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SYMMETRIC FUNCTIONS

1. Partitions

MaNY of the objects we shall consider in this book will turn out to be
parametrized by partitions. The purpose of this section is to lay down
some notation and terminology which will be used throughout, and to
collect together some elementary results on orderings of partitions which
will be used later.

Partitions

A partition is any (finite or infinite) sequence
(1.1) A = (Al, Az,..., A"...)
of non-negative integers in decreasing order;

M= =\ =

and containing only finitely many non-zero terms. We shall find it
convenient not to distinguish between two such sequences which differ
only by a string of zeros at the end. Thus, for example, we regard (2, 1),
2,1,0), (2,1,0,0,...) as the same partition.

The non-zero A; in (1.1) are called the parts of A. The number of parts
is the length of A, denoted by I(A); and the sum of the parts is the weight

of A, denoted by |A|:
[A]= A+ A+

If |\|=n we say that A is a partition of n. The set of all partitions of n is
denoted by 2,, and the set of all partitions by &. In particular, %, consists
of a single element, the unique partition of zero, which we denote by 0.

Sometimes it is convenient to use a notation which indicates the
number of times each integer occurs as a part:

A=(1™2mr™)
means that exactly m; of the parts of A are equal to i. The number
1.2) m; =my(A)=Card{j: \; = i}
is called the multiplicity of i in A.

Diagrams

The diagram of a partition A may be formally defined as the set of
points (i, j))€Z? such that 1=<j=<A, In drawing such diagrams we shall
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2 SYMMETRIC FUNCTIONS I

adopt the convention, as with matrices, that the first coordinate i (the row
index) increases as one goes downwards, and the second cordinate j (the
column index) increases as one goes from left to right.t For example, the
diagram of the partition (5441) is

consisting of 5 points of nodes in the top row, 4 in the second row, 4 in
the third row, and 1 in the fourth row. More often it is convenient to
replace the nodes by squares, in which case the diagram is

We shall usually denote the diagram of a partition A by the same symbol
A

The conjugate of a partition A is the partition A’ whose diagram is the
transpose of the diagram A, i.e. the diagram obtained by reflection in the
main diagonal. Hence A} is the number of nodes in the ith column of A,
or equivalently

(1.3) Aj=Card{j:A; =i}

In particular, Ay =1I(A) and A;=I(A"). Obviously A”= A.
For example, the conjugate of (5441) is (43331).

_From (1.2) and (1.3) we have

(1.4) m(A) = Ay~ Ajes
For each partition A we define
(1.5) n(A)= Y, (i—1A,

i=1

+ Some authors (especially Francophones) prefer the convention of coordinate geometry
(in which the first coordinate increases from left to right and the second coordinate from
bottom to top) and define the diagram of A to be the set of (i, j)€ Z? such that I=<i=a,
Readers who prefer this convention should read this book upside down in a mirror.

o
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so that n(A) is the sum of the numbers obtained by attaching a zero to
each node in the top row of the diagram of A, a 1 to each node in the
second row, and so on. Adding up the numbers in each column, we see
that ,
(1.6) ay=Y (’;’)
i=1

Another notation for partitions which is occasionally useful is the
following, due to Frobenius. Suppose that the main diagonal of the
diagram of A consists of r nodes (i, i) (I1isr). Let a;=A;—i be the
number of nodes in the ith row of A to the right of (i, i), for 1<i=<r, and
let B, = A}{—i be the number of nodes in the ith column of A below (i, i),
for 1<i<r. We have a;>a;>...>¢q,=0 and B;>p,>..>6,=0, and
we denote the partition A by

)\ = (al’-'-a ar l Bl)'"a ﬁr) = (a | B)
Clearly the conjugate of (a | B) is (B | @).
For example, if A =(5441) we have a =(421) and B = (310).
(1.7) Let A be a partition and let m = Ay, n=A1. Then the m + n numbers
AM+n—i (1<isn), n—1+j—A; (I<jsm)
are a permutation of {0,1,2,.., m+n—1}.
Proof. The diagram of A is contained in the diagram of (m™), which is an
nX m rectangle. Number the successive segments of the boundary line
between A and its complement in (m") (marked thickly. in the picture)
with the numbers 0, 1,..., m+n—1, starting at the bottom. The numbers

attached to the vertical segments are A, +n—i (1s<i=<n), and by
transposition those attached to the horizontal segments are

“mtn-1)-AFm=j)=n-1+j-A; (Isjsm). |

A={5421), m=8, n=6



4 SYMMETRIC FUNCTIONS I
Let

n

fanlt)= 3, N0t

i=1
Then (1.7) is equivalent to the identity
(1.7 fun @+ (B == (1-1).

Skew diagrams and tableaux

If /\., [ are p?rtitions, we, shall write Ao to mean that the diagram of A
c9ntams the diagram of y, i.e. that A, = w, for all i=1. The set-theoretic
difference 6= A — p is called a skew diagram. For example, if A =(5441)

;n;i p = (432), the skew diagram A — p is the shaded region in the picture
elow:

A path in a skew diagram 6 is a sequence x;, X;,..., X,, Of squares in
such that x;_; and x; have a common side, for 1=i=m. A subset ¢ of @
?s said to be connected if any two squares in ¢ can be connected by a path
in ¢. The maximal connected subsets of 6 are themselves skew diagrams,
called the connected components of 6. In the example above, there are
three connected components.

The conjugate of a skew diagram 6=A—p is 0'=A"—pu'. Let 6, =
/\i - Hi 0: = A;— “‘;9 and

l6]=2 6,=A|~ul.

A skew diagram 6 is a horizontal m-strip (resp. a vertical m-strip) if
|6]=m and 6}=<1 (resp. 6, <1) for each i = 1. In other words, a horizontal
(resp. vertical) strip has at most one square in each column (resp. row).

A tableau T is a sequence of partitions

p=A%cAWc  cr®=)

such that each skew diagram 9®=A®—-A%Y (1=<i<r) is a horizontal
strip. Grap.hically, T may be be described by numbering ‘each square of
the skew diagram 6% with the number i, for 1=<i=<r, and we shall often

~
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think of a tableau as a numbered skew diagram in this way. The numbers ‘

inserted in A —p must increase strictly down each column, and weakly
from left to right along each row. The skew diagram A —p is called the
shape of the tableau T, and the sequeénce (16%,..., 16 is called the
weight of T.

A standard tableau is a tableau T in which each number 1,2,..,r
occurs exactly once, so that its weight is (1, 1,..., 1).

Addition of partitions

Let A, p be partitions. We define A + p to be the sum of the sequences
A Bt
A+p)i=A+p
Also we define A U p to be the partition whose parts are those of A and of
u, arranged in descending order. For example, if A = (321) and p = (22),

then A+p=(541) and AUpu= (32221).
The operations + and U are dual to each other:

(1.8) AUp)Y=A"+p".

Proof. The diagram of AU is obtained by taking the rows of the
diagrams of A and p and reassembling them in order of decreasing
length. Hence the length of the ith column of AU is the sum of the
lengths of the ith columns of A and of u, i.e.

AUR=A+pi |

Orderings

Let L, denote the reverse lexicographic ordering on the set P, of
partitions of n: that is to say, L, is the subset of @, x P, consisting of all
(A, p) such that either A=p or else the first non-vanishing difference
X\, — ; is positive. L, is a total ordering. For example, when n=35, L,
arranges P; in the sequence

(5), (41), (32), (31%), (2°1), (21%), (1°).

Another total ordering on @, is L, the set of all (A, ) such that either
A = or else the first non-vanishing différence X; — fi; is negative, where
X, =An+1-i- The orderings L, L, are distinct as soon as n=6. For
example, if A =(31%) and p = (2%) we have (A, p)eL and (m, A)eL'.

(1.9) Let A, p € P,. Then

(A, pye L& (n', A)eL,.

Proof. Suppose that (A, )€ L, and A # . Then for some integer i=1 we
have A\, <my;, and A;=p,; for j>i. If we put k=, and consider the
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diagrams of A and u, we see immediately that A}= p] for 1<j<k, and
that Aj,, < 141, s that (u’, A") € L,. The converse is proved similarly. |

An ordering which is more important than either L, or L, is the
natural (partial) ordering N, on &, defined as follows:

A pweNSM+ A =p+.+ foralliz=l.

As soon as n=6, N, is not a total ordering. For example, the partitions
(31%) and (2%) are incomparable with respect to Ng.
We shall write A = p in place of (A, u)e N,

(1.10) Let A, peP,. Then
A=p>0, el NL,

Proof. Suppose that A = u. Then either A;> p,, in which case (A, p)e L,,
or else A; = p,. In that case either A,> p,, in which case again (A, p)€ L,
or else A, = u,. Continuing in this way, we see that (A, p)eL,.

Also, for each i=1, we have

MsgFAaato=n—(A1+..+A)
sn-(p+..tw)
= gyt Biaa
Hence the same reasoning as before shows that (A, p)eL,. |

Remark. It is not true in general that N, =L, NL,. For example, when
n=12 and A=(63%), w=(5*1> we have (A, p)eL,,NLj,, but
(A, )€ Ny,

(1.11) Let A, pn€P,. Then
A=zpou'=A.

Proof. Clearly it is enough to prove one implication. Suppose then that
w'#A’. Then for some i=1 we have

A+ FAjspitotug (iI=sj=i-1)
and
(6))] M. A pi )

from which it follows that A;>pi.
Let I=A}, m=u}. From (1) it follows that

() )‘;+1+A;+2+"-<“‘,i+1+l"‘;+2+----

NOW Alyq+Alsa+... is equal to the number of nodes in the diagram of A

I SYMMETRIC FUNCTIONS 7

which lie to the right of the ith column, and therefore
1
Myt Aato= 2, (=i
j=1
Likewise
Riv1t Rzt = 21 (g — ).
]-:
Hence from (2) we have
m ] m
(3) Y y—D>Y A=D= Y -
j=1 j=1 =1
in which the right-hand inequality holds because I>m and Aj=i for
1=<j=<I. From (3) we have

v Bt A A,
and therefore A# p. |

Raising operators

In this subsection we shall work not with partitions but with integer
vectors @ =(dy,..., @,) €Z". The symmetric group S, acts on Z" by per-
muting the coordinates, and the set

P,={beZ":b;=b,=..=b,}

is a fundamental domain for this action, i.e. the S,-orbit of each aeZ"
meets P, in exactly one point, which we denote by a*. Thus a* is
obtained by rearranging a,..., @, in descending order of magnitude.

For a, beZ" we define a=b as before to mean

a;+..+a=b;+..+b (I1=sisn).
(1.12) Let a€Z". Then
acP,&a=wa forallwes,.

Proof. Suppose that a€ P, i.e., 41=...Z ay. If wa = b, then (by,..., b,) is a
permutation of (aj,..., a,), and therefore

a;+..ta=b+..+h (1<is<n)

so that a=b.
Conversely, if a=wa for all we S, we have in particular

(ala-"’ an) = (alr-'! Q-1 Qi+1s Apy Aj4250009 an)
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for 1<i=n-1, from which it follows that
at+..ta.ta=a,+..+a_1+a.,,
ie., a,=a,.,. Hence aeP,. |
Let §=(n—-1,n-2,..,1,0)eP,.
(1.13) Let a€ P,. Then for each we S, we have
‘ (a+8~—wd)*=a.

Proof. Since 5 € P, we have §=wd by (1.12), hence
atd—wd=a.

Let b=(a+8—w8)". Then again by (1.12) we have
b=a+38—wd.

Hence b=a. |

For each pair of integers i,j such that 1<i<j<n define Ry:
Z"—1Z" by

Ry(a)=(ay,..., a;+1,...,a;— 1,..:, a,).

()

Any product R = [] R} is called a raising operator. The order of the terms

i<j

in the product is immaterial, since they commute with each other.
(1.14) Let a€Z" and let R be a raising operator. Then
(Ra)*=a.

Proof. Let R be as above. If b=Ra we have

b=a+ Z r
i=1

where, if i > j, r; is defined to be —r;, and r; = 0. Hence if ¢ =b" we have

. k n
Gt et bt th=a . tat ), on
=1 j=1

But the matrix (r;) is skew-symmetric, so that
k k

Z z r;=0.

Hence

k n
G ataZatotagt ), ) mEagt..ta
im1j=k+1

because r; =0 for i <j. Hence c > a, as required. |

———
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Conversely:

(1.15) Let a, beZ" be such that a<b and a,+...+a,=by+...+b,. Then
there exists a raising operator R such that b= Ra.

Proof. We may take
n—1
R= n R;c",k+1
k=1
where

k
no=72 (h—a)=0. |

i=1
s

Examples
1. Let A be a partition. The hook-length of A at x=(i,j)€ A is defined to be
h(x)=h(, j)=N+A—i—j+1.

From (1.7"), with A and A’ interchanged, and m = A;, we have

A n A|+n—l
2 P Y E PN Z d
i=1 j=1 i=0
or, putting ;= A +n—i (1<i<n),
Ay n iy
(1) Z PLICO I Z = Z .
i=1 i=2 j=1

By writing down this identity for the partition (A, Ai+15.-.) and then summing over
i=1,2,.., () we obtain

@ IR NS ED WD

XEA i<i i=1j=1

From (2) it follows that

Huﬁl(l—r')
EEPLYCO I Ll bk S
® ==

i<j

and in particular, by dividing both sides of (3) by (1~t)*! and then setting t=1,
that

lﬂlua!
4 e —
@ I T (=)
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2. The sum of the hook-lengths of A is

Y h(x)=nA)+n(A)+Al.

xeA

3. For each x = (i, j)€ A, the content of x is defined to be ¢(x)=j—i. We have

Z c(x)=n(A)—n(r).

X€eA

If n is any integer =I(A), the numbers n+c¢(x) for £ in the ith row of A are
n—i+1,..,n—i+A, and therefore

Pa +n—i(t)
(1 n+c(x)) JAtn—-i '/
!1 l[ll @n-1t)
where ¢,(t)=1—-01-3)...(1-1).
4. If A=(Ay,.e, M) = (@1senes @, | B1yeess By) iR Frobenius notation, then

Z f1-t)= Z (B = ).

i=1
Notes and references

The idea of representing a partition by a diagram goes back to Ferrers
and Sylvester, and the diagram of a partition is called by some authors the
Ferrers (often misspelt) diagram or graph. Tableaux and raising operators
were introduced by Alfred Young in his series of papers on quantitative
substitutional analysis [55].

2. The ring of symmetric functions

Consider the ring Z[x;,..., x,] of polynomials in n independent vari-
ables x;,..., x, with rational integer coefficients. The symmetric group S,
acts on this ring by permuting the variables, and a polynomial is symmet-
ric if it is invariant under this action. The symmetric polynomials f(d’gm a
subring

A, =Z[x4,..., x, 1%

A, is a graded ring: we have

= @ Ak
k=0
where A} consists of the homogeneous symmetric polynomials of degree
k, together with the zero polynomial.
For each a =(a;,..., ,) € N" we denote by x* the monomial

ot
X% =xJt ... X,

et g g, S

P

e

ey sg—
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Let A be any partition of length <n. The polynomial
2.1) My (X1y0ey X,) = Z x*

summed over all distinct permutations @ of A =(A,,..., A,), is clearly
symmetric, and the m, (as A runs through all partitions of length <n) form
a Z-basis of A,. Hence the m, such that I(A)<n and |A|=k form a
Z-basis of Ay; in particular, as soon as n=>k, the m, such that |A|=k
form a Z-basis of A%,

In the theory of symmetric functions, the number of variables is usually
irrelevant, provided only that it is large enough, and it is often more
convenient to work with symmetric functions in infinitely many variables.
To make this idea precise, let m=n and consider the homomor-
phism

Z(xy,..., X ] = Z[x4,..., xﬁ
which sends each of x,,.1,..., X, to zero and the other x, to themselves. On
restriction to A,, this gives a homomorphism

pm,n :Am - An

whose effect on the basis (m,) is easily described; it sends m, (x,..., x,,,) to
my(xy,..., X,) if I(A)<n, and to 0 if I(A)>n. It follows that p,, is
surjective. On restriction to A¥ we have homomorphisms

P Af— A%

for all k=0 and m = n, which are always surjective, and are bijective for
m=n=k.
We now form the inverse limit

A* =lim A®
<
of the Z-modules A, relative to the homomorphisms pt .: an element of
A* is by definition a sequence f = (f,),-0, Where each fo=fulx1yen X, ) is @
homogeneous symmetric polynomial of degree k in x,,..., x,, and
fn(X1500s X, 0,..., 0) = f, (x4,..., X,) whenever m=n. Since p%, is an
isomorphism for m=nz=k, it follows that the projection .

priA* — AL,

which sends f to f,, is an isomorphism for all n =k, and hence that A* has
a Z-basis consisting of the monomial symmetric functions m, (for all
partitions A of k) defined by

pumy) = m, (xy,..., x,,)
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for all n= k. Hence A* is a free Z-module of rank p(k), the number of
partitions of k.
Now let
A= @ A%,

k=0

so that A is the free Z-module generated by the m, for all partitions A.
We have surjective homomorphisms

p=© piiA—A,

k=0

for each n=0, and p, is an isomorphism in degrees k=n.

