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7 Bigger models

Summary

Having applied our basic Black—Scholes model to the pricing of some exotic options,
we now turn to more general market models.

In §7.1 we replace the (constant) parameters that characterised our basic Black—
Scholes model by previsible processes. Under appropriate boundedness assumptions,
we then repeat our analysis of Chapter 5 to obtain the fair price of an option as the
discounted expected value of the claim under a martingale measure. In general this
expectation must be evaluated numerically. We also make the connection with a gen-
eralised Black—Scholes equation via the Feynman—Kac Stochastic Representation
Theorem.

Our models so far have assumed that the market consists of a single stock and
a riskless cash bond. More complex equity products can depend on the behaviour
of several separate securities and, in general, the prices of these securities will
not evolve independently. In §7.2 we extend some of the fundamental results of
Chapter 4 to allow us to manipulate systems of stochastic differential equations
driven by correlated Brownian motions. For markets consisting of many assets we
have much more freedom in our choice of ‘reference asset’ or numeraire and so
we revisit this issue before illustrating the application of the ‘multifactor’ theory by
pricing a ‘quanto’ product.

We still have no satisfactory justification for the geometric Brownian motion
model. Indeed, there is considerable evidence that it does not capture all features
of stock price evolution. A first objection is that stock prices occasionally Gump’
at unpredictable times. In §7.3 we introduce a Poisson process of jumps into
our Black—Scholes model and investigate the implications for option pricing. This
approach is popular in the analysis of credit risk. In §1.5 we saw that, if a model is
to be free from arbitrage and complete, there must be a balance between the number
of sources of randomness and the number of independent stocks. We reiterate this
here. We see more evidence that the Black—Scholes model does not reflect the true
behaviour of the market in §7.4. It seems a little late in the day to condemn the model
that has been the subject of all our efforts so far and so we ask how much it matiers
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7.1 GENERAL STOCK MODEL

A word of warning is in order. In order to ‘calibrate’ such a model to the market we
must choose the parameters {r;};>¢, {¢t};>0 and {0¢}s>0 from an infinite-dimensional
space. Unless we restrict the possible forms of these processes, this presents a major
obstacle to implementation. In §7.4 we examine the effect of model misspecification
on pricing and hedging strategies. Now, however, we set this worry aside and repeat
the Black—Scholes analysis for our general class of market models.

We must mimic the three steps to replication that we followed in the classical setting.
The first of these is to find an equivalent probability measure, (9, under which the
discounted stock price, {S'z}tzo, is a martingale.

Exactly as before, we use the Girsanov Theorem to find a measure, Q, under
which the process {Wt}[zo defined by

t
W = Wz+/ Vsds
0

is a standard Brownian motion. The discounted stock price, {S‘t}eo defined as S‘t =
St/ By, is governed by the stochastic differential equation

dS, = (ur—ry) Sidt + 0,5, W,
= (s = 7r — OtVy) §td[ + Utgtdwt,

and so we choose y; = (u; — ry)/o;. To ensure that {S}}tzo really is a QQ-martingale
we make two further boundedness assumptions. First, in order to apply the Girsanov

Theorem, we insist that
T1
EP [exp </ —)/fdt)] < 00.
: 0 2

Second we require that {S't}tzO is a (J-martingale (not just a local martingale) and so
we assume a second Novikov condition:

T
EQ [exp (/ —afdt)] < 00.
0o 2

Under these extra boundedness assumptions {S’,}tzo then is a martingale under the
measure Q defined by .

dQ d |
- - = L;y) = exp (—/0 ysd Wy —-/0 Eyszds .

That completes the first step in our replication strategy. The second is to form the
(Q, {#:}s20)-martingale {M,};>0 given by

M, =E2 [ B7lcr| 7).
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The third step is to show that our market is complete, that is any claim C7 can be
replicated. First we invoke the martingale representation theorem to write

t
My = by + / 0,4,
0

and consequently, provided that o, never vanishes,

!
Mt = MO ‘f‘/ ¢sts:
0

where {¢;};5 is {F:}s>0-predictable.

Guided by our previous work we guess that a replicating portfolio should consist
of ¢; units of stock and Y = My — ¢,S, units of cash bond at time ¢. In Exercise 1
it is checked that such a portfolio is self-financing. Tts value at time is

Vi =S + Yy By = B M;.

In particular, at time T, Vi = BrMr = Cr, and so we have a self—ﬁnancing,
replicating portfolio. The usual arbitrage argument tells us that the fair value of the
claim at time ¢ is V,, that is the arbitrage price of the option at time ¢ is

Vi = BEC [ Brlcy | 7| =EC [e‘ftT’“d”CT’}}J.

In general such an expectation must be evaluated numerically. If r;, u, and o
depend only on (¢, 8;) then one approach to this is first to express the price as
the solution to a generalised Black—Scholes partial differential equation. This is
achieved with the Feynman-Kac Stochastic Representation Theorem. Specifically,
using Example 486,V = F (t, S;) where F (t, x) solves

F 1 3%F aF
—(t, x) + —O’Z(t, x)xzﬁ—(l‘, x) +r(t, XIx—(t, x) — r{t, x)F(t, x) = 0,
ot 2 ax2 Ox

subject to the terminal condition corresponding to the claim Cy, at least provided

T 2
/ EQ [(a(z,x)ii(t, x)) st < 00.
0 dx

For vanilla options, in the special case when 7, i and o are functions of ¢ alone, the
partial differential €quation can be solved explicitly. As is shown in Exercise 3 the
procedure is exactly that used to solve the usual Black—Scholes equation. The price
can be found from the classical Black—Scholes price via the following simple rule:
for the value of the option at time replace  and o2 by

17 LT,
— r{s)ds and “/ o (s)ds

respectively.
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7.2 MULTIPLE STOCK MODELS

Multiple stock models

So far we have assumed that the market consists of a riskless cash bond and a
single ‘risky’ asset. However, the need to model whole portfolios of options or

more complex equity products leads us to seek models describing several securities
simultaneously. Such models must encode the interdependence between different
security prices.

Suppose that we are modelling the evolution of 7 risky assets and, as ever, a single
risk-free cash bond. We assume that it is not possible to exactly replicate one of the
assets by a portfolio composed entirely of the others. In the most natural extension
of the classical Black—Scholes model, considered individually the price of each
risky asset follows a geometric Brownian motion, and interdependence of different
asset prices is achieved by taking the driving Brownian motions to be correlated.
Equivalently, we take a set of n independent Brownian motions and drive the asset
prices by linear combinations of these; see Exercise 2. This suggests the following
market model.

Multiple asset model: ~ Our market consists of a cash bond {B;}o<t<r and n
different securities with prices {S}, S2, ... , S*}o<s<T, governed by the system
of stochastic differential equations

dBt = I"det,

dst = §! <Z 01, (AW + 1 (t)dt) , i=1,2,...,n, (7.3)
j=1

where {W,]}tzo, j = 1,...,n, are independent Brownian motions. We
assume that the matrix o = (oy;) is invertible.

Remarks:

This model is called an n-factor model as there are 7 sources of randomness. If there
are fewer sources of randomness than stocks then there is redundancy in the model
as we can replicate one of the stocks by a portfolio composed of the others. On the
other hand, if we are to be able to hedge any claim in the market, then, roughly
speaking, we need as many ‘independent’ stocks as sources of randomness. This
mirrors Proposition 1.6.5.

Notice that the volatility of each stock in this model is really a vector. Since the
Brownian motions {W,j }i=0, J = 1,...,n, are independent, the total volatility of

the process {S};sq is { /Z’}=1 aizj (t)}t>0. O

i
ik
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Of course we haven’t checked that this model really makes sense. That is, we need
to know that the system of stochastic differential equations (7.3) has a solution.
In order to verify this and to analyse such multifactor market models we need
multidimensional analogues of the key results of Chapter 4.

