T, but with positive
bitrage opportunities

6 Different payoffs

Most of the concrete examples of options considered so far have been the standard
examples of calls and puts. Such options have liquid markets, their prices are fairly
well determined and margins are competitive. Any option that is not one of these
vanilla calls or puts is called an exotic option. Such options are introduced to extend
a bank’s product range or to meet hedging and speculative needs of clients. There
are usually no markets in these options and they are bought and sold purely ‘over the
counter’. Although the principles of pricing and hedging exotics are exactly the same
as for vanillas, risk management requires care. Not only are these exotic products
much less liquid than standard options, but they often have discontinuous payoffs
and so can have huge ‘deltas’ close to the expiry time making them difficult to hedge.

This chapter is devoted to examples of exotic options. The simplest exotics to
price and hedge are packages, that is, options for which the payoff is a.combination
of our standard ‘vanilla’ options and the underlying asset. We already encountered
such options in §1.1. We relegate their valuation to the exercises. The next simplest
examples are European options, meaning options whose payoff is a function of the
stock price at the maturity time. The payoffs considered in §6.1 are discontinuous
and we discover potential hedging problems. In §6.2 we turn our attention to
multistage options. Such options allow decisions to be made or stipulate conditions
at intermediate dates during their lifetime. The rest of the chapter is devoted to
path-dependent options. In §6.3 we use our work of §3.3 to price lookback and
barrier options. Asian options, whose payoff depends on the average of the stock
price over the lifetime of the option, are discussed briefly in §6.4 and finally §6.5 is
a very swift introduction to pricing American options in continuous time.

European options with discontinuous payoffs

‘We work in the basic Black—Scholes framework. That is, our market consists of a
riskless cash bond whose value at time ¢ is B; = ¢’* and a single risky asset whose
price, {St}s>0, follows a geometric Brownian motion.

In §5.2 we established explicit formulae for both the price and the hedging
portfolio for European options within this framework. Specifically, if the payoff of
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the option at the maturity time 7 is Cy; = S (S7) then for 0 < ¢ < T the value of the
option at time ¢ is

Vi, = F.S) = JEQ[e‘“T‘”ﬂST)[E]

fes] 02
= g 7(T-0 / f (S, exp <<r — 7) T —t)+oydT — t>>

! < y2>d 6.1)
exp| —— , ' )
= b~ )dy

where @ is the martingale measure, and the claim JF(87) can be replicated by a
portfolio consisting at time ¢ of ¢; units of stock and i, = ¢ "¢ (Vs — ¢:8;) cash
bonds where

(6.2)

¢ = i—f(f ) X)
x=5;

Mathematically, other than the issue of actually evaluating the integrals, that would

appear to be the end of the story. However, as we shall see, rather more careful

consideration of our assumptions might lead us to doubt the usefulness of these

formulae when the payoff is a discontinuous function of St.

Example 6.1.1 (Digital options) The payoff of a digital option, also sometimes
called a binary option or a cash-or-nothing option, is given by a Heaviside SJunction.
For example, a digital call option with strike price K at time T has payoff

c.— 11 #Sr=K,
=10 #Sr <k

at maturity. Find the price and the hedge for such an option.

Solution: In order to implement the formula (6.1) we must establish the range of y
for which

2
S;exp ((r— %—)(T—t)%—cy«/T—t) > K.

Rearranging we see that this holds for y > d where

e o)--5))

Writing @ for the normal distribution function and substituting in equation (6.1) we
obtain

Vi = e“’(T_t)/oo L e Py = e‘r<T_t)/_d L ey
d 2xm : —o0 v 2m

— e—r(T—t)(D(__d) — e»—r(TMZ)q)(dz)’
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e ) 2
2__0 T —1¢ o8 K T3 ’

as in Example 5.2.2.

Now we turn to the hedge. By (6.2), the stock holding in our replicating portfolio
at time ¢ is

where

¢ = e—r<T_’)l—1
St 27(T — t)o

1 Sl 02 2
X exp ~—m<log<g> + <r - —2—)(T - t)> .

Now as ¢ 1 T, this converges to 1/K times the delta function concentrated on S =
K. Consider what this means for the replicating portfolio as t 4 7. Away from S, =
K, ¢; is close to zero, but if S; is close to K the stock holding in the portfolio will be
very large. Now if near expiry the asset price is close to K, there is a high probability
that its value will cross the value S; = K many times before expiry. But if the asset
price oscillates around the strike price close to expiry our prescription for the hedging
portfolio will tell us to rapidly buy and sell large numbers of the underlying asset.
Since markets are not the perfect objects envisaged in our Black—Scholes model and
we cannot instantaneously buy and sell, risk from small asset price changes (not to
mention transaction costs) can easily outweigh the maximum liability that we are
exposed to by having sold the digital. This is known as the pin risk associated with
the option. ‘ 0O

If we can overcome our misgivings about the validity of the Black—Scholes price
for digitals, then we can use them as building blocks for other exotics. Indeed, since
the option with payoff 1ig, x,1(S7) at time T can be replicated by buying a digital
with strike K7 and maturity 7' and selling a digital with strike K and maturity 7T,
in theory we could price any European option by replicating it by (possibly infinite)
linear combinations of digitals.