It is clear that A has a structure of a graded ring such that the p, are
ring homomorphisms. The graded ring A thus defined is called the ring of
symmetric functionst in countably many independent variables x;, X,... .

Remarks. 1. A is not the inverse limit (in the category of rings) of the
rings A, relative to the homomorphisms p,, .. This inverse unit, A say,

contains for example’ the infinite product II (1+x,), which does not
i=1

belong to A, since the elements of A are by definition finite sums of
monomial symmetric functions m,. However, A is the inverse limit of the
A, in the category of graded rings.

2. We could use any commutative ring A in place of Z as coefficient ring;
in place of A we should obtain A, =A®z A.

Elementary symmetric functions

For each integer r=0 the rth elementary symmetric function e, is the
sum of all products of r distinct variables x,, so that e;=1 and

e = Z Xy Xipeer Xy, = M1

iy<iz<...<iy

for r=1. The generating function for the e, is

(2.2) EN="Y er=111+x)

r=0 i=1
(t being another variable), as one sees by multiplying out the product on
the right. (If the number of variables is finite, say n, then ¢, (i.e., pa(e)) is

+The elements of A (unlike those of A,) are no longer polynomials: they are formal
infinite sums of monomials. We have therefore reverted to the older terminology of
‘symmetric functions’.
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zero for all r>n, and (2.2) then takes the form

i et’ = ﬁ (1+xt)
r=0 i=1

both sides now being elements of A,[t]. Similar remarks will apply to
many subsequent formulas, and we shall usually leave it to the reader to
make the necessary (and obvious) adjustments.)

For each partition A = (A4, A,...) define
€, = €, pyen-
(2.3) Let A be a partition, A" its conjugate. Then
e =m, +Z a,m,
m

where the a,, are non-negative integers, and the sum is over partitions p
which are later than X in the reverse lexicographic ordering.

Proof. We have

ey =ejtez..

where m, = my(A") = A; — Ay by (1.4). If we now multiply out this product,
we obtain a sum of monomials; if these are arranged in reverse lexico-
graphic order, the leading term in the expansion is clearly

XM (x %) ™2(X1 Xp X5)™ . = X}1X52X5? .. = xt.
Since e, is a symmetric function, it follows that the monomial symmetric
function m, occurs in the expansion with coefficient 1, and_that all other
m, which occur are lower than m, in the reverse lexicographic
ordering. |

(2.4) We have
A = z[el’ 62’"']

and the e, are algebraically independent over Z.

Proof. The m, form a Z-basis of A, and (2.3) shows that the e, form
another Z-basis: in other words; every element of A is uniquely expressi-
ble as a polynomial in the e,. | .

Remark. When there are only finitely many variables Xi,..., Xy (2.4)
states that A, =Z[e,,..., e.], and that e,..., e, are algebraically indepen-
dent. This is the usual statement of the ‘fundamental theorem on symmet-
ric functions’.
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Complete symmetric functions

For each r=0 the rth’ complete symmetric function h, is the sum of all
monomials of total degree r in the variables x;, x,,..., o that

h,= 2 m,.
Af=r

In particular, ho="1 and h, = e,. It is convenient to define h, and e, to be
zero for r<0.
The generating function for the h, is

(2.5) HO=Y h=1] Q-xn"
r=0 i=»1

To see this, observe that

(1-xt) =Y, xktt,

k=0
and multiply these geometric series together.
From (2.2) and (2.5) we have
(2.6) HMOE(-1H=1 .
or, equivalently,
(2.6) Y (~1eh,, =0
r=0

for all n=1.
Since the e, are algebraically independent (2.4), we may define a
homomorphism of graded rings

w: A=A
by
w(e)=h,

for all r=0. The symmetry of the relations (2.6") as between the e’s and
the h’s shows that

(2.7) o is an involution, i.e. w? is the identity map. |
It follows that o is an automorphism of A, and hence from (2.4) that
(2.8) We have
A=Z[hy, hy,...]

and the h, are algebraically independent over Z. |

1 SYMMETRIC FUNCTIONS 15

Remark. If the number of variables is finite, say n (so that- ¢, =0 for
r>n) the mapping w:A, = A, is defined by w(e,)=h, for 1sr=n, and
is still an involution by reason of (2.6"); we have A, =Z[hy,..., h,] with
hyse.., b, algebraically independent, but h,.y, h,.2,... are non-zero
polynomials in hy,..., by (or in ey,..., €,).

As in the case of the e’s, we define
hy = hy hy, -

for any partition A = (A4, A,,...). By (2.8), the h, form a Z-basis of A. We
now have three Z-bases, all indexed by partitions: the m,, the e, and the
h,, the last two of which correspond under the involution . If we define

fa = w(m,)
for each partition A, the f, form a fourth Z-basis of A. (The f, are the
‘forgotten’ symmetric functions: they have no particularly simple direct
description.)

The relations (2.6") lead to a determinant identity which we shall make
use of later. Let N be a positive integer and consider the matrices of
N+1 rows and columns

H= (hi—j)0<i,j<N, E=((- 1)1_!ei—j)0<!,]sN

with the convention mentioned earlier that h,=e, = 0 for r<0. Both H
and E are lower triangular, with 1’s down the diagonal, so that det H=
det E = 1; moreover the relations (2.6") show that they are inverses of
each other. It follows that each minor of H is equal to the complementary
cofactor of E', the transpose of E.

Let A, p be two partitions of length <p, such that A’ and ' have length
<g, where p+q=N+1. Consider the minor of H with row indices
M +p—i (1<i=<p) and column indices w,+p—i (1=si=<p). By (1.7) the
complementary cofactor of E' has row indices p—1+j—Aj(1<j<gq) and
column indices p—1+j—pj (1=<j=gq). Hence we have

det(hm—-m—i+j)1<i.1<p= (- 1)'”““‘ det((— 1))‘;~u;_i+je:\1—y.;——i+i)i<i,]=5q-

The minus signs cancel out, and therefore we have (Aitken [1])

~

2.9) det(h)“_m_i,,,-),s,,,<p = det(e,\;_“;_i,,i)lq,sq.
In particular, taking p = 0:
(2,99 det(hy_i+)= det(ex—i+j)-

Power sums

For each r=1 the rth power sum is

p-= Z x;= M-

G
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The generating function-for the p, is

PO=2 ptT=) X xit™

r=l i=1r=1
Xi
Si1-xt
4 log !
hdt T l-xt

- so that
(2.10) P(t)=—log 1 (- = 1=dilog H(r) = H'(6)/H(7).
i=1

Likewise we have
2.10) P(—1)= % log E(f) = E'(t)/ E(f).
From (2.10) we obtain

(2.11) nh, = Z prhn—t

ra=1

for n=1, and these equations enable us to express the h’s in terms of the
p’s, and vice versa. From (2.11) it is clear that h,€Q[py,..., p.] and
Pn €Z[hy,..., h,], and hence that

Q[plr'-, pn] = Q[hla--" hn.]

Since the h, are algebraically independent over Z, and hence also over Q,
it follows that

(2.12) We have
Aq=A®,Q=Qlpy, p;---]
and the p, are algebraically independent over Q. |
Hence, if we define

= PanPrgee

for each partition A =(Ay, A,,.. ) then the p, form a Q-basis of Aq. But
they do not form a Z-basis of A: for example, h, = 3(p%+p,) does not
have integral coefficients when expressed in terms of the p,.

Since the involution  interchanges E(f) and H(t) it follows from
(2.10) and (2.10") that

o(p,)=(-1)""p,

T T e,

T TN TS TN e IR PR,
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for all n=1, and hence that for any partition A we have
(2.13) o(p\)= &xp
where g, = (— 1)),

Finally, we shall express h,, and e, as linear combinations of the p,. For
any partition A, define
=11 i™.m!

i=1

where m; = m;(A) is the number of parts of A equal to i. Then we have
H() =Y, z3'p™,
A

E(t)= Z SAZIIPAtI)‘I:
y

(2.14)

or equivalently

hn= Z Z:\_lpm
(2.14') Wi=n
€n = Z SAZIIPA- .
IAl=n

Proof. 1t is enough to prove the first of the identities (2.14), since the

second then follows by applying the involution » and using (2.13). From
(2.10) we have

H(t)=exp Z pt'lr

r=1

= II exp(p,t'/r)

r=1 4

=[1"L wymir.m

rzl m=0
) == -1 A
B - Z Z)‘ p)‘tl l. I
A

(2.15) Remark. In the language of A-rings ([S],[23]) the ring A is the
‘free A-ring in one variable’ (or, more precisely, is the underlying ring).
Consequently all the formulas and identities in this chapter can be
translated into this language. It is not our intention to write a text on the
theory of A-rings: we shall merely provide a brief dictionary.

If R is any A-ring and x any element of R, there exists a unique
A-homomorphism A— R under which e (=h,;=p,) is mapped to x.
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Under this homomorphism

e,is mapped to A"(x) (rth exterior power)

h, o' (x)=(—1)"A"(—x) (rth symmetric power)
E(1) A (x)
H(t) o (x)=A_(=x)

P - ¢ (x) (Adams operations)

"and the involution w corresponds in R to x+—>—x. So, for example, (2.14")
becomes

cr"(x)=||2= Z N (x)

valid for any element x of any A-ring (where of course P (x)=

Yh(x)Ph(x)...).

Examples

1. Let X;=...= %, = 1, X1 = Xp42=-..=0. Then E(t)=(1+1t)", H(t)=(1-1)"", s0

that
r=(n)’ h’=(n+r—1)
r r
and p,=n for all r=1.

2. Let x,=1/n for 1<i<n, x,=0 for i>n, and then let n — . From Ex. 1 we

have
o1 (n) 1
e, =lim — =—

neen \r/ r!
and likewise h, ='1/r!, so that E(t)= H(t)=e'. We have p; =1 and p, =0 for r>1;
more generally, m, =0 for all partitions A except A = 1" (r=0).

3. Let x,=ql~1 for 1<is<n, and x;=0 for i>n, where q is an indeterminate.
Then

n—-1 n
Em=[] a+d'n=} q"""’z["] r
im0 r=0 r
where [] denotes the ‘q-binomial coefficient’ or Gaussian polynomial

[n] _(-q)0-¢"..(~g"""
r (1“‘1)(1—q2)...(1—q') ’

and

HO=T] a-q9=3 ["“"1] v

i=0 r=0 r

T

e e

Eacs )
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These identities are easily proved by induction on n. It follows that

o— n n+r—1
e=q" 1)/2[;-]’ hr=[ . ] ]

h, is the generating function for partitions A such that I(A)=<r and IA)<n-1,
and e, is the generating function for such partitions with all parts distinct.

4. Let n— o in Ex. 3, ie., let x;=q' " for all i=1. Then

EO=[1a+qD=Y a“ ™ /e(a)
i=0 r=0

o

HO=[1-40"=Y t1e.a)

i=0 r=0

where

e(q)=(1-9)(1-g)..1-q).
Hence in this case

e=q"""le(@, h=1eq)
and p,=(1—-¢")"".
5. Since the h, are algebraically independent we may specialize them in any way,
and forget about the original variables x;: in other words, we may take H(t) (or

E(1)) to be any power series in ¢ with constant term 1. (We have already done this
in Ex. 2 above, where H(t)=e'.) Let a, b, q be variables and take

Then we have

(see e.g. Andrews [2], Ch. IL) Also p, =(a"—b")/(1-4q").

6. Take H()= [] (1—t")"", so that h,=p(n), the number of partitions of n.
n=1

Then E(—t)= [I (1—¢"), and so by Euler’s pentagonal number theorem e, = 0
n=1

unless n is a pentagonal number, i.e. of the form im(3m +1) for some m €Z; and
e, =(=1)"" 2 if p=im(B3m+1).

From (2.10) we obtain p, = o(r), the sum of the divisors of r. Hence (2.11) gives
in this case ’

n

1
() ==,

r=1

o(r)p(n—r).

7. Take H(t)= [] (1—t")™", so that h, = p,(n), the number of plane partitions of

n=1

n (§5, Ex. 13). From (2.10) we obtain p, = o(r), the sum of the squares of the

&
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divisors of r. Hence by (2.11)

n

@ pa(m) = 3. ao(r)paln=1).

r=1

It is perhaps only fair to warn the reader that the obvious generalization of (1)
and (2) to m-dimensional partitions (m >2) is false.

8. By solving the equations (2.6') for e, we obtain
e, = det(hl—l+})l<t.j‘n
and dually
h, = det(e 1—|+j)1<l,l‘n'

Likewise from (2.11) we obtain the determinant formulas

e, 1 0 ..0
Po= 2e, e; 1 .0
n.e“ e,"_..l é"_z... él
P1 1 0 .. O
P2 rn 2 .. O
nle.=|: i i :
Paci Pa—2 . .. h—1
Pn Pn—1 . s D1
and dually
h, 1 0 . 0
(-1)*p. = 2h, hy 1 w. 0
nh, h._y hn.—2 e hy
P1 -1 0 aee 0
P2 P1 -2 .. 0
nlh,=| 3 R i
Pn—-1  Pn-2 . e —n+ 1
Pn Dn-1 . res P1

9. Let G be any subgroup of the symmetric group S,. The cycle indicator of G is
the symmetric function

1
Gl Y. ns(p)p,

'3
»

c(G)=

where ng(p) is the number of elements in G of cycle-type p, and the sum is over
all partitions p of n. In particular,

c(S)= Y, z;'po=hn

lpj=n

B

I SYMMETRIC FUNCTIONS 21

by (2.14°), and for the alternating group A, we have
c(A,)=h,+e,.

If G is a subgroup of S, and H a subgroup of S,,, then G x H is a subgroup of
S, X S,, ©8,.+m», and we have
c(Gx H)=c(G).c(H).

10. From Exx. 8 and 9 it follows that the number of elements of cycle-type p in
S, is equal to the coefficient of p, in the determinant

P1 -1 0 oes 0
P2 pr -2 .. 0
d,=nlh,=| : : : :
Pn—1 Pn-2 . we —n+ 1
Pn Pnr - e P1

Let | be a prime number. We may use this formula to count the number of
conjugacy classes in S, in which the number of elements is prime to I, by reducing
the determinant d, modulo l. Suppose that n = a,+n,l, where 0=<a,=<1-1. Then
since the multiples of | above the diagonal in d, become zero on reduction, it
follows that

d,=did,, (mod. )
Now it is clear from the original definition of d, = n!c(S,) that

d=pi—p (mod. )
and therefore we have

10)) d,=(pi-p)*.d,  (mod.l).
Hence if n = ao+ a1+ ayl*+..., with 0<g,<I-1 for all i =0, it follows from (1)
that

d,=d, H (pY—pi™H™ (mod. I).

i1

Consequently, if p;(S,) denotes the number of conjugacy classes in S, of order
prime to [, we have

(S = m(S:) [T (@),

=p(ao) [1 (a+1)

i=1

where p(ao) is the number of partitions of ao. In particular, if [ =2, we see that
©2(S,) is always a power of 2, because each g; is then either 0 or 1: namely
p2(S.)=2" if n is a sum of r distinct powers of 2.

