z%, then
if @ > fin Z%, according to this ordering, then we will also say that z* > 2’ Of
course we will also like to be able to arrange the terms of a polynomial unambiguously
in a descending or ascending order. In order to do this we introduce the following

two definitions.

Definition 1.1.17. An order > on Z%, is said to be total if it satisfies the following

two properties:

(i) For every pair of monomials z® and 27, exactly one of the following statements
should be true:
> 2P 2 < 2P, or 2 = 2.
(ii) The order > is transitive, i.e., if % > 2 and 2% > 27, then 2% > 27.
With the previous definition in mind, we make the following definition.

Definition 1.1.18. An order > is said to be a monomial ordering on Flz1, ..., z,]

if it satisfies the following three properties:
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(i) The order > is a total order on ZZ,.

(ii) If > B and v € Z%, then a + v > B + 7. Note that this implies that if

2% > 2P, then 2% - 27 > 2% - 27 for all 2.

(iii) The order > is well-ordering on Z%,. In other words, if B is a nonempty subset

of Z%, then there exists 3 € B such that a > 8 for every a # 8 in B.

An important example of an ordering of n-tuples is the lexicographic order, some-
times denoted lex order for short. In this thesis we will use the terms monomial order

and monomial ordering interchangeably.

Definition 1.1.19 (Lexicographic Order). Suppose «, and § are in ZZ,. We say
that a >, 8 if the rightmost nonzero entry of the vector difference a — 5 € Z%, is

positive. We write 2% >0 2% if @ >0 .

Proposition 1.1.20 ([2, Prop. 4.2.4]). The lexicographic order on ZZ% is a monomial

ordering.

Now that we know the definition of a monomial order, we introduce the following

terminology.

Definition 1.1.21. Suppose f = Y, caz” is a nonzero polynomial in Flzy,...,x,]

and > is a monomial order.
(i) The leading term of f is

LT(f) = caz®, a=max(\ € Z%; | cx # 0).

(ii) The leading monomial of f is
LM(f) = 2% a=max(\A € Z%, | cx #0).
It is easy to observe that once we choose a monomial ordering, then each nonzero

f € Flxq,...,z,] has a unique leading term. Therefore, for any ideal I C F[z1, ..., x,]

different from {0} we define its ideal of leading terms as follows.
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Definition 1.1.22. Suppose [ C Flxy,...,z,] is an ideal other than {0}, and fix a

monomial ordering in F[zy,...,x,]. Then:
(i) rr(f) = {re(f) | feI\{0}}.

(ii) The ideal of leading terms of I is just the ideal generated by the elements of
LT(I), denoted by (LT(1)).

Now we are ready to define the main definition of this subsection.

Definition 1.1.23. Fix a monomial order on the polynomial ring Fl[zy,...,z,].
Given a nonzero ideal I C Flzy,...,x,], a finite subset S = {g1,..., g5} of I\{0}

is said to be a Grobner basis of I if

(L1(g1), -, 11(gs)) = (LT(1)).

Following the convention that () = {0}, we define () to be the Grobner basis of the

zero ideal.

Remark 1.1.24. It is well known that any Grébner basis {g1,...,gs} for an ideal
I C Flzy,...,x,] is a basis for I, i.e., I = (g1,...,9s). (See [2, Cor. 6.2.5]).

1.1.4 Algebras

Definition 1.1.25. Let F' be a field. An F-algebra consists of a set B together
with addition xz,y € B — x + y € B, multiplication z,y € B +— xy € B, and scalar

multiplication z € B,a € F' — ax € B such that:
(i) B is a ring under addition and multiplication.
(ii) B is vector space over F' under addition and scalar multiplication.
(iii) a(zy) = (ax)y = x(ay) for all a € F, x,y € B
(iv) B has a multiplicative identity 1 € B such that 1 # 0.

Remark 1.1.26. In this thesis all F-algebras are commutative unless stated other-

wise. Lastly, an F-algebra is also called an algebra over F.
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Remark 1.1.27. Observe that by letting x = 15 and a € F' the map — ax implies
that B contains a copy of F.

Example 1.1.28. The polynomial ring F|xy,...,x,] is an algebra over F.

Example 1.1.29. Suppose F' C L is a field extension. Then L is an algebra over F'.

Example 1.1.30. If F is a field, then the set M, (F') consisting of all n x n matrices
with entries in F' is an F-algebra. When n > 2, M,,.,(F) is an example of a non-

commutative F-algebra.

Remark 1.1.31. It can be shown that in general if B is a commutative ring and F'
is a field, then B is an F-algebra if and only if B contains an isomorphic copy of F'

with 15 € F.

Given how important is the concept of homomorphism for rings and groups, and
how important is the concept of linear maps for vector spaces it should be of no

surprise that we have a analogous concept for F-algebras.

Definition 1.1.32. Given F-algebras C' and B, an F-algebra homomorphism is a
F-linear map ¢ : C'— B such that ¢(xy) = ¢(z)¢p(y) for all x,y € C, and ¢(1) = 1.

Remark 1.1.33. Observe that an F-algebra homomorphism ¢ : C' — B maps the
copy of Fin C' to the copy of F' in B as the identity map.

Remark 1.1.34. The composition of F-algebra homomorphisms is an F-algebra
homomorphism. This is due to the fact that the composition of ring homomorphisms

is a ring homomorphism, and the composition of linear maps is a linear map.

Example 1.1.35. Let B be an F-algebra and i, ..., 3, € B. Then the evaluation
map ¢ : Flzy,...,x,] — B defined by o(p(x1,...,2,)) = p(B1,...,0,) is an F-

algebra homomorphism. For a nearly complete proof see [1, (2.2)].
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1.2 General Facts about F-algebras

Next we prove a few facts about F-algebra homomorphisms that will become neces-

sary later.
Proposition 1.2.1. Suppose B, C' are F-algebras.

(i) Let J C B be proper ideal. Then J is a subspace of B and the quotient B/J is

an F'-algebra where scalar multiplication is defined by

alu+J)=au+J foralae F andu+J € B/J.

(ii) If J C B is a proper ideal, then there exists an F-algebra homomorphism

7 B — B/J such that (b)) = b+ J for all b € B.

(iii) Suppose ® : B — C' is a F-algebra homomorphism. Assume that J C Ker(®P).
Then ¢(u+ J) = ®(u) is a well defined F-algebra homomorphism

¢:B/J—=C
such that ® = 7o ¢.

Proof. (i) First we will show that J is subspace of B. If J C B is proper ideal, then
0 € J. Therefore J # 0. If u,v € J, then v + v € J since J is a ideal. Now if ¢ € F
and u € J, then cu = ¢(1pu) = (clp)u € J because J is an ideal of B. Now to see
that B/J is an F-algebra under the scalar multiplication defined in the proposition,
observe that our first axiom of Definition 1.1.25 holds because B//J is a ring. We omit
the verification that B/.J is a vector space over F'. To see that scalar multiplication

is compatible with multiplication, observe that
c((z+J)(y+J)) = c(zy+J) = c(xy)+J = x(cy)+J = (x+J)(cy+J) = (z+J)(c(y+J))

forallce Frand x + J,y + J € B/J. Therefore, B/J is an F-algebra.
(ii) We know that 7 is ring homomorphism. Hence, it suffices to show that = is

a F-linear map. Given, a € F and u € B. Observe, w(au) = au + J and since B/J
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is an F-algebra, then au + J = a(u + J) = amw(u). Therefore 7 is linear. Thus 7 is a
F-algebra homomorphism.