Multistage options

Some options either allow decisions to be made or stipulate conditions at intermedi-
ate dates during their lifetime. An example is the forward start option of Exercise 3
of Chapter 2. To illustrate the procedure for valuation of multistage options, we find
the Black—Scholes price of a forward start.

Example 6.2.1 (Forward start option) Recall that a forward start option is a con-
tract in which the holder receives, at time Ty, at no extra cost, an option with
expiry date Ty > Ty and strike price equal to St,. If the risk-free rate is r find
the Black—Scholes price, V;, of such'an option at times t < T7.

i
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Solution: First suppose that t € [Tp, 71]. Then by time ¢ we know Sty and so the

-value of the option is just that of a European call option with strike Sz, and maturity

T1, namely

Vi = e TR (57, - 51), | A
where Q is a probability measure under which the discounted price of the underlying
is a martingale. In particular, at time g, using Example 5.2.2,

Vi, = Sp, @ (dy) — Spye " I o (dy)

where

2 2
(r + "7) (Th — To) (7 = %) (Ti — To)
dy = and dp = .

o/T1 — Ty o/T1 — Tp

In other words

s o () ) -mome (- 52T

= ¢S,

It

%)

where ¢ = ¢(r, o, Ty, T1) is independent of the asset price.

To find the price at'time ¢ < Tp, observe that the portfolio consisting of ¢ units of
the underlying over the time interval 0 < ¢ < Tj exactly replicates the option at time
Tp. Thus for ¢ < Tp, the price is given by ¢S;. In particular, the time zero price of the
option is

[ g

o :so{cp <<+7> STy ’”To) _ ritg <<_ 7) ST —TO>},

O

Notice that, in order to price the forward start option, we worked our way back from
time 77. This reflects a general strategy. For a multistage option with maturity 7; and
conditions stipulated at an intermediate time 7y, we invoke the following procedure.

Valuing multistage options:

1 Find the payoff at time 77.

2 Use Black-Scholes to value the option for ¢ € [Tg, T1].
3 Apply the contract conditions at time 7p.

4 Use Black—Scholes to value the option for ¢ € [0, Tp].

‘We put this into action for two more examples.

Example 6.2.2 (Ratio derivative) A ratio derivative can be described as follows.
Two times 0 < Ty < Ty are fixed. The derivative matures at time T1 when its payoff
is ST,/ Sty Find the value of the option at times t < T1.
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Solution: First suppose that t € [Ty, T1]. At such times ST, is known and so

1
Vi = —E2 [Ty 7]
St
where, under Q, the discounted asset price is a martingale. Hence V; = S, /ST,

In particular, V7, = 1. Evidently the value of the option for r < Tp is therefore
e (To=), ]

Both forward start options and ratio derivatives, in which the strike price is set to be
a function of the stock price at some intermediate time T, are examples of cliquets.

A rather more complex class of examples is provided by the compound options.
These are ‘options on options’, that is options in which the réle of the underlying is
itself played by an option. There are four basic types of compound option: call-on-
call, call-on-put, put-on-call and put-on-put.

Example 6.2.3 (Cali-on-call option) 1o describe the call-on-call option we must
specify two exercise prices, Ko and Ky, and two maturity times Ty < Ti. The
‘underlying’ option is a European call with strike price K and maturity T). The
call-on-call contract gives the holder the right to buy the underlying option for price
Ky at time Ty. Find the value of such an option for t < Ty.

Solution: We know how to price the underlying call. Its value at time Ty is given byn

the Black~Scholes formula as

C (STO: Ty Ky, Tl) = Sp,® (d] (STO, T1 — Ty, Kl))
— Koe "0 (dy (Spy, Ty — To, K1)
where

ST, 2

2)+(r+5)@m -1
o/ T1 — 1y

and da (S, T1 — To, K1) = di (S, T1 — To, K1) — o/T1 — To. The value of the
compound option at time 7y is then

log<
di (S, Tt — To, K1) =

V (To, S1,) = (C (St To; K1, T1) — Ko).. -
Now we apply Black—Scholes again. The value of the option at times ¢ < Tj is
Vit ) = e DR (OGS, o K1 T - Ko) | 7S] 63)

where the discounted asset price is a martingale under Q. Using that

‘ 1
Sty = Sy exp <JZ To—t+ (r — 502>(T0 -t)) ,

i




I
|
i
!
|
J
1

144

DIFFERENT PAYOFFS ’ ‘ :

where, under Q, Z ~ N(0, 1), equation (6.3) now gives an analytic expression for the
value in terms of the cumulative distribution function of a bivariate normal random
variable. We write

