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MATH 354 (3), Dr. Z. , Final Exam , Thurs., Dec. 21, 2023, 8:00am-11:00am;
place: 1IL-246 .

WRITE YOUR FINAL ANSWER TO EACH PROBLEM IN THE INDI-
CATED PLACE (right under the question)

Show all your work! No calculators, no cheatsheets
EXPLAIN EVERYTHING

CHECK ALL YOUR ANSWERS! (whenever applicable) . If you did it the right
way, but got the wrong answer due to a careless computational error, that you could have
detected by checking, you will get NO partial credit.

Do not write below this line
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1. (10 points) Find the rank of the following matrix. Explain! (No credit for just giving
the answer.)

Lol 0, 0001
01000 2
0-0.1 003
0 0010 4
0 9.0,.0. 35

/

Ans.: The rank of the matrix is: 4

The number of nonzery rows atter fow redvction I 5.
( And the muinX Stys the fome dve 10
the et thod O.Jll nws are 'lncwpen((m‘i
oF One ono’fhp()_



2. (10 points) Consider the following scenario.
A restaurant chef is planning a meal consisting of three foods: soup, pasta, and pudding.

e The soup has 100 calories per liter, the pasta has 10 calories per kg, and the pudding
has 200 calories per Kg.

e The soup has 200 grams of protein per liter, the pasta has 50 grams of protein per kg ,
the pudding has 30 grams of protein per kg.

e The soup has 70 grams of carbohydrates per liter, the pasta has 40 grams of carbohydrates
per kg, the pudding has 50 grams of carbohydrates per kg.

The chef wants the meal to consist of

e At least 300 grams of protein.

e At least 400 grams of carbohydrates but at most 600 grams of carbohydrates.
e At most 1000 calories.

The profit that he makes is 2 dollars per liter of soup, 3 dollars per kg of pasta, and 5
dollars per kg of pudding.

Set up, but do not solve, a linear programming model of the situation described that
would maximize the profits subject to the constraints. Call z the profit and 21 the amount
of soup in liters, z2 the amount of pasta in kg, and 3 the amount of pudding in kg.

Moimize Z- 2%+ Ap + SXg Wb 10

100X, + 10x, + 200y £ 1000 .

200X, + S0z + 30Kg Z 300
Ans.: 70X' i L‘OXZ + SO X3 Z 400

10X, + 4x, + 50Xz € 600

X, %z X3 2
Soup Pastor PuddirB

Calones 100 10 200 < 1000
botein 200 0 9() = 300
Carbs 70 40 50 = 400 <600
Profrt 7 3 5
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8 (10 points) Convert the following linear programming problem into canonical form, by

introducing more variables, if necessary. Explain what you are doing. Just giving the right
answer, without explanation will earn you only two points).

Minimize z = 42, + 3z — 423

Subject to
Ty —Ta+T3 295

2y ~ 39 —23< 5 ‘
z; > 0, 22 < 0, z3 unrestricted.

manvie. T = -4¥ + 3x) +L+x3’ 4%;"
§Ubj{’(ft i e TR ] X3 -\-)(3 + Xy < -5
g 2X) AV XS e+ X5 =5

X1, X, )(3/ X} /X\f,Xg 20

y I /

| l ) , it

llet 3= X5 7X /\ g,-r,,)(} JX3 20 v,

i M Xz = "'Xz’_ Igf .Xz 2 0 Fu

Tt E =4 X =3 X X, +L+x5 ‘o

subjecd to Xy X% T)(g X3" 35 ;

22X +3X2. — X3 'f')(g"“g
>(l/ ){L, XB/Xgl-O

5{0 dmd [rh\smAN'blS i—Vu_nego\hve,of'{-MotdZ

max\mz—e, = X, +3Xy T “““‘3
sebiech 1o =) —)1- )<3 +><3 -5

2-X *3)(2 X3 _,S

X, )‘7/,)(3,) X' 20
anm@Jl orm (1doduce  slatk vamamc,g

—

MQ)(\N)\{TQ, 't' ’L‘,'x\ *5)(')_“" q)‘3 e L})(3
subjectio X =xd m X! x4 Xq =75
LY K~y X, X = S

X, X, )(5 J X; y )(‘1, Xg?.o




4. (10 points) Use Vogel’s method (no credit for other ways!) to find an initial feasible
solution to the following transportation problem. Also find its cost. Explain!