(iii) By a standard result in abstract algebra, we know that ¢ is a well defined ring
homomorphism such that ® = 7 o ¢. Therefore we have the following commutative
diagram:

B—2-C
X
B/J
Hence, in order to show that ¢ is an F-algebra it suffices to show that ¢ is linear.

Given a € F and u+ J € B. Observe that ¢(a(u+ J)) = ¢(au + J) = ®(au). Since
® is an F-algebra homomorphism it follow that ®(au) = a®(u) = a¢(u + J). Hence

ola(u+J)) =ap(u+ J).
Therefore ¢ is linear and thus is an F-algebra homomorphism. Q.E.D.

Proposition 1.2.2. Suppose I C J C B where B is an F-algebra, and I, J are ideals
of B. Then ¢(a+1) = a+J gives a well defined surjective F-algebra homomorphism

¢:B/I — BJJ.

Proof. Assume that a; + I = as + I. By the criterion for equality of cosets, we have
a1 —ag € 1. Since I C J, then a; — as € J. Hence a; + J = as + J. Thus ¢ is well
defined. Now we will check that ¢ is linear. Given ay+1,as+1 € B/I and ¢1,¢3 € F,

observe that
od(cr(ar+1)+ca(ag+1)) = ¢((crar+1)+(c2as+1)) = ¢(cra1+caaa+1) = cra1+coas+J.

Since c1a1 +ceas+J = (cra1+J) + (c2a9+ J) = ¢1(ay + J) +ca(az+ J). It follows that
pler(ar +1) + co(az + 1)) = cr(dlar + 1)) + c2(d(az + I))= c19(ar + 1) + cag(az + I).
Therefore ¢ is linear. The rest follows from the known fact that ¢ is a surjective ring

homomorphism. Q.E.D.



1.3 The Splitting Algebra
1.3.1 Introducing the Splitting Algebra

The following definitions introduce one of the central objects of this thesis.

Definition 1.3.1. Let B be an F-algebra. Then a polynomial f(z) € F[z] is said
to split completely in B if f(x) can be written as product of linear terms in B|x].
In other words, f(z) on B if f(x) =c(x — ) - (x — ) -+ (x — o) € Blx], where
ay,...,a, € Band c € F\{0}.

Definition 1.3.2. Suppose f(z) = 2" — a;z" ! + -+ + (=1)"a,, € F[z]. Then set
I={(oy—a,...,0n—ay) C Flxy,...,2,]. The quotient algebra

A=Flxy,...,x,)/1
is called the splitting algebra of f(x) over F.

The next proposition is meant to justify why we call F|xy, ..., z,]|/I the splitting
algebra of f(z) = 2" —ayz" ' + -+ + (=1)"a, in Flz].

Proposition 1.3.3. Let f(z) = 2" — ay2™ ' + -+ + (=1)"a, € Flz], and A =

Flxy,...,x,|/1 where [ = {01 —ay,...,0, — a,). Then:
(i) f(x) splits completely in A.

(ii) For any F-algebra B, f(z) splits completely in B if and only if there ezists a
F-algebra homomorphism from A to B.

Proof. Let a; = x; + 1 € A for 1 <17 <n. By Proposition 1.1.5 we know that
(x—z) (T —29) (2 — ) =2" — 2"+ -+ (=1)"0n (1.3.1)

in Flzy, ..., z,)[z].
Now observe that a; + 1 € A for 1 < i < n because a; is a constant polynomial
in Flzy,...,x,] for 1 <i < n. Therefore, regarding f(x) as a polynomial in x with

coefficients A we can write
fx)=2" —(a; + D"+ + (=1)"(a, + I) in Alz].
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Note that the F-algebra homomorphism 7 : Flxy,...,z,] — A defined by p —
p + I extends to an F-algebra homomorphism 7 : Flxy,...,z,|[z] — Al[z]. Then
(1.3.1) implies that
(z—a) - (z—ag)(z—ay) =2"— (o1 + D"+ 4+ (=1)"(0, + I)

in Alx]. But since 0; — a; € I for 1 < i < n, then by the criterion for equality of

cosets we have that o, + 1 = a; + [ for 1 <1i <n. Thus
F(2) = (@ — ar) - (@ —az) -~ (& — ) in Ala].

Now we will proceed to prove the second part of the proposition. (<) Suppose B
is an F-algebra and there exists a homomorphism ¢ : A — B. By part (i) we know

that
flx)=(x—a)  (r—ag) - (z —ay,) in Alz].
Also as in part (i) ¢ can be extended to be an F-algebra homomorphism from A[z]

to B[z]. Therefore
o(f(x)) = (z — o)) (z — ¢(az)) - - (x — ¢(an)) in Blz].
Since F-linear maps fix the elements of F', we have ¢(f) = f. Therefore,
f(x) = (z = ¢(an))(z — ¢(az)) - -+ (x — d(w)) in Bla].

Hence f(x) splits completely in B.
(=) Now suppose f(x) splits completely in B. Assume

f=(@=01) (x—=PB2) - (x—By) in Blz], fr,..., 0, in B.
From Example 1.1.35, we known that the evaluation map
®: Flxy,...,x,] = B defined by ¢(p(x1,...,2,)) = p(Bry-- -, )

is an F-algebra homomorphism. Observe that ®(o; — a;) = 0 because ®(0;) =
0i(By ... 0n) = a;. Therefore, I C Ker(®), and since [ is a proper ideal of F[xy, ..., z,),
then by the second part of Proposition 1.2.1 we know that

¢ : A — B defined by é(p(z1,...,2,) + 1) =d(p(1,...,2,)) =p(b1,-..,05n)

is an F-algebra homomorphism. Q.E.D.
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1.3.2 Computing the Dimension of the Splitting Algebra

In this section we will prove that the dimension of the splitting algebra of f(z) over
Fis n!, where n is the degree of F. In order to do this we first need to introduce
some notation.

Given variables zq, ..., x,, let

hj(xy, ... xs) = Z .

[Al=4

In other words, hj(xy,...,xs) is the sum of all monomials of total degree j in

x1,...,xs. Now we proceed to prove the main result of this chapter.

Theorem 1.3.4. Fix >, order on the polynomial ring Fxy, ..., x,] with
Tn Zlex Tn—1 Zlex """ Zlex T1-

Then:

(i) For 1 < j <mn, the polynomials

n—j+1
G = hn_jp1(z1,...,25) + Z (=) 'ashy—ji1—i(z1, ..., ;)
i=1
form a Grébner basis for I = (o1 — ay,...,0, — Qp).
(ii) dimp(A) =n! where A = Flzy,...,x,]/{(01 — a1, ...,0, — ay).

