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a+ bt
o]qb(«/fx) dx+1-190 <7> )
 and deduce that

E>+1—®V<ajfbt>.
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wing are (P, {]-}},Zo)—martingales?

associated to a standard P-Brownian
6.3 can be rewritten as ‘

V, — —12—62_9) 14, forallAeZs.

provide another proof that {Wt2 — t}>0
- the following are also @, {Fi}r=0)-

e that the real random variable T @ & —
e measure P. Define {X¢}:=0 by

T(w) =1,

T(w) #t.
th respect to its own filtration. [Hint:
within a random variable that is almost

1e Optional Stopping Theorem fails.

g times of levels a and b respectively of

n s not necessarily zero (see the remarks

< b then
_b=x)
T -a)

= X

fing result for random walk, cf. Propost-

. T, A Tp. Prove that ifa <0 < bthen

- 0] = —ab.

4 Stochastic calculus

Summary

Brownian motion is clearly inadequate as a market model, not least because it would
predict negative stock prices. However, by considering functions of Brownian motion
we can produce a wide class of potential models. The basic model underlying the
Black—Scholes pricing theory, geometric Brownian motion, arises precisely in this
way. It will inherit from the Brownian motion very irregular paths. In §4.1 we
shall see why a stock price model with rough paths is forced upon us by arbitrage
arguments. This is not in itself sufficient to justify the geometric Brownian motion
model. However in §4.7 we provide a further argument that suggests that it is at
least a sensible starting point. A more detailed discussion of the shortcomings of the
geometric Brownian motion model is deferred until Chapter 7.

In order to study models built in this way, we need to develop a calculus based
on Brownian motion. The Itd stochastic calculus is the main topic of this chapter. In
§4.2 we define the Itd stochastic integral and then in §4.3 we derive the corresponding
chain rule of stochastic calculus and learn how to integrate by parts.

Just as in the discrete world, there will be two key ingredients to pricing and
hedging in the Black—Scholes framework. First we need to be able to chaﬁge the
probability measure so that discounted asset prices are martingales. The tool for
doing this is the Girsanov Theorem of §4.5. The construction of the hedging portfolio
depends on the continuous analogue of the Binomial Representation Theorem, the
Martingale. Representation Theorem of §4.6.

Again as in the discrete world, the pricing formula will be in the form of the
discounted expected,value of a claim. Black and Scholes obtained this result via a .
completely different argument (see Exercise 5 of Chapter 5) in which the price is
obtained as the solution of a partial differential equation. The connection with the
probabilistic approach is via the Feynman—Kac stochastic representation formula of

. §4.8 which exposes the intricate connection between stochastic differential equations

and certain second order parabolic (deterministic) partial differential equations.
Once again our coverage of this material is necessarily rather sketchy. Even
so readers eager to get back to some finance may wish to skip the proofs in this
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chapter. There is no shortage of excellent stochastic calculus texts to refer to.
suggestions are included in the bibliography.

Stock prices are not differentiable

Figure 4.1 shows the Microsoft share price over 6% year and 1 year peri
certainly doesn’t look like a particularly nice function of time. Even over
time scales, the path followed by the price looks rough. There are many sta
studies that investigate the irregularity of paths of stock prices. In this secti
explore through a purely mathematical argument of Lyons (1995) just how
paths of our stock price model should be, at least under the assumption that s
trade continuously without incurring transaction costs and, as usual, that there
arbitrage opportunities. We continue to suppose that our market contains a r.

cash bond.
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4.1 STOCK PRICES ARE NOT DIFFERENTIABLE

First we need a means of quantifying ‘roughness’. For a function f : {0, 7] — R,
its variation is defined in terms of partitions.

Definition 4.1.1 Letw bea partition of [0, T'|, N () the number of intervals that
make up = and 8 () be the mesh of w (that is the length of the largest interval in the
partition). Write 0 =ty < t1 < --- < ty@) = T for the endpoinis of the intervals of
the partition. Then the variation of f is

N(m)
lim | sup £ = F-Dl |
=0 {n:S(n’):(S ]2:‘; 76 =)l

If the function is “nice’, for example differentiable, then it has bounded variation. Our
‘rongh’ paths will have unbounded variation. To quantify roughness we can extend
the idea of variation to that of p-variation.

Definition 4.1.2 In the notation of Definition 4.1.1, the p-variation of a function
f 10, T] — Ris defined as

N(m)
lim | sup F@e) = Fa-0l°t
§—=0 {71’:8(71)———8 ; l / / l '

Notice that if p > 1 the p-variation will be finite for functions that are much rougher
than those for which the variation is bounded. For example, roughly speaking, finite
2-variation will follow if the fluctuation of the function over an interval of order 4 is

order «/-5 .

We now argue that if stock prices had bounded variation, then either they would be
constant multiples of the riskless cash bond or (provided we can trade continuously
and there are no transaction costs) there would be unibounded arbitrage opportunities.
In the discrete time world of Chapter 2 we showed (equation (2.5)) that if a
portfolio consisting of ¢; 1 units of stock and ;11 cash bonds over the time interval
[i8¢, (i + 1)8¢) is self-financing, then its discounted value at time N&z = T is
B N-1 . -
Tn=Vot 3 i (Sm1—5). @.1)
=0

Here ¢ is known at time j§t, but is typically a function of § ;. In our continuous
world, we can let the trading interval 87 tend to zero and, if the discounted stock price
process has bounded variation, as 8¢ | O the Riemann sum in (4.1) will converge to
the Riemann integral . v
[ o545,
where ¢, denotes our stock holding at time 7. This says that for any choice of
{#¢()}o<r<T, We can construct a self-financing portfolio whose discounted value at
time T is
T -~ ~
Vot [ 6
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4.2

A differential

equation for

the stock
price
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Now choose a differentiable function F(x) that is small near x = Sp and ve
everywhere else. Then by investing F(Sp) at time zero and holding a self-fis
portfolio with ¢ (S;) units of stock at time ¢, where ¢(x) = F'(x), we ge1
portfolio at time 7' whose discounted value is

T
F(So) + / F$d5,,
0

which, by the Fundamental Theorem of Calculus, is F (S’T).

We only have to wait for the discounted stock price to move away fror
generate a lot of wealth. For example, the strategy that holds <.§t - S’o> 1
stock at time ¢ generates

T
o7 f (5, — 50)d5, = &7 (51 - o)’ ‘
0 N

units of wealth at time T (where we have multiplied by ¢’ to ‘undo’ the di
ing).

In the absence of arbitrage then we do not expect the paths of our stock |
have bounded variation. In fact, as Lyons points out, arguments of L. C Young
this. Again assuming continuous trading and no transaction costs, if the path
stock price have finite p-variation for some p < 2, then there are arbitraril
profits to be made. :

Stochastic integration

The work of §4.1 suggests that we should be looking for models in wh
stock price has infinite p-variation for p < 2. A large class of such models
constructed using Brownian motion as a building block, but this will require
calculus. The paths of Brownian motion are too rough for the familiar Nev
calculus to help us and, indeed, if it did the Fundamental Theorem of Calculus
once again lead us to discard Brownian motion as a basis for our models.

The processes used to model stock prices are usually functions of one o
Brownian motions. Here, for simplicity, we restrict ourselves to functions
one Brownian motion. The first thing that we should like to do is to write «
differential equation for the way in which the stock price evolves.

Suppose that the stock price is of the form S; = f (¢, W;). Using Taylor’s Tl
(and assuming that f at least is ‘nice’),

F(t 480, Weps) — FE W) = 8tf (8, W) + OG1%) + Wewse — W) f'
1
oy Waar = W2 £/ &, W) + -+
where we have used the notation

. 2
ft,x) = Z—]:(t,x), Flit,x) = g—i(r,x) and f"(t, x) = %(r,x).
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S, = f(t, W;). Using Taylor’s Theorem

iuadratic

ariation

D+ OB + (Wepse — W) (6, Wo)

+8t — Wt)2 e, w4 -

2
t,x)and f7(t, x) = %—;J;(t,x).

4.2 STOCHASTIC INTEGRATION

Now in our usual derivation of the chain rule, when {W;}s>0 is replaced by a bounded
variation function, the last term on the right hand side is order O (8¢%). However, for
Brownian motion, we know that E[(W; s — W,)?] is 8¢. Consequently we cannot
jgnore the term involving the second derivative. Of course, now we have a problem,
because we must interpret the term involving the first derivative. If (Wrysr — Wy)?
is O(81), then (Wii5 — W;) should be O (+/8t), which could lead to unbounded
changes in {S;};>0 over a bounded time interval. However, things are not hopeless.
The expected value of W;ys; — W is zero, and the fluctuations around zero are on
the order of +/3¢. By comparison with the Central Limit Theorem, it is plausible that
S, — So is a well-defined random variable. Assuming that we can make this rigorous,
the differential equation governing S; = f (¢, W;) will take the form

ds; = f@, Wpdt + f/(W)dW; + %f”(W;)dt.

It is convenient to write this in integrated form,

t 4 T
S = So+ / F(5, Wy)ds + / FOW)dW; + / SFIWods. @42)
0 0 0

In order to make sense of a calculus based on Brownian motion, we must find
a rigorous mathematical interpretation of the stochastic integral (that is, the first
integral) on the right hand side of equation (4.2). The key is to study the quadratic
yariation of Brownian motion.

For a typical Brownian path, the 2-variation will be infinite. However, a slightly
weaker analogue of 2-variation does exist.

Theorem 4.2.1

[0, T] define

Let W, denote Brownian motion under P and for a partition 7 of

N (@)

: 2
S(r) = Z ‘ij - ij—x) :
j=1
Let 1, be a sequence of partitions with 8 (7r,) — 0. Then

E [15(71,,) _ T|2] -0 (4.3)

asn — 00,

We say that the quadratic variation process of Brownian motion, denoted by
{[W1}i>0,18 [W]; = t. More generally, we can define the quadratic variation process
associated with any bounded continuous martingale.