The most basic tool will be an n-factor version of the Itd formula. In the same way as
we used the one-factor It& formula to find a description (in the form of a stochastic
differential equation) of models constructed as functions of Brownian motion, here
we shall build new multifactor models from old. Our basic building blocks will be
solutions to systems of stochastic differential equations of the form

n .
dx: =w@di+ Y o (OdW/, i=1,... n, (7.4)
j=1
where {Wtj =0, =1,..., n,are independent Brownian motions. We write {Fihs0

for the o -algebra generated by { Wtj }=0,7=1,...,n. Our work of Chapter 4 gives
arigorous meaning to (the integrated version of) the system (7.4) provided {i; (t)};>0
and {o;; ()50, 1 <i<n, 1 < J = n, are {F;};>0-predictable processes with

E /t Z(aij(s))z—l—]u,-(s)l ds| <o0, t>0,i=1,...,n.
0 j=1

Let us write {X,}, for the vector of processes {X1, X%, .-+, X7}>0 and define a
new stochastic process by Z; = f(t, X,). Here we suppose that f (¢, x) : Ry xR” —
R is sufficiently smooth that we can apply Taylor’s Theorem, just as in §4.3, to find
the stochastic differential equation governing {Z;};>¢. Writing x = (x1, ..., x,), we
obtain

dz :’8—][-(: X)dt—!—igi(t X)deJr1 i izf—(z Xdxiax) 4 ...
Fae U T L Ad 2 A By T '
(7.5)

Since the Brownian motions. { Wili=0 are independent we have the multiplication
table

x | dWi aw! ar

awj | dt 0 0 fori o j (7.6)
awl | o dt 0
d | 0 0 o0

and this gives dX ldx t] = ) k—10ik0jxdt. The same multiplication table tells us
that ngdX H de is o(dt) and so substituting into equation (7.5) we have provided
a heuristic justification of the following result.
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7.2 MULTIPLE STOCK MODELS

Theorem 7.2.1 (Multifactor 1t6 formula)
solve

Let {Xi}i»0 = {XI,X?, oo X0

n
dX! = pi(Hdt + Z o1 (AW,
j=1

i=12,...,n

where {Wg},zo, i = 1,...,n, are independent P-Brownian motions. Further sup-
pose that the real-valued function f(t, x) on Ry x R is continuously differentiable
with respect to t and twice continuously differentiable in the x-variables. Then
defining Z, = f(t, X:) we have

8% f
03,0

dz, = f 5@ XM“FZ e XdX:+ - Z (t, X;)Cij (t)dt

where Ci;(t) = Z;’i:l ok ()0 (t).

Remark: Notice that if we write o for the matrix (oi;) then Cj; = (oo’ )ij where o!
is the transpose of 0. a

We can now check that there is a solution to the system of equations (7.3).

Let{Wti}tzo, i = 1, ..
S0 by

. 3 1 1 n " t n .
Sp = Syexp (/0 (ui(s)—EZoiZk(s)> ds—{—/(; Za,y(s)de);
. k=1 j=1

then {S}, S2, ...

Example 7.2.2 (Multiple asset model)
Brownian motions. Define {Stl, Stz, ...

, 1, be independent

, SE Y=o solves the system (7.3).

Justification: Defining the processes {X!};>q fori = 1,2, ... ,n by
axi = <Ml ) — Z k(r)) dr + Zau dw;
j=1

we see that Sf = fi(t, X,) where, writing x = (x1,...
Applying Theorem 7.2.1 gives

%), fE, x) & Shet.
. . 1. .
ds; = Syexp(X;)dX; + ESéexp(X;)Cii(t)dt
. 1 n n . 1 n
Si{(ui(f) —3 ZG&(D)dt + Zaij(t)dW;] + 3 foik(t)dik(t)dl‘}
k=1 j=1 k=1

= & { wi®dt + Y oy ()dW] }

j=1

as required. O
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Remark: Exactly as in the single factor models, although we can write down
arbitrarily complicated systems of stochastic differential equations, existence and
uniqueness of solutions are far from guaranteed. If the coefficients are bounded and
uniformly Lipschitz then a unique solution does exist, but such results are beyond
our scope here. Instead, once again, we refer to Chung & Williams (1990) or Tkeda
& Watanabe (1989). O

We can also use the multiplication table (7.6) to write down an n-factor version of
the integration by parts formula.

Lemma7.2.3 If

n
dX; = pu(t, X,)dt + Z"f @, X )dW!

i=1
and o
Y, =v(t, Y)dt + ) pi(t, Y)dW;
i=1
then .
dXeYe) = X,dY, + Y,d X+ o038, X1)pit, Yy)ds,

i=1

Pricing and hedging in the multiple stock model will follow a familiar pattern. First
we find an equivalent probability measure under which all of the discounted stock
prices {Si}»0,i = 1,..., n, given by § = e~"'SE, are martingales. We then
use a multifactor version of the Martingale Representation Theorem to construct a
replicating portfolio,

Construction of the martingale measure is, of course, via a multifactor version of
the Girsanov Theorem.

Theorem 7.2.4 (Multifactor Girsanov Theorem) Let {Wzi}tzo, I =1,...,n, be
independent Brownian motions under the measure P generating the filtration {Filis0
and let {0; Oh=0,.i=1,... ,n, be {Fi}t=0-previsible processes such that

T n
EF I:exp (% /0 Zef(s)dsﬂ ds < . (7.7)
i=]1

n T
L; = exp (- > (/OTei ()W + %/0 0i2(s)ds)>

i=1

Define

and let P1E) pe the probability measure defined by

api&)
dp

I

t
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Then under P the processes {Xf}tzo, i=1,...,n, defined by
t
X, =w +/ 0;(s)ds
0

are all martingales.

Sketch of proof: The proof mimics that in the one-factor case. It is convenient to write
Ly =T]i; L where

. t . 1 t
Li=exp <—f 0; (s)dW! — -2-/ Biz(s)ds>.
0 0

That {L;};>¢ defines a martingale follows from (7.7) and the independence of the
Brownian motions {Wti}zzo, i=1,...,n.

To check that {X ; }i>0 1s a (local) P(L)—martingale we find the stochastic differen-
tial equation satisfied by {X!L,},>0. Since

dLl = —6;(1)LIdW?,

reépeated application of our product rule gives
n
ALy =—L; Y 6;(t)dW}.
i=1

Moreover,

dX; =dW/ + 6;(t)ds,
and so another application of our product rule gives

d(XL) = X!dL;+ LdAW' + L:6:(t)dt — L.6;()dr
n
= XL ) 6:(dW} + LdW}.
i=1

Combined with the boundedness condition (7.7), this proves that {XﬁLt}eo is a
P-martingale and hence {X!};5¢ is a P"-martingale. P(I) is equivalent to P so

{X!};>0 has quadratic variation [X'], = ¢ with P%)-probability one and once
again Lévy’s characterisation of Brownian motion confirms that {X theoisa Pl
Brownian motion as required. O

As promised we now use this to find a measure Q, equivalent to P, under which
the discounted stock price processes {Sti}tEO’ i =1,...,n,are all martingales. The
measure Q will be one of the measures P(*) of Theorem 7.2.4. We just need to
identify the appropriate drifts {6; };>0. ‘

The discounted stock price {S!};>0, defined by S = B;1§!, is governed by the
stochastic differential equation

Il

ds!

n .
S (i) =)y de + 81 oij(t)d W/
j=1

n n .
Ky (Mi W) —r =Y 6;(t)o (t)) dt+ 5> oij(t)dx],
j=1 j=1

Il
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where as in Theorem 7.2 .4
ax! = 6;(tydt + aw;.

The disc'ounted stock price processes will (simultaneously) be (local) martingales
under Q = P if we can make all the drift terms vanish. That is, if we can find
{Qj(t)}tzo, ] = 1, e, R, such that

n
wi(t) —r —Zej(z)aij(z) =0 foralli=1,...  n.
j=1
Dropping the dependence on ¢ in our notation and writing
=1, ), 0=0,....,6,), 1=(,...,1) ando = (01,
this becomes
u—rl=~0c. (7.8)

A solution certainly exists if the matrix o is invertible, an assumption that we made
in setting up our muftiple asset model,

In order to guarantee that the discounted price processes are martingales, not just
local martingales, once again we impose a Novikov condition:

ll n
EQ exp /EE al%.(t)dt < oo foreachi.
0 T—
j=1

At this point we guess, correctly, that the value of a claim Cr € Frattimet < T is
its discounted expected value under the measure Q. To prove this we show that there
is a self-financing replicating portfolio and this we infer from a multifactor version
of the Martingale Representation Theorem,

Theorem 7-2.5 (Multifactor Martingale Representation Theorem) Let
{Wfl}f207 i:vly'~- y I,

be independent P-Brownian motions generating the Jiltration {Filis0. Let
ML ..., M} }i>0 be given by

n .
dM; =" oy; (1w,
i=1
where
E|exp 5/0 j;aij(t) dt )| < co.