Proof. The first thing we need to establish is that (g1, ..., g,) is a basis of I. In order
to do this observe that from [2, Ex. 11.7.1], we have the identity

n—j+1

0= hn—j—i-l(xl; c. ,ZIZ’j) + Z (—1)i0'ihn_j+1_i(.171, c. ,.Z'j). (132)

i=1
Subtracting identity (1.3.2) from the definition of g; gives us

n—j+1

9= > (D@ = ool ),

=1
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which can be rewritten as
n—j+1
g; = Z (—1)Z+1(0i — ai)hn_j+1_7;($1, Ce ,ZIZ']'). (133)
i=1
Therefore the g;’s are in the ideal I = (o1 — a1, ...,0, —a,). Hence (g1,...,9,) C I.

If we write out the above formula for g; without the summation, we get

gj = (01 - al)hn—j(xla s 73:]') - (02 - a2)h’n—j—1(x17 s 7xj)

+ -+ (_1>n_j(an—j+1 - an—j—‘rl)hO(xlu s 73:])
Since hg = 1 (there is only one monomial of total degree zero), this becomes
9i = (01— a)hnj(w1, - 25) + 4 (1) (Onjir — Anjia).

We will proceed to show that o; — a; € (g1,...,¢9,) for 1 <i <n by induction on
i. Our base case comes easily since when j = n we have g, = 01 —ay in (g1,...,Gn)-
Now assume that

i —a; € {g1,...,g,) for 1 <i <k.
Then,
gnk = (o1—ar) (1, - w0 k)= (02—ag) k1 (21, . Tpi)+ (1) (O 1—ak11).-
Hence, (—1)*(og41 — ary1) is equal to
Gk — ((01 — a)hg(z1, . 0 g) + -+ (=D (o — ap)ha(z1, .. 20 i),

This proves that oy41 — agy1 € (g1,...,9n). Therefore I C (¢1,...,9,). Hence
{g1,...,gn} is a basis of I.

It remains to prove that {gi,...,g,} is a Grobner basis. Recall

n—j+1

G = hn_jp1(z1,...,25) + Z (=) 'aihp—ji1-i(z1, ..., ;)
i=1
and that our >;., order is

Tp Zlex Tn-1 Zlex " Zlex L1-
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Since hn_jy1(x1,...,2;) is the sum of all monomials of total degree n — j + 1 in

Z1,...,xj, then
LT(hn_j_H(l’l, . ,ZEj)) = J];—l_j—i_l.
Now observe that by definition every term in 77" (—1)a;h,_jy1i(wy, ..., 2;) will

n—j+1

have a degree less than or equal to n — j. Therefore, it is clear that LT(g;) = T

Hence if i # j, then the leading monomials LM(g;), LM(g;) are relatively prime. By

2, Ex. 4.2.9] it follow that the set

{91+, 90} (1.3.4)

is a Grobner basis of I = (g1,...,gn) = (01 — a1, ...,0, — ).

Now we prove that (ii) is true. Since (1.3.4) is Grobner basis, then by definition

(LT(g1),...,LT(gn)) = (x},. .., ) = (LT(I)).

We know that A = S as vector space over F', where S = Span(z* | 2* ¢ (L1([))).
See [1, Prop. 4.5.3]. Since (1.3.4) is Grobner basis it follows that

{z*| 2™ ¢ (Lr(1))} = {2* | * not divisible by 27, ..., x,}

:{xi\l 3;5\21-271 10< M <n—1,0< A <n—-2,...,0< )\, <0},
where the last equality follows from

2> not divisible by 27 implies that 0 < A\; <n —1

2> not divisible by :173‘1 implies that 0 < Ay <n —2

2> not divisible by x, implies that 0 < A, < 0.

Therefore it is clear that dimg(S) = dimp(A) = n!l. Q.E.D.
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Chapter 2

The Structure of the Splitting
Algebra

In this chapter we will show that when f = 2" — a2 ' + -+ + (=1)"a, € F[z] is
separable, the ideal I = (o1 — aq,...,0, — a,) C Flxq,...,x,] is a radical ideal, and
the splitting algebra A = F[xq,...,x,]/I is equal to a product of fields, each of which
is a splitting field of f(z) over F.

2.1 Background

Like in the previous chapter we first establish some background and notation.

Definition 2.1.1. The extension F' C L is said to be a finite extension of F' if L is
a finite-dimensional vector space over F'. The degree of L over F', denoted [L : F1, is
defined as follows: [L : F] = dimp L if L is a finite extension; otherwise [L : F] = oc.

Here dimg L is the dimension of L as vector space over F.
Another important idea that we need to introduce is the notion of a splitting field.

Definition 2.1.2. Let f(z) € F[x] have degree n > 0. Then a field extension F' C L
is a splitting field of f(x) over F' if

(i) f(z)=c(r —a1)--- (v — ay), where c € F'\ {0} and «; € L, and
(ii) L=F(ayg,...,ap).

15



Theorem 2.1.3 ([1, Thm. 3.1.4]). Every nonconstant polynomial f(x) € F|x] has a
splitting field.

One nice property of a splitting field L of f(x) € F[z] is that it is unique in some

sense. That is to say that it is unique up to field isomorphisms.

Theorem 2.1.4 ([1, Cor. 5.1.7]). If Ly, Ly are splitting fields of f € F|x], then there

1s an isomorphism Ly =2 Lo that is the identity on F.

Definition 2.1.5. Let L be an extension field of F', and let « € L. Then o € F'is

algebraic over F' if there is a exists a nonconstant polynomial f € F[z] such that

f(a) =0.

Definition 2.1.6. A field L is algebraically closed if every nonconstant polynomial

in L[z] contains a root in L.

Definition 2.1.7. An algebraic closure of a field F' is an extension F C F such

that F is algebraically closed and F is algebraic over F.

Theorem 2.1.8 ([3, Thm. 6.2]). Let F be a field. Then there exists an extension F
of F such that F is an algebraic closure of F.

2.1.1 More on the Polynomial Ring

Radical ideals of rings are rarely introduced in a regular abstract algebra course.

Therefore we next define what it means for an ideal in F[zy,...,z,] to be radical.

Definition 2.1.9. An ideal I C F[xq,...,x,] is radical if whenever ¢" € I for some

m > 1, then g € I.

We define the variety of an ideal I C F[zy,...,x,], denoted V(I), for reasons that

will become obvious in the future.

Definition 2.1.10. Given an ideal I C Flzy,...,x,] we define the variety of I to
be the set
V({)={ae€ F"|g(a)=0forall g € I}.
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We next explain how to move an ideal in a ring to a larger ring.
Definition 2.1.11. Given an ideal I C R and an inclusion of rings R C S, we define
IS ={sya1+ - +spag | ar,...,a €1, s1,...,8, €S, k € Zso}.
We omit the straightforward proof of the following result.