11. Let

=L g0=3 &

n=0 N: n
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be formal power series (with coefficients in a commutative Q-algebra) such that
g(0) = 0. We may substitute g(¢) for ¢ in f(f), and obtain say

n

Clearly each coefficient H, is of the form

Hn = i kan,k(g)

k=1

" where the B, are polynomlals in the coefficients of g, called the partial Bell

polynomials. Since each H, is linear in the coefficients of f, in order to compute
the polynomials B,, we may take f, =a, so that f(f) = e*. Writing

H(1)= Z hot"

n=0

as usual, we have H(t) = exp(ag(r)) and therefore by (2. 10)
ag.t”

P(r)=—logH(t) ag'() = Z v

so that p, = ag,/(n—1)! for all n=1. Hence by (2.14)

H,=nlh,= Z -n—!p,\

IAl=n Za

and consequently

B, =Z_PA ZCAEA

where the sum is over partitions A of n such that I(A)=k, and

8 = 8B & =nl/[]niG)
i=1
if A=(1"2%..). These coefficients c, are integers, because ¢, is the number of
decompositions of a set of n elements into disjoint subsets containing Ay, Aa,...
elements. Hence each B, is a polynomial in the g,’s with integer coefficients.
Particular cases:

(a) if g(1)= log(l +1), then B, = s(n, k) are the Stirling numbers of the first kind;

(—1)""*s(n, k) is the number of elements of S, which are products of k dls]omt
cycles. We have

4 a
L k)—a*=(1+1*= ( )t",
,.,g;os(n )n!a t+n ..go n
from which it follows that
Y s(n,k)a"=a(a—1)..(a—n+1)
k=0

and hence that s(n, k) is the (n—k)th elementary symmetric function of
-1,-2,...,—n+1.

oy

IRty tp—— ey
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(b) if g(t)=e'—1, so that g, =1 for all n=1, then B,, =S(n, k) are the Stirling
numbers of the second kind; S(n, k) is the number of decompositions of a set of n
elements into k disjoint subsets, and is also the ’(g k)th complete symmetric
function of 1, 2,..., k. ad . 5

12. Deduce from Ex. 11 that if f and garen tlmes differentiable functions of a
real variable, and if f;, g, (f°g) denote the kth derivatives of f, g and fog, then

(fog)n= Z B, (81, 820 )fi08)-

13. If HO)=(1-1)/(1-1)", we have

ntr—1 n-1
h,= -
( r—1 ) (r— 1)
and by (2.10) we find that p, =r if n#0 (mod r), whereas p, =0 if n=0 (mod r).
Hence from (2.14")

+ —_ —
Yzt = (n ! 1)_<n 1) (r=2)
n r—1 r—1

where the sum on the left is over partitions A of n none of whose parts is divisible
by r.
In particular (r=2)

Y 2™ =2
X
summed over all partitions of n into odd parts.

Notes and references

Ex. 10. The calculation of w,(S,), and in particular the fact that p,(S,)
is a power of 2, is new, as far as I know. More generally, if G is any finite
Corxeter group, p,(G) is a power of 2 [33].

Ex. 11. For more information on Bell polynomials, Stirling numbers
etc. see for example L. Comtet, Analyse Combinatoire (2 vols.), Presses
Universitaires de France, Paris (1970). .

Ex. 13. This result is due to A. O. Morris [38].

3. S-functions

Suppose to begin with that the number of variables is finite, say
Xqseees X Let x* = x71... x5 be a2 monomial, and consider the polynomial
a, obtained by antisymmetrizing x*: that is to say,

a, = ay(xq,..., X,) = Z e(w). w(x®)
wesS,

g

-

where g(w) is the sign (+1) of the permutation w. This polynomial a, is
skew-symmetric, i.e. we have

w(a,)=e(w)a,
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for any we S, ; in particular, therefore, a, vanishes unless oy,..., o, are all
distinct. Hence we may as well assume that o >a>..>a, 20, and
therefore we may write a = A + §, where A is a partition of length <n, and
é8=(n-1,n-2,.,1,0). Then

o = Byis = ), (W) W(x )

w

which can be written as a determinant:

_ A +n—
ay.s=det(xp™" ])1<l,]<n'

This determinant is divisible in Z[x,,..., x, ] by each of the differences
x;—x (1=<i<j<n), and hence by their product, which is the Vander-
monde determinant

n (x; — x;) = det(x} ™) = a,.

I<i<j®n .
So a,.s is divisible by a, in Z[x,,..., x,], and the quotient
(3.1) S = Sa (X150 X0) = Or 15/ 05

is symmetric, i.e. is in A,. It is called the S-function in the variables
X15-.0y Xy, COrresponding to the partition A (where I(A)<n), and is
homogeneous of degree |A|.

Notice that the definition (3.1) makes sense for any integer vector
A €Z" such that A+8 has no negative parts. If the numbers A, +n—i
(1<i=n) are not all distinct, then s, = 0. If they are all distinct, then we
have A +8=w(p+38) for some weS, and some partition u, and 5, =
g(w)s,,.

The polynomials a, ., where A runs through all partitions of length <n,

form a basis of the Z-module A, of skew-symmetric polynomials in -

X1,.., Xo. Multiplication by a, is an isomorphism of A, onto A, (i.e., A, is
the free A,-module generated by a,), and therefore

(3.2) The S-functions s,(xy,..., x,), where l(\)<n, form a Z-basis of
Ay |

. ¢ o . .
Now let us consider the effect of increasing the number of variables. If
m=n, it is clear that a,(x,..., x,, 0,..., 0) = a, (x4,..., x,,). Hence
Prn (2 (X100 X)) = 85 (X1500y X,)

in the notation of §2. It follows that for each partition A the polynomials
$x (X1, X,), @S n—>00, define a unique element s, € A, homogeneous of
degree |A|. From (3.2) we have immediately:

(3.3) The s, form a Z-basis of A, and for each k=0 the s, such that
|A|=k form a Z-basis of A*. |
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From (2.4) and (2.8) it follows that each S-function s, can be expressed
as a polynomial in the elementary symmetric functions e, and as a
polynomial in the complete symmetric functions h,. The formulas are:

(3.4) Hh= det(h)q—t+])i<fi,]<n
where n=1I(A), and -
(3.5) = det(e)\i—-i-b-])l‘i,]‘m

where m=I(\").

By (2.9), it is enough to prove one of these formulas, say (3.4). We
shall work with n variables x,..., x,. For 1<k =n let ¢ denote the
elementary symmetric functions of Xi,..., X—1, Xk+15.--s X, (Omitting x.),
and let M denote the n X n matrix

M= ((_ 1)n_ie$|k—)i)1<i,k<n-
The formula (3.4) will be a consequence of

(3.6) For any a = (ay,..., &,) eN", let

Ac=G)  Ha=(hacns) i)
(nx n matrices). Then A, = H.M.
Proof. Let :
E®(f) = "i: e =T] 1+,

Then
HMEM(-1)=1-x1)"
By picking out the coefficient of t* on either side, we obtain
% aponeg-(~ 17160, =
j=t
and hence HHM=A,. |
Now take determinants in (3.6): we obtain
. = det(A,) = det(H, )det(M)
for any el e N", and in particular det M = a,, since det(H,)= 1. Hence
3.7 a, = az det(H,)

or equivalently

(3.7 =05 ), €(Whaus
weS,
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for any a e N". Taking a = A +§ in (3.7), we obtain (3.4), or equivalently
from (3.7)

(3.4) ST Z G(W)hx+8—w8-
weS,
From (3.4) and (3.5) it follows that )
(3.8) w(s,) = s

for 4ll partitions A.
Also from (3.4) and (3.5) we obtain, in particular,

3.9) Sty = Hry Sam = €

Finally, the formula (3.4) or (3.4') which expresses s, as a polynomial in
the h’s can also be expressed in terms of raising operators (§1):

(3.4 s =11(1-Ry)h,

i<j
where, for any raising operator R, Rh, means hg,.

Proof. In the ring Z[xT!,..., x*'] we have

Z E(W)x).+.s—ws= xm-sa_a = x*+8 I'I (xi—1 __xj—l)

wes, i<j
= H (1-xx;").x*
o i<j
=[] 1-Ry)x*
i<j

where R(x*)=x"* for any raising operator R. If we now apply the
Z-linear map ¢ :Z[x7,..., x3']— A, defined by ¢(x*)= h, for all x €Z",
we see that

Z 8(W)vhx+a—ws = H (1 _'Rij)h)\

weS, i<j

and therefore (3.4") follows from (3.4"). |

(3.10) Remark. In view of (2.15) we may use (3.4) or (3.5) to define
‘S-operations’ in any A-ring R. If u is any partition and x is any element
of R, we define

S*(x)= det(o'“'_i+j(x))1<i,i<n
= det()\";—iﬂ(x))mi,jsm
where n=[l(u) and m=1(u'). We have
§*(=x)= (= 5" (x)

[T —
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and in particular
S™(x)=c"(x), SY(x)=A"(x).
For example, the results of Exx. 1-3 below evaluate S*(1+q+...+

q" ™), S*((1—q)™") and S*((a—b)/(1—q)),-where a, b, q are elements of
rank 1 in a A-ring R such that 1—gq is a unit in R.

Since each fe A is an integral linear combination of the s,, say
f= Z Ay Sy,
it follows that f determines a ‘natural operation’
F=Y) a,S*

on the category of A-rings. F is natural in the sense that it commutes with
all A-homomorphisms (because it is a polynomial in the A"). Conversely,
any natural operation F arises in this way, from f= F(e,).

Examples

1. Take x;=q'"* (1<i<n) as in §2, Ex. 3. If A is any partition of length <n, we
have .

1)(Al+n

Ar+s™ det(q“” —n)l<i.]<n

which is a Vandermonde determinant in the variables g™~ (1=<j=n), so that

ares=]1 (@ =g

i<j

= qn(A)+n(n—1)/2 1‘[ (1 . q'\"""”’)

i<j

which by use of §1, Ex. 1 is equal to
g !Hx O r+n-q)

1 (1-4")

xeA

where h(x) is the hook-length at xe A, and ¢,(q)=(1—¢)...(1-q"). Hence (81,
Ex. 3) ’
1 _ nte(x)
5\ = GraalOs = q"(” H '—-q—h—(,})_
x€A 1 - q

where c(x) is the content (§1, Ex. 3) of xe€A.
For any partition A define
n 1 _ qn—c(x)
(Mot

xEA l—q

(which when A =(r) agrees with the notation [;] for the q-binomial coefficients
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introduced in §2, Ex. 3). Then we have

s:\(ly q;---’ q ) q"“) [ ]

[3] is a polynomial in q, of degree

d=Y, (n—c(x)- hu»-Z(n+1—2nM
XeX
by using §1, Ex. 2 and 3. If q; is the coefficient of q' in [{] for 0<i=<d, then
clearly a; =a,_,. We shall show in §8, Ex. 4 that [}] is unimodal (or ‘spindle-
shaped’), i.e. that ap=<a,<...<ay;;.
Finally, we can express [}] as a determinant in the g-binomial coefficients [}], by
using (3.5).

2. Let n — w in Ex. 1, so that H(t)= Il (1—4'1). From Ex. 1 we have
i{=0

5 = qn(x)n(l_qh(x))—l - qn(A)HA(q)—l

xeA

where H,(q) is the ‘hook polynomial’ [ (1-¢"®).

x€A

3. Maqre generally, let

1-bq't
H(t
(0= I.-[1 aq't
as in §2, Ex. 5. Then
N a-bq*®
(*) e e

For if we replace t by a™'t, the effect is to replace s, by a™'s,. Hence we may
assume that a = 1. Both sides of (*) are then polynomials in b, hence it is enough
to show that they are equal for infinitely many values of b. But when b=gq" and
a =1 we are back in the situation of Ex. 1, and (#) is therefore true for b = q".

4. Suppose x;=1 (1<<i=<n), ;=0 for i>n. Then E(f)=(1+1¢)", and

- _ryntelx)
s=11505

by setting g=1 in Ex. 1.
More generally, if E(t) = (1+ 1), where X need not be a positive integer, then

17 X+clx)
S “H h(x)

for the same reason as in Ex. 3: both sides are polynomials in X which take the
same values at all positive integers.
These polynomials may be regarded as generalized binomial coefficients, and
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they take integer values whenever X is an integer. For any partition A define
(X) X X-c(x)
xeA h(x)
(which is consistent with the usual notation for binomial coefficients). Then

WAL (W)
(7)o (3)

5. Asin §2, Ex. 2, take x,=1/n for 1<i=<n, x,=0 for i>n, and let n —w. Then
i  E(®)=H(t)=e¢', and from Ex. 4 we have

n+c(x)
- Rl

i by (3.5). Also

=Hhmi

XEA
6. Let p(n) denote the number of partitions of n. Then
det(p(i—j+ 1))l<u<n
is equal to 1 or 0 according as n is or is not a pentagonal number. (Use §2, Ex. 6

together with (3.4).)
7. Let m be a positive integer. Then

X\ =X Gms_
=T = Sm-1ns
t<ljen X~ X as
= det(h(m—l)(n—i)—i+j)l<l,1‘"
= det(hml—])l<l,[<n—-l-

In particular,
n (% + x;) = det(hZi—])'
i<j

8. Consider the ring Q,=Q[xt,..., x3'] of polynomials in xj,..., x, and the?r
inverses. For each a€Z" the monomial x®=x7*...x;» generates a symmetric

function
_— Z v
weS,
and the M, such that alzazz.. = a, form a basis of Q .

Define a linear mapping ¢ : Q5 — A, ®Q by ¢(r,.)= h, (with the usual con-
vention that h, =0 if any «; is negative).
(a) For all ¢, B€Z" we have

‘P(aaaa) = det(h¢q+B,)l<L[<n-
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a
For
a,a5 = Z e(wyw,y)x ™=t
wi,waeS,

Il

Z e(w) Z x it ws)

weS, wieS,

Il

Y e(W)gns

» wEeS,

so that

P(aa85) = ), €(W)harwp=det(h,.p).
weS,

(b) In particular, if A is any partition of n, we have
o (s2asa-5) = e(ayisa_s) = det(hl\‘—-H-j) =5

})y 1{3.4). Since the s, form a Z-basis of A,, it follows that ¢(fasa_s)=f for all
€A,.

(c) Let a, BeN" and let B =(B,,..., B;) be the reverse of B. Then sz=az_s/a_,,
and hence from (6) we have

5255 = @(Aurag_5) = det(ha,+a,-1+1)1<i.]<m

a fgrmula which expresses the product of two S-functions (in a finite number of
variables) as a determinant in the h,.

9. Let f,b?O, then (a|b) is the Frobenius notation (§1) for the partition
(a+1,1°). From the determinant formula (3.4) we have

Salpy=Has1€s —hoigp_ 1+ ...+ (_1)bha+b+1
Ifa or b is negative, we define s, by this formula. It follows that (Vy{len aorbis
negative) s, =0 except when a+b=— 1, in which case Seapy =(— ).
Now let A be any partition of length <n. By multiplyingf~the matrix
(ha-i+)1<ij<n ON the right by the matrix ((=1Y"ens1-j-1)1<jen We Obtain the

matrix (So,—im-k)1<ik<n BY taking determinants and using §1, Ex. 4 we arrive at
the formula

Salg) = det(s(adﬁi))ltsl,]l:r
where (a | B) = (a;,..., o, l ﬂl,..., ﬁ,).

