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Summary

Our discrete models are only a crude approximation to the way in which stock
markets actually move. A better model would be one in which stock prices can
change at any instant. As early as 1900 Bachelier, in his thesis “La théorie de la
spéculation’, proposed Brownian motion as a model of the fluctuations of stock
prices. Even today it is the building block from which we construct the basic
reference model for a continuous time market. Before we can proceed further we
must leave finance to define and construct Brownian motion.

Our first approach will be to continue the heuristic of §2.6 by considering
Brownian motion as an ‘infinitesimal’ random walk in which smaller and smaller
steps are taken at ever more frequent time intervals. This will lead us to a natural
definition of the process. A formal construction, due to Lévy, will be given in §3.2,
but this can safely be omitted. Next, §3.3 establishes some facts about the process
that we shall require in later chapters. This material too can be skipped over and
referred back to when it is used.

Just as discrete parameter martingales play a key rdle in the study of random
walks, so for Brownian motion we shall use continuous time martingale theory to
simplify a number of calculations; §3.4 extends our definitions and basic results on

~ discrete parameter martingales to the continuous time setting. '

Definition of the process

The easiest way to think about Brownian motion is as an ‘infinitesimal random walk’
and that is often how it arises in applications, so to motivate the formal definition we
first study simple random walks.

We declared in Example 2.3.7 that the stochastic process {Sy }»>0 is a simple random
walk under the measure P if S, = > i1 & where the & can take only the values
{~1, +1} and are independent and identically distributed under P°. We concentrate
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on the symmetric case when

1
Pl =~1]= > =P[g = +1].

This process is often motivated as a model of the gains from repeated plays
fair game. For example, suppose I play a game with a friend in which each ple
equivalent to flipping a fair coin. If it comes up heads I pay her a dollar, others
she pays me a dollar. For each n, S, models my net gain after n plays.

Recall from Exercise 13 of Chapter 2 that E[S,] = 0 and var(S,) = n.

Lemma 3.1.1 {Sntn=0 is a P-martingale (with respect to the natural filtrat
and
cov(Sy, Sp) =n A m.

Proof: We checked in Example 2.3.7 that {S,},>0 is a ]P’—mart_ingale. It remain
calculate the covariance.

cov(Su, Sm) E[SnSp] — E[S,]E[S] .

= E[E{S,SnlFnanll (tower property)
= E[Spanl [Spva [Fimanll

= R[S, An] (martingale property)

= var(Sman) = m An.

As aresult of the independence of the random variables {£;} i»1,1f0 <1
[, then §; — S; is independent of S; — Si. More generally, if 0 < i} < iy
then {S;, —5;,_, 1 | <r < n} are independent. Moreover,if j —i = —k =m,

then S; — S; and Sy — Sg both have the same distribution as S,,.

Notation: For two random variables X and ¥ we write
D
X=Y

to mean that X and ¥ have the same distribution.

We also write X ~ N(u, o?) to mean that X is normally*dwtnbuted witl

mean 4 and variance o2

Combining the observations above we have

Lemma 3.1.2 Under the measure P the process {S, }n>0 has stationary, indey

dent increments.
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3.1 DEFINITION OF THE PROCESS

Lemmas 3.1.1 and 3.1.2 are actually enough to characterise symmetric simple
random walks.

Recall that we want to think of Brownian motion as an infinitesimal random walk.
In terms of our gambling game, the time interval between plays is é¢ and the stake
is 8x say, and we are thinking of both of these as ‘tending to zero’. In order to
obtain a non-trivial limit, there has to be a relationship between &t and éx. To see
what this must be, we use the Central Limit Theorem (stated in §2.6). In our setting,
w=E[&] = 0and 0 = var(§;) = 1. Thus, taking 8 = 1/n and 8x = 1//n,

=l

1 2
eV ?dy asn — oo.
21
More generally,
. rX
IEDl:S[m] SX] N / 1
\/ﬁ —00 m
where [nt] denotes the integer part of nt (Exercise 1). For the limiting process, at
time 7 our net gain since time zero will be normally distributed with mean zero and

s
eV 2tdy asn — oo,

“yariance t.

Just as in our definition of a discrete time stochastic process, to define a continuous
time stochastic process {X;};>o (formally) requires a probability triple (22, F,P)
such that X; is F-measurable for all z. However, as in the discrete case, we shall
rarely specify € explicitly.