Proposition 2.1.12. In the situation of Definition 2.1.11, IS is an ideal of S. Fur-
thermore, if I = {(ay...,as) C R, then IS = {ay...,as) CS.

2.2 I is Radical
2.2.1 General Results

In order to show that I = (o1 — a4,...,0, — a,) is radical we first need to establish

the some general results.

Theorem 2.2.1. Let I be an ideal of Flzy,...,xz,] and F C F be an algebraic closure
of F. Then the ideal J = IF|xy,...,x,] has the property that J N Flxy,...,x,) = I.

Proof. Given f € JN Flxy,...,x,], then f € Jand f € Flzy,...,x,]. Write f =
S =V hif; such that f; € T and h; € Flzy,...,x,] for all 1 < i < N. Define
L = F(ly,...,l,) € F, where [,...,l, are the coefficients of all the h;. Observe
that by definition all the coefficients of each h; are algebraic over F' and, since there
is a finite number of h;, there is a finite number of coefficients. Therefore, by [1,
Thm. 4.4.3] it follows that [L : F] < oo. Observe that h; € L[zy,...,z,] for all
1 <4 < N. For a fixed i, we can write h; = 2;21 a,\ipx’\ip such that each ay,, € L

and the sum is over a finite number of n-tuples of the form A = (Ay,...,\,) € Z%,.

Since [L : F| < oo, let

{Oq:]_p,...,Oém}

be a basis of L over F'. Then each ay,, = ¢y, a1 + -+ + ¢y, Qm Where ¢y, . € F for
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1 <j<mand1<p<K,;. Therefore,

Ay = Cx11 1 + Chi12 2 +oeee Chi1m Om
(xjy = Crigy 1 T Chjgy X2+ + + + Chy,, Oy
x;y = Cryyy Q1 Cxpy Q2 20+ o+ Cyypp, O,
where t = K;. Then define the polynomials
_ il Ai2 A
Rij = Cx ;T A Cagg, T2 A - ey, 20 € Flag, ... 1y

for all 1 < 7 < m. It follows that h; = Z;Zﬂ a;h;j. Hence,

N m N
=1 j=1 =1

Observe that g; = sz\] hi; fi belongs to I for all 1 < j < m because every f; € I
and [ is an ideal of Fxq,...,z,]. By (2.2.1), we have f = @191 + - - - + angm Where
gj € Flzy,...,2,] for all j such that 1 < j < m. Given § = (f1,...,0,) € F™ and

recalling that oy = 1, then by evaluating f = a191 + - - - + a,n9,m at 8 we have
a1 f(B) = a11(B) + a2g2(8) + - + g (B)-

Therefore ay(g1(8) — £(8)) + a292(8) + -+ + Gmgm(8) = 0. Since g;(8), f(8) € F
for all j such that 1 < j <m, and the set {a; = 1p, ..., q,} is linearly independent
over F'. it follows that the constants in F' that are multiplying the a; must be zero.
Therefore go(53), ..., 9m(8) = 0and f(8)—g1(S) = 0. Since every 8 € F™ is a solution
for ga, ..., gm, f —g1, and our field has infinitely many elements, then gs, ..., gm, f —g1
are the zero polynomial (see [2, Prop. 1.1.5]). Therefore, f = g1 = S.'=y hafi € 1.
Hence J N Flzy,...,2,] C 1.

Now suppose f € I, then by definition f € Flzy,...,z,|, then f = fg where
g is just the constant polynomial 1z € F|x1,...,,]. Therefore, f € J. Hence
I CJNFlzy,...,x,]. We conclude that J N Flxy,...,z,] = 1. Q.E.D.
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Another result we will need prior to establishing that I is radical is the following.

Proposition 2.2.2. If J C Flxy,...,x,] is radical, then I = J N Flxy,...,x,] is

radical.

Proof. Given f € Flxy,...,x,] such that f™ € I, then f™ € J since I C J. Now
since J is radical, then f € J, and since J N Flxy,...,z,| = I it follows that f € I.
Thus [ is radical. Q.E.D.

2.2.2 Proof that I is Radical

We are finally ready to prove that I = (o1 —ay,...,0,—a,) C Flxy,...,z,] is radical.

Theorem 2.2.3. If f(z) = 2" — a12" ' + -+ + (=1)"a, € F[x] is separable, then
I={(oy—a1,...,00—an) C Flxy,...,2,]

15 radical.

Proof. Let A = Flxy,...,x,]/I and F be a algebraic closure of F. By part (ii)
of Theorem 1.3.4 we know that dimp(A) = n!. Let V = V(J) C F' where J =

IF[xq,...,2,], and define

A=Flzy,...,1,]/J.

Since I = (01 — a1,...,0, — an) C Flxy,..., x|, Proposition 2.1.12 implies that
J=1IF[xy,...,2,) = {01 —ay,...,0, —ap) C Flay,...,2,]. If we apply Theorem

1.3.4 to f € F|[x], we see that

dimg A = dimg Fl2y, ..., 2,)/J = dimg Flayg, ..., 2,] /{01 — a1, ...,0, — a,) = nl.

Since F is algebraically closed and f(z) € F[z] is separable we have

fx)y=2" a2 '+ -+ (=) = (r — 1) (v — ) € Flz],

such that ay,...,a, € F are distinct. Now observe that (8, ...,0,) € V(J) if and
only if
0-1(617 s 7ﬁn> =dag,. .. 70-71(617 s 7ﬁn) = Qn, (222)
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which in turn is equivalent to
2" — a7 (=D an = 2" — 01 (Br, ., Ba) e A (D) 0 (B, - B).

By Proposition 1.1.5,

2" — o (B, B A (D)0, (B, B) = (= By) - (1= ).

Combining the above equations, we see that

(Biy- s B) V() <= (x=B)-(x—B)=(x—a) - (z —ap),

But the factorization of
flz)=(@—a) - (z—an)
is unique up to reordering since F[xl, ..., Ty is a unique factorization domain. It

follows that the solutions of (2.2.2) are just the reorderings of (ay, ..., ay,). Therefore,

|V(J)| = n! since ay, ..., a, are distinct. We have established that

A=Flzy,...,1,]/J.

has the property dim(A) = n! = |V(J)| over the algebraically closed field F. In this
situation, it is known that this implies that J is radical (see [2, Ex. 5.3.12]).

Finally, since J = I F|xy,--- ,2,], Theorem 2.2.1 implies
JﬂF[SEl,...,LEn] =1

Thus, Proposition 2.2.2 implies that I is radical. Q.E.D.

2.2.3 The Splitting Algebra is a Product

Proposition 2.2.4. If R is an F-algebra and P C R is a proper prime ideal such
that dimp R/ P is finite, then P is mazimal.