1 .
f() = Soexp <o‘y\/T0 —t+ (r — 502) (To — t))
and define xg implicitly by
xo =inf{y € R: C(f(y), To; K1, T1) = Ko}.
Now
S 1
log & =log l +oy /Ty —t+|{r— =02 (Th — 1)
Ky Ky 2
and so writing

log(So/K1) +oy/To—t +rTi — 02T0 + %02T1

di(y) =
1(y) T T

) = log(So/K1) + oy/To — t +rT — La?Ty
2= o T =T

and

we obtain

Vit,S) = e "To0 /
X

[ee]

(FO2@o) — Koe T Do) ~ Ko)

0

X e’yz/zdy.

NGz

Lookbacks and barriers

We now turn to our first example of path-dependent options, that is options for which
the history of the asset price over the duration of the contract determines the payout
at expiry.

As usual we use {S;}o<;<7 to denote the price of the underlying asset over the
duration of the contract. In this section we shall consider options whose payoff at
maturity depends on S7 and one or both of the maximum and minimum values taken
by the asset price over [0, 7.

Notation: We write

Sx(#) =min{S, : 0 <u < 1,

S*(t) = max {S, :0<u <t}.
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6.3 LOOKBACKS AND BARRIERS

Definition 6.3.1 (Lookback call) A lookback call gives the holder the right to buy
a unit of stock at time T for a price equal to the minimum achieved by the stock up
to.time T. That is the payoff is '

Cr = St — S.(T).

Definition 6.3.2 (Barrier options) A barrier option is one that is activated or
deactivated if the asset price crosses a preset barrier. There are two basic types:

knock-ins

(a) the barrier is up-and-in if the option is only active if the barrier is hit from below,
(b) the barrier is down-and-in if the option is only active if the barrier is hit from
above;

knock-outs

(a) the barrier is up-and-out if the option is worthless if the barrier is hit from below,
(b) the barrier is down-and-out if the option is worthless if the barrier is hit from
above.

Example 6.3.3 A down-and-in call option pays out (St — K)4 only if the stock
price fell below some preagreed level ¢ some time before T, otherwise it is worthless.
That is, the payoff is

Cr = Y5,z (ST — K+

As always we can express the value of such an option as a discounted expected value
under the martingale measure Q. Thus the value at time zero can be written as

V0, So) = e "TEQ [Cr] C6.4)

where r is the riskless borrowing rate and the discounted stock price is a Q-
martingale. However, in order to actually evaluate the expectation in (6.4) for barrier
options we need to know the joint distribution of (St, S« (7)) and (ST, $*(T)) under
the martingale measure QQ. Fortunately we did most of the work in Chapter 3.

In Lemma 3.3.4 we found the joint distribution of Brownian motion and its
maximum. Specifically, if {W;};>0 is a standard P-Brownian motion, writing M; =
maxo<s<; Wy, fora > 0and x < a

20 — x
]P’[MIZa,W,SX]:lf@( 7 >

By symmetry, writing m; = ming<s<; Wy, fora < 0and x > a,

—2a+x>

]P’[mtfa,Wtzx]zl—CD< N

or, differentiating, if a < Qand x > a

Plmr <a, Wr € dx] = pr(0, —2a + x)dx = pr(2a,x)dx
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where

(,9) = —— ex (——|x—— |2/2z>
123 s Y —m p y .

Combining these results with (two applications of) the Girsanov Theorem will allow
us to calculate the joint distribution of (S7, S*(T)) and of (St, S«(T)) under the
martingale measure Q.

As usual, under the market measure P,

St = Spexp (vt + o W)

where {W;};>0 is a P-Brownian motion. Let us suppose, temporarily, that v = 0
so that S; = Spexp(cW;) and moreover S,.(#) = Spexp(om;) and S* ® =
So exp(o M;). In this special case then the joint distribution of the stock price and its
minimum (resp. maximum) can be deduced from that of (W;, m;) (resp. (Wy, My)).
Of course, in general, v will not be zero either under the market measure P or under
the martingale measure Q. Our strategy will be to use the Girsanov Theorem not only
to switch to the martingale measure but also to switch, temporarily, to an equivalent
measure under which S; = Sy exp(o W;).

Lemma6.3.4 Let {Y1};>0 be given by Y; = bt + X, where b is a constant and
{X1}i>0 is a Q-Brownian motion. Writing Y, (t) = min{Y¥, : 0 < u <t},

pr(bT, x)dx ifx <a,

Yo() <a,Yr edx] =
Q) =a, 17 *] [ezapr(Za—i-bT,x)dx ifx>a,

where, as above, p;(x, y) is the Brownian transition density function.

