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The Gauss sum is a particular trigonometric sum arising in the study of cyclo-
tomic sums—sums of roots of unity occurring naturally in the problem of con-
structing a regular polygon of n sides by means of ruler and compass. It is inte-
resting to see that this problem, extended to the lemniscate, led Gauss to his
independent discovery of elliptic functions.

30. Polya’s Derivation

Let us now present a derivation of the fundamental transformation formula
of the theta function due to Polya which utilizes nothing more than the binomial
cxpansion and Stirling’s asymptotic expansion for the factorial.

We start with the identity
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Let & = ¢! be an Ith root of unity. Then from 30.1 we derive the result
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(Here and below [y] denotes the greatest integer less than or equal to ).
Let s and ¢ be fixed quantities, ‘with s an arbitrary complex number and ¢ 2
real and positive quantity, Set

I = [(m2)2/3], z = &', (30.3)
Then, after division by 2™, the equation in 30.2 yields
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We now wish to let ! approach infinity and use the following twe limit theo-
rems,
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where # and r’'are positive integers,
The equation in 30.4 yields in the limit
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the desired theta function transformation, given in Section 9.

Comments and References

For additional details required to justify the limiting processes we refer the
reader to Polya’s paper,

Polya, G., "Elementarer Beweis einer Thetaformel.” Sitz. der Phys.-Math.
Klasse. Berlin (1927) 158-161.

Although the foregoing result at first may seem like a tour de force, in actuality
it is closely connected with the fact that the continuous diffusion process may be
considered to be a limit of a discrete random walk process. Since the random walk
is ruled by the binomial expansion, and the diffusion process by the heat equation
which gives rise to the Gaussian distribution, we see that it 18 not at all surprising
that a modification of binomial expansions should yield the theta function formula.

31. Discussion

This brings us to the end of the first part of the monograph, devoted to the
proof of the transformation formula for the theta function and related topics.
The second part will be devoted to results of guite different nature, established
by the use of a variety of methods.

32. A Fundamental Infinite Product
Let us begin our foray into a different area with the consideration of the

cxpression of, 8,(2) as an infinite product, From this result some interesting
infinite series can be obtained.