Definition 4.2.2 Suppose that {M;}s>0 is a bounded continuous P-martingale.
The quadratic variation process associated with {M};>0 is the process {IM1:}s0

such that for any sequence of partitions 7t of [0, T1 with 8(my) — 0,

N(m)
E[

2

> My =My [T = [M]r
j=1

Remark: We don’t prove it here, but the limit in (4.4) will be independent of the

sequence of partitions. : o

4.4

2
}—>O asn — 00.
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Proof of Theorem 4.2.1: We expand the expression inside the expectation in 4.3)
make use of our knowledge of the normal distribution. Let {z,, j};\]:(g”) denote
endpoints of the intervals that make up the partition 7. First observe that

N () 5 2
0 W) Wi = (o))
j=1

NeSEVIEE

. . . 2
It is convenient to write 8, ; for |th’j — th,j_1| = (tn,j = tn,j—1)- Then

N(mn)
ISGra) = TP = Y, 8 ;+2) dnjduk .
j=1

Jj<k
Note that since Brownian motion has independent increments,
E [, 00k =E[0n;]E[8ni] =0  ifj #k
Also
E[‘Srzu] = ]E[‘th,j = Wi i I*
| — AWy, = Woy o Pl = tnj=1) + U j = n, 1)

For a normally distributed random variable, X, with mean zero and variance A,
Exercise 5 of Chapter 3, E[|X|" = 322, so we have

SRR 4

E[s;;] = 3 (tnj =t j1)” =2 () = tnje1)” + (bnj = tauj=1)
= 2(tnj — b))

‘ < 23(71'”) (tn,j - tli,j“l) .

Summing over j

5 N(rq) .
E [’S(nn) - Tl ] = 2 8(77:71) (tn,j - Z71,]'—1)
i j=1
= = 28(m)T
| A ] - 0 asn — 00.

e Integrating This result is not enough to define the integral fOT £ (s, Wy)dW; in the classical
L Brownian but it is enough to allow us to essentially mimic the construction of the (Lebes
‘ | motion integral, as limits of integrals of simple functions, at leaSt for functions for w
o against itself fOT E[f%(s, Ws)]ds < oo, provided we only require that the limit exist in a
| ~__ sense. That is, if {f (”)},121 is a sequence of step functions converging to f,
i f(; £ (s, Wy)dW; will be a random variable for which

‘|

2
}—>O asn —> o0.

4 t )
/ (s, Wy)dWs — / F@ (s, Wod W
0 [}
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have

=t jr) (g = tnjm)”

) .
8(wn) (ta,j — tn,j-1)

YT
asn — 00.

-
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. . . |
ic the construction of the (Lebesgue) Jmegra
10ns, at ]eaét for functions for which
require that the limit exist in an L?

step functions converging to f, then
-which

(a)

/s)dWs

2
i|—>0 asn — o0.

4.2 STOCHASTIC INTEGRATION

This corresponds to replacing the notion of 2-variance by that of quadratic variation
in Definition 4.2.2. '

Although the construction of the integral may look familiar, its behaviour is far
from familiar. We first illustrate this by defining f§ Wsd W;.

From classical integration theory we are used to the idea that

N(@r)—1

5(;111)%0 j;) F, %) (xfj+1 - xy) -

T
/0 F (s, xs)dxs 4.5)

Let us define the stochastic integral in the same way, that is

T N@m)-1
A .
/0 WsdWs = B(E)IE)O E o: Wy (Wipy = W)
]:

but now with the caveat that the limit may only exist in the L? sense.
Consider again the quantity S(r) of Theorem 4.2.1.

=
N

(¢

S0 (Wi~ W)’

N

N(r)
= {(Wf% - W’%—l) —2W, (ij - ij—l)}
j=1
N@r)—1
= WE-Wi—-2 > Wy (Wi, — W)
j=0

The left hand side converges to T as §(7r) — 0 (by Theorem 4.2.1) and so letting
§(m) — 0 and rearranging we obtain

/OT WMWQ:%(W%——W&—T).

Remark: Notice that this is nor what one would have predicted from classical
integration theory. The extra term in the stochastic integral arises from

lims(z)—0 S(T). &

In equation (4.5), we use f(t;, xt;) tO'approximafte the value of f on the interval
(tj, tj+1], but in the classical theory we could equally have taken any point inside -
the interval in place of t; and, in the limit, the result wextd have been the same.
In the stochastic theory this is no longer the case. In Exercise 3 you are asked to
calculate two further limits: )

N@m)—1 ¥
5%“_1)0 Z Wi (ij+1 - Wf/)’

j=0 t
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N@)—1 Wt -+ Wt ’ :
- i j+1 S

S0 ]z::o (~2—) (W = W),
By choosing different points within each subinterval of the partition with wh
approximate f over the subinterval we obtain different integrals. The [0 integ
a function f (s, Ws) with respect to W; is defined (up to a set of P-probability
as '

T N(r)—1
' /0 fs, W)dWs = 5(}[1)m_)0 ;} F@y, W) (Weypy — Wey) -

* The Stratonovich integral is defined as

Integrating
simple
functions

: T
/ f(s, Ws) 0dW, = lim
0 .

N (f(zj, We) + f (41, Wz,.H)) W |
S

8(m)—0 £ 2

1
Both limits are to be understood in the L? sense. The Stratonovich integral h:
advantage from the calculational point of view that the rules of Newtonian cal
hold good; cf. Exercise 8. From a modelling point of view, at least for our pury
it is the wrong choice. To see why, think of what is happening over an infinite
time interval. We might be modelling, for example, the value of a portfolic
readjust our portfolio at the beginning of the time interval and its change in
over the infinitesimal tick of the clock is beyond our control. A Stratonovich 1
would allow us to change our portfolio now on the basis of the average of two 1
depending respectively on the current stock price and prices after the next tick
clock. We don’t have that information when we make-our investment decisions
We are simply reiterating what was said in the discrete world. The composit:
our portfolio was previsible. We make an analogous definition in continuous ti

Definition 4.2.3 Given a filtration {F;};>0, the stochastic process {X;},

AFt}r>o-previsible or {F;};»0-predictable if X; is F,_-measurable for all t wh

]—‘,;E Ufs.

s<t

P
Remark: If {X;};>0 is {F;};>0-adapted and left continuous (5o, in particular, i
continuous) then it is automatically predictable.

In our Itd stochastic integrals the integrand ‘will glways be predictable.

We have evaluated the Itd integral in just one special case, when the integrand is
Brownian motion. We now extend our repertoire in the same way as in the cla
setting by first considering the integral of simple functions. Throughout we as
that {W}};>0 is a P-Brownian motion generating the filtration {F;};>0.
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4.2 STOCHASTIC INTEGRATION

Definition 4.2.4 A simple function is one of the form

fls,0) =Y a(@1g(s),
i=1

where . -
L=Gisial JE=0T. LnL=@ifi#]
i=1
and, foreachi =1,...,n,a; : Q@ = Risan Fy -measurable random variable with

Ela: (w)?] < oo.

Remark: We have temporarily abandoned our convention of not mentioning 2.
However, this notation has the advantage of capturing both of the key examples that
we have in mind, namely a; a function of Wy, and a; a function of {W; }o<r<s;- We
continue to suppress dependence of {Ws}o<s<7 On @ in our notation. O

Warning: We have defined simple functions to be {F¢};>o-predictable. Some
texts would call such functions simple predictable functions.

If f is a simple function, then so is f (s, @)1o,¢1(s). We define

.
/o fs, w)dW; =/f(s,w)1[o,r](S)dWs.

Following (4.6),
t . . n
[ 76 00w, 2 a0 (W = W)
i=1

Now, just as for classical integration theory, for a more general (predictable) function,
f, we find a sequence of simple functions {f (”)}nz { such that /™ — f asn — o0
and define the integral of f with respect to {W;}o<s<: to be limy—co f f M (s, w)d W,
if this limit exists. This won’t work for arbitrary f. The next lemma helps identify a
space of functions for which we can reasonably expect a nice limit.

Llemma 4.2.5 Suppose that f is a simple function; then

the process

t
/ f(s, w)dWs
0

is a continuous (IF’, {Ft}tzo)-martingale,

2 t
E [(/Otf(s,a))dW5> } =/0 E[f(s, »)*]ds,
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2 T
Lsgg (f fs, m)dW) } /0 E[f (s, ®)*]ds

Remark: The second assertion is the famous /16 isometry. It suggests that we
be able to extend our definition of the integral over [0, ¢] to predictable functio:
that fot E[f (s, w)?]ds < co. Moreover, for such functions, all three assertions
remain true. In fact, one can extend the definition a little further, but the integr
then fail to be a martingale and this property will be important to us.

Before proving Lemma 4.2.5 we quote a famous result of Doob.

Theorem 4.2.6 (Doob’s inequality) If{M;}o<i<T is a continuous martinga

0=<t=T

]E‘: sup M?:l < 4IE[M%]

The proof of this remarkable theorem can be found, for example, in Ch
Williams (1990).

Proof of Proof of Lemma 4.2.5.: The proof of the first assertion is Exercise 5 ¢
third follows from the second by an application of Doob’s inequality, so we ¢
ourselves to proving the second statement.