Suppose further that the volatility marrix (O’i g (t)) is non-singular (with probability
one). Then if {Ni}i=0 is any one-dimensional (IP’, {f,}tzo) -martingale there exists an
n-dimensional {F:}eso-previsible process {@; }y>0 = {¢t1, e s O Yes0 such that

n ro .
Ne=mo+ Y [ glami.
j=170
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A proof of this result is beyond our scope here. It can be found, for example, in
Protter (1990). Notice that the non-singularity of the matrix o reflects our remark

" about non-vanishing quadratic variation after the proof of Theorem 4.6,2.

We are now in a position to verify that our guess was correct: the value of a
claim in the multifactor world is its discounted expected value under the martingale
measure (.

Let Cr € Fr be a claim at time T and let Q be the martingale measure obtained
above. We write

M, =EQ [BT_ICT’ 7.
Since, by assumption, the matrix ¢ = (a,' j) is invertible, the n-factor Martin-

gale Representation Theorem tells us that there is an {F:}s>0-previsible process
{7, ..., ¢"}i=0 such that

n ro,
Mt:M0+Z/ ¢iasl.
j=1"0

Our hedging strategy will be to hold ¢f units of the ith stock at time # for each
i=1,..., 7, and to hold Yy units of bond where

n .
WI:Mt—'Z¢t]StJ'
=1

The value of the portfolio is then V; = B, M;, which at time T is exactly the value of
the claim, and the portfolio is self-financing in that

n Y .
dVi= ¢lds! +v.dB,.
j=1

In the absence of arbitrage the value of the derivative at time ¢ is

.7-",] =e T IEQ [ cp) £

as predicted.

Remark: The multifactor market that we have constructed is complete and arbitrage-
free. We have simplified the exposition by insisting that the number of sources
of noise in our market is exactly matched by the number of risky tradable assets
that we are modelling. More generally, we could model k risky assets driven by d
sources of noise. Existence of a martingale measure corresponds to existence of a
solution to (7.8). It is uniqueness of the martingale measure that provides us with the
Martingale Representation Theorem and hence the ability to replicate any claim. For
a complete arbitrage-free market we then require that d < k and that o has full rank.
That is, the mimber of independent sources of randomness should exactly match the
number of ‘independent’ risky assets trading in our market. O
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In Exercise 7 you are asked to use a delta-hedging argument to obtain this price
as the solution to the multidimensional Black-Scholes equation. This partial dif-
ferential equation can also be obtained directly from the expectation price and a
multidimensional version of the Feynman—Kac stochastic representation. We quote
the appropriate version of this useful result here.

Theorem 7.2.6 (Multidimensional Feynman-Kac stochastic representation) Let
o(t,x) = (0ij(t,x)) be a real symmetric n X n matrix, ® : R" — R and
Hi Ry xR > R i = 1,... ,n, be real-valued functions and r be g constant. We
suppose that the function F (t, x), defined for (t,x) € Ry x R", solves the boundary
value problem

3°F
8xi 8xj

0+ w0 6+ 1 G Fit,x) =0
—— X AU PYAE) ~ i\, X X)) —r ; =V,
or S P 2,44 ;
F(T,x) = ®(x),
where Cij(t, x) = Y }_, o (t, )ik (t, x).
Assume further that for each | — 1,...,n, the process {Xf}tzo solves the
stochastic differential equation

n
dX] = pi(t, X,)dt + D o (e, X )dwy
j=1
where X, = {X,l, o, XY Finally, suppose that

T n OF 2
g\, Ag)— ;X d 5 | = PEESIP / N
/0 E Z(OJ(S X)aXi(s s)) s<oo, =1 n

j=1
Then
F@t,x) =e 7T DE[0(X7)| X, = x].

Corollary 7.2.7 Let S, = (S}, ..., 5P be as above and Cr = ©(St) be a claim
at time T. Then the price of the claim at time ¢ < T,

Vi = e " TER [0 ] = e TR [ g5y 5, — X1 2 F(, x)
satisfies

?F . 9F
t, i — (1, —rF t, =0,
95105, (t, x)+r ;xl o (t,x) —rF(t,x) =0

oF 1 <&
GRS Y e, D
. i,j=1

F(T,x) = o).
Proof: The process {St}t=0 is governed by

n
dS;i =rSjdt+ 3 oy (¢, S)Sax;,
j=1
where {th h=0,J =1,... n, are Q-Brownian motions, so the result follows from
an application of Theorem 7.2.6. O
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The more assets there are in our market, the more freedom we have in choosing our
‘numeraire’ or ‘reference asset’. Usually it is chosen to be a cash bond, but in fact

. it could be any of the tradable assets available. In the context of foreign exchange

we checked that we could use as reference the riskless bond in either currency and
always obtain the same value for a claim. Here we consider two numeraires in the
same market, but they may have non-zero volatility.

Suppose that our market consists of 7 + 2 tradable assets whose prices we denote
by {B}, B,Z, S}, -« 57 h>0. We compare the prices obtained for a derivative by
two traders, one of whom chooses {B}},Zo as numeraire and the other of whom
chooses {Btz}rzo- We always assume our multidimensional geometric Brownian
motion model for the evolution of prices, but now neither of the processes {Bti}tzo
necessarily has finite variation.

If we choose {B}};>0 as numeraire then we first find an equivalent measure, Q?,
under which the asset prices discounted by {B;l }i=0, that is

B! B} Bf ] 2o

are all Q!-martingales. The value that we obtain for a derivative with payoff Cr at
time 7 is then
‘7:}}
(see Exercise 7).
If instead we had chosen { B2}, as our numeraire then the price would have been

d

where Q° is an equivalent probability measure under which

BSOS
B?" B? B? 120

are all martingales. We have not proved that such a measure Q? is unique, but if
a claim can be replicated we obtain the same price for any measure Q% with this
property.:

Suppose that we choose Q2 so that its Radon-Nikodym derivative with respect to
Q! is given by

Bl

C
v! = BIEQ [—1
T

B2

C
‘/tz — B?E@z [l
T

aQ?

dQ!
Notice that since Q! is a martingale measure for an investor choosing {B,l}tzo as
numeraire, we know that {Bt2 / Bt1 }>oisa Q'-martingale. Recall that if

dQ

dP

_B
=57

Fi

=, forallt >0,

Fe
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then, for 0 <s =<t
EQ[X,| 7] =EP[;§3&

7).

We first apply this to check that {8} /B?}150 is a Q’-martingale for each ; —
... n

B}

1| B2B! g
Fs| = EQ@ | 222~
J B/ BZ g2
By S}
BI B!’
Bi S, s

BB " BY

= g¢

where the last line follows since B{ and B? are F,-measurable and {S]/B}}~ is
a Q'-martingale. In other words, {S}/B2),50 is a Q*-martingale as required. That
{B!/B)is0is a Q*-martingale follows in the same way.

The price for our derivative given that we chose {Btz}rzo as numeraire is then

B
Vi = BY| 2ol g
= E¥ | T2 e

1
= E¥ | Lol s =V

In other words, the choice of numeraire jg unimportant — we always arrive at the
Same price.

We now apply our multifactor technology in an example. We are going to price a
quanto forward contract.

Definition 7.2.8 A financial asset is called a quanto product if it js denominated
in a currency other than that in which it is traded.

A quanto forward contract is also known as a suaranteed exchange rate Jorward. 1t
is most easily explained through an example.

Example 7.2.9 BP, a UK company, has a Sterling denominated stock price that
we denote by {Sthi>0. For a dollar investor, 4 quanto forward contract on BP
stock with maturity T has Payolf (St — K) converted into dollars according to
Some prearranged exchange rate. That is the payout will be $E (ST = K) for some
preagreed E, where Sy is the Sterling asset price at time T.

As in our foreign exchange market of §5.3 we shall assume that there is a riskless
cash bond in each of the dollar and Sterling markets, but now we have two random
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processes to model, the stock price, {S; }s>0 and the exchange rate, that is the value of

one pound in dollars which we denote by {£}}:>0. This will then require a two-factor
model.