Proof: By the Girsanov Theorem, there is a measure P, equivalent to (Y, under which
{¥:}s>0 is a P-Brownian motion and

dP
dQ
Notice that this depends on {X;}o<;<7 only through X7. The Q-probability of the

event {Yy(T) < a, Y7 € dx} will be the P-probability of that event multiplied by
% }f evaluated at Y7 = x. Now

1
= exp <—bXT — —sz) .
F 2

d 1 1
b% = exp(bXT + EbZT) = exp(bYT - 5b2T>

andsofora < Qandx > a
: 1
QIYu(T) <a,¥Yr edx] = PIY(T)<a,Yrcdx] exp(bx — §b2T>

1
= prQa,x) exp(bx - §b2T>dx

¢ pr(2a + bT, x)dx. - (6.5)

Il
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Evidently forx < a, {Y«(T) <a,Yr edx} ={¥r € dx}andsoforx <a

QUu(T)<a,Yredx] = Q[Yr €dx]
= Q[T + X7 €dx]
= prT,x)dx
and the proof is complete. a

Differentiating (6.5) with respect to a, we see that, in terms of joint densities, for
a <0

2ab

QYu(T) eda,Yr €dx] = 7

|x —2a|pr2a 4+ bT,x)dxda forx > a.

The joint density evidently vanishes if x < a or @ > 0. In Exercise 13 you are asked
to find the joint distribution of Y7 and Y*(7') under Q.

From Chapter 5, under the martingale measure Q, S, = Sp exp (o'Y;) where

_(r—30%

Y; t+ X,

and {X:};>0 is a Q-Brownian motion. So by applying these results with b = (r —
%02) /o we can now evaluate the price of any option maturing at time T whose
payoff depends just on the stock price at time 7 and its minimum {or maximum)
value over the lifetime of the contract. If the payoftis Cr = g(S.(T), S7) and r is

the riskless borrowing rate then the value of the option at time zero is
V©0,5) = ¢TEX[g (Su(T), 57)]

0 0
a=—0 Jx=a

Example 6.3.5 (Down-and-in call option)
in call option whose payoff at time T is

Find the time zero price of a down-and-

Cr =15, (1y<e) (ST — K)o

where ¢ is a (positive) preagreed constant less than K.

Solution: Using §; = Spexp(oY;) we rewrite the payoff as

Y,
Cr =Yy, )<L togersm)) (Soeo T - K)+'
Wiiting b = (r — §02)/0, a = log(c/Sp) and xo = X log(K /Sp) we obtain
o0

V(0, So) = e—’T/ (S0e” — K) Q(Yu(T) < a, Y1 € dx) .

X0




148

DIFFERENT PAYOFFS

Using the expression for the Joint distribution of (¥, (T), ¥ 7) obtained above yields
o
V(0,S0) =e’T / (Soe™ — K) e**® pr(2a + bT, x)dx.
X0
‘We have used the fact that, since ¢ < K, xo > q. First observe that

o0 1

e—,yz/zdy

[es]
E—I‘T/ Kezapr(2a+bT,X)dx :Ke—rTe2ab/
X0 (x0—2a—bT) /T 27
e Ke—rngﬂb/(2a+bT—XO)/ﬁ 1
—0 V2w

e*y2/2dy

;2%'_
JT

7-1 <log(F/K) - %O‘ZT)
/T

R

C
:K *}“T _
e (SO

= Ke

‘”(

1@ <2a +bT —xo>
®

)
)a

&lo

where F = "7 ¢2/S,.
Similarly,

oo
e—rT/ Spe®* ezapr (2a +bT, x)dx
xp

2
Soe~"T 20 /OO o exp —M dx
x ~2nT 2T
1 2
— Soe~rT€2ab/ e~y /Zdy
(x0—Qa+bT)—oT) /T ~/ 27

1 .
X exXp <§O’ZT + 2a0 + baT)

2r
So o T

Comparing this with Example 5.2.2

k_l 2

& o2 C
V{0 = — Cl—,0,K,T),
(0, So) (So> <So )

where C(x,t; K, T) is the price at time ¢ of a European call option with strike K
and maturity 7" if the stock price at time 7 is x. ad

The price of a barrier option can also be expressed as the solution of a partial
differential equation. -

Example 6.3.6 (Down-and-out call) A down-and-out call has the same payoff as
a European call option, (St — K)4, unless during the lifetime of the contract the
price of the underlying asset has fallen below some preagreed barrier; ¢, in which
case the option is ‘knocked out’ worthless.
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Writing V (¢, x) for the value of such an option at time t if S; = x and assuming
that K > ¢, V(t, x) solves the Black—Scholes equation for (¢, x) € [0, T] x [c, 00)
subject to the boundary conditions v

V(T,S7) = (Sr — K)+,
Vit,e) =0, rel0,T],
Vi, x)
X
The last boundary condition follows since as S; — oo, the probability of the asset
price hitting level ¢ before time T tends to zero.