4675 100 40
4 4 7 8 60 70
Cz{s 3 6 5} ’ F{so} . dz[mo}
95 . 9 4 70 50
%0 20
Ans. /
f40 0 10 S0
20 40 0
6 o 0] 3 2~ Gem= § 1200
g A0
Diferente Tople -

[3[E AL N qu o | 107 & |00
IERE ;-; 7 0 |20 | 40 | o 60
g = s 73] /4 0o lso |0 | O 50
yuir EBEEEREREE
Yl 4 30 120 50

0

(e D-4r10-F150:5+ 20 d+ 407+ 03¢ H3
60 + 70+ 250 + &0 + 260+ 150+ 210
= 730+ 330 « 4%+ 210
s = 560 + 640
- 1900

\




5. (10 points) Use any method to solve the following linear programming problem.

Maximize z = 3z1 + 52, subject to the constraints
z1 + 21;2 < 6 )

22y + 22 <6 ,

n+z221 ,
leO ) $220
Ans :z:l—Q BRE- 5 7 B 16
v,
X, + X5 =6 - 2%, = 4xg =12
2X,~rX2-'f6 X, t Xg = 6
—3)(2:'6
X2:Z
X t2(2)5 6
% = /2

final Cancolates

Xy X2 Mox 2 gX, +i(3’__
0 % e 15
0 I 5
I 0 3
“ & 0 .
Z 2 6+10-16




6. (10 points) Use any method to solve the following linear programming problem.

Minimize z = 3z; — 53, subject to the constraints

M ?"’3X|"5X2 51 + 22 <80 ,
$1+2$2S6 y

2z + 2256 ,

$1+$2S1 ’

120 2220

Ansszi= Q v o= S -

* grishies Al
the consounts

(0,0) | AT R
C o)
2X|4 X2é6 é—l
/m S0
& ANl Condlidores
XﬁQXz 6 X t Xz <50
X, xz_] Min 2= 2, - S,
18 (1 0 L. W

o [ 5

l 0 2




7. (10 points) Solve the following linear programming problem

Minimize z = 3 + 1 + 22 + 3 — T4 — 5 subject to the constraints:

Ti+To+x3+T4+T5=95
T1+2To+x3t+T4 =4

$1+$2+$3=3 5

T1+zT2=2 ,
Ty A 2Es =0
2120 , 2320 , 2320 ; 2420 , @520
Ans.:
Ilzi, 1'2—1 ) I3 = 4_ ) I"4_'l ) T5 = i ) Z = £
ek Ry koI [ +14 Xg = 3
X;*QXQ’-?J X|—l \)(2:)
Xzz‘
l+|+|+xq:q

z= 3+ |t 4] -] =1
-4



8. (10 points altogether) Consider the following linear programming problem in canonical

form.

Maximize z = z1 + 2x2 + 323 + 4 x4 subject to the constraints:

T1+2o+23+T4=2 |,

2¢1 + 20+ 3+ 24 =3

220 , z220 ,

55320

) 1:420

(i) (4 points) Find the set of basic solutions. For each of them indicate the set of basic

variables and the set of non-basic variables.

(ii) (2 points) Find the set of basic feasible solutions.

(iii) (2 points) Find the optimal solution(s)
(iv) (2 points) Find the optimal value.