10. S+ x5, 1+ X, 1+ 2) = Y s, (X1,enes %)
fn

summed over all partitions u < A, where

Ad+n—i
d,, = det(( e l)) . >
itn—j// 1cij<n

A

a2
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(Calculate  a,,5(1+xy,..., 1+x,) and observe that a;(1+xy,..,1+x,)=

Qas (xh"" xn)-)
This formula can be used to calculate the Chern classes of the exterior square

N’E and symmetric square S°E of a vector bundle E. If ¢c(E)=[] (1+x,) is the
total Chern class of E, then =

cNE)=[]1+x+x)

i<j

=270 T (1425, + 1+ 2x)

1<j

=272 (1 4+ 2%4,00, 142x,)
by Ex. 7, where § =(m—1,m—2,...,0), and therefore

c(NE)=2""""D2 Y g 2Wlg, X1y Xm).

e
Likewise
c(S’E)= ‘ﬂ; (1+x+x)
=272 N 2, (X ey Xim)
where e=(m,m—1,...,1). .

11. Let p = (p4,..., ,) be a partition of length <n, and r a positive integer. Then,
the variables being xy,..., x,, we have tet

.
-

(1) ~ au.-i»apr: z au+8+r¢q

q=1

where ¢, is the sequence with 1 in the gth place and 0 elsewhere. We shall
rearrangé the sequence p + 8 + reg, in descending order. If it has two terms equal,
it will contribute nothing to (1). We may therefore assume that for some p=<gq we
have

Pp1tn—pF+1>p+n—q+r>p,+n—p,
in which case a,+s.+r, = (—1)"""a,.s, Where A is the partition
A= (g o1 g TP qHr pp + 1’:"’ Ba-1t 1, Bgatseess Ba),
and therefore 8=\ —p is such that 6, =0 if i£[p, q],
0=t~ +p—q+r, O=p—m+1 if p+l<isgq

Let us call a skew diagram 6 a border strip if 6 is connected and contains no
2x2 block of squares (i.e. the successive rows (or columns) of 6 overlap by
exactly one square). The length of a border strip 8 is the total number |6] of
squares it contains, and its height ht(9) is defined to be one less than the number
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of rows it occupies. With this terminology, the preceding discussion shows that

@) $WDe = 3 (= 1A

A

summed over all partitions A © w such that A —p is a border strip of length r.
From (2) it follows that, for any partitions A, u, p such that IAl=lul+]p), the
coefficient of s, in s,p, is

Z (_ l)ht(S)
)

summed over all sequences of partitions $ = (A, A®,..., A™) such that p =A@ c
APc..ea™ =), with each AP~ 19" a border strip of length p,, and

ht(S) =Y, ht(AV—A¢D),

12. Let o :Z[xy,..., x;,]~> A, be the Z-linear mapping defined by o'(x*) =, for all
@ €N". Then o is A,-linear, i.e. o(fg) =fo(g) for fe A, and geZ[x,,..., x,). For
a(x*)=az"'a(x"*"), where

a= ), e(w)w

weS,

is the antisymmetrization operator. By linearity it follows that o(g)= a;’a(gxb)\
for all geZ[x,,..., x,], and the result follows from the fact that a is A, -linear.

Notes and references

S:functions were first considered by Jacobi [20], as quotients of skew-
symmetric polynomials by the polynomial a,, just as we have introduced
them. Their relevance to the representation theory of the symmetric
groups and the general linear groups, which we shall describe later, was
discovered by Schur [44] much later. The name S-function (or Schur
function) is due to Littlewood and Richardson [28). The identity (3.4)

wlg__ich’ekpresses s\ in terms of the h’s is due originally to Jacobi [20], and,

is often called the Jacobi-Trudi identity.

The reésults of Exx. 1-4 may be found in Littlewood [29], Chapter VII,
which' gives other results of the same sort. The formula in Ex. 8 for the
product of two S-functions as.a determinant in the h’s is essentially due
to Jacobi (loc. cit.), though rediscovered since. The result of Ex. 9 is due
to Giambelli [56]. Ex. 10 is due to A. Lascoux [26].

4. Orthogonality

Let x =(x,, X5,...) and y =(y,, y,,...) be two finite or infinite sequences
of independent variables. We shall denote,the symmetric functions of the
x’s by s (x), py(x), etc., and the symmetric functions of the y’s by
s (¥), pa(y), ete.
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We shall give three series expansions for the prodact

[Ta-xy)™
18]
The first of these is
(4.1) [T -xy)t= ; 27 o ()pa (y)

i’i
summed over all partitions A.
This follows from (2.14), applied to the set of variables x;y;.
Next we have

4.2) l-[ (1- xiY])—l = Z h(x)m, (y)= Z m, (x)h, (y)
ij A A

summed over all partitions A.

Proof. We have

Ma-xy) =1 Hy)
ij i
=1 X n)y;

j r=0

=Y, ho(x)y®
=Y. hy(x)m,(y)

where a runs through all sequences (a;, az,...)\ of non-negative integers
such that ), o <o, and A runs through all partitions. |

The third identity is
(4.3) [Ta- xiy) ™= 2 s (x)5,(y)
i,f A

summed over all partitions A.

Proof. This is a consequente of (4.2) and (3.7'). Let x=(xy,..., X,),
y = (Y15, ¥.) be two finite sets of variables, and as usual let &=
(n—1,n-2,..,0). Then from (4.2)

as()as(y) TT (L= xy) " = ay(x) T, ha(x)s(w)y=*"

ij=1
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summed over a €eN" and we S,
= a5(x) ), £(W)hps_s(x)y?
B.w

= EB‘. ap("))"3

by (3.7). Since.awﬁ = g(w)ap, it follows that this last sum is equal to
Y. a,(x)a,(y) summed over y,>7,>..> 7,0, i.e. to

; ar+5(x)a5+5(y),

summed over partitions A of length <n. This proves (4.3) in the case of n
variables x; and n variables' y;; now let n — « as usual. |

We now define a scalar product on A, i.e. a Z-valued bilinear form
(u, v), by requiring that the bases (h,) and (m,) should be dual to.each
other:

(4'5) <h)d mp.) = 8/\»
for all partitions A, u, where §,, is the Kronecker delta.

(4.6) For each n=0, let (u,), (v\) be Z-bases of A", indexed by the
partitions of n. Then the following conditions are equivalent:

@) (ur, v,)=238,, forall A, p;

®) X uk(x)vA(y)=l;1 (1= xy) ™
Proof. Let

U, = Zp: Arohy, v, = § b..m,.
Then
(s D)= Epl Orobup

so that (8) is equivalent to
@) 2,,: Apb, =8, "

Also (b) is equivalent to the identity

; uy (x)0, (y) = X, b (x)m,(y)
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by (4.2), hence is equivalent to

®) ; Oapbre = 8y

Since (a’) and (b") are equivalent, so are (a) and (b). |
From (4.6) and (4.1) it follows that ’

4.7 (Pr Pu) = Bru2a

so that the p, form an orthogonal basis of A. Likewise from (4.6) and (4.3)
we have

N (A4'8) (s)d su.) = SMJ.

5o that the s, form an orthonormal basis of A, and the s, such that [A\|=n

form an orthonormal basis of A". Any other orthonormal basis of A"

must therefore be obtained from the basis (s,) by transformation by an

orthogonal integer matrix. The only such matrices are signed permutation

matrices, and therefore (4.8) characterizes the s,, up to order and sign.
Also from (4.7) or (4.8) we see that

(4.9) The bilinear form (u, v) is symmetric and positive definite. |
(4.10) The involution  is an isometry, i.e. {wu, wv) =y, v).
Proof. From (2.13) we have o(p\) ==%p,, hence by (4.7)
(@(pr), @(P.))=<{Pr Pu)
which proves (4.10), since the p, form a Q-basis of Ag (2.12). |
Finally, from (4.10) and (4.5) we have
(ex fu) =S
where f, = w(m,), i.e. (e,) and (f.) are dual bases of A.

Remarks. 1. By applying the involution o to the symmetric functions of
the x’s we obtain from (4.1), (4.2) and (4.3) three series expansions for
the product [1(1+x,y;), namely

i

4.1) H 1+ xi)’j) = ‘/_;, ﬁxzzlpx x)pa(y)s
4.2) ) I:[ 1+ xiy]) = Z)‘: m, (x)e,(y)= 2;. e, (x)m, (y),
(4.3) [T+ iy = L s@sc),

the last by virtue of (3.8).




2. If x, y are elements of a A-ring R, we have

oi(xy) =}, 231 () (y)e!

=2, S*(x)S* ()|

from (4.1) and (4.3), and
M(xy) =2 eazi gt (x)g (y) M
A

=2 S* 0S¥ ()

from (4.1') and (4.3").

Examples

1. If we take ys=...= 9, = t, Yp41= Yps2=...=0 in (4.3"), we obtain

E@t) =Y, s,(x)su(y)

-3(7) a0

in the notation of §3, Ex. 4.

The’coeﬂ"}cients of the powers of t on each side are polynomials in n (with
?oeﬂiaents in A) which are equal for all positive integral values of n, and hence
identically equal. Consequently we have

E(ty = ; (i‘)m"'

for all X. By replacing X, ¢ by —X, —t we obtain

H()* = ; (f) st

These identities generalize the binomial theorem.
2. Let y,=q' for 1<i<n, and y,=0 for i>n. From (4.3') we obtain

[1EG™=F ¢ ["] 5
i=1 A A
in the notation of §3, Ex. 1. Likewise, from (4.3),

lljl H(@™=) q"‘”[ :]SA
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T T
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In these formulas we may let n — « and obtain
n(A)

p -1y q
T a+xa™ =Ly s,
I 55 1O O q*
L]];II (1 x,q ) ; H)‘ (q) Sa (x)»

where H,(q)= 1 (1—q"*) is the hook-length polynomial corresponding to the
partition A. <
3. Let y1=...= ¥, = /B, Yus1= Yn+2=...=0, and then let n —. We have
t n

]_[ (1 +i:—) — n exp(xt) = exp(e,t)

i i
and

1 (n -1 —-1
(})~ s = h

where h(A) is the product of the hook-lengths of A. Hence from (4.3') we obtain

exp (e,t) = z}; h:;«) e

and therefore
n n!
el= —_s
' “Z h() ™
or equivalently
(el s\)=nl/h(p).
4. From (2.14') and (4.7) we have -

(hm pA) = 1
for all partitions A of n. Dually,
(em pA) = Ep.
5. [TT] Gty =2 suxsty)
f=1j=1 A

summed over all partitions A =(Ay,..., A,) such that A;<n (i.e. A=(n™)), where
A=(m=AlL,..,m~A}) (Replace y, by y;' in (4.1), and clear of fractions.)
Hence from §3, Ex. 10 we have

[TITa+x+y)=F dus.0)sety)
i=1j=1 At

summed over pairs of partitions A, p such that p <A < (n™). (This formula gives

the Chern classes of a tensor product E®F of vector bundles, since if ¢(E)=

I +x) and c¢(F)=J] (1+y;) are the total Chern classes of E and F, we have

(EQF)=[I(1+x+y).)
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6. Let A=det((1-xy) )1ciyan (Cauchy’s determinant). Then
A=ay(x)as(y) [] (1-xy).
Li=1
For if we multiply each element of the ith row of the matrix ((A~-xy)™") by

IT (1-=xy,), we shall obtain a matrix D whose (i, j) element is
j=1

I;I, (1-xy,) = kZl xR (= 1) e (y)

in the notation of (3.6). This shows that D = A;(x)M(y), so that det(D) =
as(x)as(y). On the other hand, it is clear from the definition of D that det(D) =
AJla- xy;).

Since also

A=det(1+xy,+xly}+..)

=72, det(x{ry®)

=2 a.(x)y"

the summation being over all a =(a,,..., a,)eN", it follows that

A= Z ari5(x)ay . 5(y) -

summed over all partitions A of length <n. Hence we have another proof of (4.3).
7. Likewise the identity (4.3') can be proved directly, without recourse to duality.
Consider the Vandermonde determinant g, (x, y) in  2n  variables
X13:05 Xns Y15-0» Yu; ON the one hand, this is equal to a,(x)a,(y) H(x,—y,); on the
other hand, expanding the determinant by Laplace’s rule, we see that it is equal to

6] L (-1 ®a, (x)az(y),
N
summed over weN" such that 2n=1=p;>p,>..>u, =0, where & is the

strictly increasing sequence consisting of the integers in [0, 2n — 1] not equal to

any of the g, and e(n)=Y (2n—i-p,). By writing u = A +§ and using (1.7), we
see that (1) is equal to

(y1... y,.)z"_‘l Z ax+a(x)ar+a(y_l)
A " ~

summed over all partitions A such that I(A)<n and I(A\)<n. If we now replace
each y, by y;’, we obtain (4.3").

Notes and references

The scalar product on A was apparently first introduced by P. Hall [1 71.
Ex. 5 is due to A. Lascoux [26].
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S. Skew S-functions

Any symmetric function feA is uniquely determined by its scalar
products with the s,: namely

f= ; (£, s1)sn

since the s, form an orthonormal basis of A 4.8).
Let A, pu be partitions, and define a symmetric function Sy DY the
relations

(5 1) (S,\/,_,,, sv) = <S,\, sp.sv>

for all partitions v. The s,,, are called skew S-functions. Equivalently, if
ch, are the integers defined by

(5.2) ) 8.5, =, ChuSrs
A

then we have

(5.3) Sna =2, CL.8,.

In particular, it is clear that s, =s,, whére 0 denotes the zero partition.
Also ¢, =0 unless |A|=|u|+]|v|, so that Sy is homogeneous of degree
IA[=]m], and is zero if |A|<|u|. (We shall see shortly that s,,, =0 unless

ADuw) .
Now let x = ¢x,, x,,...) and y = (y,,"y,,...) be two sets of variables. Then

2 s (3= cs, (x)s(y)

= g 8,(%)3. (), (y)
by (5.2) and (5.3), and therefore
L 5u(0)5.0) = 5,00 T b (0)m,(y)
by (4.2) and (4.3). Now suppose that y=(y,,..., y.), so that the sums

above are restricted to partitions A and v of length <n. Then the previous
equation can be rewritten in the form

Z Sun(X)ay 15 (y) = Z hv(")"’v()’)“y% (y)
A v

=2 ha(x) Y s(w)ysrs»

wes,
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summed over a eN". Hence s,,,(x) is equal to the coefficient of - y**? in
this sum, i.e. we have

Sxajn = Z S(W)hus—w(uw)

wEeS,

with the usual convention that h,=0 if any component «; of a is
negative. This formula can also be written as a determinant

(5.4) Saiw = det(hAl——u,—H-j)l‘i,jsn
where n=I(}).
When p =0, (5.4) becomes (3.4).

From (5.4) and (2.9) we have also

(5.5 Saip = dei(eki—u;-i+])l<i.l<m
where m=1[(A"), and therefore
(5.6) w(sup,) = sA'/u."

From (5.4) it follows that s,,, =0 unless A;=y; for all i, i.e. unless
A2 p. Forif A, <p, for some r, we have A, <A, <pu, sy forlsj<srs=is<
n, and therefore A, — u; —i+j <0 for this range of values of (i, j). Conse-
quently the matrix (h,,_,,;+; has an (n—r+1)Xr block of zeros in the
bottom- left-hand corner, and therefore its determinant vanishes.

The same considerations show. that if A>u and w,=A,.,; for some

r<n, the matrix (h,, , where A has r rows

—py—

H}) is of the form (? B

and columns, and B has n —r rows and columns, so that its determinant is
equal to det(A) det(B). Hence if the skew diagram A — p consists of two
disjoint pieces 6, ¢ (each of which is a skew diagram), then we have
Sy/u = 8-5,- TO summarize:

(5.7) The skew S-function s,,, is zero unless A >, in which case it
depends only on the skew diagram A — . If 6, are the components (§1) of
A —u, we have sy, =[] s,.