We simplify notation by supposing that, in the notation of Definition 4.2.4

n

Fs, 0)1p,a() = Y ai(@)15(s)

i=1
where the intervals I; are disjoint and | J_; I; = (0, ¢]. By our definition we

t n
‘/O f(s, 0)dWs = Zai () (Wsi_H - Ws)
. i=1

and so

I? [(/;f(& w)dWs

n 2
E < a;i (@) Ws,_H Ws, ))

3

Il

(a)) (W51+1 Wsi) :l

l 1

+ 2K l:z ai(w)aj(w) (WSm - Wfi) (W$j+1 -

i<j

Suppose that j > i; then by the tower property of conditional expectations
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found, for example, in Chung & .

first assertion is Exercise 5 and the
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e notation of Definition 4.2.4,
1 ()1, (s)
= (0, £]. By our definition we have

) (WSi+1 - WS)

(@) (Wsi+1 - WSi) (W§j+1 - WSJ):l

of conditional expectations

Construction
of the 1td
integral

4.2 STOCHASTIC INTEGRATION
E (o (@) @) (Wasey = W) (Weyas = Wo,)]
= E [a:(@)a; (@) Wy, = W) E[ Wy = W) F5;]] = 0.
Moreover,
E[a2@) (W = Wo)?] = B[@E[ (Way, — W)’ | 7]
= E [aiz(a)):l (si41 =51

Substituting we obtain

" 2 n
E[(/O f(s,a))dWs> } ZE[a?(w)] (Si41— Si)

i=1

_ /Ot]E[f(s,w)z:lds

as required. 0

Notation: We write Hr for the set of functions f : R4 x © — R for which
F{t, w)is {F;}s>0-predictable for 0 <t < T and

-/OTIE[f(s,w)Z]ds < 0.

This will be our class of integrable functions. We proceed as advertised: approximate
a general f € Hr by a sequence of simple functions, {f (M},>1, and define

t ¢
/ f(s, w)ds & lim / FD (s, w)dWs.
0 n—»0o0 0
The following theorem confirms that this really works.
Theorem 4.2.7 Suppose that {W;}s>0 is a P-Brownian motion and let {Fi}i=0

denote its natural filtration. There exists a linear mapping, J, from Hr to the space
of continuous (IP’, {fz}tzo)—martingales defined on [0, T such that

if fissimpleandt <T,
' t
1= [ fs araws,
. 0

ift <T, t
| CE[T(H] =/0 E[f(s, 0)*]ds,

‘‘‘‘‘‘‘‘
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T
}Eli sup J(f)f} < 4/ E[f (s, w)?]ds.
0=<t<T 0

Proof: By Doob’s inequality, the last part follows from the second once
that {J(f):}o<s<r is a P-martingale. To define J and prove the first two as
we follow the approximation procedure outlined above.

Let {f (”)}nz 1 be a sequence of simple functions such that !

[

Since the difference of two simple functions is simple, by Lemma 4.2.5

£, @) — s, w)'zds:l 50 asn— oo.

. .
E[sup (J<f<”>>t—J<f<'">>t)2J < 4 / E[ff(”)(s,w)—f(’”)(s,:
0

0=<t<T

-~ 0 asn,m— oo.
We now define J(f); to be limy— o0 J(f™),. From (4.7) the limit exists

for 0 <t < T, except possibly on a set of P-probability zero, where we set .
be identically equal to zero. Moreover,

. 1 t
CE[7(HF] = lim E[J(f™)?] = lim / E[f(">(s,w)2]ds:/ E[f(s, ¢
n—00 n—>c0 0

0
It remains to check the martingale property.

Now by Jensen’s inequality (stated in Fxercise 16 of Chapter 2), whict
equally well for conditional expectations,

E UE EEASAEA R AN GAES ’

) i
] = E[B[J(D)~s(p)

2

< E[E [If(f(”))r - (P

]

= E||[7¢™) - 15

— 0 asn— co.

So using
I =E[1(FP| 7]
and taking limits »
E[(/(s ~ELI(A F1)] = 0.
This implies

J(f)s =E[J(f):| Fs] with P-probability one.

This is almost the martingale property but we want to remove the ‘almost ¢
qualification. To do this choose a version of J(f) such that the martingale pr
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E[f(s, w)*] ds.

ows from the second once we know
J and prove the first two assertions,

d above.

ions such that

Ys}—>0 asn — oo.

simple, by Lemma 4.2.5

T
"k Uf(”)(s, w) — FM s, a))ﬂ ds
0 Jther

asn,m —> OO. (4.7) ntegrators

From (4.7) the limit exists uniformly
obability zero, where we set J(f); to -

F) (s, wy*]ds = /IE[f(s, w)?] ds.
0

rcise 16 of Chapter 2), which works

all
gl

E|E[J(F™) = I (P

2

E E[]J(f@)t — I (P

|

E

i T(F™y, — J(f)s

0 asn — oo.

f<n))t

7
171)°] =0.

th P-probability one.

e want to remove the ‘almost surely’
(f) such that the martingale property

4.2 STOCHASTIC INTEGRATION

holds for all 5,7 € @ (we can do this by redefining J(f) on a set of P-measure
zero). Since J(f) is a uniform limit of continuous functions (or identically zero) it
is continuous and so with this definition the martingale property holds for all s, ¢ as
required. a

Definition 4.2.8 For f € Hr, we write

J(F) = /O (s, )dW,

and call this quantity the Itd stochastic integral of f with respect to {W:i}iso.

Notice that J( f) really does agree with the prescription (4.6) except possibly on a
set of P-probability zero.

We have defined the stochastic integral with respect to Brownian motion. An easy.
extension is to any process {X;};>o that can be written as X; = W; + A, where
{W;}s>0 is Brownian motion and {A;};>0 is a confinuous process of bounded
variation. In that case we can define the integral with respect to {X;}r>0 as the sum
of two parts: the integral with respect to the Brownian motion plus that with respect
to {Ar}r>0. The latter exists in the classical sense. We can also replace Brownian
motion by other martingales and that is our next goal.

Suppose that {M};>0 is a continuous (P, {F;};»0)-martingale with E [M?] < o0
for each ¢ > 0. By analogy with the It6 integral with respect to Brownian motion,

for a simple function
n

Fls @) =) ai(@1g(),

i=1

we define ,

/ f(Si w)dMS £ Zai (CO) (Msi+1 - M.S'i) .

i=1
Passing to limits we can then define

t
TM(f) = fo fls, w)yd M

forall f € H% where H¥ is the set of predictable functions f : Ry X R — R such
that

T
/ E[f (s, w)*]d[M]s < co.
0

By redefining J M ( £) to be zero on a set of P-measure zero if necessary, we obtain
the following analogue of Theorem 4.2.7.

Theorem 4.2.9 Assume that {M;};>0 is a bounded continuous (P, {F:}i=0)-
martingale with E [M,z] < o0 for each t > 0. Then there exists a linear mapping
I from HTM to the space of continuous (P, {F;}e>0)-martingales defined on [0, T

such that
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if f is simple, then

t
JM(f)r=/O f s, 0)dM; =/f(s,w)1[o,z}(5)a’Ms,

as defined above,
ift<T
t
B[/M(}]=E [ /0 £, w)zd[M]s} ,

where {[M];}1>0 is the quadratic variation process associated with {M;};>0, an

T
E[ sup JM(f)?} <4E [ /O f(s,w)zd[M]s].

O=<r<T

Except possibly on a set of P-probability zero,

t N(r)—-1
dM. = 1 i M.  —M.).
/O Fs )M, = lim ; Fists ) (Myy, — My)

We can now extend the definition still further to define the integral with respe:
ény process { X, };>( that can be written as X; = M; + A, fora continuous martin
{M;}=0 (with E [M?] < c0) and a process {A;};>0 of bounded variation. '

We’ll exploit this greater generality in proving Lemma 4.2.11, a useful result
tells us that martingales of bounded variation are constant.

Definition 4.2.10 Suppose that {M;}:>¢ is a continuous martingale and {A;
is a process of bounded variation; then the process {X,};»q defined by X; = M, -
is said to be a semimartingale.

A continuous semimartingale is any process that can be decomposed in this wa
we insist that Ag = 0 then the decomposition is unique.

Warning: Strictly we should replace ‘martingale’ by ‘local martingale’ ©
Definition 4.2.10. See, for example, Ikeda & Watanabe (1989) or Chung ¢
Williams (1990) for a more general treatment.

Lemma 4.2.11 Let {As}o<e<T be a continuous (P, {Fi}o<s<r)-martingale -
E[A?] < oo for each 0 < t < T.If {As}o<t<r has bounded variation on [0, T]

P[A; = Ao, vVt €[0,T]] = 1.

Proof: Let A; = A; — Ao. Since {At}OStsT is a continuous process of bour
variation we can define the integral fol AgdA; in the classical way, and by
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Fundamental Theorem of Calculus,

4
A2 A2 _ A2 iR
A, —Ag=A; = 2/0 AsdAs.
The integral will be the same whether viewed as a classical or as a stochastic integral
and so Theorem 4.2.9 tells us that it is a martingale and hence

t
E [2/ Asdés} =0.
0
Thus E[A 22] — 0 for all ¢ and so by continuity of {A;}o<;<T P[At = 0,vt €
[o, T]] 1 as required. O

Ito’s formula

Having made some sense of the stochastic integral, we are now in a position to
establish some of the rules of It stochastic calculus. We begin with the chain rule
and some of its ramifications.

af af

Theorem 4.3.1 (1t6’s formula) For f such that the partial derivatives =;, 5~ and

2
0 f exist and are continuous and € H, almost surely for each t we have

3x2

I3
/ 2 (s, W + / U s wods
0 as

a*f
- fo S (s, Wy)ds.

f(t, W) — £(0, Wo)

Notation: Often one writes 1t6’s formula in differential notation as

. 1
df(t, We) = f/(t, WDdW; + (&, Wdr + —2-f”(t, Weds.

Outline of proof: To avoid too many cumbersome formulac, suppose that f, = (. (The
proof extends without difficulty to the general case.) The formula then becomes
1 82 f
W) — f(Wo) = _(Ws)dWS 2/ =5 (Wy)ds. (4.3)
Let 7 be a partition of [0, #] and as usual write #;, #; 41 for the endpoints of a generic
interval. Then

N(@r)—1

FOW) = FWoy = D (FWyy) = F(Wy)) -

j=0
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We apply Taylor’s Theorem on each interval of the partition.