Proof. Take v € R/P such that u # P. Note that since P is prime, then R/P is an
integral domain by [4, Cor. 6.17]. Define

¢u: R/P — R/P by ¢,(v) =uv Vv e R/P.
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Suppose that vi,ve € R/P satisfy ¢,(v1) = ¢yu(ve). Then uv; = uwvy. Therefore,
u(vy — vg) = 0. Since R/P is an integral domain and u # 0, we have v; — vy = 0.
Therefore, v; = vy. Hence, ¢, : R/P — R/P is injective. Now to see that ¢, is
linear, assume that vy, v, € R/P and a,b € F. Observe that

dulavy +bug) = u(avy + bvy) = u(avy) +u(bvy) = a(uvy) 4+ b(uve) = apy(v1) + by (v2).

Therefore ¢, is linear. Hence, ¢, linear and injective.

Now since dimp R/ P is finite and ¢, is linear, it follows that
¢u:R/P — R/P

is injective if and only if it is onto. Therefore, there exists v € R/P such that
¢u(v) = uv = 1g/p. Hence u is invertible. Since u is an arbitrary nonzero of element
of R/P, we have shown that all the nonzero elements of R/P are invertible. Hence,

R/P is a field. Thus P is maximal by a standard fact in abstract algebra.  Q.E.D.

Proposition 2.2.5. Let J = M;N---NM; C Flzy,...,x,] be an ideal where the M,
are distinct mazximal ideals of Fxq,...,x,], and L; = Flxy, ..., x,]/M; for 1 <i <s.
Define

¢: Flry,...,xp)/J = Ly x -+ X Lg by

du+J)=(u+My,...,u+ M) for allu+J € Flxy,...,x,]/J.

Then:
(i) ¢: Flxy,...,zn)/J — L1 X -+ X Lg is a well-defined F-algebra homomorphism.
(i) ¢: Flxy,...,x,]/J — Ly X -+ X Ly injective.

(i) ¢: Flzy,...,x,]/J = L1 X -+ X Lg is surjective.

Proof. (i) First we need to show that ¢ is well defined. Assume u; + J = uy + J.
Then by the criterion for equality of cosets, u; —us € J = M; N ---N M. Therefore,

uy —ugy € M; for 1 <7 <s.
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It follows that uq + M; = us + M; for 1 < i < s. Hence,
(ur + M, .. ug + M) = (ug + My, ... ug + M).

Hence ¢ is well defined.
To see that ¢ is an F'-algebra homomorphism observe that we know that ¢ is a
ring homomorphism (see [5, Ex. 3.60(iii)]). Therefore it suffices to show that ¢ is

linear. Given uy,us € A, a,b € F. Observe that
dla(ur +J) +b(us + J)) = ¢(auy + bus + J) = (auy +bus + My, . . ., auy + bus + M).
Furthermore,
(aug+bug+M;, ..., aui+bus+M) = (au+M, . .., aug+M)+(bus+ M, . .. bug+M;).
Since
(auy + My, ... aus + M) = (a(ug + M), ..., a(uy + Ms)) = a(uy + My, ..., uy + M),
and similarly for (buy + M, ..., bu; + My). It follows that

dla(uy + J) + b(uz + J)) = adp(uy + J) + bop(ug + J).

Therefore, ¢ is linear. Hence ¢ is an F-algebra homomorphism.

(ii) Now we will show that ¢ is injective. Given uy,us € Flz1,...,x,]/J such that
(b(ul + J) = ¢(UQ + J),
then
(ur + My, ..o un + M) = (ug + My, ... ug + M).

It follows that
w +M;, =us+ M, forall 1 <ij <s.

Hence by the criterion for equality of cosets it follows that u; —us € M; for 1 <7 < n.
Therefore, u; — us € My N ---N My = J, so that that u; + J = ug + J. Thus ¢ is

injective.
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(iii) To prove that ¢ : Flxq,...,x,]/J — Ly X -+ X Ly is surjective, define
O Flay,...,xn] = Ly X -+ X Ly

by
O(r) = (r+ My,...,r+ M) for all r € Flxy, ..., x,].

Given 7 # j, it is a a standard fact in abstract algebra that M; + M; is an ideal,
and it is obvious that M; C M; + M;, and M; C M; + M;. Hence M; + M; must
equal F[zy,...,x,], because it contains two distinct maximal ideals. Therefore @ is

surjective by [5, Ex. 3.60(iii)]. From part (i), we have the following commutative

diagram.
Flzy, ..., ) 2 Ly X -+ X L
\ /
F[le,...,xn]/J
where 7(r) = r + J. Since ® is surjective, it follow that ¢ is surjective. Q.E.D.

Theorem 2.2.6. Let [ = {0y —ay,...,0, —ay) and A = Flzy,...,x,]/]. Suppose
flx)=2" —ayz" ' + -+ (=1)"a, € F[z] is separable. Then there is an F-algebra

1somorphism

where L; is a splitting field of f(x) for 1 <i <s.

Proof. By Theorem 2.2.3 we know that I is radical. Therefore, I = (;_; M;, where
each M; is a prime ideal of F[zy,...,z,] (see [2, Cor. 10.4.8]). We know that I C M,
for 1 <4 < s. Therefore by Proposition 1.2.2 we know that there exists a surjective

F-algebra homomorphism
U, : A— Flay, ...,z /M; for 1 <i<s.

It follows that
dimp(Flzy,...,z,|/M;) < dimp(A) = nl.
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Hence by Proposition 2.2.4, M; is maximal for 1 <i <'s. Let
L= Flxq,...,x,)/M; for 1 <i<s.
Therefore, by Proposition 2.2.5 the map
¢p:A— Ly X+ X Ly,

defined by ¢(u + I) = (u + My,...,u + M) for all u+ I € A is an F-algebra

isomorphism
S
A H L;.
i=1
To see that each L; is a splitting field, observe that since ¥; is a homomorphism

from A to L;, then Proposition 1.3.3 implies that f(z) splits completely over L; for
1 <1 <'s. Furthermore the splitting of f(z) over L; is

f(x)y=2" —a 2™+ -+ (=) ", = (x— B1) - (x — B,) € L[z],

where 5; = V;(z; + I) = x; + M;. Then ¥; can be interpreted as the surjective

F-algebra homomorphism such that
p(xl,.-.,xn)+IHp(I1’."7xn)+MZ:p(xl—i_M/L,...,xn—i_Mz) :p(/817"'7/8n>'

Therefore it is clear that L; = F(0y,...,8,). Thus L; is a splitting field of f(z) for
1< <s. Q.E.D.

Remark 2.2.7. We sometimes will refer to Theorem 2.2.6 as the Structure Theo-

rem.

24



Chapter 3

The Splitting Algebra and
Representation Theory

In this chapter we will show that the splitting algebra A = F[z4,...,x,]/I is isomor-

phic to the regular regular representation of G,,.

3.1 Background
3.1.1 Representation Theory

The first thing we need to do is define what is a representation.

Definition 3.1.1. A representation (p, V') of a group G on a vector space V' over

a field F'is a group homomorphism
p:G— GL(V,F).
Next we define what it means for two representations to be isomorphic.

Definition 3.1.2. Two representations (p1, V1), (pa, V2) of G are isomorphic if there

exists an invertible linear map 7' : V; — V5 that satisfies
p2(g) 0T =T o pi(g) for all g € G.