Exercise 16 provides a method for solving the Black—Scholes partial differential
equation with these boundary conditions.

Of course more and more complicated barrier options can be dreamt up. For ex-
ample, a double knock-out option is worthless if the stock price leaves some interval
[c1, 2] during the lifetime of the contract. The probabilistic pricing formula for such
a contract then requires the joint distribution of the triple (S7, Si(T), S*(T)). As in
the case of a single barrier, the trick is to use Girsanov’s Theorem to deduce the joint
distribution from that of (Wz, my, Mr) where {W;};>¢ is a P-Brownian motion and
{m¢}r=0, {M;}r=0 are its running minimum and maximum respectively. This in turn
is given by

P(Wr €dy,a <mr, My <bl= ) {pr@n(a=b), 5)=p@nb-a), y—2)|dy;
nel

see Freedman (1971) for a proof. An explicit pricing formula will then be in the form

of an infinite sum. In Exercise 20 you obtain the pricing formula by directly solving

the Black—Scholes differential equation.

— 1, asx — oo

As we have seen in Exercise 7 of Chapter 5 and we see again in the exercises at
the end of this chapter, the Black—Scholes partial differential equation can be solved
by first transforming it to the heat equation (with appropriate boundary conditions).
This is entirely parallel to our probabilistic technique of transforming the expectation
price to an expectation of a function of Brownian motion.

Asian options

The payoff of an Asian option is a function of the average of the asset price over the
lifetime of the contract. For example, the payoff of an Asian call with strike price K

and maturity time 7 is
1 T
CT=<—/ S;dt—K) .
T Jo +

Evidently Cr € F7 and so our Black-Scholes analysis of Chapter 5 gives the value
of such an option at time zero as

T
Vp = EQ [e‘rT <—;— / S,dt — K) } i (6.6)
0 +
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However, evaluation of this integral is a highly non-trivial matter and we do not
obtain the nice explicit formulae of the previous sections.
There are many variants on this theme. For example, we might want to value a

claim with payoff
1 T
Cr = f <ST, —/ S;dt) .
T Jo

In §7.2 we shall develop the technology to express the price of such claims (and
indeed slightly more complex claims) as solutions to a multidimensional version of
the Black-Scholes equation. Moreover (see Exercise 12 of Chapter 7) one can also
find an explicit expression for the hedging portfolio in terms of the solution to this
equation. However, multidimensional versions of the Black-Scholes equation are
much harder to solve than their one-dimensional counterpart and generally one must -
resort to numerical techniques.

The main difficulty with evaluating (6.6) directly is that, although there are
explicit formulae for all the moments of the average process % fOT Sydt, in contrast
to the lognormal distribution of St, we do not have an expression for the distribution
function. A number of approaches have been suggested to overcome this, including
simply approximating the distribution of the average process by a lognormal distri-
bution with suitably chosen parameters.

A very natural approach is to replace the continuous average by a discrete
analogue obtained by sampling the price of the process at agreed times t1, ... , t,
and averaging the result. This also makes sense from a practical point of view as
calculating the contiriuous average for a real asset can be a difficult process. Many
contracts actually specify that the average be calculated from such a discrete sample
— for example from daily closing prices. Mathematically, the continuous average
% OT Sedt is replaced by % i=1 Sy Options based on a discrete sample can be
treated in the same way as multistage options, although evaluation of the price rapidly
becomes impractical (see Exercise 21).

A further approximation is to replace the arithmetic average by a geometric
average. That is, in place of 1 ™7 S, we consider (I, S,i)]/ ". This quantity
has a lognormal distribution (Exercise 22) and so the corresponding approximate
pricing formula for the Asian option can be evaluated exactly. (You are asked to find
the pricing formula for an Asian call option based on a continuous version of the
geometric average in Exercise 23.) Of course the arithmetic mean of a collection of
positive numbers always dominates their geometric mean and so it is no surprise that
this approximation consistently under-prices the Asian call option.

American options

A full treatment of American options is beyond our scope here. Explicit formulae
for the prices of American options only exist in a few special cases and so one must
employ numerical techniques. One approach is to use our discrete (binomial tree)

. models of Chapter 2. An alternative is to reformulate the price as a solution to a
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partial differential equation. We do not give a rigorous derivation of this equation,
but instead we use the results of Chapter 2 to give a heuristic explanation of its form.

As we saw in Chapter 2, the price of an American call option on non-dividend-paying
stock is the same as that of a Buropean call and so we concentrate on the American
put. This option gives the holder the right to buy one unit of stock for price X at any
time before the maturity time 7. .

As we illustrated in §2.2, in our discrete time model, if V(n, S,) is the value of
the option at time ndt given that the asset price at time 737 is S, then

V(n, S,) = max {(K — S EQ [TV (n 41, Spp)] Fn]} ,

where @ is the martingale measure. In particular, V (xn, S,) > (K —S,)+ everywhere.
We saw that for each fixed n the possible values of S, are separated into two ranges
by a boundary value that we shall denote by Sy(n): if S, > Sp(n) then it is
optimal to hold the option whereas if S, < Sy (n) it is optimal to exercise. We call
{S7(n)}o<n<n the exercise boundary.