N(m)—1 N@r)—-1
FOW) = FWo) = D F'We) Wy = W)+ 5 D 1) (Weyes = W
j=0 =0

for some points &; € [Wtj AWy, Wiy v Wi, +1]. By continuity of the Brow
path, we can write this as

N(@)~1 N(m)—1

1
f(Wl‘) - f(WO) = Z fl(Wtj)(Wtj+1 - Wl‘j) + E Z f//(an)(le+1 - ¥
j=0 .

=0

where n; € [£;,¢;11]. We rewrite the second term as

N(m)—1 )
(f,/(Wtj) + 6]) (Wtj+1 - Wl‘j) i

N =

j=0
where ¢; = f"(Wy;) — (W),

2
A special case: Suppose that %—x% is bounded. Then, for each fixed T, since 7

2
, g—ng (W,) is uniformly continuous on [0, T1, sup; €; — O as the mesh of the part
tends to zero. Now we mimic our proof of Theorem 4.2.1.

N(o—1 2

E Z f//(Wl‘j) ((Wtj+1 — W;j)z — (tj+1 - Z‘j))
=0 .

N@)—1 : X 5
= w8 G (- = =)
i=0

N

/

=+ 2El: Z f”(WIi)f”(Wtj> ((Wl‘,‘+1 - Wti)2 - (ti—!—l - ti)

) O<i<j<N{m)—1
‘ ‘ :i ’ ‘ X ((Wl‘j_H - Wtj)Z — ([]"f‘l _— t])) :| !

[ Exactly as before, conditioning on F;; and using the tower property of conditi

‘ : 2
i , expectations, coupled now with boundedness of 97 shows that the right hand

577
| of (4.9) tends to zero as the mesh of the partition tends to zero.
Finally, using that
g N(m)—1 t s
L af af
. Z -é;(sz) (Wtj+1 - Wtj) - /0 —a-;(Ws)dWs,
P . j=0

. 2
and exploiting continuity, we see that if g—xf; is bounded, the formula (4.8)
except possibly on a set of P-measure zero.
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N@@)—1 )
' Z f1ED (Wl‘fﬂ - ij) |
erd
By continuity of the Brownian
N@@)—1
) Z f//(an)(Wtj+1 - Wtj)za
* =0
S
2
2 W’j) ’
n, for each fixed T, since r >
—» 0 as the mesh of the partition
n4.2.1.
2
-17))
2
~ (01— 1)) }
’ 2
(Wti_H - Wti) - (ti+1 — ti))
, .
(1 — rj)> ] 49)
Geometric

the tower property of conditional Brownian

2 .
;—x%, shows that the right hand side ~ Mt°"
tends to zero.

t af
> ——(WS>dW37
0 0x

bounded, the formula (4.8) holds

4.3 170?s FORMULA

2
The general case: In order to drop the assumption that %;Jzi is bounded, we can use

what is called a ‘localising sequence’. Let
7, = inf{t = 0: |Wil > n}.

Then replacing {Ws}s>0 by {Wsaz, }s=0, SINCE 83—1% is continuous, {%(WS ,\fn)} o
>
is uniformly bounded. Qur proof goes through with {W;}s>0 replaced by {Wsaz, }i;o

throughout. (Note that we need the fact that T, is a stopping time to make this work.)
The full result then follows by letting n — 00. a

For full details of the proof of 1t6’s formula, see, for example, Ikeda & Watan-
abe (1989) or Chung & Williams (1990).

Example 4.3.2 Use Ité’s formula to compute E[Wf].
solution: Let us define {Z;};>0 by Z; = W§. Then by 16’ formula
A7, = 6W3dW, + 15W/d1,
and, of course, Zg = 0. In integrated form,
Zi —Zo = /Ot 6W2dWs -+ fot 15Wids.

The expectation of the stochastic integral vanishes (by the martingale property) and
so

t
E(Z] = / 15E[W, ] ds.
0

Now from Exercise 5 of Chapter 3 (or Exercise 9 of this chapter), E (wi] = 3s2,
and so substituting

t
E[WS] = E(Z] =15 /0 a52ds = 1563.

O

The basic reference model for stock prices in continuous time is geometric Brownian
motion, defined by

S, = Spexp (vt + oW, (4.10)
where, as usual, {Wi}i=01s 2 standard P-Brownian motion. Applying Itd’s formula,

1
ds, = o S;dW; + (v + 5&) S,dt.

This expression i8 called the stochastic differential equation for S;. It is common
to write such symbolic equations even though it is the integral equation that makes

sense.
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lemma4.3.3 Writing u = v + o2/2, the geometric Brownian motion process
defined above is a (P, {Fi)e=0)-martingale if and only if p = 0. Moreover

E[S:] = Soexp (ut).

Proof: Writing the stochastic differential equatiori for geometric Brownian motion
in integrated form,

t 1 1
S, = So +/0 (v + 5(12) Sids +/ o S, dWs. (4.11)
Q0

Notice that {S;}r>0 is a (P, {F+}s=0)-semimartingale. Proving that it is a martingale
if and only if © = 0 amounts to proving uniqueness of the decomposition of a
semimartingale into a martingale and a bounded variation process in this special

case.

Suppose p = 0: The classical integral in (4.11) then vanishes. Since {S;}r>0 inherits
continuity from the Brownian motion and by (4.10) it is adapted, by the remark after
Definition 4.2.3 it is predictable and so by Theorem 4.2.7 the stochastic integral
in (4.11) is a martingale.

Suppose that {S;};>0 is a (P, {Ft}i>0)-martingale: Since the difference of two martin-
gales (with respect to the same filtration) is again a martingale, we see that {A;}s>0
defined by

' '
Ay =85 —So— / o S;gdWs = / uSsds
0 0

is a martingale. This classical integral has bounded variation and so by Lemma 4.2.11
with probability one it is equal to Ag = 0. Since S, > 0 for all s, it follows that

w=0.

The expectation: To verify the second claim, we take expectations in (4.11) and use
once again that the stochastic integral term is a mean Zero martingale to obtain

t t
E[S:]— So :EU MSSdS] :/ pE[S]ds.
0 0

(The interchange of time integral and expectation is justified by classical intégration
theory.) Solving this integral equation gives

E[S,] = Soexp (1)
as required. 7 O

It is convenient to have a version of Itd’s formula that allows us to work directly with
{S:}s>0 (so that we can write down a stochastic differential equation for f (¢, S¢)-
We now know how to make our original heuristic calculations rigorous, so with a
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clear conscience we proceed as follows:

J@H88, Sepse) — f(2,S0) & f(t, S8t + f/(t, St) (Sese — Sp)
+ %f”(t, St) (Seo0 — S1)°
A f(t, Spdt 4 f(t, SHdS,
+ %f”(r, S0 S7AW? + p?SPd? + 20 uSdW,dr).
Thatis
df(t, St) = f(t, Spdt + f'(z, S)dS; + % f7@, ot S,

where we have used the multiplication table

x y dw, dr
dw, | dr 0
dt 0 0

Writing this version of It’s formula in integrated form gives then

t t
£ 8 — 10, 50) = / 1, S)du + / U, s)ds.
0o ou 0 0x
1

t aZf
+ 5/0 W(u, Su)azSgdu
o) ra
/ —Z(u,Su)du+/ —f(u,Su)chuqu
0 au 0 ox
£ 1 [*a? ‘
+ /0 7, SouSudu+ /0 L, S0l

Warning: Be aware that the stochastic integral with respect to {S;};>¢ will
not be a martingale with respect to the probability P’ under which {W;},5¢ is
a martingale except in the special case when {S;};>¢ is a P-martingale, that is
when p = 0. To actually calculate it is often wise to separate the martingale
part by expanding the ‘stochastic’ integral as in the last line.

Example 4.3.4 Suppose that {Ss}s>0 is a geometric Brownian motion satisfying
dS; = puSidt + o S;dWs, (4.12)

where {W;}:>0 is standard Brownian motion under P. Calculate E [Sf] forn e N.

Solution: From our calculations above,

S; = exp (vt +oW;)




90

Lévy’s char-
acterisation
of Brownian
motion

STOCHASTIC CALCULUS

where v = p — 02/2. Thus {S'};>0 is also a geometric Brownian motion with
parameters v = nv and 0™ = no. By Lemma 4.3.3 we then have

1 i
E[S}] = S§ exp ((m} + En202> t) = S§ exp ((HM + —z—n(n - 1)02> t) .

4.13)

To gain some more practice with stochastic calculus, suppose that we did not know
how to express the solution to the stochastic differential equation (4.12) explicitly as
a function of {W;};>¢. An alternative approach to calculating E [S;’], which we now
sketch, is to apply Itd’s lemma.

. 1
d(s7) = nSpldS+ En(n — 1S 202524t
1
= S (n/,b + —in(n - 1)02> dt +no S;dw;.

Writing this equation in integrated form and taking expectations yields

t
E[st]-E[S] = /O (w + %n(n - 1)0—2) E[S7]ds.

This leads us once again to the expression (4.13). O
e

The Tt6 formula provides a quick route to a useful characterisation of Brownian

motion due to Lévy. We have seen that Brownian motion is a martingale. It is useful

to be able to identify when a martingale is in fact Brownian motion.

Theorem 4.3.5 Let (W, }o<:<T be a continuous (P, {FrYo<i<T)-martingale such
that WO = 0 and [W]t = ZfOr_O <t =< T. Then {WI}OSTST isa (P, {fl}OétST)_
Brownian motion.