If the number of variables x; is finite, we can say more:
(5.8) We have s,,,(x1,..., x,) =0 unless 0<Aj—pi<n for all i=1.

Proof. Suppose that A,—u;>n for some r=1. Since g,,,=¢€,.2=...=0,
it follows as above that the matrix (exi—uj—i+j) has a rectangular block of
zeros in the top right-hand corner, with one vertex of the rectangle on the
main diagonal, hence its determinant vanishes. |

Now let x=(xy, x5,...), ¥=(¥15 ¥25.-.), Z=(21, 25,...) be three sets of
independent variables. Then by (5.2) we have

(2) ; Sva (X85 (2)s, () =Y, s,.(y)s,.(z).ll(l—xizk)-‘

e

e

——
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which by (4.3) is equal to
[Ma-xz)* [T -yz)™
Lk i,!c

and therefore also equal to

(b) 2 5% s (2)

A

where s,(x, y) denotes the S-function corresponding to A in the set of
variables (Xy, Xa,..., Y1, ¥2,...). From the equality of {a) and (b) we conclude
that

(5.9) ‘ 506 Y) =2, Sy (x)5. ()

= Z Cf‘,,,s“(y)s,,(x).
v
More generally, we have
(5.10) Sun (% 9) = 2 S1y0 (X80 ()

summed over partitions v such that A2 v > p.

Proof. From (5.9) we have

Y suu (% ¥)8.(2) = 50 (x, ¥, 2)
=Y, S, (%), (9, 2)

=Y S0 (x)8,/, (9)5,(2)

by (5.9) again; now equate the coefficients of s,(z) at either end of this
chain of equalities. |

The formula (5.10) may clearly be generalized, as follows. Let
x®. ..., x™ be n sets of variables, and let A, u be partitions. Then

- ¥ n
i
(51 1) S/ (x(l),..., x(")) = Z n s,,m/,,(l—n(x( ))
) @ i=1
summed over all sequences (v)=¥®, v®,..., v™) of partitions, such that
O =y, v =X and v@crvPec...cr™,

We shall apply (5.11) in the case where each set of variables x®

consists of a single variable x,. For a single x, it follows from (5.8) that
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Syu(x)=0 unless A —p is a horizontal strip (§1), in which case Syu(x) =
x*~*! Hence each of the products in the sum on the right-hand side of
(5.11) is a monomial x$: ... x3, where o; =[|v®—»%"P|, and hence we
have s,,,(xy,..., X,) expressed as a sum of monomials x*, one for each
tableau (§1) T of shape A —p. If the weight of T is a =(ay,..., a,), We
shall write xT for x*. Then:

(5.12) Syp =Y xT
T

, summed over all tableaux T of shape A —p. |

For each partition v such that |[v|=|A—pul|, let K,_,, denote the
number of tableaux of shape A —u and weight v. From (5.12) we have

(5.13) sA/u.= Z Kh—u,vmv

and therefore

(5‘14) KA-——y.,v = <SA/u1 hv) = (S,\, sp.hv)
so that
(5.15) Suhy = L K8

In particular, suppose that v = (r), a partition with only one non-zero part.
Then K, _, ¢ is 1 or 0 according as A — u is or is not a horizontal r-strip,
and therefore from (5.15) we have

(5.16) s.h=Y 5,
A

summed over all partitions A such that A — . is a horizontal r-strip. |

By applying the involution w to (5.16), we obtain
(5.17) DN
A

summed over all partitions A such that A~ p is a vertical r-strip. |

Remarks. 1. It is easy to give a direct proof of (5.17). Consider (for a
finite set of variables x,,..., x,) the product

Qurse = 2, E(W)x** Y xo

wes, a

= Z ap,+a+8
a

]

T e e
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where the sum is over all @ € N" such that each a,isOorl,and Y o, =r.
For each such a, the sequence

ptat+d=(um+ta+tn—1, p+a,+n-2,., u, +a,)

is in descending order, so that we have only to reject those @ for which
two consecutive terms are equal. We are then left with those a for which
A = p+a is a partition, i.e. such that A — y is a vertical r-strip. This proves
(5.17), hence also (5.16) by duality. We can now play back the rest of the
argument: (5.16) implies (5.15) by induction on the length of v, hence
(5.14), which in turn is merely a restatement of (5.13).

2. Proposition (5.12) is the origin of the application of S-functions to
enumeration of plane partitions (see the examples at the end of this
section). For this reason, combinatorialists often prefer to take (5.12) as
the definition of S-functions (see e.g. Stanley [51]). This approach has the
advantage of starting directly with a simple explicit definition, but it is not
clear a priori why one should be led to make such a definition in the first
place.

3. In any A-ring we can define operations S* by the formula (5.3):

DR} S
Then (5.9), for example, takes the form of an addition theorem:
S*(x+y) =2 SM*(x)S*(y)
"

for any two elements x, y of a A-ring. Similarly for the other formulas in
this section.

Examples

1. Let A —u be a horizontal strip. Then s,,,.= h, = h,h.,... where the integers v,
are the lengths of the components of the strip. (Use (5.7).) Likewise, if A —u is a
vertical strip, we have s,,, = e, e,,...where again the v, are the lengths of the
components of the strip.

2. Let A be a partition of n. Then the number of standard tableaux of shape A is
Kyam=(s\, 1)

by (5.14). By §4, Ex. 3 it follows that the number of standard tableaux of shape A
is equal to n!/h(A), where h(}) is the product of the hook-lengths of A.

3. For each symmetric function feA, let D(f):A— A be the adjoint of
multiplication by f, i.e.

(D(f)u, v) =y, fv)
for all u, veA. Then D:A—End (A) is a ring homomorphism.
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(a) For each partition p, let D, denote D(s,). Then since

<Dy.s/\’ sv) = <sM susv) = (sA/uy S,,)

for all A, p, v, it follows that D,s, = s,
Hence from (5.9) we have

506 y)=Y Dusi(x). 5.()

and therefore, for any feA,

fx, y)= X, Df(x) . 5.(y).

(b) We have D(h,)m, =0 unless u =AU v for some partition », and in that case
D(h,)m, = m,. For

<D(ha\)mu1 hv) = <mut hAhu> = <m,.u hAUv)

which is zero unless w =AU .

In particular, D(h,)m, =0 if n is not a part of w, and D(h,)m,=m, if nis a
part of p, where v is the partition obtained by removing one part n from u. It
follows that for every f(xo, x1, X2,...) € A, (D(h,)f)(%1, X,,...) is the coefficient~of X0
in f.

(c) Next consider D(p,). If N=n we have

(D(pa)hn, pa)=(hiw papa)=1=(hy_p, Pa)
for all partitions A of N—n, by §4, Ex. 4. Hence
D(pn)hN = h’N-—n
and therefore

D(pn) = Z hr a/ahn-&-r

ra=0

acting on symmetric functions expressed as polynomials in the h's.
Dually

D(p.)=(-1)""* ). ¢, d/de,.,
r=>0
acting onasymmetric functions expressed as polynomials in the e’s.

Further, we have (D(p,)p, P.) = (Dr, PP}, Which is 0 if A# p U(n), and is
equal to z, if A = U(n). It follows that D(p,)p, =0 if n is not a part of A, and
that D(p,)p, =2z,z,.' if n is a part of A, and p is the partition obtained by
removing one part n from A. From the definition of z, it follows that 7zl =
n.m,(A), where m,(A) is the multiplicity of n as a part of A, and therefore

D(p.)= nd/ap,,

acting on symmetric functions expressed as polynomials in the p's. In particular,
each D(p,) is a derivation of A.
Since each fe A can be expressed as a polynomial ¢(p, p,...) with rational

Wy
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coefficients, it follows that

D(f) = ¢(/0ps, 20/3pa,...)
is a linear differential operator with constant coefficients.
4. We have

Ya=Ila-x"Tla-xx7",
A i i<j

where the sum on the left is over all-partitions A.
It is enough to prove this for a finite set of variables xy,..., x,. Let ®(x,,..., x,,)

denote } s,(Xi,..., X,), which is now a sum over partitions A of length <n. By
A

induction on n, it is enough to show that
B(X 150001 Xnr ¥) = DXy )1 =) [ A=)
=1

From (5.9) it follows that
CI)(xl,..., Xny y) = Z )’IA‘"‘IS,. (xh---, x,,)
hwd

where the sum on the right is over all pairs of partitions A © u such that [(u)<n
and A—p is a horizontal strip. For each such pair A, u, define vepu by
—vi =A—(i=1), so that A —p|=A;—u,+]i—v|. Then A can be recon-
structed from p, v and the integer A, —p,, and hence

.

(%) ¥y, (s %) = 2 YL = )N Gy X,
A v

the sum on the right being over pairs of partitions p > v such that [{(x)<n and
p—v is a horizontal strip. By (5.16), the right-hand side of (*) is equal to

T Y (L= y) By (Xgrener %), (1 %)

summoned over all partitions v of length =<n, and all integers r=0; and this last

sum is equal to (1—-y)™" ] (1-xy) '®(x,,..., ), as required.
i=1

5. We have

Y oso=Ila-x»"[[a-xx)",

®even i i<j

where the sum on the left is over all even partitions p (i.e., with all parts g, even).

Each partition A can be reduced to an even partition x by removing a vertical
strip, in exactly one way: we take u, = A, if A, is even, and y; = A, — 1 if X, is odd.
From this observation and (5.17) it follows that

(2)(5d-2

ra=0




¥
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the sum on the right being over all partitions A. Since ¥ e, = II(1+x,), the result
now follows from Ex. 4. .

6. We have
z 5, = H(l—x,x,)’l.
v'even i<

The proof is dual to that of Ex. 5: each partition A can be reduced to one with
even columns by removing a horizontal strip, in exactly one way. From this
observation and (5.16) it follows that

PETHER

v'even =0

and since }, h,=II(1—x)™", the result again follows from Ex. 4.
r=0

The involution w interchanges the identities of Ex. 5 and Ex. 6.
7. The same argument as in Ex. 6 shows that

Le®g =TT~ m) [T 1= xx)

i<j

where the sum is over all partitions A, and c(A) is the number of columns of odd
length in A. This includes the identities of Ex. 4 (when t=1) and Ex. 6 (when
t=0).

8. By applying the involution w to Ex. 7 we obtain

o 1+1x, 1
;t S I,-Il—xf,l-;l,l—-xix,

where the sum is over all partitions A, and r(A) is the number of rows of odd
length in A. When ¢ =1 this reduces to Ex. 4, and when ¢ = 0 it reduces to Ex. 5.

9. The products
[Ta-xx), [Ta-=[la-xx), [Ta-x3T1a-xx).
i<j i i<} i

t<j
(i.e., the reciprocals of those of Exx. 4,5,6) can also be expanded as series of
S-functions. The expansions may be derived from Weyl’s identity for the root-
systems of types D,, B,, C, respectively. (If R is a root system with Weyl group
W, R* a system of positive roots, p half the sum of the positive roots, then Weyl’s
identity ([6], p. 185) is '

(%) Y ewe =[] (2=

weWw aeR*

where g(w) is the sign of we W, and the e’s are formal exponentials.)
(a) When R is of type D,, the identity (*) leads to

2 D) (x4, x0) = [[ (1 - xx,)
- i<j

summed over all partitions 7 = (ot; —1,..., @, — 1| @y,..., @,) in Frobenius notation,
where a;<n-—1.

——
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(b) When R is of type C,, we obtain from (*)

L D801y 5 = [T (1= 23 [T (1 - xi%)

i<j

summed over all partitions p = (a, ¥ 1,..., a,+ 1] ay,..., a,), where a;<n-—1.
(c) When R is of type B,, we obtain from (*)

2 D (%) = [T = x) [T (1= xx)

i<j

* summed over all self-conjugate partitions o = (ay,..., ap'l @j,..., @) such t‘ﬁat o s

n—1, where p(o)=p.

10. In the language of A-rings, the identities of Exs. 5, 6, and 9 give series
expansions (in terms of S-operations) for ¢,(c*(x)), o,(A%(x)), A,(c?(x)) and
A (A*(x)), namely

o (x) = ), S*(x)h2,

peven

a(A(x) = Y, S"(x)""7?,

v'even

: Ao (x) =Y, §*(x)#,

AW =Y S™(x)i12,

the last two summations being over partitions p=(as+1,.,a,+1]ay,.., a,) and
m=(;~1,., 0, 1] a,..., a,).

11. Let x;=...= Xy =1, Xn41=Xnsz2=...=0 in the formula of Ex. 4. Then s, =
()™ (§3, Ex. 4) and hence, for each n =0, .

Z (j\\l) = coefficient of " in (1 - f)~N(1— f2)~N®-D2

|Al=n
= coefficient of " in (1— ) NN*D2(] 4 g NN-12

Since this is true for all positive integers N, it is a polynomial identity, i.e.

Z (i{) = coefficient of 1" in (1= fy XD 4 py-Xex-12,
Al=n

12. Let x;=..=xy =N, Xy41=Xns2=...=0 in the identity of Ex. 4, and let
N —w. Then from Ex. 11 we obtain

Z h(A)™! = coefficient of 1" in exp(t+1t?)

Al=n

where (§4, Ex. 3) h(A) is the product of the hook lengths of A. From Ex. 2 it
follows that the total number of standard tableaux of weight (1") is equal to n!
multiplied by the coefficient of t" in exp(t+4¢?). This number is also the number
of permutations we S, such that w?=1,
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13. Let A be a partition. A plane partition of shape A is a mapping , from (the
diagram of) A to the positive integers such that m(x,)= w(x,) whenever x, liés
below or to the right of x, in A. The numbers 7(x) are the parts of m, and

ln|= % m(x)

x€r

is called the weight of . Any plane partition 7 determines a sequence A = A9

A® S of (linear) partitions such that 77'(i) =A¢"P—A® for each i=1.

If w(x,)>m(x,) whenever x, lies directly below x, (i.e., if the parts of

decrease strictly down each column) then = is said to be column-strict. Clearly 7
" is column-strict if and only if each skew diagram 7 ~*(i) = AP~ A® is a horizon-
tal strip.

A plane partition 7 has a 3-dimensional diagram, consisting of the points
(i, j, k) with integer coordinates such that (i, yer and 1<k=x(jj). Alterna-
tively, we may think of the diagram of = as a set of unit cubes, such that m(x)
cubes are stacked vertically on each square x€A. As in the case of ordinary
(linear) partitions, we shall use the same symbol 7 to denote a plane partition and
its diagram.