In Example 2.4.7 we found a characterisation of the exercise boundary We
showed that the discounted option pnce can be written as V, = M, — A, where
{Mn}05n5 N is a Q-martingale and {An}ofnf ~ 1s a non-decreasing predictable
process. The option is exercised at the first time ndz when Ane1 # 0. In summary,
within the exercise region An+1 £ 0and V, = (K — Su)+, whereas away from the
exercise region, that is when S, > S¢(n), V(n, Sy) = M,.

The strategy of exercising the option at the first time when Any1 # 0is optimal in
‘the sense that if we write 7y for the set of all possible stopping times taking values
in{0,1,..., N}then

V(0,S0) = sup EQ@ e (K — So)o| Fol.
€Ty
Since the exercise time of any permissible strategy must be a stopping time, this
says that as holder of the option one can’t do better by choosing any other exercise
strategy. That this optimality characterises the fair price follows from a now familiar
arbitrage argument that you are asked to provide in Exercise 24.

Now suppose that we formally pass to the continuous limit as in §2.6. We expect
that in the Limit too V (¢, S;) > (K — S;)+ everywhere and that for each ¢ we can
define S¢(¢) so thatif S; > S¢(¢) it is optimal to hold on to the option, whereas if
Sy < Sy(r) it is optimal to exercise. In the exercise region V(t, 8) = (K — St)+
whereas away from the exercise region V (¢, S¢) = M; where the discounted process
{Mt}oﬁ,ST is a Q-martingale and Q is the measure, equivalent to I, under which
the discounted stock price is a martingale. Since {Mt}oﬁtsT can be thought of as
the discounted value of a European option, this tells us that away from the exercise
region, V (¢, x) must satisfy the Black—Scholes differential equation.

We guess then that for {(#, x) : x > S;(¢)} the price V (¢, x) must satisfy the
Black—Scholes equation whereas outside this region V (¢, x) = (K — x)4. This
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can be extended to a characterisation of V (¢, x) if we specify appropriate boundary
conditions on Sy. This is complicated by the fact that S (¢) is a free boundary — we
don’t know its location a priori.

An arbitrage argument (Exercise 25) says that the price of an American put option
should be continuous. We have checked already that V(z, S¢(1)) = (K — S¢())+.
Since it is clearly not optimal to exercise at a time ¢ < T if the value of the option is
zero, in fact we have V (¢, S¢(2)) = K — Sr(¢). Let us suppose now that V (¢, x) is
continuously differentiable with respect to x as we cross the exercise boundary (we
shall omit the proof of this). Then, since

V@, x) =(K—x) forx < Syand
Vt,x) = (K—x) forx > Sy,

we must have that at the exercise boundary %% > —1. Suppose that % > —1 at

some point of the exercise boundary. Then by reducing the value of the stock price at
which we choose to exercise from Sy to S} we can actually increase the value of the
option at (¢, S¢(¢)). This contradicts the optimality of our exercise strategy. It must
be that % = —1 at the exercise boundary.

We can now fully characterise V (¢, x) as a solution to a free boundary value
problem:

Proposition 6.5.1 (The value of an American put) We write V (t, x) for the value of
an American put option with strike price K and maturity time T and r for the riskless
borrowing rate. V{(t, x) can be characterised as follows. For each time t € [0, T]
there is a number S¢(t) € (0, 00) such thatfor0 <x < Sp(t) and 0 <t < T,

2
5 507V

vV 1 v o
—&—Ea x ?+rx~é———rV<O.

Vit,x) =K — d —
(t,x) x an 5 3 .

Fort € [0, T}and S¢(t) < x < o0

v 1 82v v
Vit,x) > (K —x)4 and 37+§a2x2m+rxa—rvzo.

The boundary conditions at x = Sy(t) are that the option price process is
continuously differentiable with respect to x, is continuous in time and

av
VL Sp0) = (K = SpW)e, Z(0Sp(0) = =1
In addition, V satisfies the terminal condition
V(T, St) = (K — S7)+-

The free boundary problem of Proposition 6.5.1 is easier to analyse as a linear
complementarity problem. If we use the notation
f 1 5 ,9%f af
-0

Cosf =2 200 4y
ssf 8t+2 x8x2+m8x rf
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then the free boundary value problem can be restated as
LpsV(t,x)(V{t,x) — (K —x)4) =0,

subjectto LpsV (¢, x) <0, V(t X)—(K-x)+ 20, VT, x) = (K—x)4+, V{, x) —
oo as x — oo and V (¢, x) (t x) are continuous.