—

Black-Scholes quanto model:  We write {B:}t>0 for the dollar cash bond and
{Dr}i>0 for its Sterling counterpart. Writing E; for the dollar worth of one
pound at time ¢ and S; for the Sterling asset price at time 7, our model is

Dollar bond B, = ¢,
Sterling bond D, = ¥,
Sterling asset price S, = Sp exp (vt + o1 W,I) ,

Exchangerate E, = Egexp <M +- path] ++1- 020y Wf) ,

where { th},zo and { Wtz}rzo are independent P-Brownian motions and r,u,
v, A, 01, 07 and p are constants.

i

In this model the volatilities of {St}:>0 and {Ei}i=0 are o1 and oy respectively
and {W}, pW} + /1 — P?W2}i=0 is a pair of correlated Brownian motions with
correlation coefficient p. There is no extra generality in replacing the expressions for
Sy and E; by :

S; = Spexp (Vt + 0’111/’171‘1 + 012W12> ,

E, = E, exp (M‘ + o9 th + opp WE) s

for independent Brownian motions {th, W,Z}t?_o.

What is the value of K that makes the value at time zero of the quanto forward
contract zero?

As in our discussion of foreign exchange, the first step is to reformulate the
problem in terms of the dollar tradables. We now have three dollar tradables: the
dollar worth of the Sterling bond, E,D;; the dollar worth of the stock, E;S;; and
the dollar cash bond, B;. Choosing the dollar cash bond as numeraire, we first find
the stochastic differential equations governing the discounted values of the other two
dollar tradables. We write ¥, = B, 'E, D, and Z, = B;"\E,S,. Since '

1
dE, = (x + 5(;22) Eidt + porEd W} +/1 — p20y E,d W2,

application of our multifactor integration by parts formula gives

1
d(E:D;) = uE,D,dt+ <A+ Eo§> EtDydt+poy B Did W} +1/1 — p? oo E; D, d W2

and
|
ay, = (A + 505 tu- r) Y.dt + Y, (pazd W) + /1 - p%00d W?) :
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Similarly, since
1
dSt preny (]} + -2—:0‘12> Stdf + UlStthl,

1
d (E;S,) = (v + 5012> EiSedt + 01 E,S,d W}
1
+ <x + Eaé?) StEvdt + poy S, E,d W}
+ /1= 02028, EdW? + por0,S, E, di
and so
1 2 1 2
dz, = V—f—EO'I +k+502 + po109 — 1 | Zidt
+ (014 po2) Z,dW} + /1 — p%02Z dW2.

Now we seek a change of measure to make these two processes martingales. Our
calculations after the proof of Theorem 7.2.4 reduce this to finding 01, 6, such that

A4 %azz-l—u—r—&paz—«%‘/l — 09 =0
and
v+ %Uer)wI— %UZQ"FPUIO’Q =7 =01 (01 + po2) ~02,/1 — p20y = 0.
Solving this pair of simultaneous equations gives

v+ %012 + po1op —u
_ . TR

o =
o1
and .
6y — A+5622+u—r—p0291

V1= p20,

Under the martingale measure, Q, {Xll}zzo and {X,Z}tzo defined by X tl = W,1 + 6t
and X? = W2 + 6t are independent Brownian motions. We have

1
Sy = Soexp <<u — po10y — 505‘)1‘ -+ aﬂ(}) .
In particular,
ul . 1 1 2
St =exp (=po163T) Spe exp | o1 Xy — EJI T

and we are finally in a position to price the forward. Since {th}rzo is a Q-Brownian

motion, )
EQ [exp (alX} - EO’IZT>:! =1,




E.dt

edt
W2,
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SO

Vo = e"TEER[(Sr - K)]
= ¢ TE (exp (—po102T) Spe*T — K> .

Writing F = Spe*T for the forward price in the Sterling market and setting Vg = 0
we see that we should take

K = Fexp(—po102T).

Remark: The exchange rate is given by

. .
E; = Epexp <<r —u— 503‘) t+ ,oath1 +41~ p%nX?) .

It is reassuring to observe that ,oX} + 41— ,02X,2 is a Q-Brownian motion with
variance one so that this expression for {E;};»0 is precisely that obtained in §5.3.
Notice also that the discounted stock price process e~ ™", is not a martingale; there
is an extra term, reflecting the fact that the Sterling price is not a dollar tradable. O

Asset prices with jumps

The Black—Scholes framework is highly flexible. The critical assumptions are
continuous time trading and that the dynamics of the asset price are continuous.
Indeed, provided this second condition is satisfied, the Black—Scholes price can be
justified as an asymptotic approximation to the arbitrage price under discrete trading,
as the trading interval goes to zero. But are asset prices continuous?

So far, we have always assumed that any contracts written will be honoured. In
particular, if a government or company issues a bond, we have ignored the possibility
that they might default on that contract at maturity. But defaults do happen. This has
been dramaticaily illustrated in recent years by credit crises in Asia, Latin America
and Russia. If a company A holds a substantial quantity of company B’s debt
securities, then a default by B might be expected to have the knock-on effect of
a sudden drop in company A’s share price. How can we incorporate these market
‘shocks’ into our model?

By their very nature, defaults are unpredictable. If we assume that we have absolutely

no information to help us predict the default times or other market shocks, then we

should model them by a Poisson random variable. That is the time between shocks

is exponentially distributed and the number of shocks by time ¢, denoted by N;, is

a Poisson random variable with parameter At for some A > 0. Between shocks we

assume that an asset price follows our familiar geometric Brownian motion model.
A typical model for the evolution of the price of a risky asset with jumps is

ds
Tt = udt + odW; — 8dN,, (7.9)
i
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where {W;};>0 and {Nt}>0 are independent. To make sense of equation (7.9) we
write it in integrated form, but then we must define the stochastic integral with respect
to {N¢}i>0. Writing 7; for the time of the ith jump of the Poisson process, we define

t Ny
‘/O' fu, Sw)dN, = Zf (T<i)——= St(i)—) .
i=1

For the model (7.9), if there is a shock, then the asset price is decreased by a factor
of (1 — §). This observation tells us that the solution to (7.9) is

1
Si = Spexp ((u - 5#); —f—cht) (1=,

To deal with more general models we must extend our theory of stochastic calculus
to incorporate processes with Jumps. As usual, the first step 1s to find an (extended)
It6 formula.

Assumption: 'We assume that asset price processes are cadlag, that is they are
right continuous with left limits,

Theorem 7.3.1 (1t6’s formula with jumps) Suppose
dYt = /,Ltdl -+ Utth -+ Utht

where, under P, {Wiliso is a standard Brownian motion and {Nit}i>0 is a Poisson
process with intensity . If f is a twice continuously differentiable SJunction on R
then

t 1 1
O = F)+ /O P, + /O 7 _)o2ds

Nt Ng
= 2T (Ve = V) + 3 (£ () — f¥y0),  (7.10)
i=1 i

i=]

where {1;} are the times of the jumps of the Poisson process.

We don’t prove this here, but heuristically it is not difficult to see that this should be
the correct result. The first three terms are exactly what we’d expect if the process

{¥:}i>0 were continuous, but now, because of the discontinuities, we must distinguish

Ys_ from ¥;. In between Jumps of {N;},s0, precisely this equation should apply,
but we must compensate for changes at jump times. In the first three terms we
have included a term of the form S Pl (Ys — ¥2,_) and the first sum in
equation (7.10) corrects for this. Since N; is finite, we do not have to correct the term
mvolving f”. Now we add in the actual contribution from the jump times and this is

the second sum.
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Compensation As usual a key role will be played by martingales. Evidently a Poisson process,

Poisson
exponential
martingales

. {N:}i=0 with intensity A under P is not a P-martingale - it is monotone increasing.

But we can write it as a martingale plus a drift. In Exercise 13 it is shown that the
process {M;};»o defined by M, = N, — At isa P-martingale.

More generally we can consider time-inhomo geneous Poisson processes. For such
processes the iritensity {As}r=0 is a function of time. The probability of a jump in
the time interval [¢, ¢ + 8¢) is A,8¢ + o(8¢). Thus, for example, the probability that
there is no jump jn the interval [s, #] is exp (—— fs ! Aud u). The corresponding Poisson

martingale is M; = N, — fot Asds. The process {A;};>0 given by A, = for Asds is
the compensator of {N;};>0.

In Exercise 14 it is shown that just as integration with respect to Brownian
martingales gives rise to (local) martingales, so integration with respect to Poisson
martingales gives rise to martingales.

Example 7.3.2 Let {N;}t>0 be a Poisson process with intensity {h¢}i>0 under P

where for each t > 0, fot Asds < oo. For a given bounded deterministic Sfunction
{ae}izo, let

t t
Ly = exp </ ayd M —l—/ (1 + o5 — e"‘s) )Lsds> (7.11)
0 0

where dM; = dN; — Ayds. Find the stochastic differential equation satisfied by
{Lt}s>0 and deduce that {L:}i>0 is a P-martingale.