Heuristically, passage to the limit in the random walk suggests that the following
is a reasonable definition of Brownian motion.
Definition 3.1.3 (Brownian motion) A real-valued stochastic process {W;};»0 is
a P-Brownian motion (or a P-Wiener process) if for some real constant o, under P,

foreach s > 0andt > 0 the random variable Wiis — W has the normal distribution
with mean zero and variance o’t,

foreachn = 1 and any times 0 < tp < 1 < ---
{W;. — W, _,} are independent,

Wo =0,

W, is continuous int > 0.

< ty, the random variables

Remarks: Conditions 1 and 2 ensure that, like its discrete counterpart, Brownian
motion has stationary independent increments.

Condition 3 is a convention. Brownian motion started from x can be obtained as
{x + Wili=o0.

In a certain sense condition 4 is a consequence of the first three, but we should
like to insist once and for all that all paths that our Brownian motion can follow are
continuous. 0
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The parameter o2 is known as the variance parameter. By scaling of the n
distribution it is immediate that {W;/s};>0 is a Brownian motion with va
parameter one.

Definition 3.1.4 The process with 0% = 1 is called standard Brownian mot:

Assumption: Unless otherwise stated we shall always assume that ol=1

Combining conditions 1 and 2 of Definition 3.1.3, we can write down the trar
probabilities of standard Brownian motion.

P[W,, <xal Wy, =x,0<i <n—1]=P[W, — W, _, <xp —Xn1]

Xp—Xp—1

1 < u? )
—_— expl ————
—0 27ty — ty—1) 2ty — tp-1)

Notation: We write p(¢, x, y) for the transition density

2
exp =)

o 1
Ll t,x,y) = >
p(,x,y) s %

U This is the probability density function of the random variable W, conditio
e W, = x. | ‘

1 g " ForO0 =1y <t <ty <--- <t writing xp = 0, the joint probability d
i function of Wy, ..., W;, can also be written down explicitly as

n
:"J o B Flxt, .o, Xpn) —-—‘Hp(tj —tj 1, X1, Xj)-
P 1

o ; .

. The joint distributions of W;,, ..., Wy, foreachn > land all ty, ... , t, are
' the finite dimensional distributions of the process. A
The following analogue of Lemma 3.1.1 is immediate.

Lemma 3.1.5 Foranys,t >0,

1 E [WH—S — Wl {Wr}0_<_r§s] =0,
2 cov(Ws, W) =5 AL '

In fact since the multivariate normal distribution is determined by its mea
covariances and normally distributed random variables are independent if an
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Zooming in on Brownian motion.

if their covariances are zero, this, combined with continuity of paths, characterises
standard Brownian motion.

Just because the sample paths of Brownian motion are continuous, it does not mean
that they are nice in any other sense. In fact the behaviour of Brownian motion is
distinctly odd. Here are just a few of its strange behavioural traits.

Although {W;};50 is continuous everywhere, it is (with probability one) differen-
tiable nowhere.

Brownian motion will eventually hit any and every real value no matter how large,
or how negative. No matter how far above the axis, it will (with probability one) be
back down to zero at some later time.

Once Brownian motion hits a value, it immediately hits it again infinitely often (and
will continue to return after arbitrarily large times).

It doesn’t matter what scale you examine Brownian motion on, it looks just the same.
Brownian motion is a fractal.

Exercise 9 shows that the process cannot be differentiable at ¢ = 0. We shall discuss
some properties related to the hitting probabilities in §3.3 and in Exercise 8. The
scaling alluded to in our last comment is formally proved in Proposition 3.3.7. It
is really a consequence of the construction of the process. Figure 3.1 illustrates the
result for a particular realisation of a Brownian path.

That such a bizarre process actually exists is far from obvious and so it is to this
that we turn our attention in the next section. '




50

A polygonal
approxima-
tion.

BROWNIAN MOTION

Lévy’s construction of Brownian motion

We have hinted that Brownian motion can be obtained as a limit of random W
However, rather than chasing the technical details of the random walk construc
in this section we present an alternative construction due to Lévy. This can be orr
by readers willing to take existence of the process on trust.

The idea is ‘that we can simply produce a path of Brownian motion by ¢
polygonal interpolation. We require just one calculation.

Lemma3.2.1 Suppose that {W;}=o is standard Brownian motion. Condit;

on Wy, = x1, the probability density function of Wy, sy is

a |2 1 (x—%xl)z
Dy j2(x) =, ;f-l‘; exp (“5 <T .

In other words, the conditional distribution is a normally distributed random var.
with mean x; /2 and variance ?1 /4. The proof is Exercise 11.