Ans. to (i): The set of basic solutions (for each, in parentheses, indicate the set of basic

variable) is:

»

(X“Xz), (XI/X?:)'(YHXQ):(XLX_’S)/ (YQ,Xq): ( X31X4>

Ans. to (ii): The set of basic feasible solutions is

C Xl/XZ)' (X,,Xg), ( x'IXC{)

Ans to (iii): An optimal solution is z; = |

Ans. to (iv): The optimal valueis 2= 5

Il
D

z2= () y Z§ 24 = |

Basic  foX, X, | X3 | Xy | teaible? Mox 2= X, + 22+ 3xg + 4Xy
(X, XZ) | l 0 0 595 Z
(xi,X3) l 0 l 0 yes
)(\(:,Xq) | 0 0 | yes i~
(Y. X3) 0 Ne [ NA | o X
( x2¢4) 0 NA 0 N o g
(XQ'X‘{) O 0 NA NA g 4
X, tx2 =2 X, -%Xp ==2 X Xg:Q
& 5 Yo tXa < 2
ZX|“ Xz=3 QXI*‘Z’ 2 ZX +Xg 3 X'-th—Q 9 TX3 X2*’(q=2
x.=l K= ' o 2X,4Xq".9> %o t 3= 2 X, + % =2
S MEEE 743




9. (10 points) Suppose that z; = 2, z2 = 0, 3 = 4 is an optimal solution to the following
linear programming problem.

Maximize z = 4z + 2z2 + 373 ,

subject to:

2¢1 + 3z + 23 <12

z1 + 4zo + 223 <10

3z +x2+23 <10
2120 , 2220 , 23>0

Using the principle of complementary slackness (no credit for other methods!), and
the duality theorem, find an optimal solution to the dual problem (calling the dual vari-
ables wy, wo, w3). What value will the objective function of the dual problem have at the //"
optimal solution? Explain everything! (only 2 points for the right answers without/
explanations).

Ans.: w; = 0 ;W = ;w3 = . optimal value of dual ( 2') = 20

Sine x, ond xq Ore monzero, thy mean: the fuct and third conitraint of the duor|
poblem S to be m equality
2(2)+ 3(0) + 4 = § «lz, slac mean) w = 0.
® h
2+4(0) + 2(4) 0 <10, we annot (oo(ludo anj Inj } g
32)+ 0+ 4 =10£10, we connok conduge ”J“"”j

z- d(2)« 2(0)+ 3(4) = §+12= 20 ( Thig meant ;\7+he duulrfj thim , the opt volue oF Hhe

_ duel 15 @lso 20
pual: Min 2'= 12w+ [Owy +10wg

2w+ Wy + 3wy = 4 wy=0 Wy + 3wy = 4 - 2w, - 6wy = —F
N, + 4wy + Wy Z 2 2wy + g = 3 20+, - 3
W+ 2wy + Wg = 3 S0y = -5
Ws:i
wy 1(3)= 4



10. (10 points) In the course of solving an assignment problem with five employees and
five jobs, the following partial solution was arrived at:

g5 2ghieRt 3 g0
33 0e—3o*
0ed—0% 1 1
ovN-e>1 3 2
9 wdjet—"0" 9

By findind an alternating path (no credit for inspection or other methods!), find the
permutation, P, that is the final solution. Explain! (No credit without explanation).

7
g //
V
S o S
Ans.: IO A 53124
P =
sl TR S
R ¢
- 1 obternate the stad Y
\ SR l 0
\L ” ( give Starf o thote | | 2' S
B B T e i w;J no stedd . and i g 2 0" T EY
0 &e—— 01 | i 6% | %04 e
O'\l’—e-? o e a port of the =
=3 aHemo\erj th) e | bl L S
o R 4
- P A G B A e




11. (10 points altogether) (a) (8 points) Use the Minimal Cost Rule (no credit for other
ways!) to find an initial feasible solution to the following transportation problem. (b) (2