Solution: First write

t t
Z; = / asd Mg —l—/ (1 + oy — eo‘f) Asds
0 0
so that L; = e, Then
dZ; = oy d Ny — oededt + (1 + o — ™) Aedt
and by our generalised It formula
ALy = Li-dZ; + (—eb-a, + 5o e”=)dn,,

where we have used the fact that if a jump in {Z;};>0 takes place at time ¢, then that
jump is of size o;. Substituting and rearranging give

ALt = Le-odM;+ L (1+on ~ ) dydt — L (1+ 0 — €%) aN,
= L;_ (ea’ - 1) th

By Exercise 14, {L;};>0 is a P-martingale. O

Processes ofz‘hefornﬁ of {L;}t>0 defined by (7.11) will be called
Poisson exponential martingales.

Definition 7.3.3 ‘

Our Poisson exponential martingales and Brownian exponential martingales are
examples of Doléans—Dade exponentials.
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Definition 7.3.4 For a semimartingale {Xi}is0 with Xo = 0, the Doléans—Dade
exponential of {X,},5q is the unique semimartingale solution {Zi}is0 t0

t
Zy =1 +/ Zs_dX;.
0

In the same way as we used Brownian exponential martingales to change measure
and thus ‘transform drift’ in the continuous world, so we shall combine Brownian
and Poisson exponential martingales in our discontinuous asset pricing models. A
change of drift for a Poisson martingale will correspond to a change of intensity for
the Poisson process {N:}i>0. More precisely, we have the following version of the
Girsanov Theorem.

Theorem 7.3.5 (Girsanov Theorem for asset prices with jumps) Let {W;}i>0 be a
standard P-Brownian motion and {Nt}=0 a (possibly time-inhomogeneous) Poisson
Dprocess with intensity {Atlis0 under P. That is

t
Ml‘ = Nt —/ )\.”dl/t
0

is a P-martingale. We write Fy for the o-field generated by }'ZW U .7-',N . Suppose that
{6:}:>0 and ()10 are {Fi}is0-previsible processes with ¢, positive for each t, such
that

t t
/ 16511%ds < 00 and / Bshsds < oo.
0 0

Then under the measure Q whose Radon-Nikodym derivative with respect to P is

given by
d
@ _ .
dPp 7
where Lo = 1 and
dL;
= OridWy — (1 — @) dM;,
t._

the process {X:}i>0 defined by X; =W, — fot Osds is a Brownian motion and {N:}>0
has intensity {hs}i>0.

In Exercise 16 it is shown that {Lt}i=0 is actually the product of a Brownian
exponential martingale and a Poisson exponential martingale.

The proof of Theorem 7.3.5 is once again beyond our scope, but to check that the
processes {X,};> and {N, — [ $sheds},.  are both local martingales under Q is an
exercise based on the 1t6 formula.

Heuristics: An informal justification of the result is based on the extended multipli-
cation table:
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Thus, for example,

d <Lt(Nt — /Ol gmsds)) = <Nt - /Ot ¢S/\Sds) dL;+ L; (AN; — $edsdt)
— Li(1 = ¢)(dN;)?
= <Nt - /t ¢stds> dL¢ + Ly (dM; + Adt)
- Ltczbtk?dt — Li(1 — @) (dM, + rdt)
= (Nt — /OZ ¢5Asds) dL; + L¢ed M.

Since {M;}s>0 and {L;};>¢ are P-martingales, subject to appropriate boundedness
assumptions, { L; (Nt — fot qﬁs)\sds) o should be a P-martingale and consequently
12

{ (Nz - fot (j)sksds) }z>0 should be a Q-martingale. 0

Our instinct is to use the extended Girsanov Theorem to find an equivalent probabil-
ity measure under which the discounted asset price is a martingale.
Suppose then that

ds
S—’ = udt +ocdW, — 8dN,.
t

Evidently the discounted asset price satisfies
—dei =W—-r)dt+odW, —8dN;.
S

But now we see that there are many choices of {6;};>0 and {¢:}r>0 in Theorem 7.3.5
that lead to a martingale measure. The difficulty of course is that our market is not
complete, so that although for any replicable claim we can use any of the martingale
measures and arrive at the same answer, there are claims that cannot be hedged.
There are two independent sources of risk, the Brownian motion and the Poisson
point process, and so if we are to be able to hedge arbitrary claims Cr € Fr, we
need two tradable risky assets subject to the same two noises.

So if there are enough assets available to hedge claims, can we find a measure under
which once discounted they are all martingales? Remember that otherwise there will
be arbitrage opportunities in our market.

If the asset price has no jumps, we can write

dS;

5 = udt+odW,;
t
= (r+yo)dt+odW;,

where y = (i — r)/o is the market price of risk. We saw in Chapter 5 that in
the absence of arbitrage (so when there is an equivalent martingale measure for our
market), y will be the same for all assets driven by {W;};>0.

If the asset price has jumps, then investors will expect to be compensated for the

-additional risk associated with the possibility of downward jumps, even if we have
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‘compensated’ the jumps (replaced d N; by d M) so that their mean is zero. The price

of such an asset is governed by

ds
—Si = pdt +odW, +vdM,

t
= (r+yo+nw)dt+odW; +vdM,

where v measures the sensitivity of the asset price to the market shock and 7 is
the excess rate of return per unit of Jump risk. Again if there is to be a martingale
measure under which all the discounted asset prices are martingales, then o and 7
should be the same for all assets whose prices are driven by { W: =0 and {Ni}so0.
The martingale measure, Q, will then be the measure @ of Theorem 7.3.5 under
which

t,, t
W; +/ i rds and M, —/ nhds
0 0

o
are martingales. That is we take § = y and ¢ =—n.

The same ideas can be extended to assets driven by larger numbers of independent
noises. For example, we might have n assets with dynamics

dSi n m 5

—it = uidt + ZaiadW;a + Z vi,ngt

Sf a=1 B=1
where, under P, {(Weliso, a0 = 1,... . 1, are independent Brownian motions and
{Mt’g}tzo, B=1,...,m,are independent Poisson martingales.

There will be an equivalent martingale measure under which all the discounted
asset prices are martingales if we can associate a unique market price of risk with
each source of noise. In this case we can write

n m
Mi =1+ Z YaTia + Z ngrpvig.
a=1 g=1

All discounted asset prices will be martingales under the measure Q for which
W = W + yut

is a martingale for each o and

Mtﬁ = Mtﬂ + nphgt
is a martingale for each 8.

As always it is replication that drives the theory. Note that in order to be able to
hedge arbitrary Cr € Fy we’ll require 7 4+ m ‘independent’ tradable risky assets
driven by these sources of noise. With fewer assets at our disposal there will be
claims Cr that we cannot hedge.

All this is little changed if we take the coefficients u, o, A to be adapted to the
filtration generated by {Wti }e=0, 7 = 1,...,n; see Exercise 15. Since we are not
introducing any extra sources of noise, the same number of assets will be needed for

‘market completeness. These ideas form the basis of J arrow—Madan theory.
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7-4 Model error

Even in the absence of jumps (or between jumps) we have given only a very vague
Justification for the Samuelson model

dS: = wSidt + o S:dw,. (7.12)

Moreover, although we have shown that under this model the pricing and hedging of
derivatives are dictated by the single parameter o, we have said nothing about how
actually to estimate this number from market data. So what s market practice?

Vanilla options are generally traded on exchanges, so if a trader wants to know the
price of, say, a European call option, then she can read it from her trading screen.
However, for an over-the-counter derivative, the price is not quoted on an exchange
and so one needs a pricing model. The normal practice is to build a Black-Scholes
model and then calibrate it to the market — that is estimate o from the market. But it
is not usual to estimate o directly from data for the stock price. Instead one uses the
quoted price for exchange-traded options written on the same stock. The procedure
is simple: for given strike price and maturity, we can think of the Black—Scholes
pricing formula for a European option as a mapping from volatility, o, to price V.
In Exercise 17, it is shown that for vanilla options this mapping is strictly monotone
and so cam be inverted to infer o from the price. In other words, given the option
price one can recover the corresponding value of ¢ in the Black-Scholes formula.
This number is the so-called implied volatility.

If the markets really did follow our Black—Scholes model, then this procedure
would give the same value of o, irrespective of the strike price and rnafurity of the
exchange-traded option chosen. Sadly, this is far from what we observe in reality:
not only is there dependence on the strike price for a fixed maturity, giving rise to
the famous volatility smile, but also implied volatility tends to increase with time
to maturity (Figure 7.1). Market practice is to choose as volatility parameter for
pricing an over-the-counter option the implied volatility obtained from ‘comparable’
exchange-traded options.

