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1. (10 pts.) Prove that there are infinitely many primes.

2. (10 pts.) Prove that
p
29 is irrational.

3. (10 pts) Derive (from scracth, only using geometric series, and calculus) the Taylor
series around x = 0 of the function

arctan x3 .

Explain all steps!

we will prove by contradiction . Suppose there only exist finitely many primes .
We will call this finite list of primes pi , pz , Pss, . . . ,Pn .
If we take the product of the primes and add 1

,
we will get the

number P=P, Pz Pz - - - Pn -11 .
All of Pi , Pz , Pz, . . . , pn would not divide P

because
you would get a remainder 1- This P would be a new prime

because P > p,
,
Pz
,
Pz
,

.
.

; Pn
and Pi

,
Pz
,
Pz
, .
. .

,
Put P

.

This is

a contradiction of our assumption that there exists a finite list of primes .
Hence, there exist infinitely many primes .

let us consider the infinite simple confined fraction :

5 " ¥¥
. .

we can represent this continued fraction with 9+21.
✗= 5 -4¥ → ✗2-5×-1=0 ✗= →

✗ = 5IY?9_
The infinite continued fraction can be represented as I-II
since ✗ is an infinite continued fraction

,
it would be irrational because

a rational number would have a finite continued fraction . This

implies 5tr9_ is irrational
,
which implies V29 is irrational

as desired .

We know that avctnncx) = )o×¥z and the famous Taylor series ¥ = xn

n=o
By replacing Z with - t

'

,
we get

¥, = I C- c-2) " = É C-1) n t
"

h=O h
--0

Hence arctnnx
>

=)?
>

¥, =)? ¥
. .

fight" = ÉC- Dn )fÉ "
n=O

Antun ×? I G)n ( t
' ""

zum / F) =/¥41"g; /n=o



4. (10 pts. altogether) Prove that

nX

k=0

k(k � 1)(k � 2) =
(n+ 1)n(n� 1)(n� 2)

4
,

(i) (5 points): The Dr. Z. way (verifying it for su�ciently many special cases, explain how
many you need)

(ii) (5 points): The traditional way, using complete mathematical induction.

The expression provided has a degree 4, so we would only need to verify 5 different

valued o

n= 0 : I KCK -1) ( k
-2) =o = 0l°")(q4)C0# ✓

0=0

= :::n=\ :
"É KIK-1) (k-25=0+0 = llHD¥D(

0=0 ✓

¥2.0k ( k-DIK-2) = 0+0+0 = 212+11%-1112-42
0 = 0 ✓

n =3 : ¥2k ( k - 1) ( K -2) = 0+0+0+6 = 313+134,3-1313-232 = 3☒¥
6=6 ✓

n Ég KIK -1) (K - 2) = 0 -10+0+6+24 = 4\(4tD¥l)C4_ =
(5) (3)(2)

30 = 30 ✓

Base-casein-o.IEKIK -DIK-2) = (n+1)n(n-1)Cn
0 ( o - 1) (0-2) = 10+13103140-1310-232

0=0 ✓

lyfyctiuec.ae - suppose n → n - I
⇐ok 1k- 1) ( k- 2) =

(n-1-"Kn¥lÉL=lnsln-Dlyn-2Xn-#
Inductive step :

KIK-DIK-2) = (%) KIK-1) (k-2)) + ( n ( n - 1) (n -2))
K=o

k=o

ÉKCK-DIK-2)=kÉÉ% n ( n-1) ( n - 2)=ln¥%, 4n(n-¥l
1<=0 4

¥2,14k-DIK-2)=nln-"ln-4ly→t4z, = lntl)(n)¥-l)ln ☐



5. (10 points) Construct a seven by seven Magic Square.

6. (10 points) Arrange the following people according to their year-of-birth, from oldest
to youngest.

Newton, Archimedes, Gallileo, Euler, Gauss, Zeilberger, Euclid, Thales, Brahmagupta,
Fibonacci.

For each person, state their century of birth.

5 5

6 6

→
7 78

z

→
q

2 10 2

3 3 3

4 4 4

d

5 13 21 22 5 13 5 13

6 14 15 23 6 14 15 6 14

7 8 16 24 ← 7 8 16
←

7 8

9 17 25 9 17 9

10 18 26 2 10 18 2 10 2

19 27 3 11 19 3 11 3 11

28 4 12 20 4 12 4 12

d

30 5 13 21 22 3038 5 13 21 22 30 3846 5 13 21 22

6 14 15 2331 39 6 14 15 z] 31 3947 6 14 15 2331

7 8 16 2432 7 8 16 243240
→

48 7 8 16 24 3240

9 17 2533
→

g 17 25 3341 9 17 2533 4149

10 18 26 34 2 10 18 26 34 42 2 10 18 26 34 4243 2

19 27 35 3 11 19 27 3536 3 11 19 27 3536 44 3 11

28 29 4 12 20 2829 37 4 iz w
2829 3745 4 12 20

=
- -- --
-

Thales (625B¢ Euclid (300134 , Archimedes
( 287)

, Brahmagupta ( 5901 , Fibonacci (117-0)

Galileo ( 18641,

"

Newton 11644
,

Euler 117075
,
Gauss (17-77)

, Zeibezer / 1950J



7. (10 points). What is an Egyptian fraction? Express 5
6 as an Egyptian fraction

8. (10 points) What is the di↵erence between Ionian (Greek) mathematics and ancient
Babylonian and Chinese mathematics? Who was the traditional father of Greek mathe-
matics?

9. (10 points) What book, except for the bible, was the most reproduced and studied in
the Western world? Who was its author?

10. (10 points) In a closed polyhedron, what is a relation between V , the number of
vertices, E, the number of edges, and F , the number of faces? Who is it due to?

Egyptian tractor is the sum of fractions aftne firm at
5

-6
= ¥ t ¥

,

with u c- 2 .

Euclid is the father of greek mathematics .

Elements by Euclid
.

Vt F - E --2

This relation is due to Euler



11. (10 points) What is the name of the following constant:

lim
n!1

✓
1

1
+

1

2
+ . . .+

1

n
� log n

◆
.

What is its approximate value?

12. (10 points) Using the beginning of the famous Taylor expansion, about x = 0 for sinx,
namely

sin(x) = x� 1

6
x3 + . . . ,

find the beginning (up to term x3) of the Taylor series, about x = 0 of

f(x) = sin sin sinx ,

in the form
a0 + a1x+ a2x

2 + a3x3 + . . .

Ans.:
a0 = ; a1 = ; a2 = ; a3 = .

Iim (t + tzt . . . + In - logn ) = 0.577216 . .
.

audis called constant of Euler .

0 I 0 -1-6