The following definitions concerns an important representation.
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Definition 3.1.3. Let R be the vector space on F' with basis {e, | g € G}, and for
g € G, let ¢(g) be the unique element of GL(R, F') that satisfies ¢(g)(en) = egh.
Then

¢:G— GL(Rg, F)

is the regular representation of G.

Remark 3.1.4. The regular representation is a representation. In particular, we

have the regular representation of &,
¢:6, = GL(Rg,, F).
The following lemma gives a useful way to identify the regular representation.

Lemma 3.1.5. Suppose p: G — GL(V, F) is a representation such that |G| = n and
V' is a vector space of dimension n over F'. Then p: G — GL(V, F) is isomorphic to

the reqular representation of G if and only if there exists v € V' such that the set

{r(g)(v) | g € G}

s a basis for V.

Proof. (=) Suppose that p: G — GL(V, F) is isomorphic to the regular representa-
tion

¢: G :— GL(Rg, F).
By our hypothesis there exists a vector space isomorpshism 7 : Rz — V such that
plg)oT =To¢p(g) for all g € G.

Let 7(e;) = v and observe that

p(9)(v) = p(g)(T(e1)) = (p(g) o T)(e1) = (T 0 d(g))(e1) = T(d(g)(e1)) = 7(ey).

Therefore, {p(g)(v) | g € G} = {7(ey) | g € G}. Since {e, | g € G} is a basis of Rg

and 7 is an isomorphism, it maps bases to bases.
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(<) Now suppose there exists v € V such that {p(h)(v) | h € G} is basis for V.
Define 7 : V' — Rg by 7(p(h)(v)) = e5. We want to show that

Top(g) = ¢(g)oT forall g €G.

Observe that given g € G

(70 p(9)(p(h)(v)) = T(p(g)(p(h)(v))) = T((p(g) o p(h))(v)) = T(p(gh)(v)) = egn,

and
(@(g) o T)(p(h)(v)) = &(9)(T(p(h)(v))) = d(g)(en) = g

Thus 7 o p(g) and ¢(g) o T agree on the basis {p(h)(v) | h € G} of V, it follows that
Top(g) =¢(g)oT forall g € G.

Clearly 7 is an isomorphism since it maps a basis to a basis. Q.E.D.

Now we move to introduce one of the most beautiful mathematical objects.

3.1.2 The Galois group.
Definition 3.1.6. Let I C L be a finite extension. Define
Gal(L/F)={o:L— L | o is an isomorphism and o(a) =a V a € F}.

Remark 3.1.7 ([1, Prop. 6.1.2]). Gal(L/F) is a group under composition, known as
the Galois group of L over F.

Proposition 3.1.8 ([1, Prop. 6.1.4]). Ifo € Gal(L/F) and L = F(ay,..., ), then:

(i) Suppose f € F[z] is a nonconstant polynomial with o € F as a root. Then if
o € Gal(L/F), then o(«) € L is also a root of f.

(ii)) If L = F(o,...,qn), then o is uniquely determined by its values on ay, . .., ay,.

Definition 3.1.9. A finite extension F' C L is said to be a Galois extension if L

is the splitting field of a separable polynomial f(z) € Flz].
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The following theorem give us an additional way to identify a Galois extension.
Theorem 3.1.10 ([1, Thm. 7.1.5]). A finite extension F' C L is Galois if and only if
|Gal(L/F)| = [L : F].

The next theorem encapsulates one nice property of Galois extensions.

Theorem 3.1.11 ([1, Thm. 5.4.1]). Suppose F' C L is a Galois extension. Then
there exists a € L such that F(a) = L.

3.2 The Normal Basis Theorem

In this section we will prove the Normal Basis Theorem.

Theorem 3.2.1. Assume that F is a field with infinitely many elements. Suppose
F C L is a finite Galois extension with Galois group G. If |G| = n, then there erists

an element o in L such that the set
S={o(a)|oceG}
s a basis for L over F.

Proof. Let G = {oy,...,0,}. We want to show that there exists an a € L such that
the set S is a basis for L over F. Suppose a € L such that A\joy(a)+---+X\,0,(a) =0
where every A\; € F'. We claim that in order to show that S is linearly independent, it
suffices to show that there exists an o € L that guarantees that the following matrix
is invertible:

op (o1(e)) oy (o2()) 011(0'3(04)3 .o op (on(a))

0y (01(a)) 03 (02(a)) 03 (03(a) 05 (on())

A= (3.2.1)

o (01(0) oM oa()) o7 (ox(a) .. o (onla))

This follows because if A\yoy(a)+- - -+A,0,(a) = 0, then setting & = (A1, Ag, ..., Ap)

gives
01:10\101(06) + -+ Aon(@)) 01:1(0) 0
A |7 (A1o1 (@) +:~ 4 Ao () _ |2 :(0) _ O _q
o, (Ao (@) + -+ o)) o 1(0) 0
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So if A is invertible then we know that its kernel is trivial. Therefore & = 0 proves
A= ==X\, =0.

To find such an o we note that by Theorem 3.1.11 there exists # in L such that
L = F(B). Then define f(z) = [],cc(z — o(8)), and for each o € G, define

/()

9 () = 7= o(B) € L[z].
Observe that ¢?(8) = 0 if 0 # 1, and ¢?(8) # 0 if 0 = 1. Then the matrix
T fl@) f(x) f(z) f(z) l
v—o0(01(B)) w—0y (02(B) w—oy(05(8) T x—oy (on(B))
(@) @) @ )
B(x)= |7~ 051.(01(5)) z— 051_(02(5)) T — 01_1.(02(5)) T — 051.(0%(5))

f(x) f() f(x) | f(x)
o ((3) 7 -0 (0a(B) T—0ni(on(B) T 7= or(on(d))

in M,,«,(L) is invertible since

-0 :
B—Ufl(fﬁ(ﬁ)) 0 0o ... 0
; £(8) . .
B(8) = | B - o{f(w(ﬁ)) |
£(3)

0 0 Vo o).

and the determinant of B(f) is nonzero since it is the product of nonzero elements in
the field L. Therefore, if det(B(x)) is the determinant B(z), then det(B(z)) cannot
be equal to the zero polynomial since we know that det(B(f)) is not zero. By our
hypothesis F'is a field with infinitely many elements, and since det(B(z)) is a nonzero
polynomial of finite degree then it cannot have infinitely many roots. Therefore, there

exists v € F such that det(B(7)) # 0. Observe that

) )
e T (2(:25))

for any i,j € Z* because the elements of the Galois group are field automorphisms
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of L that are the identity over F'. Therefore,

-1
On

(
(

I0)) o

Since det(B(7)) # 0 then by letting o =
v —

f() (SO
7—7 >> %1 (02<7—7§

vf,(jﬁ» "21("2@9&

1)
v—B

f()

)
))

))

5 and A = B(v) we have shown that

the set S is linearly independent. Now recall that /' C L is a finite Galois extension

then we know that |L : F| = |G| = n. Therefore, the dimension of L over F' is equal

to n. Thus

is a basis for L over F' since it is linearly independent and it has n elements.