If S is any set of plane partitions, the generating function of S is the polynomial
or formal power series

Y g

wes

in which the coefficient of q" is the number of plane partitions of weight n which
belong to S.
. (a) Consider column-strict plane partitions of shape A, with all parts <n. By (5.12)
the generating function for these is s(q" q" ..., q), which by §3, Ex. 1 is
. 1 - qn+c(x)
qIAI+ ) 1‘1)‘ —1——qu

() Let I, m, n be three positive integers, and consider the set of plane partitions 7
with all parts <n and shape A such that I(A\)=<1! and I(A) < m: that-is, the set of
three-dimensional diagrams 7 which fit inside a box B with side-lengths L, m, n
By adding I+ 1—i to each part in the ith now of , for 1<i=<I, we convert 7 into
a column-strict plane partition of shape (m,..., m)= (m') and largest part <l+n.
From (a) above, the generating function for the plane partitions =< B is therefore

l_ql+n+c(x)
) 1(1) o n

In this form the result does not display the symmetry which it must have as a
function of I, m, and n. It may be rewritten as follows: for each y=(i, j, k)eB,
define the height of y to be ht(y)=i+j+k—2 (so that the point (1,1, 1) has
height 1). Then the generating function (1) may be written in the form

1+ht(y)

1—
@ % a"=1 T

w<B veB

(c) We may now let any or all of I, m, n become infinite. The most striking result
is obtained by letting all of I, m, n tend to co: the box B is then replaced by the
positive octant, and for each n=1 the number of lattice points (i, j, k) with

L
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i+j+k—2=nand i j, k=1 is equal to the coefficient of t"™* in (1~ 1), hence
to in(n+1). It follows that the generating function for all plane partitions is

3) ﬁ (1 - q'\+l)n(n+l)12 _ ﬁ ey

n=l l“q" n=l1

gd) Likewise, the generating function for all plane partitions with largest part <m
is

(4) H (l_qn)—mln(m,n).

nesl

14. From Ex. 13(a), by letting n —, the generating function for all column-strict
plane partitions of shape A is

(1) "M H, ()™

where Hy(q)= TI (1-¢"*).
xe€A

Another way of obtaining this generating function is as follows. Let m be a
column-strict plane partition of shape A, and let S be the set of pairs (w(i, j), J)
where (i, j) € A. The elements of S are all distinct, because = is column-strict. We
order S as follows: (r, j) precedes (7, j') if either r>r', or r=r"and j<j'. Thisis a
linear ordering of S. Define a standard tableau T(w) of shape A as follows:
TG, j) =k & (w(i, j), j) is the kth element of S in the linear ordering defined
above. Then T(w) is a standard tableau. For example, if  is

33211
22
1

théd S is the ordered set
(3’ 1)’ (3, 2)’ (2’ 15’ (2’ 2)' (zl 3)’ (1! 1)’ (1’ 4)’ (1’ 5)’

gt

and T() is the standard tablédh

12578.
34
6

Conversely, let T be a s'tandard tableau of shape A, and let  be a column-strict
plane partition such that T(w)=T. Let |A|=n, and for 1<k <n let a, be the part
of w in the square occupied by k in T. Then @,>...>a,>12and

a,‘>a,‘+§)§$\keR(T) <:

where R(T) is the set of integers k €[1, n—1] such that k +1 lies in a lower row
than k in the tableau T. Now let

»

A — A if k¢ R(T) and k#n
bk= ak"‘ak+1—1 if keR(’I‘)
a,—1 if k=n
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so that b, =0 for k=1, 2,..., n. Then we have

Y ac=n+r(T)+ ) kb,
k=1 k=1
where

(T)= Z {k :k +1 lies in a lower row than k in T}

and therefore the generating function for the column-strict plane partitions
such that T(m)=T is

n+r(T)

9" Pe.(q)!

where as usual ¢,(q)=(1—-¢)...(1-q").
Hence the generating function for column-strict plane partitions of shape A is

¥) q"(; q'm) / en(a)

summed over all standard tableaux T of shape A.
From (1) and (2) it follows that

3) Y 4P =q"Ve,(q)/Hy(q).

15. Let S be any se¢t of positive integers. From (5.12) and Ex. 4 it foliows that the

generating function for column-strict plane partitions all of whose parts belong to
S is

l—[(l_ql)—-l n(l_qi+i)—1-
ieS LjeS
i<j

(a) Take S to consist of all the positive integers. Then the generating function for
all column-strict plane partitions, of arbitrary shape, is

ﬁ (1 - tﬂ)-[(n+l)/2]_

n=1

(b) Take S to consist of all the odd positive integers. We obtain the generating

S

oy

" function

(2) H ((1 — t2n—l)—1(1 _ t2n)-—[u/2].
n=1

Now the column-strict plar‘i?e partitions with all parts odd are in one-to-one
correspondence with the symmetrical plane partitions = (i.e. such that =(j, j)=
w(j, i)). For the diagram of a symmetrical plane partition may be thought of as a
sequence of diagrams of symmetrical (linear) partitions =" > 7> .. piled one
on top of the other; each # is of the form (a,..., @, | @1,..., @,) in Frobenius
notation, and hence determines a linear partition o = (2a, +1,..., 2a, + 1) with
odd parts, all distinct; and the o can be taken as the columns of a column-strict
plane partition with odd parts. It follows that (2) is the generating function for the
set of all symmetrical plane partitions.

16. Let ®(xy,..., %) =11 -x)"' [TQ-xx)"" as in Ex. 4.
: 11

i<j

poaseyr 1

o ey g
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By setting t=0 in the identity of III, §5, Ex. 5 we obtain
(1) Y U5y (Xayeeny %) = 2, DX Tenes X (1— u [ x{752)

mA €

where the sum on the left is over all partitions A = (Ay,..., A,) of length §n, and
integers m=A,; and the sum on the right is over all e =(eq,..., £,) With each
&= +1. ' .

We shall rewrite (1) in the notation of root-systems. Let vy,...,, v, be the
standard basis of R". Then the set of vectors

R={xv(lsisn),xpxy(lsi<j=n)}
is a root-system of type B,, for which
R*={y(l<sisn),vxy(l=<i<j=sn)}
is a system of positive roots, so that
p=3((2n—1ov,+(2n—-3)v,+...+v,)
is half the sum of the positive roots. The subset R, of R defined by
Ro={v;—v;:i#j}

is a subsystem of R of type A,_;, and Rg=R"NR, is a system of positivse roots
for Ro. The Weyl group W, of R, is the symmetric group S., acting by
permutations of v,,..., v,, and the Weyl group W of R is the semldlre?t product of
W, with the group (of order 2") of transformations w, 10 gv;(1si<n), where
as before & = (e4,..., &) and each g is =1. In this notation,

d(e™,...,e )= [] (1—e™) / ITa-e

aeRy aeR*

= (wezwos(w)e"")/(wgwe(w)e‘”"),

by virtue of Weyl’s identity (Ex. 9). It follows that the right-hand side of (1) (with
x, replaced by e™") may be written as a sum,over V_V, an_d by equating the
coefficients of u™ on either side of (1) we arrive at the identity

2 Y si(e™™,..., ™) = eI (m0 + p)/ I (p)

A

where 6 =3(v,+...+,), and for any vector v

J(v)= Y, e(w)e™,
weW
and the sum on the left is over all partitions A such that I(A)=<n and I(A)<m (i.e.
such that A c(m")). . )
(If preferred, the right-hand side of (2) can be written as a quotient of
determinants:

) Y 53 (X15eees Xn) = Do/ Do

A
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where D,, =det(x]"*"*"""
tions A =(m").)

This identity (2) is a polynomial identity in n independent variables e™*. We
may therefore specialize it to obtain identities in one variable g, by replacing each
e™ by g", where the f; are arbitrary integers. This means that each exponential
e* is replaced by ¢“”, where f=Y fu, and (v, f) is the standard scalar product on
R". In this way we obtain

=%} ")1<1j<m and the summation is as before over parti-

—~{mé+p, wf)

meo. ) 2 (W)
(3) N ;sx(qf'x---»qf")=q <'”——%ﬁw‘,

the sum on the left being over all partitions A =(m").

@ In formula (3) of Ex. 16 let us take f=2p, the sum of the positive roots of R,
so that f,=2n—2i+1. On the right-hand side, the alternating sum

Z e(w)q—(mo+p,2wp)
is by Wey!l’s identity (Ex. 9) equal to the product
l_I (q—(m0+p,a)_q(-mo+p.a))
aeR*

and therefore the right-hand side of (3) is equal to

a____~--
. q(zp.u)_l - .

@mo+2p.0) _ |

aeR

In this product the positive roots v, — v;(i <j) make no contribution, because they
are orthogonal to 6 =4} v,. Hence we obtain the identity

n qm+2i—1 - 1 qz(m+!+]—-1)__ 1

4) PO C G S E I1 -1 I1 BH-D_q

rc(mm) t=1 1<i<j<n 4

The left-hand side of (4) is the generating function for column-strict plane
partitions with odd parts <2n—1, and with at most m columns and at most n
rows; or equivalently (Ex. 15) it is the generating function for symmetrical plane
partitions 7 whose diagrams are contained in the box B=Bunm=
{Gj,k):1=si,jsn 1sk=m}.

The right-hand side of (4) can be rewritten in a form analogous to that of Ex.
13, formula (2), as follows. Let G, be the group of two elements consisting of the
identity and the mapping (i, j, k) — (j, i, k), so that the box B is stable under G.,.
For each orbit 5 of G, in B let |g| (=1 or 2) be the number of elements of 7, and
let

ht(n) = Y, ht(y)

Y€N
where ht(i,j,k)=i+j+k—2 as in Ex. 13. Then the generating function for
symmetrical plane partitions 7 < B is

1— qht(n)+l'nl
(5) [l —=-

neB/G, 1- q

18. Let G, be the group of three elements generated by (i, j, k) — (j, k, i) and let
C, be the cube {(i, ], k):1=<i,j, k=<n}. The formula (5) of Ex. 17 suggests the

T
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following conjecture: the generating function for cyclically symmetric plane
partitions 7 (i.e. those whose diagrams are stable under G;) contained in the cube
C, should be

1 _th(ﬂ)+ln|
©

ht(n)
neGJGy l_q "

This has been checked numerically for n <10 (J. McKay) and has recently been
proved for arbitrary n and g=1 by G. E. Andrews [4]).

19. With the notation of Ex. 16, the set of vectors
R, ={2y(1<i=<n), zpxy(lsi<j<sn)}
is a root system of type C,, for which
Ri={2v(I<isn),vxy(l<i<j=sn)}
is a system of positive roots, so that
pi=ho+(n—Dv+...+0,

is half the sum of the positive roots. The Weyl group is the same group W as in
Ex. 16.

We shall take f=p, in formula (3) of Ex. 16, so that e™™ is replaced by q
As in Ex. 17, by virtue of Weyl’s identity we have

Z e(w)q—(m0+p,wpl)= l’l (q—<mo+p.a/z)__q(ms+p.a/2))

acR}

n—i+1

and therefore the right-hand side of (3) is equal to
q(m8+p.a) - 1

{p.x)
aeR} qP¢_1

Again the roots v, — v;(i <j) make no contribution to this product, and hence we
obtain
m+i+j—-1__ 1

) 2 (g @)= T

rc(m™) 1<i<jsn 4

The left-hand side of (7) is the generating function for column-strict plane
partitions with largest part <n and at most m columns, and the right-hand side
can be written in terms of the height function introduced in Ex. 13, namely as

ht(y)+1

1-¢g
yeD 1 _th()')

where D is the prism {(i, j k):1<i<j=n, 1<k=m}.

Notes and references

Ex. 2. The fact that the number of standard tableaux of shape A is
equal to n!/h(A) is due to Frame, Robinson, and Thrall [11]. No simple
direct combinatorial proof seems to be known,

" Ex. 3. The operatots Dle,), D(h,) were introduced by Hammond [18]




54 SYMMETRIC FUNCTIONS I

and the D(s,) by Foulkes [9], in both cases defined as differential
operators. See also Foulkes [10].

Ex. 4. This identity is usually ascribed to Littlewood [29], p. 238;
however, in an equivalent form it was stated by Schur in 1918 (Ges.
Abhandlungen, Vol. 3, p. 456). Bender & Knuth found an elegant
combinatorial proof (reproduced in [51], p. 177), using the properties of
Knuth’s correspondence.

Exx. 5, 6, 9. These identities are all due to Littlewood (loc. cit) The
observation "that the identities of Ex. 9 follow naturally from Weyl’s
identity for the classical root systems is, I believe, new.

Exx. 13, 14, 15. Plane partitions were first investigated by MacMahon
[35], and the generating functions (1), (3), and (4)-of Ex. 13 are due
originally to him, but proved differently. The application of S-functions to
these problems is due to Stanley [51], who gives more details and
references.

Exx. 16, 17. The results in these examples are new. MacMahon [35]
conjectured the generating function (Ex. 17, (4)) for symmetrical .plane
partitions, but was unable to prove it. It remained a conjecture until
proved recently by Andrews [3]. Hi$ proof is quite different from that
given here.

Ex. 19. The generating function (7) was established by Gordon (see
Stanley, loc. cit. p. 265) who did not publish his proof. It too was proved
recently by Andrews [3].

6. Transition matrices

In this section we shall be dealing with matrices whose rows and
columns are indexed by the partitions of a positive integer n. We shall
regard the partitions of n as arranged in reverse lexicographical order
(81), so that (n) comes first and (1") comes last. It follows from (1.10) that
A precedes u if A=p (but not conversely). A matrix (M,,.) indexed by
the partitions of n will be said to be strictly upper triangular if M,,=0
unless A=u, and strictly upper unitriangular if also M,, =1 for all A.
Likewise we define strictly lower triangular and strictly lower unitriangular.

Let U, (resp. U’) denote the set of strictly upper (resp. lower)
unitriangular matrices with integer entries, indexed by the partitions of n.

(6.1) U,, U, are groups (with respect to matrix multiplication).

Proof. Suppose M, Ne U,. Then (MN),,. = ¥ M,,N,, is zero unless there

exists a partition » such that A=v=>py, i.e. unless A = . For the same
reason, (MN),, = M,,N,, =1. Hence MN e U..
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Now let M e U,. The set of equations
(1) Z Mkux#- =W
"

is equivalent to

) X (M Yy, =%

For a fixed A, the equations (1) for y, where v <, involve only the x, for
@ =<v, hence for p<A. Hence the same is true of the equations (2),
and therefore (M™*),, =0 unless p <A. It follows that M~*e U,. |

Let J denote the transposition matrix:

I _{1 if A=p,
710 otherwise.

. (6.2) M is strictly upper triangular (resp. unitriangular) if and only if JMJ

is strictly lower triangular (resp. unitriangular).

Proof. If N=JMIJ, we have N,, =M,.,.. By (1.11), A’= ' if and only if
p=A, whence the result. |

If (u,), (v,) are any two Z-bases of A", each indexed by the partitions
of n, we denote by M(u, v) the matrix (M,,) of coefficients in the
equations

u, = %: M, v,;
M(u, v) is called the transition matrix from the basis (u, ) to the basis (v, ).
It is a non-singular matrix of integers.
(6.3) Let (u,), (v,), (w,) be Z-bases of A". Then
1) M(u, v)M(v, w) = M(u, w),
2 M(v, u)=M(u, v)*.

Let (u}), (v}) be the bases dual to (u,), (u,) respectively (with respect to
the scalar product of §4). Then i

3) M(u', v") = M(v, u)' = M(u, v)*

(where M’ denotes the transpose and M* the transposed inverse of a
matrix M).

4 M(wu, wv) = M(u, v)
where w:A — A is the involution defined in §2.

All of these assertions are obvious.
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Consider now the five Z-bases of A" defined in §2 and §3: (e,), (f.),
(h), (m,), (s,). We shall show that all the transition matrices relating
pairs of these bases can be expressed in terms of the matrix

K= M(s, m)

and the transposition matrix J.
Since (m,) and (h,) are dual bases, and the basis (s,) is self-dual (4.8),
we have

M(s, h)=K*
by (6.3)(3). If we now apply the, involution w and observe that

M(ws, 5s)=1,
by virtue of (3.8), we have
M(s, e) = M(ws, h) = M(ws, s)M(s, h) = JK*
by (6.3)(1) and (4). Finally, by (6.3)(3) again,
M(s, f) = M(s; e)* = (JK*)*=JK.

We can now use (6.3)(1) and (2) to complete the following table of
transition matrices, in which the entry in row u and column v is M(y, v):

v TABLE 1
e h m f s
e 1 K'JK* K'JK K'K K'J
h K'JK* 1 K'K K'JK K’
m K'JK* K-K* 1 K-UK K™!
K~'K* K-1JK* K~UK 1 K~
$ JK* K* K JK 1

Some of the transition matrices in Table 1 have combinatorial interpre-
tations. From (5.13) it follows that

(6.4) K,, is the number of tableaux of shape A and weight p. |

The numbers K,, are sometimes called Kostka numbers. By (6.4) they
are non-negative. Moreover, .
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(6.5) ‘The matrix (K,,) is strictly upper unitriangular.