This procedure can be expected to lead to a consistent price for exchange-traded and
over-the-counter options and model error is not a serious problem. The difficulties
arise in hedging. Bven for exchange-traded options a model is required to determine
the replicating portfolio. We follow Davis (2001).

Suppose that the true stock price process follows

dSt = atStdSt -+ ,BtS[th

where {o; };>0 and {B:}r>0 are {F+}i=0-adapted processes, but we price and hedge an
option with payoff ®(Sr) at time 7 as though {S;}:>¢ followed equation (7.12) for
some parameter o,

Our estimate for the value of the option at time ¢ < T will be V (¢, S;) where
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Figure 7.1 Implied volatility as a function of strike price and maturity for European call options based on
- the FTSE stock index.

V (¢, x) satisfies the Black-Scholes partial differential equation

2
%—‘;(z, x) + rx%g(t, x) + %a%ﬂ%x—‘;(t, xX) =rV(t,x) =0,
VT, x) = &(x).
Our hedging portfolio consists at time ¢ of ¢ = %(r, S$;) units of stock and cash
bonds with total value ye’* £ Vi(t, 8) — ¢S,.
Our first worry is that because of model misspecification, the portfolio is not
self-financing. So what is the cost of following such a strategy? Since the cost of

purchasing the ‘hedging’ portfolio at time 7 is V(t, S:), the incremental cost of the
strategy over an infinitesimal time interya] [t,t+82)is

vV PAY%
o O S (Sevar — 81) + <V(t, S =5t S;)St) @ 1)
=Vt +38t, Si5) + V2, S,).

In other words, writing Z, for our net position at time ¢, we have
A% A%
dz; = (,T(t, S)d S + (V(t, Si) — 5—(1, Sr)Sz)rdl‘ —dv(t, S;).
X X

Since V (¢, x) solves the Black-Scholes partial differential equation, applying It6’s
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formula gives

av A%
le —_ ——(t, St)dSt + (V(l’, Sz) —_ '—-(t, S[)S;) I’dt

182
(t S)dt — ——(z St)dSz— 535 —(t, S B2S%dt

- 553% (o2 - 47) as

Irrespective of the model, V(T', St) = ®(Sr) precisely matches the claim against
us at time 7', so our net position at time T’ (having honoured the claim ® (ST) against

us) is . )
1 ,0%V
Zr :/0 ‘23 70,50 (07 - 87 dr

For European call and put options %7‘2/ > 0 (see Exercise 18) and so if o2 > ﬁtz
for all # € [0, T} our hedging strategy makes a profit. This means that regardless of
the price dynamics, we make a profit if the parameter o in our Black—Scholes model
dominates the true diffusion coefficient 8. This is key to successful hedging. Our
calculation won’t work if the price process has jumps, although by choosing o large
enough one can still arrange for Z¢ to have positive expectation.

The choice of o is still a tricky matter. If we are too cautious no one will buy
the option, too optimistic and we are exposed to the risk associated with changes
in volatility and we should try to hedge that risk. Such hedging is known as vega
hedging, the Greek vega of an option being the sensitivity of its Black—Scholes
price to changes in o. The idea is the same as that of delta hedging (Exercise 5
of Chapter 5). For example, if we buy an over-the-counter option for which 2% aV =,
then we also sell a number v / v’ of a comparable exchange traded option Whose value

is V’ and for which 4%~ 3V = v'. The resulting portfolio is said to be vega-neutral.

Since we cannot observe the volatility directly, it is natural to try to' model it as
a random process. A huge amount of effort has gone into developing so-called
stochastic volatility models. Fat-tailed returns distributions observed in data can
be modelled in this framework and sometimes ‘jumps’ in the asset price can be
best modelled by jumps in the volatility. For example if jumps occur according to
a Poisson process with constant rate and at the time, 7, of a jump, S;/S;_ has
a Jognormal distribution, then the distribution of S, will be lognormal but with
variance parameter given by a multiple of a Poisson random variable (Exercise 19).
Stochastic volatility can also be used to model the ‘smile’ in the implied volatility
curve and we end this chapter by finding the correspondence between the choice of a
stochastic volatility model and of an implied volatility model. Once again we follow
Davis (2001). A typical stochastic volatility model takes the form

dS; = uSidt+0,SdW),

do, = a(St,crt)dt-l—b(St,U,)(det1+w/1~p2dW12),
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where { th},zo, {Wf}tiO are independent P-Brownian motions, p is a constant in
(0, 1) and the coefficients a(x, o) and b(x, o) define the volatility model.

As usual we’d like to find a martingale measure, If Q is equivalent to P, then its
Radon-Nikodym derivative with respect to IP takes the form

4Q /Iédwl l/tézd /te dw? 1/f92d
_—_— =g — R j— —_— -
d]p]:, Xp 0 § 5 2 0 5 @S 0 s s 2 0 s 48

for some integrands {éz}tzo and {6;};50. In order for the discounted asset price
{St}>0 tobe a Q-martingale, we choose

Oy

The choice of {0:}t>0 however is arbitrary as {0 }>0 is not a tradable and so no
arbitrage argument can be brought to bear to dictate its drift. Under @,

1
X =wl+ / Osds
0

and

t
X2 = W,2+/ Osds
0

are independent Brownian motions. The dynamics of {St}i>0 and {o¢}i>0 are then
most conveniently written ag :

dS[ = rStdZ‘ + O'tSthtl

dor = a(S;, o1)dt + b(S;, o7) <de} +4/1~ p2dX3>
a(s:, oy) = a(S;, or) — b(S,, o) (,Oét +1- ,029z> .

and

where

We now introduce a second tradable asset. Suppose that we have an option written
on {8 };>0 whose exercise value at time 7 is @ (S7). We define its value at times
t < T to be the discounted value of @(S7) under the measure (). That is

V@, S, 0,) = EQ [e*’(T—%(ST)’ E]-

Our multidimensional Feynman—Kac Stochastic Representation Theorem (combined {
with the usual product rule) tells us that the function V(t, x,0) solves the partial |
differential equation f
H
|
I
|

v v v 1 92y
FradEs a>+rxa—<r, x,0)+a(t, x, )= (t.x, a>+502xzﬁ(z, x,0)

1 v 3%V
+=b(t, x, O‘)Z\U, X, 0)+poxb(t, x, o) (t, x,0)~rV(s, x, o) =0,
2 do? Ixdo




© 1S a constant in
y model.
salent to P, then its

5[) 95 dS>

ounted asset price

tradable and so no

fer Q,

d {or}s=0 are then

!X?)
5).

/e an option written
2 its value at times
That is

‘heorem (combined
) solves the partial

92v

ax—z(t,x, U)

-rV({t,x,o) =0.

EXERCISES

Writing Y; = V (¢, S;, oy) and suppressing the dependence of V, & and b on (¢, S;, 07)
in our notation, an application of 1t&’s formula tells us that

v vV v 19%v 252
dY[ et Tdt'{-"a‘—dSz—i-—a——‘dO’t"}‘ 2 ax Pl Stdt
92V 192V
bo; S dt ———bzdt
+8x80'0 or3edt + 2 o2
v v 1 v 1 ,8%v 92V
= 1V —rSi—— —d— —z0}Si— — b — —
<r x0T 277 a2 T 27 Bo2 'OGtSZbaxaa a
av vV Vv v
+rSi—di+ oS dX} +a—dt +bp—dX} + b1 — ﬂd}ﬂ
9x do a go !
1 8%V 82V
3 35,2——8 dt + phoSi5—— bZ—dt

v v
= rY,dt—}—UtSt——dth—i-bp-«——dX,l—i—b 1—p? —dxf.
ox oo do

If the mapping o + y = V(¢, x, ¢) is invertible so that ¢ = D(z, x, y) for some
nice function D, then

dY; =rYdt +ct, Sy, YdX} +d@, S, Y1)dX?

for some functions ¢ and d.

‘We have now created a complete market model with tradables {S;};>0 and {¥;}s>0
for which Q is the unique martingale measure. Of course, we have actually created
one such market for each choice of {6;};>0 and it is the choice of {6;};>0 that specifies
the functions ¢ and d and it is precisely these functions that tell us how to hedge.