S ={oi1(a),09(), ...

3.3 End Game

In this section we will finally show that the splitting algebra A = F[zy, ...

isomorphic to the regular representation of &,,.

,an(a)}

First we will need to prove the following proposition.

Proposition 3.3.1. Suppose 0 € G,,. Then o*: A — A defined by

o*(p(xyq,. ..

,xn) —l—[) :p(aﬁg(l),...

is a well-defined F-algebra isomophism.

Tomy) + 1 for all p(z4, ...

Q.E.D.

] /1 s

o) +1 €A

Proof. Suppose p; + I = ps + I. By the criterion for equality of cosets we know that

p1 — p2 € 1. Recall that I = (07 —ay, ...

symmetric polynomials. Write

b1 — P2 = Zhi(az' - Clz‘),
i=1

30

,0n — Gp). Observe that I is generated by




where h; € Flxy,...,x,] for 1 <i <n. Define the evaluation map
of t Flxy, ... xn] = Flxy, ... xy]

by of (p(x1,...,2n)) = p(To), - - -, To@)) for all p(z1,...,2,) € Flzy,...,x,]. Since

o; is the identity on the symmetric polynomials it follows that
o;(p1) — of(p2) = 0;(p1 — p2) = Zaz‘(hi)(ai —a;) € (o1 —ay,...,0n —a,) = 1.
i=1

Therefore, o} (p1) + 1 = of(p2) + I. Observe that o} (p;) + I = o*(p1 + ) and
of(p2) +1 = o*(p2 + I). Therefore, 0*(p1 + 1) = 0*(p2 +I). Thus 0" : A — A'is
well-defined.

We omit the verification that ¢* is an F-algebra homomorphism. To see that o*

is an F-algebra isomorphism simply observe that
(c* o (™)) (p(zy,...,zn))+ 1T = (e oo™ (p(z1,...,20)) + 1 =plxy,...,2,) + 1
for all p(xy,...,2,) + 1 € A. Hence (671)* is the inverse of o*. Therefore, o* is an

F-algebra isomorphism. Q.E.D.

To establish our next theorem we will abuse notation in the following way. Let
A = [I;_, L; be the splitting algebra of f(z) € F[z]. We will identify L; with the
subset
{0} x -+ x {0} x L; x {0} x --- x {0} C A.
Remark 3.3.2. Let v = (vy,...,v;,...,05) € Aand w = (0,...,w;,...,0) € L.
Then
vw = (0,...,0,%w;,0,...,0) = (0,...,0,w;v;,0,...,0) =wv € L.

Since L; is clearly nonempty and closed under addition, it follows that L; is an ideal

of A.

Proposition 3.3.3. Let A = [[;_, L; be the splitting algebra of a separable polynomial
f(z) € Flz| of degree n. If o € &,, then for every i € {1,...,s}, there exists
Jje{l,...,s} such that
o"(L;) =L, CA= ﬁLi.
i=1
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Proof. Given 0 € &, take i € {1,...,s} and assume o*(L;) C L; for some j €
{1,...,s}. Since L;, L; are splitting fields of f(z) they are isomorphic as extension
fields of f(x). Therefore, dimp(L;) = dimp(L;), and since o* is a linear map it follows
that o*(L;) = L;.

Now suppose 0*(L;) is not a subset of L, for any 1 < m < s. Since o*(L;) is
not a subset of L,,, there exists u € o(L;) such that v = (uy,...,us) has a nonzero
coordinate uy, with k # m, because if it does not exist, then every element in o(L;)
would have a zero coordinate everywhere except on the mth coordinate which would
imply that ¢*(L;) is contained in L,,. If ¢*(L;) is also not contain in L, then by
the same logic there exists v = (vq,...,vs) such that v = (vy,...,v) has a nonzero
coordinate v; with ¢ # k. Define e, = (0,...,0,1,0,...,0) for 1 < r < s. Since
L; is an ideal by Remark 3.3.2, it follows that ¢*(L;) is an ideal because ¢* is an
F-algebra isomorphism, so it maps ideals to ideals. Hence, e;v = vy, exvu = ugey
are in 0*(L;). The product of the previous nonzero elements of o*(L;) will be zero,
making them zero divisors, which violates the fact that fields map to fields under an

F-algebra isomorphism. Thus 0*(L;) = L; for some j between 1 and s. Q.E.D.
Remark 3.3.4. Proposition 3.3.3 implies that
g - Ll = U*(LZ)

is an action of &,, on the set of fields { Ly, ..., L} that appear on the splitting algebra

We will also need the following proposition prior to showing that A is isomorphic

to the regular representation.

Proposition 3.3.5. Let f(z) € F|x] be a separable polynomial of degree n > 1 with
splitting algebra A. By the Structure Theorem,

A= H Li>
i=1
where each L; is a splitting field of f(x) over F. Then:
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(i) Given L;, L;, there exists c* € &,, such that o*(L;) = L.

(ii) The set
is a subgroup of &,, isomorphic to Gal(L;/F).
Proof. Fix, 1 <i <sandlet L; = F(p,...,0,) where 3; = x; + M, for 1 < j < n.

Now define the map
7:G; — Gal(L;/F)

by 7(0) = o*|p, for all o in G;. It is easy to see that 7 is a well-defined group
homomorphism, and therefore the proof is omitted. To see that 7 is injective, let
L, then of(8;) = 03(8;) for 1 < j < n. Therefore,

Bo1(j) = Boay) for 1 < j < m. It follows that, o1(j) = 02(j) for 1 < j < n, and hence

01,09 € G;. If o}

*
L, = 09

o1 = 09.
Now we want to show that 7 is onto. Observe that since every L; for 1 <i <n
is a splitting field of f(z) over F, then L, = L;. Therefore all the splitting fields
will have the same dimension over F'. From part (ii) of Theorem 1.3.4 we know that
dimp(A) =nl. Let r = [L; : F] for 1 <1i <'s, and recall from the Structure Theorem
that A = [[}_, L;. It follows that, dim(A) = n! = s-r. Letting &,, act on the set
{Ly,...,Ls} as in Remark 3.3.4, by the Orbit-Stabilizer Theorem we have that

n! = |Gi||6, - L.
Since {S,, - L;} C {L4,..., Ly}, it follows that

Since L; is a splitting field of the separable polynomial f(x) € F|[z], it is a Galois
extension of F'. Then Theorem 3.1.11 implies that |Gal(L;/F)| = [L; : F], and since
7:G; — Gal(L;/F) is injective, we have

Gy < |Gal(L;/F)| = [L; : F] = 1.
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Then n! = r - s = |G;||6,, - L;| implies that |G;| = r = |Gal(L;/F)| and |&,, - L;| =
s = |{L1,..., Ls}|. Therefore, 7 is an isomophism of groups, and since s = |&,, - L;|,
it follows that, given L;, L, there exist o € &,, such that o*(L;) = L,;. We conclude
that G; = Gal(L;/F) and &,, acts transitively on {Ly, ..., Ls}. Q.E.D.