Notice that this reformulat1on has removed explicit dependence on the free
boundary. Variational techniques can be applied to solve the problem and then
the boundary is recovered from that solution. This is beyond our scope here. See
Wilmott, Howison & Dewynne (1995) for more detail.

We finish this chapter with one of the rare examples of an American option for which
the price can be obtained explicitly.
Example 6.5.2 (Perpetual American put) Find the value of a perpetual American
put option on non-dividend-paying stock, that is a contract that the holder can choose
to exercise at any time t in which case the payoff is (K — S¢) 4.

Solution(s): We sketch two possible solutions to this problem, first via the free
boundary problem of Proposition 6.5.1 and second via the expectation price.

Since the time to expiry of the contract is always infinite, V (¢, x) is a function of
x alone and the exercise boundary must be of the form S¢(f) = « for all ¥ > 0 and
some constant «. The option will be exercised as soon as S; < «. The Black—Scholes
equation reduces to an ordinary differential equation:

122dV+de

: — - V=0, forallxe (o, 00). 6.7)

The general solution to equation (6.7) is of the form v(x) = c1x@ 4 cox® for some
constants c1, ¢p,dy and ds. Fitting the boundary conditions

' dv
Vie)=K -, lim-——=—-1 and lim V(x)=0
xya dx X~>00
gives
o2
Vi =1 K= ()77, x e (o 00),
(K - x), X € [0’ a]v
where
207K
T 2ro 2417

An alternative approach to this problem would be to apply the results of §3.3. As we
argued above, the option will be exercised when the stock price first hits level « for
some « > 0. This means that the value will be of the form

V(0, So) = EQ [e™"™ (K —a).],
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where 7, = inf{t > 0 : §; < «}. We rewrite this stopping time in terms of the time
that it takes a (Q-Brownian motion to hit a sloping line. Since

1
S; = Spexp (<r — 502> t+ aXt>

where {X;};>0 is a standard Brownian motion under the martingale measure Q, the
event {S; < «} is the same as the event

o))

The process {—X;};>¢ is also a stgndard Q-Brownian motion and so, in the notation
of §3.3, the time 1, is given by T, , with

L. (5 r — 50”
a:—log(—o), b= 2

ag o g

We can then read off E2 [¢™"™] from Proposition 3.3.5 and maximise over « to
yield the result. 0

Exercises

Let Ky and K> be fixed real numbers with 0 < K1 < K». A collar option has payoff
Cr = min{max{St, K1}, K2}.

Find the Black—Scholes price for such an option.

What is the maximum potential loss associated with taking the long position in a
forward contract? And with taking the short position?
Consider the derivative whose payoft at expiry to the holder of the long position is

where F is the standard forward price for the underlying stock and K is a constant.
Such a contract is constructed so as to have zero value at the time at which it is struck.
Find an expression for the value of K that should be written into such a contract.
What is the maximum potential loss for the holder of the long or short position now?

The digital put option with strike K at time T has payoff

cr=] 0 ST=K,
=11, sr<k.

Find the Black~Scholés price for a digital put. What is the put—call parity for digital
options?
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Digital call option In Example 6.1.1 we calculated the price of a digital call. Here is

an alternative approach:

(a) Use the Feynman-Kac stochastic representation to find the partial differential
equation satisfied by the value of a digital call with strike X and maturity 7.

(b) Show that the delta of a standard Furopean call option solves the partial
differential equation that you have found in (a).

(c) Hence or otherwise solve the equation in (a) to find the value of the digital.

An asset-or-nothing call option with striks: K and maturity T has payoff

cr— | 5T St > K,
=10, Sr<K.

Find the Black—Scholes price and hedge for such an option. What happens to the
stock holding in the replicating portfolio if the asset price is near K at times close to
77 Comment.

Construct a portfolio consisting entirely of cash-or-nothing and asset-or-nothing
options whose value at time 7 is exactly that of a European call option with strike K
at maturity 7.

In §6.1 we have seen that for certain options with discontinuous payoffs at maturfty,
the stock holding in the replicating portfolio can oscillate wildly close to maturity.
Do you see this phenomenon if the payoff is continuous?

Pay-later option This option, also known as a contingent premium option, is a
standard European option except that the buyer pays the premium only at maturity of
the option and then only if the option is in the money. The premium is chosen so that
the value of the option at time zero is zero. This option is equivalent to a portfolio
consisting of one standard European call option with strike K and maturity 7 and
—V digital call options with maturity 7" where V is the premium for the option.

(a) What is the value of holding such a portfolio at time zero?
(b) Find an expression for V.