Proof: “We must check that forany 0 <s <t < T, W; — Wy is normally distributed
with mean zero and variance ¢ — s and is independent of 7.

Let
92
Mte £ exp <9Wt - —2—l’> .o

Applying It6’s formula we see that {M;}o<i<r 1s @ (]P’, {f,}oStST)—martingale and
sofor0<s=<t<T, :
E { My

“LE =1
M, S]

Substituting and rearranging gives

E[exp (6 (W; — Wi)| ] = exp (%(i - 5)92> .

Since the normal distribution is characterised by its moment generating function, the
result follows. O
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Let us return to processes of the form Z, = f (¢, W;). Using It6’s formula
dz, = (f(t, W) + %f“(r, Wg) dt + f'(t, W)dW,.
Suppose that f is invertible; then we may write this as
dZ; = p(t, Zydt +-o(t, Z;)dW;. 4.14)

Definition 4.3.6 An equation of the form (4.14) for some deterministic functions
w(t, x) and o (¢, x) on Ry xR is called a stochastic differential equation for {Z;}¢>o0.

Tt is often easier to write down a stochastic differential equation for {Z;};>o than to
produce the function f(t, x) explicitly.

Warning: Just as for (Newtonian) ordinary differential equations, in general
a stochastic differential equation may not have a solution and, even if it does,
the solution may not be unique.

If the functions w(t,x) and o (¢, x) are, for example, bounded and uniformly
Lipschitz-continuous in x then a unique solution does exist, but these conditions
are certainly not necessary (see, for example, Chung & Williams (1990) and Ikeda
& Watanabe (1989) for more details).

Of course, we should really understand equation (4.14) in integrated form:

t t '
Zi—Zy = f wuis, Zg)ds + / o (s, Zs)dWs.
0 0
Tt is left to the reader to justify the following version of the It6 formula.
Theorem 4.3.7 If Z; = f(t, Wy) satisfies

dZ, = o, Z)dW: + pit, Zy)dt,

and
Yt = g(t7 ZI)7

for some twice differentiable functions f and g, then
1
dY; = g, Zodt + ¢'(t, Z)dZs + 58" (¢, Zo™(t, Zdi. (4.15)
Remarlk: Notice that

t
My =2y —Zop— / u(s, Zs)ds
0
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is a martingale with mean zero. From the It isometry, we know that its variance is

t
EM* ] =E U o(s, Zx)zds} :
¢l

The expression o2(t, Z,)dt appearing in (4.15) is just d[M]; where {IM1;}s>0 is the
quadratic variation associated with {M;}r>0.

If {Z;}s>0 is defined by Z; = M, + A; where {M,};>0 is 2 continuous martingale
with E [MIZ] < 0o and {A;}r>0 has bounded variation, then setting ¥; = g(¢, Z;) we
have

ay, =g, Z)dt + g'(t, Z1)dZ; + %g”(t, Z)d[M];.

In particular, by applying this to ¥z = M tz’ one shows (Exercise 15) that M? — [M);

is a martingale. - 0.

Even when a stochastic differential equation has a unique solution it is rare to be able
to express it in closed form as a function of Brownian motion. However, if this can
be done, then Itd’s formula provides a route to finding the solution.

Example 4.3.8 Solve
dX, = X)dt — X2dW;,  Xo=1. (4.16)
Solution: If X; = f(t, W), then
dX, = f(t, Wodt + f(t, W)dW; + %f”(t, Wy)dt,
and, substituting in (4.16),
dX; = f(t, W) dt — f(t, W)*aW;.
Equating coefficients we obtain

—Ft, W)? = (¢, W)

and .
f@, W)+ Ef”(t’ Wo) = f(t, W),

which yields '

t, =

f0) =
where ¢ is a constant. Using the initial condition, we find
¥ = 1

WL

Notice that this solution blows up in finite time. O
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4.4 INTEGRATION BY PARTS AND A STOCHASTIC FUB{N! THEOREM

Integration by parts and a stochastic Fubini Theorem

We shall need two more rules for manipulating stochastic integrals: the integration
by parts formula and a ‘stochastic Fubini Theorem’. The first is the product rule
of stochastic differentiation, the second is used to justify interchange of order of
stochastic and classical integrals.

Suppose that we have fwo stochastic differential equations:

dYt = /L(t, Y[)dt =+ U(Z, Y;)dW[,

dZt = /jL(Z',Zt)dZ' + &(t, Z[)th

We assume for now that these equations are driven by the same Brownian motion

{Wt}tzo-
Consider the (P, {F;};>0)-martingales defined by

t t
Mf:f o(s, Ys)dWs and Mf:/ & (s, Zs)dWs,
0 0

with associated quadratic variation processes
t t
[MY],,:/ o%(s, Y;)ds and [Mz]tz/ &%(s, Zs)ds.
0 0

Clearly {MZY }r>0 and {MtZ }r>0 are not independent. One way of quantifying the V
dependence between them is through their covariance. Evidently {(M tY + MIZ Y=o
and {(MtY — MtZ)}tzo are also (P, {F}s>0)-martingales with quadratic variation

t
Y+ M7, = / (5, ¥) £ 5 (s, Zo))2 ds.
0

We’re interested in the process {MtY MIZ }s>0. We attack it via polarisation:

1 2 2
M ME = - <(M[Y+M,Z) - (M,Y —M,Z) )

Taking expectations,
YarZ 1 ! ' ~ 2 ! ~ 2
E[M] M7] = JE| | (00, Y) +5(s, Ze)) ds — | (o5, Ye) =5 (s, 2)) ds
0 0

=E [/t o (s, Yo (s, Zs)ds:l .
0

We write ;
{MY,MZL:/ o (s, Ys)6 (s, Zs)ds.
0

Since for a (P, {#;};>0)-martingale {Mt2 — [M1;}i>0 is a (P, {F;}s=0)-martingale
(Exercise 15), again exploiting polarisation we see that {MtY MtZ — MY, M?%1}i>0
is a (P, {F:}r>0)-martingale.
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More generally, we could consider stochastic differential equations driven by
different (but not necessarily independent) Brownian motions. For example, suppose
that

dYy = u(t, Ypdt + o (¢, Y1)dWs,

dZ, = ji(t, Z)dt + 6 (&, Z)dWs,

where E[(Wz — WS)(VVI — Ws)] = p(t—s) for some 0 < p < 1. This means that the
Brownian motions driving the two equations are positively correlated, an increase in
one tends to be associated with an increase in the other, but they are not identical.
We define M} and MIZ exactly as before and again study MtY MF? via polarisation.
Writing

[ 1Z) = 5 ([ + M2, — [ = w7],),

and using the definition of quadratic variation,

N{m)—1

Y 20727 1 S ¢ Z gz
[M M ]t — 5(}71)120 2} (Mtj+1 Mtj) <Mtj+1 Mtj)'
]:
In our example, provided o and & are continuous say, we have
N@)—1
Y z : ~ 7 7
[M M ]t = 5(:111)IE>0 Z oty ij)a(tj’ Z’fj) (W’jﬂ - W’j) (ij+1 - W’/’) ’
j=0 :

and by mimicking the argument of the proof of Theorem 4.2.1 we obtain

f
[MY,MZ]t:f o (s, Y5 (s, Zs)pds.
0

Definition 4.4.1 For continwous (P, {F}s>0)-martingales {M;}r=0 and {Ni}r>0

1
[M, N, £ Z([M+N]t —[M —NY,)
is called the mutual variation or covariation process of M and N.

Of course {[M, M];};>0 is just the quadratic variation process associated with
{M;};>0- In the notation of Definition 4.4.1, if we write & (;r) for a generic partition
of [0, ¢] then

N{m)~1
[M,N]; = 5(;13)%0 ]Z=E) (Mtj+1 - ij) (th+1 - ij)'

We now have the technology required for manipulating products of semimartingales.

Theorem 4.4.2 (Integration by parts) Ify; = MtY + Af and Z; = MtZ + AIZ,
where {Mty}zzo and {M;Z}zzo are continuous (P, {F;}1>0)-martingales and {A,Y}tzo
and {AZ}1>0 are continuous processes of bounded variation, then

AV, Z,) = Y,dZ: + Z:dY, +d [MY, MZL .
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Proof: We apply the Itd formula to (¥; + Z;)?, Yt2 and th, and subtract the second
two from the first to obtain the result. O

Example 4.4.3 Suppose that the Sterling price of an asset follows the stochastic

differential equation
dSt = /,LlStdt + UlSrth

and the dollar cost of £1 at time t is E; where
dEt = /,LZEtdt + UzEtth.
Here {W;}i>0 and {Wr}rzo are P-Brownian motions with

E[(W: = W) (Wi = W) ] = ot —9)

for some constant p > 0.

If the riskless interest rate is v in the UK and s in the USA, find the stochastic
differential equation for the discounted asset price in the Sterling and dollar markets
respectively. For what values of the parameters are the discounted asset prices
martingales in each market?

Solution: In the Sterling market, write {S }t>0 for the discounted stock price. That is
S; = e~ S;. Since the function ¢~”? has bounded variation, our integration by parts
formula gives

dgt = —re‘rtStdt + E—rtdSt
= (/.,Ll "‘7') grdt"‘()’lS‘rdW;.

In Sterling markets, this is the stochastic differential equation governing the dis-
counted asset price. The solution is a martingale if and only if 1 =r.
Let us write {X;};>0 for the dollar price of the asset. Then X; = E;S; and, again
by integration by parts,
dX; = E;dS[ "I"StdEt +0102E;Stpdf
= (w1 + 2+ p0102) Xedt + 01X, dWs + 02 Xed Wy

The discounted asset price in the dollar market, denoted by (X t}1>0, then follows
df(r = (1 + w2 + ,ooﬁaz —5) )N(zdt -+ alidet + Gzitdﬁ/t.
The discounted price in the dollar market is a martingale if and only if
M1+ ua + poroz — s = 0.

