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1. (10 points) Give two proofs of the Pythagorean theorem.

2. (10 points) Prove that 7
p
3 is irrational.

Proof # I - Rearrangement of Triangles

let us rearrange 4 triangles of the same side
, a. b. c. such that

it form, a square measuring c on all sides

a b

b
u if we were to rearrange

said tingles,
'

°

we can see that tire shaded areaCCY

would be equal to (a) + (by ,

a

q
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b
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Proof #2 - proof using similar triangles
A

As we can see DAHL and ☐ BHC are similar
<
H

Using the ratios of the similar triangle :

c
'

B ¥÷ = 1,3¥ ¥¥=An¥ After cross multiplying,

BC? ABCBHS
,
Ai = AHCABJ

(Bd = ABCBtlD-CACZ-AHLABJJ-ABCAH-BHI-ABZ-B.itACZ = ABZ

(= A2 -1132 .

Suppose Ñ3 can be expressed at a fraction % s.t.

Acb C-I
,
b -1-0 and gid (a.b) = 1

.

This would mean bit (3) =at
.

Let p be a

prime number s.t.pl 3 . This implies plat
and thus pta . This can be rewritten as phat

since 3 is square free, p
6 / bit . Since 7>-2

plbt
,

which means plb .

This implies

god ( arb) =7, this contradicts god la, b)
=/ and

7-fz is irrational



3. (10 points total)
(a) (5 points) Construct the Pascal triangle mod 2 Fractal using the first 8 rows (i.e, the
row for n = 0 through row for n = 7). Highlight the middle 0 section, and show that the
remaining part consists of three identical triangles with 4 rows,

(b) (5 points) Define the Feigenbaum constant. Explain everything!

I

1 1
11 ,

I 2 I 1 0 1

1 33 I → 1 I 1 I

1 4 64 1 1 00 O l

l 5 10 10 5 1 I 1 O o l l

1 6 15 2015 6 1 I 0 I 0 I 0 I

1 7 21 353521 7 I 1 I 1 I 1 I 1 I

1 8 28 56 to 56 28 8 I 1 O O O O O O O 1

It is afractnl because it has an inverted equilateral
triangle

Feigenbaum noticed trot 1hm Nctc -✓ K

KH
VK -VK -1

in the logistic map xnt , = Ku ( 1-✗as If 1<43,

the population will Stnbalize .
If K >3. then itwill

be the ultimate period of 2 . Mdkiy k bigger, there

will be an ultimate period 4- thus the constant

tends to 4- 6692016
.



4. (10 points altogether)
(a) (2 points) Define a Platonic soild
(b) (2 points) Let a be the number of edges meeting each vertex, and let b be the number
of edges surrounding each face. Express V (the number of vertices) and F (the number of
faces) in terms of E (the number of edges), and a and b.
(c) (2 points) Find an expressions for F , in terms of a and b.
(d) (4 points) Obviously both a and b must be at least 3, and F (and hence V and E) must
be positive. It is easy to see (you don’t have to do it) that a, b must be both between 3 and
5, leaving 9 potential scenarios. Find those values of a and b that make sense, and thereby
prove that there are exactly 5 Platonic solids. For each of them, find F (the number of
faces) and give the name of the corresponding Platonic solid.

5. (10 points)
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H| is always an integer.

(a) A platonic solid is a polyhedron hat have congruent faces that are regular
polygons and the same number of faces meet at each vertex .

(b) BF = ZE = av

(c) f-= 49

4- ( b-2) (a- 2)

(d) Since his must be between 3 and 5
,
we can

hurl only 5 possibilities - for { a , b } :

{ 3,33, { 4,33, { 3,43, { 5,3}, { 3,5 }
. using Euler's formula

that 2¥ - e +2¥ =z → ¥+1b = I + ¥ → tae ¥ > É .

That Atb > 2 .

Let HEG
,
161 =n and IHK in .

Since every coset ( left and rights of a subgroup has

the snare number of elements as H , we know that m

elements - Let ✓ be the number of cells in the partition

of G into left coset of H .

Then n=rm ⇒ 161=11-11 (G : H> ⇒ 1¥, = r. , ✓ c- IN .



6. (10 points) What is the name of the following famous equation-pair?

ux = vy , uy = �vx ,

or, in fuller notation
@u

@x
=

@v

@y
,

@u

@y
= �@v

@x
.

What is special about the function u(x, y)+ iv(x, y) where u(x, y), v(x, y) satisfy the above
system of two equations?

7. (10 points) Who discovered the quaternions? What city did that person live in?

8. (10 points) What is Heron’s formula, what century did Heron live in?

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What was Newton’s position after he left Cambridge?

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?.

"

Cauchy - Riemann
"

equations
Two smooth neat functions utxy) and ✓ lays
are the real and imaginary parts of the

complex variable 2-= ✗ + iy

William Rowan Hamilton
,
Dublin

A = Sls - a) (s-b) ( s-c)

1st century ( lived from
LOAD-70AD) .

Isaac newton studied Astronomy under his teacher

Isaac Barrow , who wrote Lectures optical
which

was unusual .

Newton became warden and later winner at

the mint .

leipziz , Germany ,
spent most of his line near

the court of Hanover . King George I .



11. (10 points total)
(a) (5 points) State Viète’s infinite product for 2

⇡ .

(b) ( 5 points) State the names of two people who initiated the use of logarithms

12. (10 points altogether) (a) (3 points) Define a Eulerian path in a graph.

(b) (3 points) State the necessary condition for a graph to have a Eulerian path

(c) (4 points) Prove (or explain in your own words) why the condition in (b) is necessary.

¥ = cos ¥ cos ¥ cos ¥ cook
. . .

32

John Napier and Henry Briggs .

A Eulerian path visits every edge of the graph
exactly once

A graph has a Eulerian path iff tree are

at most two vertices of odd degree .

If we add an edge between two - odd degree inertia
,

the graph would have a Eulerian circuit . If we neurone the

edge , we would thus have a Eulerian path . Suppose we

have a graph
with vertices that contain an odd degree not

be tnoand contains a Eulerian path . let us add an edge
at the two ends of the path .

This would be a graph
with an odd degree vertex and Euler circuit which is a
contradiction . Thus a Euler path must hone at most 2 vertices of

odd degree .