" points) Find its cost.
£ 6 7 |5 100 40
4 4 7 8 | 60 | 70
C‘[E» 3 6 5} , S—[so] ’ d‘{mo}
6 5 3 4 70 50
760 260
V
Ans.
40 10 0 50
0 60 0 0 : ot s $|ZQO
7 e o . ¢ ¢
0O 0 ¥ 0

b) (o= 40-4+ 106+ 5 50

0)
4 6 7 € .
E = s Pl o 0.4+ 650+ 370 =
e b L e L 0 + 60+ 250 + 240+ 300 +
s 3 0 &= SO 210
s 5 gbo % - = 220+ 4%+ 510
Q | .81..0 20
220 + 1000

40 70 120 50

\l

1220



12. (10 points altogether)
(a) (8 points) Solve the assignment problem with the following cost matrix. (b) (2 points)
Find the minimal cost.

b8 1 2 gUm
8 3 6 6 4 3
44 B1 8 3.5
38 7 £29°7
797 .92 .35
Ui ol gt i T
Ans.:
243170
503310
P=]) |.5¢c0%2 : Minimal Cost=$|(’l
0541 6 4
§s 7ot |3
75 0'5 3 6
625143
a) e, R S SRS 0+ bB 143+3+8+2 +2 =
S WS o 4
.‘.
Pl ey - &
6775 a4 T € 4
by g+ st g
Poag 0 5 B &




13. (20 points altogether) The capacity matrix for the following network with 7 vertices,
(where vertex 1 is the source and vertex 7 is the sink (aka terminal)).

o

Q

Il
AN =k=E= L=k
coocoo0O0o®
coococoo=
cooNnmO OO
coocowo o

OB W OO

o%gwoo.bqo

(a) (2 points) Draw a diagram of the network with vertex 1 on the left, followed by vertices
2 and 3 (with vertex 2 located above vertex 3), followed by vertex 4 at the middle, followed
by vertices 5 and 6 (with 5 located above 6), followed by vertex 7 on the extreme right.

(b) (10 points) Find the maximal flow on the diagram. You don’t have to redraw the
diagram at every iteration, but indicate each augmenting path that you are using.

(c) (2 points) Find the value of the maximal flow that you found in part (b).
(d) ( 5 points) Find a minimum cut

(e) (1 point) Find the value of the minimum cut.

61) memg below 15- 12 b) ]{ | = 2' | = 3’” //
Ans.: (c) Value of maximal flow= @ ; " \//

(d) Minimal cut: The following set of edges: { 5% 424, 627} ;
(e) Value of minimal cut = 7+3F.+4 fl 12 l

) @@\ or\“ ) R I3

\gZ 7‘1 77—

A MD\@Ele\U
\\ //Z] SR e
El l,zezqqzsz;t

q@ “q@ 4@ 4[4

| 2 96 497

5 4[] 2/[] 2/ @) 24 (3
,__—9-—%_,.____;___.\;_4

|333L1|‘52¥

Moximal Plow * Tne tet of ed o -

li1=2, 733




14. (20 points altogether) In the course of using the “keep finding an augmented path
until none are left” algorithm to solve the maximum flow problem for a certain network,
the following augmented path was found, from the source, vertex 1, to the sink, vertex 9,
where the current flow along an edge is indicated in italics and its capacity is indicated in

Mokl 8,7 . 51t 5F T B8 06,17
1 ’ 3 ’ 2 s 7 : 5 : 9
(a) (2 points) Explain why this is a legal augmenting path.
(b) (16 points) Find the new flow along each edge.
(c) (2 points) By how much did it increase?
Ans.:
6 11 2 0,5 17
Y 3 8. ; Dvi 15 k4 7 5 ?’ 9
— s — - —

The flow increased by:

3

) M he foword - foing orous” fowg orebelow he eapucty, Ond
Hhe bo(lword omows” Flows are renzerg

g 0 S AL T 24l o0#4E a9yl
5 —2:9

| s ) 3

4 6 5 @ [

¢)  OW-fow 845+ 54846 = 22
New fow. §+§+2+049~ 25

25-22-3]