Now we are ready to prove the main theorem of this chapter.

Theorem 3.3.6. Let A = szl L; be the splitting algebra of a separable polynomial
f(z) € Flx] of degree n. There ezists o in A where

{o"(a) | a € &y}
is a basis for A over F.

Proof. Since Gy = {0 € &,, | 0*(L1) = L1} = Gal(L,/F'), we will treat this subgroup
as being equal to Gal(L;/F). By the Normal Basis Theorem we know there exists
o € Ly such that

{o'(@) | o c G}

is a basis of L; over F. Now by Proposition 3.3.5 we know that &,, acts transitively
on {Ly,...,Ls}. Hence we can find oq,...,05 € &, such that o;(L;) = L; for
ie{l,...,s}. Weclaim that &,, = 01G1 UoyG1U---Uo,Gy. To see that this is true,
observe that if 0,G; = 0,;G; for @ # j, then by the criterion for equality of cosets
we have that o; '0; € G;. Therefore o}(L;) = L; = 07(L1) = L; which implies that
1 = j, contradicting our assumption that ¢ # j. Therefore all the cosets in the union
01G1 U oGy U -+ UoyGy are distinct. Since |G| = r and there are s cosets we have

that |01G1 U oeG1 U - U oG] = nl. Therefore,
Gn == 0'1G1 U O'QGl U---u UsGl.

Let Gy = {m,..., 7}, then {77 («),..., 7 ()} is a basis of Ly over F. Observe

) I
> > aio; i (a) s equal to

oi(anti(a) + -+ +an7(a)) + -+ o (aari(a) + - + au7(a)).

Ly Ly
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Writing A = szl L; with zero element (0, ...,0), suppose
73 an7i(0) + -+ i (a)) o ot (e (@) + o+ a4y (@) = (0, 0).
Choose i € {1, ..., s}, recall that o maps
Ly x {0} x ---x {0} to {0} x---x {0} x L; x {0} x --- x {0}.

Therefore, o} (anmi(a) + - - + a;7-()) = 0. Now since o is injective we have that

anty(a) + -+ + a;77 (o) = 0. Since {7](a),...,7 ()} is a basis of L, over F, it

YT

follows a;1 = a2 = - -+ = a; = 0. Since this holds for every 1 <7 < s, we have that
S={oimi(a) |1 <i<sand 1< j<r}is linearly independent, and since |S| = n!,
it follows that S is a basis for A. Q.E.D.

Remark 3.3.7. Define p : 6, — GL(A, F) by p(o) = ¢* for all 0 € &,,. Given

01,09 € S, we have

p(0102) = (0102)" = 07 0 05 = p(01) © p(02).

It follows that p is a representation of &,,. We call p: &,, — GL(A, F') the splitting

algebra representation.

Corollary 3.3.8. The splitting algebra representation p : &,, — GL(A, F) and the

reqular representation ¢ : &, — GL(Rs,, F') are isomorphic.

Proof. From Theorem 3.3.6 we know that
S={oimj(a)|1<i< and 1 <j<r} = {p(o)(a) |0 € &,}

is basis for A. Therefore by Lemma 3.1.5, p : &,, — GL(A, F) is isomorphic to the
regular representation ¢ : S,, - GL(Rs,, F). Q.E.D.
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Corrections

When originally submitted, this honors thesis contained some errors which have been

corrected in the current version. Here is a list of the errors that were corrected.
Various Places in the Thesis

Approximately 117 spelling errors were corrected, 40 commas were added or deleted,
and approximately 26 spacing and sizing changes were made to mathematical for-

mulze.
Other Changes

e p. 4, 1. -7: The second z* > x° was changed to z < 2.

p. 5, 1. -9: The leading term was changed from cyxz® was changed to c,x®.

p. 5, L. -7: The leading monomial was changed from max(a € Z%, | ¢y # 0) to

max(A € Z%; | cx # 0).
e p. 6, 1. 8: Set brackets were removed from {(}.
e p. 7, 1. 15: The condition that ¢(1) = 1 was added to Definition 1.1.31.
e p. 10, 1. 8 On Proposition 1.2.2 Flxy,...,z,| was changed to F[z].
e p. 10, 1. -6: (=) was changed to (<).
e p. 11, 1. 4: (<) was changed to (=).

e p. 15, 1.5: I = {0y —ay,...,0n —an)Flxy,...,2,] was changed to I = (oy —

ai,...,0n —ap) C Flzy, ..., x,].
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e p. 15, 1. 6: The C was deleted.

e p. 17, 1. 14: The subscript on Z"™ was changed from 0 > to > 0.

e p. 17,1.-2: € Flxy,...,z,]| was deleted.

e p.19,1.2: J=1IF"[xy,...,2,] was changed to J = I F[xy, ..., 2,].
e p. 20, 1. 1:Absolute value bars were placed around V(.J).

e p. 20, 1. -6: uja,usa € A was replaced by uy, us € Fly,...,x,].

e p. 23, 1. -5: L; was replaced by L;[z].

p.- 29, 1. -5: Vp(z1,...,x,) was replaced by for all p(zy,...,z,)+ I € A.
Substantial Changes

The following portions of the corrected thesis differ substantially from the version

originally submitted.

e A theorem concerning the existence of a splitting field for nonconstant polyno-

mials in F[z] was added. It is labeled Theorem 2.1.3 in the final version.

e A definition of an algebraic closure for a field F' was added, and a theorem
concerning the existence of a algebraic closure for a field F' was added. They
are labeled Definition 2.1.7 and Theorem 2.1.8 respectively, in the final version

of this thesis.
e Proposition 2.1.12 of the final version was added.

e A definition of a representation of a group was added. It is labeled Definition

3.1.1 in the final version of this thesis.

e A definition of two representations being isomorphic was added. It is labeled

Definition 3.1.2 in the final version of this thesis.
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A definition of the regular representation of a group G was added. It is labeled

Definition 3.1.3 in the final version of this thesis.
Remark 3.1.4 of the final version of this thesis was added.

The definition of a miniminal polynomial of « over a field F', labeled Definition

3.1.7 in the original version, was deleted.

A definition of a Galois extension was added. It is labeled Definition 3.1.9 in

the final version of this thesis.

A theorem that allowed us to identify Galois extensions was added. It is labeled

Theorem 3.1.10 in the final version of this thesis.

The proof of Proposition 3.3.1 was completed. In order to do this a new Propo-

sition 3.3.1 and Remark 3.3.2 were added to the final version of this thesis.

The proof of Proposition 3.3.2 was completed. In order to do this Remark 3.3.1

was added to the final version of this thesis.
The proof of Theorem 3.3.3 was completed.

A remark defining the splitting algebra representation of &,, was added. It is

Remark 3.3.7 in the final version.

A corollary showing that the splitting algebra representation of G,, is isomorphic
to the regular representation of G,, was added. It is Corollary 3.3.8 in the final

version of this thesis.
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