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① Prove that if a rational function of the form

A(t)
-=(1 - ty)(1 - tyz) ... (l - tyn)

with all Yi's distinct
,

is written in partial
fractions

y, .. .

yn1 - ty2

then Ci =-A)zi)
where B(t)= (1 - ty) . . . I-ty .e.

Rof :

(e+ B(t) = ( - tyi) = (1 - ty1)(1 - ty2) ... (1 - tyn).

Set S = E1
,

2
, ..., n3 ·

Next
,
observe that

B'(t) =
-

y ,
π( - tyi) - 32π (I - tyi) - ... - ynπ(l- tyi)
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Now
,
consider the following :

lim EAltt+ ti

Since

im
(1-tyi)Alt) = 0 andinthe B(t) = 0

t -> +

Yi

then we can apply L'Hopital's role :

Alt) - tyiA(t) = A'(t) - ty;A'(t) - YiAlt



timE)
Alt)

= lim*Ata
-- I

Gi

I

(Applspitals) It
*- tyiAlt)

- YiAL

=*i) -5YiA(ji) - yiA(ji)
B'(j)

=Al
Thus,

lim

t- T↳i)
Alt = A re

We will use Residue's theorem to deduce that

given

=...-Tyn) with yi's distinct
,
it

can be decomposed as follows :

A-y
, . . . . T te where

First ,
call R(t) = A) .

We need to find all isa

such that

R(t) = Ety
,

... +

on



So
,
take the Carchy integral to both sides :

⑧ R(H) = 0
,

+... + ) yn
Observe that the right hand side has singularities
at t = ↓

.
Even more

,
these singularities are single poles.

Bi
Hence, we can apply Residue's theorem to each

integral to obtain the Ci's since Ci's are the

residues at t = L's
.

Yi

Therefore,

Ci = lime
t -> ↓(t -ji)A = lim (tyi At one

-A(j)
B'(ji)

as desired.

I



-- 2t)
= R(t)

Get I
t
1-2t

Y2= 2

t + 1 = (1 - 2t)4 + (2) - t)
t + 1 =

- 24t - Cat + 4 + C2

A(t) = t + 1 t + ) = - (24 + (a)t + (4 + (2)
ci=

(i) B(t)= 1 - t)(l -2+) i - 2 C - Ca = I

B' (t) = CI = 1-C2

( - t)( 2) + G = 1 - 3 - 2(1 - (2) - Ca = 1

(1 - 2t)(- 1) Ci = - 2 - 2 + 2(2 - Ca = 1

=- 2 + 2t - 1 + 2t - 2 + (2 = 14= e
B(t) = - 3 + 4t Ca = 3

=

- = - I

2(z) Stat = + Eat
ca =-at = = 3

B(t) = ( - t)(l - 2t)( - 3t)

B'(t) = ( )(1 - 2t)(-3t) + - 2(1 - t)(t - 3t)

- 3( - t)(l - 2 t)