(c) If a speculator enters such a contract, what does this suggest about her market
view? '

Ratchet option A two-leg ratchet call option can be described as follows. At time
zero an initial strike price X is set. At time Tp > O the strike is reset to St,, the value
of the underlying at time Tp. At the maturity time 77 > T the holder receives the
payoff of the call with strike Sz, plus S7, — ST if this is positive. That is, the payoff
is (S, — S1p)+ + (S — KD+

If (S7, — K) is positive, then the intermediate profit (S, — K )4 is said to be ‘locked
in’. Why? Value this option for 0 < ¢ < 77.
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Chooser option A chooser option is specified by two strike prices, Ky and K, and
two maturity dates, 7j < T1. At time Ty the holder has the right to buy, for price K,
either a call or a put with strike K 1 and maturity 7.

What is the value of the option at time 7p? In the special case Ky = 0 use put—
call parity to express this as the sum of the value of a call and g put with suitably
chosen strike prices and maturity dates and hence find the value of the option at time
ZEr0.

Options on futures In our simple model where the riskless rate of borrowing is
deterministic, forward and futures prices coincide. A European call option with strike
price K and maturity Ty written on an underlying futures contract with delivery date
11 > Ty delivers to the holder, at time 7y, a long position in the futures contract and .
an amount of money (F (7, 1) — K),, where F (To, Ty) is the value of the futures
contract at time 7p. Find the value of such an option at time zero.

Use the method of Example 6.2.3 to find the value of a put-on-put option.

By considering the portfolio obtained by buying one call-on-put and selling one
put-on-put (with the same strikes and maturities) obtain a put—call parity relation
for compound options. Hence write down prices for all four classes of compound
option.

Let {¥;};>0 be given by Yy = bt + X, where b is a constant and {X,};5¢ is a Q-
Brownian motion. Writing ¥Y*(¢) = max{¥, : 0 <u < t}, find the joint distribution
of (Y7, Y*(T)) under Q.

What is the value of a portfolio consisting of one down-and-in call and one down-
and-out call with the same strike price and maturity?

Find the value of a down-and-out call with barrier ¢ and strike K at maturity 7' if
c>K.

One approach to finding the value of the down-and-out call of Example 6.3.6 is to
express it as an expectation under the martingale measure and exploit our knowledge
of the joint distribution of Brownian motion and its minimum. Alternatively one
can solve the partial differential equation directly and that is the purpose of this
exercise.

(a) Use the method of Exercise 7 of Chapter 5 to transform the equation for the price
into the heat equation. What are the boundary conditions for this heat equation?

(b) Solve the heat equation that you have obtained using, for example, the ‘method
of images’. (If you are unfamiliar with this technique, then try Wilmott, Howison
& Dewynne (1 995).)

(¢) Undo the transformation to obtain the solution to the partial differential equation.
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EXERCISES

An American cash-or-nothing call option can be exercised at any time ¢ € [0, T']. If
exercised at time ¢ its payoff is

1 ifS =K,
0 ifS; <XK.

When will such an option be exercised? Find its value.

Suppose that the down-and-in call option of Example 6.3.5 is modified so that if the
option is never activated, that is the stock price never crosses the barrier, then the
holder receives a rebate of Z. Find the price of this modified option.

A perpetual option is one with no expiry time. For example, a perpetual American
cash-or-nothing call option can be exercised at any time. If exercised at time ¢, its
payoffis 1if S; > K and 0 if S; < K. What is the probability that such an option is
never exercised?

Formulate the price of a double knock-out call option as a solution to a partial dif-
ferential equation with suitably chosen boundary conditions. Mimic your approach
in Exercise 16 to see that this too leads to an expression for the price as an infinite
sum.

Calculate the value of an Asian call option, with strike price X, in which the average
of the stock price is calculated on the basis of just two sampling times, 0 and 7,
where T is the maturity time of the contract.

Find an expression for the value of the corresponding contract when there are three
sampling times, 0, T/2 and T.

Suppose that {S;};>0 is a geometric Brownian motion under P. Let 0 <.7; < # <
.+ + < t, be fixed times and define

n 1/n
Gn = (H St,.> :
i=1

Show that G, has a lognormal distribution under IP.

An asset price {5;};>0 1s a geometric Brownian motion under the market measure P.

Define
1 T
Yr =exp (—— / log S; dt) .
T Jo

Suppose that an Asian call option has payoff (Y7 — K)4+ at time 7. Find an explicit
formula for the price of such an option at time zero.

Use an arbitrage argument to show that if V (0, Sp) is the fair price of an American
put option on non-divident-paying stock with strike price K and maturity T, then
writing 77 for the set of all possible stopping times taking values in [0, T']

V(0, So) = sup EQ [ (K — 51, | Fo].-

relr
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25  Consider the value of an American put on non-dividend-paying stock. Show that
if there were a discontinuity in the option value (as a function of stock price) that
persisted for more than an infinitesimal time then a portfolio consisting entirely of
options would offer an arbitrage opportunity.

Remark: This does not mean that al] option prices are continuous. If there is an
instantaneous change in the conditions of a contract (as in multistage options) then
discontinuities certainly can occur.

26 Find the value of a perpetual American call option on non-dividend-paying stock.