Proof. If T is a tableau of shape A and weight u, then for each r=1 there
are altogether y;+ ...+, symbols <r in T, which must all be located in
the top r rows of T (because of the condition of strict increase down the
columns of a tableau). Hence p,+..+p, <A;+..A, for all r=1, ie.
w<A. Hence K,, =0 unless A = p, and for the same reason K,, = 1. |

(6.6) (i) M(e, m),, =; KK, is the number of matrices of 0’s and 1’s

with row sums A, and column sums ;.
(i) M(h, m),, =Y K,\K,,. is the number of matrices of non-negative

v
“integers with row sums A; and column sums ;.

Proof. (i) Consider the coefficient of a monomial x* (where un is a
partition of n) in e, = e, e,,... . Each monomial in e, is of the form Txf,
where each a; is 0 or 1, and ¥, a; = A;; hence we must have i

i

[1xpe =1,
i i

so that ¥ a; = p.. Hence the matrix (a;) has row sums A; and column
sums p.°

For (ii) the proof is similar: the only difference is that e, is replaced by
h,, and consequently the exponents a; can now be arbitrary ihtegers

=0, |

From Table 1 and (6.5) we can read off:

(6.7) (i) M(s;h) and M(h, s) are strictly lower unitriangular.
(i) M(s, m)-and M(m, s) are strictly upper unitriangular.
(iii) M(e, m)=M(h, f) and is symmetric.

(iv) Mde, f)=M(h, m) and is symmetric.

(v) M(e, h)= M(h, e).

(i) M(m, f)=M(f, m).

(vii) M(h, s)=M(s, m)".

(viii) M(e, s)= M(s, f)".

Remarks. 1. From (6.4) and (6.6)(i) it follows that the number of (0, 1)-
matrices with row sums A; and column sums g; is equal to the number of
pairs of tableaux of conjugate shapes and weights A, p. In fact one can set
up an explicit one-one correspondence between these two sets of objects
(Knuth’s dual correspondence [22], [51]).
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Likewise, there is an explicit one-one correspondence, also due to ¥ ; i
. L. . 2| 12 3(21] W1 4 | 31| 22] 212 14
Knuth, between the set of matrices of non-negative integers with row
sums A; and column sums w;, and pairs of tableaux of the same shape and 21111 3111141 411111111481
weights A, p. " ] )
2. We have not considered transition matrices involving the Q-basis (p,). ! 2 112 31 R EIE
In fact, as we shall show in §7, the matrix M(p, s) is the character table of 1Bl 1 92 11112
the symmetric group S,.
. 21 1|3
4
Examples ! !
) 5 | 41|32 |312| 221|213| 15
1. M(h, m),,, is equal to the number of double cosets S,wS, in S, where
S, =8,,X8,,X..., 8. =8, %X8,,%... 5|11 |11 1]1]1
2. M(e, m),,#0 if and only if A <p’. (This is the Gale-Ryser theorem: for a
proof see [42].) . 41 111121213] 4
3. If R is a raising operator (§1) let R(h,) denote hg,), with the usual convention 32 1l1l213]s .
that hgq,=0 if any component of R(A) is negative. Then we have
H 312 1]11]3]|6s
1 ss=1]A-Ryh
L e 221 112]s
for any partition A, and hence also 213 1] 4
- 5
@ hy = (H (1- Ru) 1) - Sy ! !
i<j
where R(s,) = sgq, for any raising operator R. .
The formula (1) is just another way of writing (3.4): if I(A)=<n, 6 | 51 | a2 | 412] 32 |321] 31| 23 |2242] 214] 18
sy = det(hy -1+ r<iin slalale|alala]e{alr]a]n
= Y e(Whrspowp 51 1|1 l2]|1|2|3}2|3]|4}5
wes,
2 4
where p=4(n—1,n-3,...,1—n), and this is equal to [] (1—Ry)h, by Weyl’s 42 ! ! ! 318 619
i<j
identity (§5, Ex. 9). 412 1lolt1]13]1]|3}i6]10
4. For any partition A of n, K, 4~ is by (6.4) the number of standard tableaux of 32 111111112315
shape A, so that by §5, Ex. 2 we have K, 4= n!/h()), where h(A) is the product
of the hook-lengths of A. 321 112124 ]|8]|16
5. The (infinite) matrix K is the diagonal sum of matrices: K,(n=0) where 3 s
K, = (Ky)aueo. We have Ko= K, = (1), and for n =2, 3,..., 6 the matrices K, are H 31 T(oj1 4410
given on the next page. 23 1 11215
2212 1 3 9
Notes and references
1 214 116
The relations between the various transition matrices contained in o
Table 1 and (6.7) were known to Kostka {25]. See also Foulkes [10]. E ! !
3
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7. The characters of the symmetric groups

In this section we shall take for granted the elementary facts about
representations and characters of finite groups.

If G is a finite group and f, g are functions on G with values in a
commutative Q-algebra, the scalar product of f and g is defined by

f,8)c= |G| Z f(x)g(x").

If H is a subgroup of G and f is a character of H, the induced character
of G will be denoted by ind§(f). If g is a character of G, its restriction to
H will be denoted by resg(g). +

Each permutation we S, factorizes uniquely as a product of disjoint
cycles. If the orders of these cycles are p,, p,,..., where p,=p,=..,, then
p(W)=(pq, pp,...) is a partitition of n called the cycle-type of w. It
determines w up to conjugacy in S,, and the conjugacy classes of S, are
indexed in this way by the partitions of n.

We define a mapping ¢:S, — A" as follows:

$(W) = Doiwy-

If m, n are positive integers, we may embed S, X S, in S,., by making
S,. and S, act on complementary subsets of {1,2,..., m+n}. Of course
there are many different ways of doing this, but the resulting subgroups of
S,.+n are all conjugate. Hence if veS, and weS,, vXweS,,, is
well-defined up to conjugacy in S,., with cycle-type p(vXw)=
p(v)U p(w), so that

(7.1) (v X w) = P(v)P(w).

Let R" denote the Z-module generated by the 1rreduc1b1e characters of
S,., and let

R= & R",
n=0
with the understanding that S, ={1}, so that R°=Z. The Z-module R has
a ring structure, defined as follows. Let fe R™, g€ R", and embed S, X S,
in S,,.,.. Then fX g is a character of S,, X S,, and we define

f. g8 indsmxs (fX g),

which is a character of S,..,, i.c. an element of R™*". Thus we have
defined a bilinear multiplication R™ x R" — R™*", and it is not difficult
to verify that with this multiplication R is a commutative associative,
graded ring with identity element.

Moreover, R carries a scalar product: if f, geR, say f=2%f,, 8= 8
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with f,, g.€R", we define

<f’ g>= Z (fm gn)S..'

n=0

Next we define a Z-linear mapping
ch:R—Ae=A82Q

as follows: if fe R", then

ch(f) ={f, ¢>s,=— Y, f(w)g(w)

-we,.

(since Y(w)=y(w™h). If f, is the value of f at elements of cycle type p,
we have

(7.2) ch(f) = l; 2;f,p,

ch(f) is called the c'haracteristic of f, and ch is the characteristic map. From
(7.2) and (4.7) it follows that, for f and g in R",

(ch(f), ch(g) = Y, z,'f.8, =(f, 8)s.

p|=n
and hence that ch is an isometry.
The basic fact is now

(7.3) The characteristic map is an isometric isomorphism of R onto A.

Proof. Let us first verify that ch is a ring homomorphism. If fe R™ and
g€ R", we have

ch(f. g) =(indg5s,(f X 8), ¥s,..,
={f X g, resgn " >(P))s, xs,
by Frobenius reciprocity,

=(f, ¥)s,8 ¥)s, = ch(f) . ch(g)

by (7.1).
Next, let 7, be the identity character of S,. Then

ch(nn)—lz z, pp—h
pl=n

by (7.2) and (2.14'). If now A =(Ay,A,,...) is any partition of n, let 7,
denote m,, . M,..... Then 1, is a character of S, namely the character

induced by the 1dcnt1ty character of S, =S, XS,,X...,and we have
ch(m) = h,.

Now define, for each partition A of n,
(7.4) Xt = det(n—i+)1<tj<n € R",




——

o
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i.e. x* is a (possibly virtual) character of S,, and by (3.4) we have

(7.5) ch(x*)=s,.
Since ch is an isometry, it follows from (4.8) that
(XA’ X‘L> = 6)\}1.

for any two partitions A, w, and hence in particular that the x* are, up to
sign, irreducible characters of S,. Since the number of conjugacy classes
in S, is equal to the number of partitions of n, these characters exhaust all
the irreducible characters of S,; hence the x* for |A|=n form a basis of
R", and hence ch is an isomorphism of R" onto A" for each n, hence of R
onto A. |

(7.6) The irreducible characters of S, are x*(|A|=n) defined by (7.4).

Proof. From the proof of (7.3), we have only to show that x* and not —x*
is an irreducible character; for this purpose it will suffice to show that
x*(1)>0. Now we have from (7.5) and (7.2)

s =ch(x*) =2, z;*X4P,
P

where x} is the value of x* at elements of cycle-type p. Hence

(7.7) X; = <SA7 pp)
by (4.7), and in particular

XA 1= X?x") ={S, PV
so that

hi=pi= Y, x*Q)s,

|Al=n

and therefore
X)‘(l) = M(h, S)(1"),A = KA,(I")

from Table 1: hence x*(1) is the number of standard tableaux of shape A,
hence is a positive integer. |

(7.8) The transition matrix M(p, s) is the character table of S,, i.e.
pp ='; X);S)‘.
This is a restatement of (7.7). |

Let A, u, v be partitions of n, and let

Vo= O XX = T X X9 ()
' weS,

-
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which is symmetrical in A, p, v. Then we have, for two sets of variables
X = (xla x23") aﬂd )’ = (}’1, )’2,---),

(7.9) su(xy) =2, ¥h,5,.(x)s5,(y).

(Compare (5.9).)

Proof. For all partitions p we have p,(xy)=p,(x)p,(y) and hence from
(7.8)

T Gxy) =2 x*x"s.(x)s,(y)

so that s, (xy) is the coefficient of x* in the right-hand side. |

Finally, we remark that (7.8) is equivalent to

X: = <s)u pp)
and hence also by virtue of (4.7) to
(7.10) s)‘ = Z z;‘lxzpp_
P

Examples

1. x™ =m, is the trivial character of S,, and x*” =g, =& is the sign character.
(Compare (7.10) with (2.14').)

2. For any partition A of n, x* = e,x*. For

X5 =(Sxs Bo) = {Sns £oP0) = EoXp

since w(s,)=s, and w(p,) = £,p,. Hence the involution @ on A corresponds to
multiplication by ¢, in R".

3. Corresponding to each skew diagram A —p of weight n, there is a character
xV* of S, defined by ch(x™*)=s,,. If |p|=m we have from (5.1) and (7.3)

M x5 = XN X X Vs
= (resgr > Sx?, x* X X" Vs, xs,

by Frobenius reciprocity, and therefore the restriction of x* to S, XS, is
Toxtxx

les|=m

{x

The degree of x™* is equal to {s,,,, €1} = Ky, an, i-€. to the number of standard
tableaux of shape A —pu.

4, Let G be a subgroup of S,, and let ¢(G) be the cycle indicator of G (§2, Ex. 9).
Then ¢(G)=ch(xg), where x is the character of S, induced by the trivial
character 15 of G. For ch(xs)=(Xa, ¥)s,={le, ¥|G)s (by Frobenius
reciprocity) = ¢(G).

If G, H are subgroups of S, {c(G), c(H)) is the number of (G, H) double
cosets in S,.
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5. From §3, Ex. 11 and (7.8) we obtain the following combinatorial rule for
computing x5:

X: - Z (_l)ht(S)

S

summed over all sequences of partitions S =(A, A®,..., A®) such that m = 1(p),
0=A@cAWc. . cA™=2), and such that each AP—A%" is a border strip

(§3, Ex. 11) of length p, and ht(S)=Y¥ ht(A“=A%""),
A i

6. The degree f* = x*(1) of x* may also be computed as follows. By (7.8), it is
the coefficient of x**™® in (L x)" ¥ s(w)x™. If we put w=A+8 (so that
weS,

= A +n—i, 1=i<n), this coefficient is

Z s(w)n!/n (g —n+w(@)!
weS, i=1
which is the determinant n!det(1/(i, — n + j)!), hence equal to

]
ﬁ—',det(m(m— 1. —n+j+1)
! _ n!
=n—|det(f"{ 1)=——'A(“h---v “‘n)
w! u!

where p!=]1 ! and A(py,..., ) = ll;ll (= 1y)-
i

7. Let p=(r,1"™"), so that x} is the value of the character x* of S, at ar:+ra-cyc!e
(1sr=<n). By (7.8), x» is the coefficient of x¥=x in

C xDE x)"" ¥ e(w)x™*. From the result of Ex. 6, this coefficient is
weS,

Z ("’" r)!A(“l!"" i ey y’n)
i ’Ll!"'(“'i— r)!...‘.‘;n!

and therefore

n—r)! < ! Ba— -
n! i==1(ll-i—")!1oﬂ i — 1y

xolf* = (
If we put ¢(x)=[] (x— ) and h,=nlz, = n!/(n—n)!lr, this formula becomes
—Phox I = 2 s — D= 1+ Dep (o = 1)/ (1)
fm=1

which is equal to the coefficient of x~! in the expansion of
x(x—1)..(x—r+ De(x—r)e(x)

in descending powers of x. )
In particular, when r=2 we obtain

hoxMf = n(A) - nn). ©
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Notes and references

The representation theory of finite groups was founded by Frobenius in
a series of papers published in the last years of the nineteenth century,
and reproduced in Vol. 3 of his collected works; in particular, he obtained
the irreducible characters of the symmetric groups in 1900 [12], and our
exposition does not differ substantially from his.

Ex. 5 is due to Littlewood and Richardson [28]; Exx. 6 and 7 to
Frobenius (loc. cit.) .

8. Plethysm

In this section we shall study briefly another sort of multiplication in A,

_ called plethysm or composition, and defined as follows. Let f, g€ A, and

write g as a sum of monomials:
g= Z Uy X7
o

Now introduce the set of fictitious variables y, defined by

(8.1) [a+yn=T1a+x0=
and define '
(8'2) f e g =f(y17 )’2,---)-

If fe A™ and ge A", then clearly f o ge A™". Also e, acts as a two sided
identity: foe;=e, o f=f for all feA.
From the definition (8.2) it is clear that

(8.3) For each ge A, the mapping f — f o g is an endomorphism of the ring
A |

By taking logarithms of both sides of (8.1) we obtain

Pa(y) =2 ua (x°)" (n=1)
so that )
(8.4) Pn © §= 8 ° P = 8(x1, x3,...)
for all geA. In particular,
(8.5) Pn © Pm = Pm ® Pn = Pmn-

From (8.4) it follows that

(8.6) For each n=1, the mapping g — p, ° g is an endomorphism of the
ring A. |
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Plethysm is associative: for all f, g, he A we have
(8.7 (fog)eh=fo(geh).

Proof. Since the p, generate Aq (2.12), by virtue of (8.3) and (8.6) it is
enough to verify associativity when f=p,, and g=p,, in which case it is
obvious from (8.4) and (8.5). |

For plethysm involving S-functions, there are the following formulas:
from (5.9) it follows that

(8.8) s o (g+h)=Y, ch (s, ° g)s, ° h)

=Y (Syu © 8)(s, o h)

and from (7.9) that

(8.9) sx ° (gh) =Y, YALs, © g)(s, © h).

The sum in (8.8) is over pairs of partitions p, v< A, and in (8.9) over
pairs of partitions w, v such that [u|=|v|=]A|.