Notice that it is perfectly possible for the discounted asset price to be a martingale
in one market but not the other. It is important to keep this in mind when valuing
options in the foreign exchange market (see §5.3) or when valuing quantos (see
§7.2). , a0
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We finish this section with one more useful result. This is a ‘stochastic Fubini
Theorem’ that will allow us to interchange the order of a stochastic and a classical
integral. We shall need this result in valuation of certain path-dependent exotic
options in Exercise 23 of Chapter 6.

We state the theorem in a very special form that will be sufficient for our needs.
For a more general version see, for example, Ikeda & Watanabe (1989).

Theorem 4.4.4 Let (Q F, {E};ZO,P) be a filtered probability space and let
{M;};>0 be a continuous (P, {fr}tzo) -martingale with My = 0. Suppose that
@ (t, 7, ) : Ry x Ry x Q —> Ris a bounded {F,}1»o-predictable random variable.
Then for each fixed T > 0,

t ¢
/ / @ (5,7, w) Lo 7y (r)drd M = / / @ (s, 1, w) Lo, 7 (r)dMsdr.
0 JR RJO

Example 4.4.5 Suppose that {W;}i>o is a (]P’, {]—}}tzo)-Brownian motion. Evalu-
ate the mean and variance of

t
Yt £ f Wrdr.
0

Solution: The classical Fubini Theorem tells us that

t t
EY;]=E [/ Wrdr} = / E[W,1dr =0.
0 0

The difficulty is to calculate E [Ytz] and this is where we exploit our stochastic Fubini
Theorem with ® (s, 7, w) = 1j0,-(s).

t t v
Y, = / W,dr = / f 1dWdr
0 0 Jo

I3 t
f / 1drdW, (Fubini’s Theorem)
0 Js

t
/ (t — s)dW;.
0

Now using the It6 isometry we can calculate E [er] to be

2 ! > ! 2 13
IE[YJ:]E[(/(; (t—s)dWS> :/O(t—s> ds =30

The Girsanov Theorem

In order to price and hedge in the Black—Scholes framework we shall need two
fundamental results. The first will allow us to change probability measure so that the
discounted asset prices are martingales. Recall that in our discrete time world, once
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4.5 THE GIRSANOV THEOREM

we had such a martingale measure, the pricing of options was reduced to calculating
expectations under that measure. In the continuous world it will no longer be possible

.. to find the martingale measure by linear algebra. Nonetheless, before stating the

continuous time result, we revert to our binomial trees for guidance.

‘We use the notation of Chapter 2. Suppose that, under the probability measure IP, if
the value of an asset at time 87 is known to be S; then its value at time (i + 1)z is
S;u with probability p and it is S;d with probability 1 — p.

As we saw in Chapter 2, if we let Q be the probability measure under which the
probability of an up jump is ¢ = (1—d)/(u—d) and of adown jumpis (u—1)/(u—~d),
then the process {S; }o<i<n 1is a Q-martingale.

We can regard the measure @ as a reweighting of the measure P. For exam-
ple, consider a path Sp, S1,...,S; through the tree. Its probability under P is
pVO 1 — py=N®  where N(i) is the number of up jumps that the path makes.
Under Q its probability is L; pY@ (1 — p)*"¥® where

L (q)N(i) (1 _q)i—N(i)
i - A — .
D 1-p

Bvidently L; depends on the path that the stochastic process takes through -the
tree and can itself be thought of as a stochastic process adapted to the filtration
{Fihi<i<n- Moreover, L;/L;_1 is g/p if S;/S;—1 = uwandis (1 — ¢)/(1 — p) if
S;/S;—1 = d, so that
l—gq

EF [Li| Fici] = Liy (172 + (01— P)-) =Li1.
p I-p
In other words, {L;}o<i<n is a (P, {Fi}1<i<w)-martingale with E[L;] = Lo = 1.

If we wish to calculate the expected value of a claim in the Q-measure, it is given

EQ[c1 =EF [LyC].

Notation: We have obtained the Radon-Nikodym derivative of (Q with respect
to P. It is customary to write

_dQ

L= :
APy

‘We have shown that the process of changing to the martingale measure can be viewed
as a reweighting of the probabilities of paths under our original measure P according
to a positive, mean one, P-martingale. This procedure of reweighting according to
a positive martingale can be extended to the continuous setting. Our aim now is to
investigate the effect of such a reweighting on the distribution of the P-Brownian
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motion. Later this will enable us to choose the right reweighting so that under the
new measure obtained in this way the discounted stock price is a martingale.

Theorem 4.5.1 (Girsanov’s Theorem) Suppose that {W;};=0 is a P-Brownian
motion with the natural filtration {Fili>0 and that {0:}i>0 is an {Fthr=0-adapted

process such that
1 rT
}E[exp <—/ Qtzdl)] < 0o0.
2 Jo

t 1 t
Ly =exp <—/ O dW; — ——/ 6‘de>
0 2 Jo

and let PXD) pe the probability measure defined by
PEA] = / Li(@)P(dw).
A

Define

Then under the probability measure PL), the process {Wt(L)}OStST, defined by

t
W = w, + / 6,ds,
0

is a standard Brownian motion.

Notation: We write
ap)
-1,
dap 7
L(Lz is the Radon~Nikodym derivative of PL) with respect to ) J
Remarks:
The condition

1T °
E [exp <—/ Gtzdt):! < 09,
2 Jo
known as Novikov’s condition, is enough to guarantee that {Li}ioisa @, {F }r>0)-

martingale. Since L, is clearly positive and has expectation one, P(Z) really does

define a probability measure.
Just as in the discrete world, two probability measures are equivalent if they have the

same sets of probability zero. Evidently P and P are equivalent.
If we wish to calculate an expectation with respect to P& we have

E™ [¢] = E[¢/L.].
P P L;
B [0 1 =E° | 5 A |

This will be fundamental in option pricing. O

More generally,




- 50 that under the
nartingale.

is a P-Brownian

v {Fthi=0-adapted

T, defined by

yis a (P, {Fth=0)-
, PU) really does

=nt if they have the

99

4.5 THE GIRSANOV THEOREM

Outline of proof of theorem: We have already said that {L;};>0 is a (P, {F;};=0)-
martingale. We don’t prove this in full, but we find supporting evidence by finding
the stochastic differential equation satisfied by L;. We do this in two stages. First,

define
t 1 t
Z: :-/ 6;d Wi ——/ 62ds.
0 2 Jo

1
dZ; = —6,dW; — iefdt.

Then

Now we apply 1t6’s formula to L; = exp(Z;).

1
exp(Z:)dZ;: + 3 exp(Zt)Qtzdt
= —91‘ eXp(Z,)th = _Q;LtdW[.

dL;

Now we use our integration by parts formula of Theorem 4.4.2 to find the stochastic
differential equation satisfied by WI(L)L,:. Since

dWP = AW +6.ds,

dwPLy = whaL, + Law® +dim™” Mh,
wdr, + L,dW; + L,6,dt — 6,L.dt
_ (Lt - QtL[Wt(L)> dw;.

Granted enough boundedness (which is guaranteed by our assumptions),
{W( L:}s>0 is then a P-martingale and has expectation zero. Thus, under the
measure P, {W( )}I>0 is a martingale.

We proved in Theorem 4.2.1 that with P-probability one, the quadrauc variation
of {W;},>0 is given by [W]; = ¢. The probability measures P and P2 are equivalent
and so have the same sets of probability one. Therefore {W( }+=0 also has quadratic
variation given by (W], = r with P& -probability one. Finally, by Lévy’s
characterisation of Brownian motion (Theorem 4.3.5) we have that { Wt }t>0 is a
PU) _Brownian motion as required. O

‘We now try this in practice.
Example 4.5.2 Let {X;}+>0 be the drifting Brownian motion process
X =0 W, + ut,

where {W;};>0 is a P-Brownian motion and o and . are constants. Find a measure
under which {X;}t>0 is a martingale.

Solution: Taking & = /o, under P(Y) of Theorem 4.5.1 we have that wh =

W; + ut/o is a Brownian motion, and X; = O‘W(L) is then a scaled Brownian
motion.
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Notice that, for example,
EP[x?] = BF [azwf T2t W, + /ﬁﬂ] — o+ 422,

whereas . .
EP“[x?] = EF" [az(wt@))z} = o2t

The Brownian Martingale Representation Theorem

Let (Q,]—", {J—}},ZQ,IP) be a filtered probability space and let {W;};»=0 be a

. (P, {F;}t>0)-Brownian motion. We have seen that if f(f,w) is an {Fi}i>0-

predictable random variable and E [ f2(z, w)] < oo for each ¢ > 0, then

t
M2 / (s, 0)dW,
0

isa (]P’, {]—}},Zo) -martingale. It is natural to ask if there are any others.

Just as in the discrete world the binomial representation theorem allowed us to
represent martingales as ‘discrete stochastic integrals’ so here the Brownian mar-
tingale representation theorem tells us that all (nice) (PP, {#;};>0)-martingales can
be represented as Itd integrals. This result is also sometimes called the predictable
representation property. It will be the key to kedging in our continuous world.

Definition 4.6.1 A (IP, {}}}tzo)—martingale {M;}t>0 is said to be square-
integrable if
E []lez} < oo foreacht > 0.

