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Exp Math S2021: Homework 25, Problem 4

Exercise 1. Let L = [ay, ..., ax], and n be the number of cells in L.

hij (@ +k—Dlfaz+k—1). . azl ’
cells [¢,5] in L

n! Alar+k—1aa+k—2,...,a,)(al + -+ ag)!
!

where h; ; is the hook length of the cell [i, j] and A(zq,...,25) = I (z: — ).
1<i<j<k

Proof. Since n! = (a3 + -+ + ay)! for any L = [aq,...,ag], it suffices to prove

H b — (a1+k—l)!(a2+k‘—1)!...ak!

ij = .
cells [i,5] in L Alay +k—1,aa+k—2,...,a;)

For the sake of notation, I am going to write the left and right hand sides as LHS([a1, ..., ax]) and
RHS(Ja1,...,ag]), respectively. Base case: when n = 1, we have

LHS([al]) = H hi,j = al! = RHS([al])

cells [i,5] in [a1]

Now suppose LHS(Ly_1) = RHS(Ly_1) holds for arbitrary Ly_; = [a1,...,ax_1]. Then, adding

a row of length ay, gives us Ly := [aq,...,ax].
(al—l—k—l)!(ag—l—k—?)!...ak!

A(a1+k—1,a2+k—2,...,ak)
o (a1+k—2)!(a2—|—k—3)!...ak_1! (a1—i—k—1)(a2+k—2)...(ak_1—|—1)ak!

RHS(Ly) =

Al +k—2,a0+k—3,...,ap_1) (a1 +k—1—ap)(as +k—2—ap)...(as_1 +1—ay)

_ RHS( )’ﬁwa.
k1 naitk—i—ag ke

Now, looking at the left-hand side, let H;; denote the hook length in Lj_; of the cell [7, j].

LHS(Ly) = 11 hi

cells [¢,5] in Ly,

= 11 hi,j II hi,j

cells [4,7] in Lg,j<ag cells [4,5] in Lg,j<ag

1<j<ag cells [i,5] in Lg_1,7<ak cells [i,7] in Lg_1,5>ak

since when going from L;_; to Lj, add one entry below the first a; elements of the previous rows,
increasing their hook length by one, and do not change the hook number for the remaining columns.
The hook length of the elements of the k—th row is obviously

H h]@j = ak!

1<j<ak
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Since the cell [z, j] and [4, j + 1] have the same number of elements below them for 1 < j < aj —1,
we have H; ; = H; j11 + 1 for such j. Thus,

k—1
11 Hij+1=](Hia+1) II Hi
cells [4,7] in Li_1,j<ag =1 cells [4,5] in Li_1,j<ay

k—1
:Hai+k‘—z’ H Hi,ja
=1

cells [i,5] in Li_1,j<a

where H;1 = a; + k — i — 1 since there are a; elements in its row and k — i — 1 elements below it.
So, we have

k-1
LHS(Ly) = ap! [J ai + k- 11 H;
=1 cells [Z,]] in Lk_1,j75ak>
k-1 .
ag! [T ai+k—1 I1 Hi
B =1 cells [i,7] in Li_1
B k—1
H Hi7ak
=1
k=1
ak! H a; + k—1i
=1
= LHS(Lj,_1),

a; +k—1i—ag
i=1

1=

since [i, ar] has a; — aj, entries to the right of it and k — ¢ — 1 entries below it in Ly_;. Finally, we
have

a; +k—1

————ay!
a; +k—1—ayg

k—1
LHS(Ly) = LHS(Li—1) | !
=1
-1
=RHS(Ly—1) [[

=1

>~

CLZ'—F]C—Z'

—au!
- ag!
a; +k—1—ay

= RHS(Ly),

concluding our proof. O