Finally, let A, p be partitions. Then s, s, is an integral linear
combination of S-functions, say

(8.10) S\ °S, = Z ANy Se

summed over partitions 7 such that |7|=|A|.|u|. We shall prove in the
Appendix that the coefficients aj, are all =0.

Remarks. 1. We have observed in (3.10) that to each fe A there corres-
ponds a natural operation F on the category of A-rings. In this correspon-
dence, plethysm corresponds to composition of operations: if f, ge A
correspond to the natural operations F, G, then fo g corresponds to
FoG.

2. Plethysm is defined in the ring R of §7 via the characteristic map: for
u, ve€R, usv is defined to be ch™'(chuochv). If u (resp.v) is an
irreducible character of S, (resp.S,), then u o v is a character of S,,,
which may be described as follows: if U (resp. V) is an S,,-module with
character u (resp. an S,-module with character v), the wreath product
S, ~S,. (which is the normalizer of S;'=S§,x...xS, in S,,,) acts on U
and on the mth tensor power T™(V), hence also on U®T™(V); and u ° v
is the character of the S,,,-module induced by URT™(V). See the
Appendix to this chapter.
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Examples

1. Let @:A — A be the involytion defined by
(0f)(x1, xz,...) = (0f)(— %1, ~X2,...)
(so that @ =(—1)"w on A"). Then for any f, ge A we have f o (—g)=(af) > g.
2. Since sy, = D,(s,), where D, is the differential operator defined in §5, Ex.
3(a), it follows that from (8.8) that
folg+h)=2 (D) e 8)su o h)
for all f, g heA. *

3. hy © (gh)=]}|: (5 @ 8)(s © h),

e, ° (gh)=IZ (sx © g)(sar o h).

Al=n

These formulas are particular cases of (8.9) (and are consequences of (4.3) and
4.3").)

4. Let A be a partition of length <n, and consider (s, © $¢,- )?(xl, x,). By defini-
tion this is equal to s, (x77', x77%x,,..., x37Y), i.e. to xg‘_”f" s(g g 5,1,
where q = x,x;'. On the other hand, by the positivity of the coefficients in (8.10),
(8 © 8._1)(x1, x2) is a linear combination of the s,(x;,x,) with non-negative
integer coefficients, where @ = (mr, ;) and =+ 7, =(n—1) |]A|=d say. Now

Se(xy, Xy = xTxTe+ xT x5 4 L+ xTex ]

=x5(qT+q™ " +...+q™)

Hence 5,(¢""", g"%,..., 1) is a non-negative linear combination of the polynomials

qm+q™'+..+q™, where m=w, and wm+w,=d. It follows that

s{(q" ', q"2,..., 1) is a unimodal symmetrical polynomial in q, ie. that if a; is

the coefficient of ¢' in this polynomial, for 0=<i=<d, then a, = a,_, (symmetry) and
GpsaA =S Agara]

(unimodality).
From §3. Ex. 1 it follows that the generalized Gaussian polynomial

[n] _ l_I 1_qn-—c(x)
Al i 1-4"
is symmetrical and unimodal for all n and A.

5. Let G be a subgroup of S, and H a subgroup of S,, so that G~H is a
subgroup of the wreath product S,, ~ S, < S,,.. Then the cycle-indicator (§2, Ex.
9)of G~H is

¢(G~ H)=c(H) ° c(G).
Notes and references

Plethysm was introduced by D. E. Littlewood [29]. His notation for our
sy © s, is {u}®{A}. Many authors have computed (or have described
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algorithms.to compute) s, ° s, for particular choices of either A or u. For
their work we refer to the bibliographies in Littlewood [29] and Robinson
[40].

9. The Littlewood-Richardson rule

If w and v are partitions, the product s,s, is an integral linear
combination of S-functions:

Z uvsh

A

or equivalently
9.1 Shu = Y S,

The coefficients c“,, are non-negative integers because by (7.3) and (7.5)
=(x*, x*. x*) is the multiplicity of x* in the character x*. x"; also we
have c},=0 unless |A|=|p|+|v| and x, v=A.
This section is devoted to the statement and proof of a combinatorial
rule for computing c},, due to Littlewood and Richardson [28].
Let. T be a tableau. From T we derive a word or sequence w(T) by
reading the symbols in T from right to left (as in Arabic) in successive
rows, starting with the top row. For example, if T is the tableau

11]21)3
2|3
114

w(T) is the word 32113241.

If a word w arises in this way from a tableau of shape A — u, we shall
say that w is compatible with A —p.

A word w=a,a,...ay in the symbols 1, 2,..., n is said to be a lattice
permutation if for 1<r<=N and 1<i<sn-1, the number of occurrences
of the symbol i in a,a,...q, is not less than the number of occurrences of
i+1.

We can now state the Littlewood-Richardson rule:

(9.2) Let A, p, v be partitions. Then cb,, is equal to the number of tableaux
T of shape A — . and weight v such that w(T) is a lattice permutation.

The proof we shall give of (9.2) depends on the following proposition.
For any-partitions A, u, 7 such that A Oy, let Tab(A — pu, 7) denote the

I SYMMETRIC FUNCTIONS 69

set of tableaux T of shape A —p and weight 7, and let Tab®(A —pu, )
denote the subset of those T such that w(T) is a lattice permutation.
From (5.14) we have

(9'3) I'Ta'b(A - M, 'TT)I = KA—p.,-tr= (s)\/p.’ h‘rr)'
We shall prove that
(9.4) There exists a bijection

Tab(A — p, 7) = [1 (Tab’(A — i, v) X Tab(y, m)).

Before proving (9.4), let us deduce (9.2) from it. From (9.4) and (9.3),
we have

<sh/u’ h'n') = Z ITabo(A K V)l (svl h-n')
for all partitions o, and therefore
s)\/l-l- = Z lTabo(A ) V)l Sy

Comparison of this identity with (9.1) shows that ¢}, = |Tab%(A — u, v)|.

To construct a bijection as required for (9.4), we shall follow the
method of Littlewood and Robinson’[39], which consists in starting with a
tableau T of shape A —p and successively modlfymg it until the word
w(T) becomes a lattice permutation, and simultaneously building up a
tableau M, which serves to record the sequence of moves made.

If w=a,a,...ay is any word in the symbols 1, 2,..., let m,(w) denote the
number of occurrences of the symbol r in w. For 1<p=<N and r=2, the
difference m,(a,...a,)—m,_,(a;...a,) is called the r-index of a, in w.
Observe that w is a lattice permutation if and only if all indices are <0.

Let m be the maximum value of the r-indices in w, and suppose that
m>0. Take the first element of w at which this maximum is attained
(clearly this element will be an r), and replace it by r—1. Denote the
result of this operation by S,_; .(w) (substitution of r—1 for r). Observe
that S,_; ,(w) has maximum r-index m—1 (unless m =1, in which case it
can be —1).

(9.5) The operation S,_,, is one-to-one.

Proof. Let w'=8§,_1,(w). To reconstruct w from w’, let m’ be the max-
imum r-index in w'. If m’=0, take the last symbol in w’ with r-index m’,
and convert the next symbol (which must be an r—1) into r. If m’' <0, the
first symbol in w’ must be an r—1, and this is converted into r. In either
case the result is w, which is therefore uniquely determined-by w' and
r. |
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(9.6) Let w'=S,_,,(w). Then w' is compatible with A — u if and only if w
is compatible with A — .

Proof. Let w=w(T), w'=w(T"), where T and T’ are arrays of shape
A — p. They differ in only one square, say x, which in T is occupied by r
and in T' by r—1.

Suppose that T is a tableau. If T’ is not a tableau there are two
possibilities: either (a) the square y immediately to the left of x in T is

occupied by r, or (b) the square immediately above x is occupied by r—1.

In case (a) the symbol r in square y would have a higher r-index in
w(T) than the r in square x, which is impossible. In case (b) the square x
in T will be the left-hand end of a string of say s squares occupied by the
symbol r, and immediately above this string there will be a string of s
squares occupied by the symbol r—1. It follows that w(T) contains a
segment of the form

(r=1y...r

where the unwritten symbols in between the two strings are all either >r
or <r—1, and the last r is the one to be replaced by r—1 to form w’. But
the r-index of this r is equal to that of the element of w immediately
preceding the first of the string of r—1’s, and this again is impossible.
Hence if T is a tableau, so also is T'.

The reverse implication is proved similarly, using the recipe of (9.5) for
passing back from w' to w. | .

Suppose now that the word w has the lattice permutation property with
respect to (1,2,..., r—1) but not with respect to (r—1,r), or in other
words that all the s-indices are <0 for 2<s=r—1 but not for s =r. This
is the only situation in which we shall use the operator S,_; ,. The effect of
replacing' r by r—1 ih w as required by S,_,, may destroy the lattice
permutation property with respect to (r—2,r—1), i.e. it may produce
some (r—1)-indices equal to +1. In this case we operate with S,_,,_; to
produce

Sr—2,r(w) = Sr—2,r—-ls —-l,r(w)'

At this stage the (r—1)-indices will all be =<0, but there may be some
(r—2)-indices equal to +1, and so on. Eventually this process will stop,
and we have then say

Sa,r(w) = Sa,a+l-"sr'—1,r(w)
for some a such that 1<a=r-1, and the word S,,(w) again has the

lattice property with respect to (1,2,...,r—1), and maximal r-index
strictly less than that of w.

1 SYMMETRIC FUNCTIONS 71

At this point the following lemma is crucial:

9.7) If w, S, (w)=w' and S, (w)=w"all have the lattice property with
respect to (1,2,...,r—1), then b<a.

Proof. Let w = x,x,%5.... We have to study in detail the process of passing
from w to w'. This starts by applying S,_,,, i.e. by replacing the first
symbol r in w with r-index m, where m is the maximum of the r-indices,
by r—1. Suppose that this happens at x,. Then for each s=1, the
(r—1)-index of x, is unaltered if s < p,, and is increased by 1 if s = p,. The
element on which S,_,,_; operates is therefore in the p,th place, where
p1 is the first integer =p, for which x,, has (r—1)-index in w equal to 0.
Likewise the element on which S, ;,., operates is in the p,th place,
where p, is the first integer =p, for which x,, has (r—2)-index zero, and
so on.
In this way we obtain a sequence

PoS=P1=..=PDrp1

with the property that, for each i =1, x,, is the first element not preceding
x,,_, for which the (r— i)-index is 0. Observe that in w' the element in the
pith place still has (r—i)-index zero, for each i=1 (though it will no
longer be the first with this property).

Now consider the passage from w' = y;y,ys...to w". In w’ the maximum
r-index is m —1 (which by assumption is still positive) and occurs first at
say y,, where go<po. (This is because the r-index can by its definition
only go up or down in single steps, and therefore the r-indgx m —1 occurs
first in w at some element to the left of-x, ; and the elements to the left of
the poth are the same in w’ as in w.) In w' the (r—71)-index of y,, is zero,
and is therefore +1 in S, ,(w'). Hence S,_;,(w') admits the substitution
S,-2.,-1, Which will operate on the element in the g,th place, where g, is
the first integer =g, for which the (r—1)-index of y,, in w'is 0, so that
Qo=<q; <p;. Continuing in this way we get a sequence

P=N=P=<..SG¢ 4-1

with g, <p, for all i=0, and w' admits the operator S,,.

If S,,(w')=w", then b = a; if not, then S,,(w’) admits further substitu-
tions S,_; o,..., until w”=§, (w') is attained, so that b <a in this case. In
either case we have b=<a, as required. |

We shall now describe the algorithm of Littlewood and Robinson which
constructs from a tableau T of shape A —p and weight =, where A, u, 7
are partitions, a pair (L, M) where L € Tab%(A — u, v) for some partition v,
and MeTab(y, 7).

If A is any array—not necessarily a tableau—and a, r are positive
integers such that a <r, we denote by R,,(A) the result of raising the
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right-hand element of the rth row of A up to the right-hand end of the
ath row.

The algorithm begins with the word w,=w(T) and the array M,
consisting of a, 1’s in the first row, m, 2’s in the second row, and so on
(i.e. M, is the urique tableau of shape 7 and weight ).

Operate on w; with S, until there are no positive 2-indices, and
simultaneoqsly on M, with R,, the same number of times: say

w, = STo(wy), M, = R[>,(M,).

Ne)ft' operate on, w, with S,; or S;; as appropriate until there are no
positive 2- or 3-indices, and simultaneously operate on M, with R,; or
R,;: say

W3 = '"Sag.3sa.|.3(w2)) M3 = "'Raz,SRa1.3(M2)

where each a,, a, is 1 or 2.

Continue in this way until we reach (w;,, M;), where | =I(w). Clearly
from our construction w; is a lattice permutation. From (9.6) it follows
that w, is compatible with A—pu, so that w;=w(L) where Le
Tab®(A — u, v) for some partition v. Next, it is clear from the construction
that at each stage the length /;(M,) of the ith row of the array M, is equal
to the multiplicity m;(w,) of the symbol i in the corresponding word w,, so
that the final array M = M, has shape v and weight .

We have to shéow moreover that M, is a tableau. For this, we shall
prove by induction on r that the first r rows of M, form a tableau. This is
clear if r=1, so assume thdt r>1 and the result is true for r—1.

Consider the steps that lead from M,_; to M,: we have, say,

Mr = Ra,,.;,r'"R;I,r(M—l);
let us put
Mr-—-l,i = Ra,,r"'Ra;,r(M—l)
and likewise

wr—l,i = Sai,r'"Sal,r(W —1):

where each word w,_;; has the lattice: property with respect to (1, 2,...,
r—1). Bach array M,_,; is obtained from its predecessor M,_,,_, (or
M,_, if i=1) by moving up a single symbol r from the rth row to the
a;th row. By our construction the length L(M,_,,) of the jth row of M,_,;
is equal to the multiplicity m;(w,_,,) of j in w,_,;, for each j=1; and
since each word w,_,; has the lattice property with respect to
(1, 2,...,r—1), it follows that

LM, )=..= L (M, ).

Rt i R g
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Also, by (9.7), the integers g, satisfy a,>...= a,,. It follows that no two
symbols r can appear in the same column at any stage, and consequently
the first r rows of M, form a tableau.

The algorithm therefore provides a mapping

Tab(A — , w) — | | Tab°(A — p, v) X Tab(, ).

To complete the proof of (9.4) we have to show that this mapping is a
bijection. For this purpose it is enough to show that, for each r=1, we
can unambiguously trace our steps back from (w,, M,) to (w,_;, M,_y).
With the notation used above, we have

Wr = Sa,,,,r-"sa;,r(w —l)y

and the sequence (ay,..., a,,) can be read off from the array M, since the
a, are the indices <r of the rows in which the symbols r are located in M,
arranged in descending order: a,>a,>...=a,, (by virtue of (9.7)). Since
by (9.5) each S,, is reversible, it follows that (w,.,, M,_,) is uniquely
determined by (w,, M,). Finally, by (9.6), if w, is compatible with A —p,
then so also is w,_;, and the proof is complete. Q.E.D.

Remark. A lattice permutation w = a,a,...ay of weight v may be de-
scribed by a standard tableau T(w) of shape », in which the symbol r
occurs in the a,th now, for 1<<r=< N (the fact that w is lattice ensures that
T(w) is a tableau). Hence the algorithm described above constructs from
a word w a pair of tableaux T(w;) and M; of the same shape v, the first of
which is standard and the second of weight ar. It may be verified that this
algorithm coincides with one described by Burge [7] (see aiso Gansner

[13].

Notes and references

The Littlewood-Richardson rule (9.2) was first stated, but not proved,
by Littlewood and Richardson in [28] (p. 119). The proof subsequently
published by Robinson [39], and reproduced in Littlewood’s book
([29], pp. 94-6) is incomplete, and it is this proof that we have en-
deavoured to complete. Apparently, complete proofs of the rule weré first
published only recently, due to Lascoux and Schiitzenberger [46] and
Thomas [53].