Theorem 4.6.2 (Brownian Martingale Representation Theorem) Let {Filis0 de-
note the natural filtration of the P-Brownian motion {W;}i»o. Let {M;};>0 be a
square-integrable (]P’, {]:1,‘}[20) -martingale. Then there exists an {F;}s>o-predictable
process {0; }s>0 such that with P-probability one,

t
M; = My +/ OsdWs.
0

Outline of proof: We restrict our attention to ¢ € [0, T'] for some fixed T. The first
step is to show that any F € Fr for which E [ F2] < oo can be represented as

T

F:IE[F]+/ Osd W 4.17)
0

for some predictable process {f;}o<s<7. Write G for the linear space of such F that
can be represented in this way. For any F € G,

T
E[F?] =E[F*+E { / efds} . (4.18)
0
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This guarantees that if we take a sequence of random variables {F,},>1 in G for
which
E[(Fn — Fm)z] 0 asn,m— oo,

then they converge to a limit that also lies in G. Now by Itd’s formula, for any simple
function

F) =Y ai(@)g_, ),

i=1

t 1 t
& 2 exp ( / F(s)dW, — = / f(s)st),
0 2 Jo

t
5f=1+/ F&E aw,.
0

if we define

then

In other words E; € G. We now approximate any F € Fr for which E [F 2] < oo by
linear combinations of the 5; to see that all such F are in G and so can be represented |
as in (4.17). The identity (4.18) guarantees that if the representation holds with two
different predictable processes, {05 }o<s<7 and {{s Jo<s<7 sy, then

T
E 0s — )2 ds | = 0.
[/O< W) s}

Now we replace F' € Fr by the martingale {M;}o<;<7 to complete the proof. This
step is elementary. Since M; = E [ Mr| F;], applying the representation to M7 and
then taking (conditional) expectations of both sides we obtain

d

M; = E[Mr| F]

T
IE:[MTHJEU 0,dW,
0

t
E[Mz] +f 0,dW,.
0

For full details of this proof see Revuz & Yor (1998).

Remarks:

The Martingale Representation Theorem tells us that such an {7;};>o-predictable

. process {6:};>0 exists. Unfortunately, unlike the Binomial Representation Theorem,

the proof is not constructive. When we call upon it in hedging options in Chapter 5,
we are going to have to work harder to actually produce an explicit expression for
the predictable process.

Notice that the quadratic variation of the martingale {M;};>¢ satisfies d[M]; = Gtzd t.
If we have two Brownian martingales, {Mt(l)},zo and {Mt(z)}tzo, then provided
dIM D, /dt is non-vanishing for i = 1, 2, the Martingale Representation Theorem
tells us that each is a locally scaled version of the other. |
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Why geometric Brownian motion?

We now have the main results in place that will allow us to price and hedge in stock
market models based on Brownian motion. Other than suggesting that the paths of
stock prices in an arbitrage-free world should be rough, we have thus far provided
no justification for such models. In this short section we use Lévy’s characterisation
of Brownian motion to motivate the basic reference model in mathematical finance:
geometric Brownian motion.

We begin by sketching Bachelier’s argument for the Brownian motion model.
Bachelier argued that stock markets cannot have any consistent bias in favour of
either buyers or sellers:

‘L’espérance mathématique du spéculateur est nulle’.

This is almost the martingale property. Assuming the stock price process to have the
Markov property; he introduced the transition density

P[S; €y, y +dyl|Ss =x] 2 p(s,1;x, y) dy.

If the dynamics are homogeneous in space and time, then p(s, t; x, y) = q(t—s,y—
x) for some function ¢. Bachelier then ‘derived’ what is now known as the Chapman—
Kolmogorov equation for g and showed that this is solved by the probability density
function of Brownian motion.

Bachelier’s argument is not rigorous, but from Lévy’s characterisation of Brow-
nian motion we know that if the stock price process is a martingale under PP whose
increments have stationary conditional variance then the stock price process must
be Brownian motion under P. It is remarkable that Bachelier’s argument pre-dates
Einstein’s famous work on Brownian motion and, of course, Wiener’s rigorous
construction of the process.

Although we would not take issue with the mathematical conclusions of Bache-
lier’s analysis, we have already discarded Brownian motion as a model. A mod-
em approach makes different assumptions, but we need not completely abandon
Bachelier’s argument. His key assumption was that the increments of the stock price
process were stationary. Suppose that instead we assume that the relative increments,
(S: — S5)/Ss, measuring the refurns are stationary. Taking logarithms, the process
{log S;};>0 should have stationary increments. We don’t know that {log Si}i>0 is a
martingale, so this time we can only deduce that this is Brownian motion plus a
constant drift. This gives

dSt = ,LLStdt + O'StdW;,

where {W;};»0 is a P-Brownian motion and w and o are constants. This is the
geometric Brownian motion model, originally championed by Samuelson (1965).

The Feynman—Kac representation

Our probabilistic approach to pricing options will result in a price expressed as the
discounted expected value of a claim with respect to a probability measure under
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4.8 THE FEYNMAN—KAC REPRESENTATION

which the discounted stock price is a martingale. In the simple case of European calls
and puts we’ll be able to find an explicit expression for the price. However, for more

. complicated claims numerical methods have to be brought to bear. One approach is

to revert to our binomial tree model. Another is to express the price as the solution to
a partial differential equation and employ, for example, finite difference methods. In
fact for European options the binomial method amounts to a finite difference method
for solving the Black—Scholes partial differential equation. We refer to Wilmott,
Howison & Dewynne (1993) for an account of the numerical methods. Here we
simply make the connection between the partial differential equation approach and
the probabilistic approach to pricing derivatives.

The fact that the price can be expressed as the solution to a partial differential
equation is a consequence of the deep connection between stochastic differential
equations and certain parabolic partial differential equations.

Theorem 4.8.1 (Feynman-Kac stochastic representation)

Assume that the function
I solves the boundary value problem ‘

(tx)+u,(tx) (z‘x)—l— Gz(tx) (z‘x)*O 0<t<T,

4.19)
F(T, x) = ®(x).
Define {X;}o<i<T t0 be the solution of the stochastic differential equation
dX: = ut, X)dt + o (t, X;)dWs, 0<r<T,

where {W; )0 is standard Brownian motion under the measure P. If

T 9F 2
/ |:<O”(l' Xt) (t Xt)> :lds < o0, (4.20)
0

F(t,x) =EF [®(X)| X, = x].

then

Proof: We apply Itd’s formula to {F (s, X)}r<s<T-
F(T, X1) = F{, Xy)

T
+f {B—F(SX)+,£L(SX) (s, X5) + UZ(SX) J;(sX)}ds
t
T 9F
+/ o (s, X5) 5 — (5, X,)dW;. (4.21)
t

Now using assumption (4.20) and Theorem 4.2.7

T
]E[/ o (s, X) (s X )dW;
t

X;—X]:O.
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Moreover, since F satisfies (4.19), the deterministic integral on the right hand side
of (4.21) vanishes, so, taking expectations,

BLF(T, X)) X; = x] = F(t,x),

and substituting F(7, X7) = &(X 7) gives the required result. o
Example 4.8.2 Solve

9F 18°F 0

ar - 248x2 7 (4.22)

F(T,x) = ®(x).
Solution: The corresponding stochastic differential equation is
dX; =dw,
50, by the Feynman—Kac representation,
F(t,x) = BE[O(Wr)| W; = x].

In fact we knew this already. In $3.1 we wrote down the transition density of

Brownian motion as
A2
exp (—u> . (4.23)

1
#x,y) =
pt,x,y o 5

This gives
E[@(Wr)lwt=x1=/p<T—z,x,y><z><y>dy. 1

"To check that this really is the solution, differentiate and use the fact that p(z, x, y)
given by (4.23) is the fundamental solution to the equation

du  10%u

ot 29x2
to obtain (4.22). o J
We can use the Feynman-Kac representation to find the partial differential equation
solved by the transition densities of solutions to other stochastic differential equa-

tions. |
Suppose that

dX, = p(t, Xp)dt + o (t, X,)dW;. 4.24) {
For any set B let

pet, % T,y) £ P[Xr € B X, = x]=E[15(X7)| X, = x]. |
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By the Feynman—Kac representation (subject to the integrability condition (4.20))
this solves

ops
W(t,x; T,y)+App(t,x; T,y) = 0, (4.25)

pe(T,x) = 1z(x),
where 5
_ 3f L2 S
Af(tvx) —M(LX)QX(Z‘! X)+ 26 (tax> ax2 (t7x)'

Writing |B]| for the Lebesgue measure of the set B, the transition density of the
process {Xs}s>0 18 given by

1
t,x;T,y) 2 lim —P[Xr € B| X; =x].
pt,x;T,y) |B!§0|Bl (X7 | X = x]

Since the equation (4.25) is linear, we have proved the following lemma.

Lemma 4.8.3 Subject to satisfying (4.20), the transition density of the solution
{X;)s>0 to the stochastic differential equation (4.24) solves

9
a—’;(t,x; T.y) +Ap(t,x;T,y) = O, (4.26)
p(t:X;T7 }’) —> Sy(x) ast — T.

Equation (4.26) is known as the Kolmogorov backward equation (it operates on
the ‘backward in time’ variables (¢, x)). The operator A is called the infinitesimal
generator of the process {X}s>0-

We can also obtain an equation acting on the forward variables (T, y).

Lemma 4.8.4 In the above notation,
o .. . _ .
ﬁ(t:xs T,J’)*A p(t5x1T7 y) (42’7)
where
. 3 192/,
A*F(T,3) = e T ) FT,) + 5g (S0 D).
ay 2 dy

Heuristic explanation: We don’t prove this, but we provide some justification. By the
Markov property of the process {X;}s»o, forany T >7r > 1

pt,x;T,y) = /p(t,x; r2)plr,z; T, y)dz.

Differentiating with respect to r and using (4.26),

oo LOF

® (9
/ {—p(t, xnprs T,y +ptxrn)Aprz; T, y)} dz = 0.
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Now integrate the second term by parts to obtain

13
/ {ajp(f, x1n7) —A¥p(t, x; 7, Z)} p(r,z; T, y)dz = 0.