So what model for implied volatility corresponds to this stochastic volatility
model? The implied volatility, & (¢), will be such that Y; is the Black—Scholes price
evaluated at (¢, S;) if the volatility in equation (7.12) is taken to be & (¢). In this way
each choice of {6;};>0, or equivalently model for {Y;};>0, provides a model for the
implied volatility.

There is a huge literature on stochastic volatility. A good starting point is Fouque,
Papanicolau and Sircar (2000).

Exercises

Check that the replicating portfolio defined in §7.1 is self-financing.

Suppose that {th }i=p and {W,Z}tzo are independent Brownian motions under P and
let p be a constant with 0 < p < 1. Find coefficients {a;;}; j=1,2 such that

771 1 2
Wt = OfIIWt +O€12Wt

and
W = an W} + an W}

define two standard Brownian motions under P> with [£ [th W,Z} = pt. Is your
solution unique?
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Suppose that F(z, x) solves the time-inhomogeneous Black-Scholes partial differ-
ential equation

F 1 32F aF
57OJ)+Ea%ﬂﬁgp{am+ﬁ0h5;OJ0~dﬁF@x}:Q (7.13)

subject to the boundary conditions appropriate to pﬁcing a European call option.
Substitute

y=xe%D 4= FePO o = 20!
and choose «(¢) and B() to eliminate the coefficients of v and g—;’ in the resulting

equation and y (¢) to remove the remaining time dependence so that the equation
becomes

dv 1 ,8%
oY) = oyt ——(1, y).
57 (09 = 755 ()
Notice that the coefficients in this equation are independent of time and there is no

reference to r or . Deduce that the solution to equation (7.13) can be obtained by
making appropriate substitutions in the classical Black-Scholes formula.

Let {Wf}tzo,i =1,...,n, be independent Brownian motions. Show that {Ri}i>0
defined by

satisfies a stochastic differential equation. The process {Rr}tzo is the radial part of
Brownian motion in R” and js known as the n-dimensional Bessel process.

Recall that we define two-dimensional Brownian motion, {X th>0, by X, =
(Wh, Wf), where { th }>0 and {Wtz},zo are independent (one—dimensional) standard
Brownian motions. Find the Kolmogorov backward equation for {X t}r=0.

Repeat your calculation if {th}tzo and { W,Z}tzo are replaced by correlated Brown-
ian motions, {W,'};¢ and (W20 with E[dW}thz] = pdt for some —1 < p < 1.

Use a delta-hedging argument to obtain the result of Corollary 7.2.7.

Repeat the Black—Scholes analysis of §7.2 in the case when the chosen numeraire,
{B:}¢>0, has non-zero volatility and check that the fair price of a derivative with
payoff Cr at time T is once again

d

C
V; = B,EQ [ il
for a suitable choice of Q (which you should specify).

Br

Two traders, operating in the same complete arbitrage-free Black~Scholes market of
§7.2, sell identical options, but make different choices of numeraire. How will their
hedging strategies differ?

Find a portfolio that replicates the quanto forward contract of Example 7.2.9,




holes partial differ-

LX) =0,  (7.13)
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EXERCISES

A quanto digital contract written on the BP stock of Example 7.2.9 pays $1 at time
T if the BP Sterling stock price, S7, is larger than K. Assuming the Black-Scholes
quanto model of §7.2, find the time zero price of such an option and the replicating
portfolio.

A guanto call option written on the BP stock of Example 7.2.9 is worth E(S7 — K)+
dollars at time T, where St is the Sterling stock price. Assuming the Black—Scholes
quanto model of §7.2, find the time zero price of the option and the replicating
portfolio.

Asian options Suppose that our market, consisting of a riskless cash bond, {B;};>0,
and a single risky asset with price {S;};>0, is governed by

dBt - rB,dt, B() =1
and
dS[ = [,LS;dt -+ O’Stth,

where {W;}s>0 is a P-Brownian motion.
An option is written with payoff Cy = ®(S7, Z7) at time T where

t
Z; :/ g(u, Su)du
0

for some (deterministic) real-valued function g on R x R.
From our general theory we know that the value of such an option at time ¢ satisfies

V, = e 7T OER [@(ST, Z7)| ]

where Q is the measure under which {S;/B;};>0 i3 a martingale.
Show that V; = F(t, S, Z;) where the real-valued function F (¢, x, z) on Ry xR xR
solves

dF dF 1 , ,8°F  OF

— 4z 4 —rF =0,

5 TR Tl g Ty T
F(T,x,2) = ®(x,2).

Show further that the claim Ct can be hedged by a self-financing portfolio consisting
at time ¢ of
aF
¢ = —(t, S, Zs)
ax

units of stock and
—~rt oF
Yy =e F(t, St:Zt)_St'a—x(tv St, Zy)

cash bonds.

Suppose that {N;}s>0 is a Poisson process whose intensity under P is {A;};>0. Show
that {Mt}tZO defined by

t
Mt-:Nt—/ )\.st
0

is a P-martingale with respect to the o-field generated by {N¢}e>o0.
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Suppose that {N:}t>0 is a Poisson process under P with intensity {At}i>0 and {M,)

>0
is the corresponding Poisson martingale. Check that for an {};M }t=o-predictable

process {ft}tZOa

I3
/ JsdM;
0

Show that our analysis of §7.3 is still valid if we allow the coefficients in the stochas-
tic differential equations driving the asset prices to be {}}},Eo—adapted processes,
provided we make some boundedness assumptions that you should specify.

is a P-martingale.

Show that the process {L;};>o in Theorem 7.3.5 is the product of a Poisson
exponential martingale and a Brownian exponential martingale and hence prove that
itis a martingale.

Show that in the classical Black-Scholes model the vega for a Buropean call (or put)
option is strictly positive. Deduce that for vanilla options we can infer the volatility
parameter of the Black--Scholes model from the price.

Suppose that V (z, x) is the Black—Scholes price of a Europzean call (or put) option at
time ¢ given that the stock price at time ¢ is x. Prove that 27‘2/ > 0.

Suppose that an asset price {S;},5 follows a geometric Brownian motion with Jjumps
occurring according to a Poisson process with constant intensity A. At the time, 7, of
each jump, independently, S:/Sz— has a lognormal distribution. Show that, for each
fixed £, S; has a lognormal distribution with the variance parameter g2 given by a
multiple of a Poisson random variable,
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Notation

Financial instruments and the Black-Scholes model

T, maturity time.

Cr, value of claim at time 7.

{Sn}n>0, {St}i>0, value of the underlying stock.

K, the strike price in a vanilla option.

(St — K)4 = max {(S7 — K), O}

r, confinuously compounded interest rate.

o, volatility.

PP, a probability measure, nsually the market measure.

Q, 2 martingale measure equivalent to the market measure.
IEQ, the expectation under Q.

%% the Radon-Nikodym derivative of Q with respect to P.

{S't}tzo, the discounted value of the underlying stock. In general, for a process {¥t};>0, V=

Y/ By where {B:};>¢ is the value of the riskless cash bond at time 7.

V (¢, x), the value of a portfolio at time ¢ if the stock price Sy = x. Also the Black—Scholes

price of an option.

General probability

(82, F, P), probability triple.

P[A|B], conditional probability of A given B.

®, standard normal distribution function.

p(t, x, y), transition density of Brownian motion.

X L Y, the random variables X and ¥ have the same distribution.

Z ~ N(0, 1), the random variable Z has a standard normal distribution.
E[X; A}, see Definition 2.3.4.

Martingales and other stochastic processes

{M}};>0, a martingale under some specified probability measure.
{[M]:}s50, the quadratic variation of {M;};>0-
{Fnln=0, {Ft}=0, filtration.

101

i




NOTATION

{]—",f(}nzo (resp. {ftx}tzo), filtration generated by the process {Xp},, ¢ (resp. {Xt}r>0)-
E[X|FLE [X,,_H] Xn], conditional expectation; see pages 301f.

{W:};>0, Brownian motion under a specified measure, usually the market measure.
X*(1), X4 (2), maximum and minimum processes corresponding to {X th>o0.

Miscellaneous

é, defined equal to.

§(r), the mesh of the partition 7.

f | . the function f evaluated at x.