15. (20 points altogether) For the following linear programming problem

Maximize z = 2271 + z2 subject to the restrictions

I +2:L'2 S 10

2¢1 + 22 <5
2120 , 2220
(a) (10 points) Set up an initial simplex tableau . Call the slack variables z3 and z4.
(b) (
(c) (2 points ) Find the departing variable (Explain!).
(

d) (6 points) Perform one iteration in the simplex algorithm to get the next tableau.

2 points ) Find the entering variable (Explain!).

Ans. to (b) and (c) : Entering Variable= X[ :  Departing Variable= XC{ i
o) Mo z- 2 4 Xz Sub. do b) The enfonng vor. 1§ %, Since
X,4 2 +Xg = 10 X, X2, X3, %42 0 thet 1§ the™ moH UQM'W #
C,
D+ Xg ¥ Xy = 2 in the objective fonction
1
Basie % Xz X3 X 2 RC
_ 0
X3 | 2 ! 0 0 0 o =—= 3
n 72 Xa 2 ! 0 | 0 2 &K= —% = 25
| c) The depariing VOr 0 X Jince
o S 0 0 l 0
_ the o of X, 5 lower than
C
d) Ruic X X2 X3 Xy 2 [ » _
N>-Hir X l 2 l 0 0 [0 the o 0f x; (25 < 10)
X 1 e g 0 3 -
' 20 5 2
62 20+ & - S s
) 273 2 | 0 0 | 0 9 2 2
Basic Xl X9 XS X¢ 7 RC '
X 0 & 1 =k B
= 2 2 . 2
X | ' | 5
I ~ s 0 =
= ae . ol z 0 2 2
0 0O 0 | l 5
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16. (20 points altogether) Consider the following linear programming problem in canonical
form, with variables z;, zs, 23, 24. .

Maximize z = z; + 3z subject to

Ti+22+z3=4 |,

f T1+z2 —z4=6 |,

2120 , 2220 , ‘2320 , z4>0

(a) (4 points) Explain why the usual simplex method would not work.
(b)

(c) (6 points) Calling the artificial variable(s) ¥; (or ys,ye etc., if needed), set up the
initial tableau for using the big M method.

(2 point) How many artificial variables are needed for the big M method? -

(d) (4 points) Determine the entering and departing variable of the initial tableau.
(e) (3 points) Perform one iteration to get the next tableau.

(f) (1 point) Who is the entering variable right now? —— l/
(@) For tne usual Simplex +o work, we need each ondtraind, to ha

. : ). or each)
basic vowabie (when e poplem @ n Cou’\DNCO‘-b FO ) A +Hhat

vl
‘ int, 7Ne - ¢ vanable needs 4o appear oy
Cvggmﬂ;’\nv‘?{fhgn%as;haw a  posihve coethicien t. Smcef/fh*eh/?/égd
w@eds 40 V/M’, osthve, we' cannot muli‘lplﬁ by -1, nyu‘—f;n -
cl/}m,g‘{mm*; terve 18 no basie vanable Since e T oeth ge

since they aren't :
S hegatve (and X, X, do Not quakity S Warﬂﬁ@,aﬁ vapidtt

d an
luSe, Fo the 29 onstraimdd. Sp we nheed
(h) V\fé(:"%ld one. ar+ihced vandable (for the 2 4 onétrainNt). l/

L -Mm
() max\m%/e;i Yo %()l(ﬁx:»,ylrxa ok %, X2, Y5, Xq N1 29
L ¥\ X2 = X4+

+¥ 70
%y = 3x5 A7 Xy Yo T Xe) =
’Y‘n "777%7, voM— Mx, '_M}(L*’Mx**t_“{o
(-1 =A%« (-B-MIXa AMxy T =M

—
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