]

This holds for all 7' > 7, which, if p(r, z; T, y) provides a sufficiently rich class of
functions as we vary T, implies the result. O

Equation (4.27) is the Kolmogorov forward equation of the proéess {Xs}ss0-

Example 4.8.5 Find the forward and backward Kolmogorov equations for geo-
metric Brownian motion.

Solution: The stochastic differential equation is
dS: = uSidt + o S,dw,.
Substituting in our formula for the forward equation we obtain
Ly » =122 <y2p(f,x; T, y)) e pltxi T, ),
aT 27 9y? dy
and the backward equation is
g—f(r, x;T,y) = —%a%czg—i%(t, x;T,y)— ,ux%i(t, X; T: ).

The transition density for the process is the lognormal density given by

2
I (10207 = (= $o?)T ~ )
tL,x;T,y) = e -
it 1) oy/2m (T —1) P 202(T — 1)
O
Example 4.8.6 Suppose that {X:}i50 solves

dX; = p(t, X)dt + o (t, X,)dW,,

where {W:}i>0 is a P-Brownian motion. Fork : Ry xR — Rand & - R — R given
deterministic functions, Jfind the partial differential equation satisfied by the function

T
Fit,x)2F [exp <—/ k(s, Xs)ds) ®(X7)

t

X; :XJ,

forO<t<T.
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Solution: Evidently F(T, x) = ®(x). By analogy with the proof of the Feynman-—
Kac representation, it is tempting to examine the dynamics of

N
Zs = exp (—/ k(u, Xu)du> F(s, Xs).
t
Notice that for this choice of {Z;};<;<7 We have thatif X; = x
Z,=F(@¢t,x)=E[Z7| X; =x].

Thus the partial differential equation satisfied by F (¢, x) is that for which {Z;}o<:<T
is a martingale.

Our strategy now is to find the stochastic differential equation satisfied by
{Zs}t<s<T. We proceed in two stages. Remember that ¢ is now fixed and we vary
s. First notice that

d <6Xp (— /S k(u, X,Adu)) = —k(s, X;)exp (— /S k(u, Xu)du> ds

and by It6’s formula

aF aF 19%F

dF (s, X5) = —~(s, Xs)ds—i——~(s,X5)dXS 3 9% 2(s X)o?(s, Xs)ds

_ {f’—@ X))+ uls X0 6 x0+ 207G Xs> (s X)]

+ o(s, X) (s X)dWs.

Now using our integration by parts formula we have that

§
dZs =exp (—/ k(u, Xu)du>
t

52
X{{—k(s,Xs)F(S,Xs)+ o (s, Xs) + puls, X) (S Xs)+ 5 02(5 Xs) F} s

oF
+o(s, Xs)b;(sa Xs)dWs}-

We can now read off the solution: in order for {Z;};<s<r to be a martingale, F' must
satisfy

——(s x) + (s, x) (b x)+ = 02(5 x) (S x) —k(s,x)F(s,x) =0.

Exercises

Let {F;}¢>0 denote the natural filtration associated to a standard IP-Brownian motion
{W;};>0- Define the process {S¢}:>0 by S; = f(, W;). What equation must f satisfy
if S, is to be a (P, {F;};>0)-martingale? Use your answer to check that

S, =exp(vr + o Wy)
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is a martingale if v + 102 = 0 (cf. Lemma 4.3.3).

A function, f, is said to be Lipschitz-continuous on [0, T] if there exists a constant
C > O such that for any ¢, ¢ € [0, T]

[f@ = fE < Cle—7|.

Show that a Lipschitz-continuous function has bounded variation and zero 2-
variation over [0, T].

Let {W,};>0 denote a standard Brownian motion under P. For a partition r of [0, T'],
write 8 (rr) for the mesh of the partition and 0 = Ip <t <h <-- <tym =T for
the endpoints of the intervals of the partition. Calculate

(a)

N(m)—1

S(E)Ifio Z Wiy (W = W),
0
(b)
T N(m)—1
A .
/0 Ws 0 dW; = 5(;111)%0 Z 5 (Wi + Wi,) (W — W) -
0

This is the Stratonovich integral of {W,) s>0 with respect to itself over [0, T'].

Suppose that the martingale {M,}o<;<7 has bounded quadratic variation and
{Ar}o<r<r is Lipschitz-continuous. Let Sy = M; + A;. By analogy with Defi-
nition 4.2.2, we define the quadratic variation of {St}o<t< over [0, T] to be the
random variable [S]r such that for any sequence of partitions {1, },>; of [0, T] with
8(my) = 0asn — oo,

N 2

D 1Sy = Sy 1P = [STr

=1

E

— 0 asn — co.

Show that [S]r = [M]7. ‘
If £ is a simple function and {W:}r>0 is a P-Brownian motion, prove that the process ;
{M;}:>0 given by the 1t integral

t
M, :/ S (s, Ws)d Wy
0

isa (P, {]ﬂW}tzo)—martingale.

Verify that if {W;},>0 is a P-Brownian motion

]E{(/OIWSOZWSYJ :/()[E[Wf] ds.

(If you need the moment-generating function of W;, you may assume the result of
Exercise 10.)
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As usual, {W;};>0 denotes standard Brownian motion under I’. Use Itd’s formula to
write down stochastic differential equations for the following quantities.

(a) Yt = W;39
(b) Y; = exp (JW; — %U%‘),
() Yy =tW,.

Which are (P, {F," };>0)-martingales?

Use a heuristic argument based on a Taylor expansion to check that for Stratonovich
stochastic calculus the chain rule takes the form of the classical (Newtonian) one.

Mimic the calculation of Example 4.3.2 to show that if {W;};>¢ is standard Brownian
motion under the measure P, then E [Wt4 ] = 342,

Let {W;}s>0 denote Brownian motion under P and define Z; = exp(aW;). Use
1t6’s formula to write down a stochastic differential equation for Z;. Hence find an
ordinary (deterministic) differential equation for m(¢) £ E[Z,], and solve to show
that

2
o
E [exp (o Wt)] = exp<7t>.
The Ornstein—~Uhlenbeck process Let {W;};>0 denote standard Brownian motion

under . The Omnstein—Uhlenbeck process, {X;};>0, is the unique solution to
Langevin’s equation,

dXt :—OlX[dt—l—th, X():x.

This equation was originally introduced as a simple idealised model for the velocity
of a particle suspended in a liquid. In finance it is a special case of the Vasicek model
of interest rates (see Exercise 19). Verify that

t

X, =e ¥ x4e / eXdWy,
0

and use this expression to calculate the mean and variance of X;.

The Cox—Ingersoll-Ross model of interest rates assumes that the interest rate, r, is
not deterministic, but satisfies the stochastic differential equation

d}"t = (O[ — IB}"[)dt +O—,\/ﬁdW[,

where {W,}>0 is standard P-Brownian motion. This process is known as a squared
Bessel process. Find the stochastic differential equation followed by {./7+};s>0 in the
case @ = 0.

Suppose that {u(¢)};>0 satisfies the ordinary differential equation

2
%(r) — —Bu(t) — %M(I)Z, 4(0) =0,
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for some constant 8 > 0. Fix T - 0. Assuming still that ¢ — 0,for0 <t < T find
the differential equation satisfied by

E [exp (—u(T — t)r;)] .
Hence calculate the mean and variance of ry and Plry = 0]

The Black-Karasinski model of interest rates is
1
drt = O}rtdW; + (6[ -+ -z—-o‘tz — Oy 10g7t> rtdt,

where {W;};5 is a standard P-Brownian motion and o, 0y and ¢, are deterministic
functions of time. In the special case where o, 6 and « are constants, find », as a
function of fot e*dw;.

Suppose that, under the measure P,
dSz = UStth,

where {W; };> is a P-Brownian motion. Find the mean and variance of

t
Y, é/ S,du.
4]

Suppose that {M, };~ is a continuous (P, {F1}s=0)-martingale with [M?] finite for
allr > Q. Writing {[M 1t }e>0 for the associated quadratic variation process, show that
M} — Ml isa (P, {F, }¢>0)-martingale. :

Suppose that under the probability measure P, {X t}r>0 is a Brownian motion with
constant drift . Find a measure P*, equivalent to P, under which {X;};50 is a
Brownian motion with drift v.

Let {#;};>0 be the natural filtration associated with a P-Brownian motion, {W;};5o.
Show that if X is an Fr-measurable random variable with E[|X|] < 00 and P* is a
probability measure equivalent to P, then the process

M, 2 EY (x5,
is a (¥, {]:z}osth)—martingale.
Use the Feynman—Kac stochastic representation formula to solve

oF 1 ,3%°F
—(t, 0 —(t,x) =0,
5 GO F 0TSm0 x)

subject to the terminal value condition

F(T,x) =x%.
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Suppose that the interest rate, r, is not deterministic, but is itself a random process,
{rt}e>0. In the Vasicek model, {rr}s>0 is assumed to be a solution of the stochastic

differential equation
dr; = (b — ary)dt + od Wy,

where, as usual, {W;}¢>0 is standard P-Brownian motion.
Find the Kolmogorov backward and forward differential equations satisfied by the
probability density function of the process. What is the distribution of r; ast — co?

Suppose that v(z, x) solves

3 1 82
5%(r, x)+ Eazxza_xg(t’ X)—rv(t,x) =0, 0<t=<T.

A X 62
ve(t, x) = 51) z, -

is another solution. Use the Feynman—Kac stochastic representatioh to find a proba-
bilistic interpretation of this result.

Show that for any constant 8,

Suppose that for 0 <°s < T,
dX, = u(s, Xs)ds + o (s, Xs)dWs, X; = x,

where {W;};<s<7 is a P-Brownian motion, and let k&, ® : R — R be given

deterministic functions. Find the partial differential equation satisfied by

T
Fit,x) = E[®(X7)| X, = ] +/ B [6(X,)] X; = x]ds.
t