6" (for a vector or matrix 8), the transpose of 9.
x> 0,x > 0foravector x € R”, see page 11.
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~ Index

[ measure.

adapted, 29, 64

arbitrage, 5, 11

arbitrage price, 5
Arrow-Debreu securities, 11
at the money, 3

attainable claim, 14

axioms of probability, 29

Bachelier, 51, 102
Bessel process, 186
squared, 109
bid—offer spread, 21
binary model, 6
Binomial Representation Theorem, 44
binomial tree, 24
Black-Scholes equation, 121, 135, 136
similarity solutions, 137
special solutions, 136
variable coefficients, 162, 186
Black—Scholes model
basic, 112
coupon bonds, 131
dividends
continuous payments, 126
periodic payments, 129
foreign exchange, 123
general stock model, 160
multiple assets, 163
quanto products, 173
with jumps, 175
Black—Scholes pricing formula, 45, 120, 135
bond, 4
coupon, 131
pure discount, 131
Brownian exponential martingale, 65
Brownian motion
definition, 53
finite dimensional distributions, 54
hitting a sloping line, 61, 69

hitting times, 59, 66, 69
Lévy’s characterisation, 90
Lévy’s construction, 56
maximum process, 60, 69
path properties, 55
quadratic variation, 75
reflection principle, 60
scaling, 63

standard, 54

transition density, 54
with drift, 63, 99, 110

cadlag, 66

calibration, 181

cash bond, 5

Central Limit Theorem, 46

chain rule
1td stochastic calculus, see [t6’s formula
Stratonovich stochastic calculus, 109

change of probability measure
continuous processes, see Girsanov’s Theorem
on binomial tree, 97

claim, 1

compensation
Poisson process, 177
sub/supermartingale, 41

complete market, 9, 16, 47

conditional expectation, 30

coupon, 131

covariation, 94

Cox—Ross—Rubinstein model, 24

delta, 122

delta hedging, 135

derivatives, 1

discounting, 14, 32

discrete stochastic integral, 36

distribution function, 29
standard normal, 47
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dividend-paying stock, 49, 126
continuous payments, 126
periodic dividends, 129
three steps to replication, 127

Doléans-Dade exponential, 177

Dominated Convergence Theorem, 67

Doob’s inequality, 80

doubling strategy, 113

equities, 126
periodic dividends, 129
equivalent martingale measure, 15, 33, 115
equivalent measure, 15, 37, 98
exercise boundary, 151
exercise date, 2
expectation pricing, 4, 14

Feynman-Kac Stochastic Representation
Theorem, 103
multifactor version, 170
filtered probability space, 29
filtration, 29, 64
natural, 29, 64
forward contract, 2
continuous dividends, 137
coupon bonds, 137
foreign exchange, 20, 124
periodic dividends, 131, 137
strike price, 5
forward price, 5
free boundary, 152
FTSE, 129
Fundamenta] Theorem of Asset Pricing, 12, 15 R
38,116
futures, 2

gamma, 122

geometric Brownian motion, 87
1t6’s formula for, 88

. Justification, 102

Kolmogorov equations, 106
minimum process, 145
transition density, 106

Girsanov’s Theorem, 98
multifactor, 166
with jumps, 178

Greeks, 122
for Buropean cal] option, 136

guaranteed equity profits, 129

Harrison & Kreps, 12
hedging portfolio, see replicating portfolio
hitting times, 59; see also Brownian motion

implied volatility, see volatility
in the money, 3
incomplete market, 17, 19

INDEX

infinitesima] generator, 105
interest rate
Black~Karasinski model, 110
continuously compounded, 5
Cox-Ingersoll-Ross model, 109
risk-free, 5
Vasicek model, 109, 110
intrinsic risk, 19
1t6 integral, see stochastic integral
1t6 isometry, 80
1t8’s formula
for Brownian motion, 85
for geometric Brownian motion, 88
for solution to stochastic differential equation,
91 |
multifactor, 165 .
with jumps, 176 !

Jensen’s inequality, 50 |
jumps, 175 i
i

Kolmogoroy equations, 104, 110
backward, 105, 186
forward, 106 ' :

L% limit, 76

Langevin’s equation, 109 ;
Lévy’s construction, 56 !
Lipschitz-continuous, 108
local martingale, 65 !
localising sequence, 87 . i
lognormal distribution, 4 ‘
long position, 2 » (-

market measure, 33,113

market price of risk, 134, 179

market shocks, 175

Markov process, 34, 49

martingale, 33, 49, 64
bounded variation, 84 !
Square-integrable, 100

martingale measure, 15

Martingale Representation Theorem, 100
multifactor, 168

maturity, 2

measurable, 29

mesh, 73 i

model error, 181 i
and hedging, 181

multifactor model, 163

multiple stock models, 10, 163

mutual variation, 94

Novikov’s condition, 98 ' .
numeraire, 126 '
change of, 20, 125, 171 ‘
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Theorem, 100
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option, 2

American, 26, 42, 150
call on dividend-paying stock, 49
call on non-dividend-paying stock, 27, 50
cash-or-nothing, 157
exercise boundary, 151
free boundary value problem, 152
hedging, 43
linear complementarity problem, 152
perpetual, 157, 158
perpetual put, 153
put on non-dividend-paying stock, 27, 48,

157,158

Asian, 149, 157, 187

asset-or-nothing, 155

barrier, 145, 148

binary, 140

call, 2, 127
coupon bonds, 137
dividend-paying stock, 127, 137
foreign exchange, 137

call-on-call, 143

cash-or-nothing, 48, 140

chooser, 156

cliquets, 143

collar, 154

compound, 143

contingent premium, 155

digital, 20, 48, 140, 154, 155

double knock-out, 149, 157

down-and-in, 145, 147, 157

down-and-out, 145, 148, 156

European, 2
hedging formula, 8, 25, 121
pricing formula, 8, 23, 45, 118

exotic, 139

foreign exchange, 17, 122

forward start, 48, 141

guaranteed exchange rate forward, 172

lookback call, 145

multistage, 142

on futures contract, 156

packages, 3, 18, 139

path-dependent, 144; see also (option)

American, Asian

pay-later, 155

perpetual, 137, 157

put, 2

put-on-put, 156

ratchet, 155

ratio, 142

up-and-in, 145

yp-and-out, 145

vanilla, 3, 139

see also quanto

Optional Stopping Theorem, 39, 49, 66

INDEX

optional time, see stopping time
Ornstein—Uhlenbeck process, 109
out of the money, 3

packages, 3, 18, 139

path probabilities, 26

payoff, 3

petfect hedge, 6

pin risk, 141

Poisson exponential martingale, 177

Poisson martingale, 177, 187

Poisson random variable, 175

positive riskless borrowing, 14

predictable, 36, 78

predictable representation, 100

previsible, see predictable

probability triple, 29

put—call parity, 19, 137
compound options, 156
digital options, 154

quadratic variation, 75, 108
quanto, 172
call option, 187
digital contract, 187
forward contract, 172, 186

Radon—Nikodym derivative, 97, 98
random variable, 29

recombinant tree, 24

reflection principle, 60

replicating portfolio, 6, 23, 44

return, 4

Riesz Representation Theorem, 12
risk-neutral pricing, 15

risk-neutral probability measure, 13, 15

sample space, 29
self-financing, 23, 26, 35, 113, 127, 137
semimartingale, 84
Separating Hyperplane Theorem, 12
Sharpe ratio, 134
short position, 2
short selling, 6
o-field, 29
simple function, 79
simple random walk, 34, 39, 49, 51
Snell envelope, 43
squared Bessel process, 109
state price vector, 11
and probabilities, 14
stationary independent increments, 52
stochastic calculus
chain rule, see 1t6’s formula
Fubini’s Theorem, 96
integration by parts (product rule), 94
multifactor, 166
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stochastic differential equation, 87, 91
stochastic integral, 75
discrete, 36
1t6, 78, 83
integrable functions, 81
Stratonovich, 78, 108
with jumps, 176
with respect to semimartingale, 83
stochastic process, 29
stopping time, 38, 59
straddle, 4
Stratonovich integral, 78, 108
strike price, 2
submartingale, 33
compensation, 41
supermartingale, 33
and American options, 42
compensation, 41
Convergence Theorem, 41

theta, 122
three steps to replication
basic Black-Scholes model, 118

continuous dividend-paying stock, 127
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discrete market model, 45
foreign exchange, 123
time value of money, 4
tower property, 32
tradable assets, 123, 126, 130
and martingales, 133
transition density, 54, 104-106

underlying, 1

vanillas, 139
variance, 54
variation, 73
and arbitrage, 73
p-variation, 73
vega, 122
vega hedging, 183
volatility, 120
implied, 120, 181
smile, 181, 183
stochastic, 183
and implied, 183

Wiener process, see Brownian motion