The construction: Without loss of generality we take the range of z to be [0, 1]. L¢

construction builds (inductively) a polygonal approximation to the Brownian m

from a countable collection of independent normally distributed random vari:

with mean zero and variance one. We index them by the dyadic points of [0,

generic variable being denoted by & (k27") wheren € Nand k € {0, 1, ..., 2"
The induction begins with ‘ ‘

X1(1) = t6(1).

Thus X is a linear function on [0, 1].

The nth process, X, is linear in each interval [(k — 1)27", k27"], is contin
in ¢ and satisfies X,(0) = 0. It is thus determined by the values {X, (k27™"),
L...,2"). ’

The inductive step: We take
Xpar (26270H0) = X, (227040 ) = x, (277).

We now determine the appropriate value for X,11 ((2k — 1)2=¢+D). Conditi
on Xp+1 (2k270HDY — X, 01 20k — D27D), Lemma3.2.1 tells us that

Kt (k= 02700 ) — Xy (20 — 270D
should be normally distributed with mean

1

5 (X,,+1 (2/«2*(”“)) — X1 (2(/< —‘1)2—<”+1>))

and variance 2~ 12,
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3.2 LEVY’S CONSTRUCTION OF BROWNIAN MOTION

0 1/4 172 3/4 1
Lévy’s sequence of polygonal approximations to Brownian motion.

Now if X ~ N(0, 1), thenaX + b ~ N(b, a®) and so we take

Xnt1 ((Zk - 1>2‘(”+”) — Xnt1 (2(k —~ 1)2—<"+1>>
. =0~ (n/2+Dg <(2k _ 1)2—(n+1)>

+ % (Xnwr (227 0D) = X (26 = 127 D))

In other words

Kot (@6 —1270) = Tx, (6 - 127

+ %Xn (kz—n) + 2—(}'1/2-!—1)%— <(2k _ 1)2—(11+1)>
= X, ((21;— 1)2—<”+1>>

42 (/24 D <(2k - 1)2—<”+1>> , G.1)

- where the last equality follows by linearity of X, on [(k — 1)27", k27"].

The construction is illustrated in Figure 3.2.

Brownian motion will be the process constructed by letting » increase to infinity. To
check that it exists we need some technical lemmas. The proofs are adapted from
Knight (1981). "

Lemma 3.2.2

IP[ lim X,,(t) exists for 0 < t < 1 uniformly in z} ~1.
—> 00

Proof: Notice that max; | X,+1(¢) — X, (¢)| will be attained at a vertex, that is for
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te{(2k— 1270 D k=1,2,...,2") and using (3.1)

P [ max | X1 () = Xa(0)] = 2]

= P 2%k — 12—+ n/4+1
Lgcaéns(( 12 y=>2 jl

IA

Now using the result of Exercise 7 (with t = 1), for x > 0

—x%/2

1
PlE(1
[5()216]5)“/556 :

and combining this with the fact that
exp <_2(n/2+1)> <2,

we obtain that forn > 4

2" 1
n nf4+1
rPet) = 24 | < o T

Consider now fork > n > 4

271
exp (_2(n/2+1)) < 2n/4+12—2n+2 -
P [max | Xx(t) ~ Xx(1)] = 27| = 1 P max X, () — X ()] <277
and

P [max [Xe(6) ~ Xa(0)] = 2742

k—1
> P {Z max X)) —X;0)| < 2—"/4+3}

j=n
> Plmax X)X, 0] =274 j=n, k1]
k—1 ]
> 1-Y 277 =1-27""
j=n
Finally we have that

P [max | X () = Xa ()] = 274 | <274,

for all k& > n. The events on the left are increasing (since the maximum ct
increase by the addition of a new vertex) so

ig [mtax (X4 (6) — X ()] > 2743 for some k > n] <,
In particular, for € > 0,

lim P{Forsomek >nandt < 1, |Xp() — X, ()| > €] =0,

n—od

which proves the lemma.
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]

=Dy > 2n/4+1]

), forx > 0

L ___X2/2
p—2 s

2w

” 2——2n+2 ,

33

2"
2+1) —2n42- —n
20/ ) = 2"/4+12 <z

P [max |Xe(0) = X, (0] =277/
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3.3 THE REFLECTION PRINCIPLE AND SCALING

To complete the proof of existence of the Brownian motion, we must check the
following. '

Lemma 3.2.3 Let X(t) = limp o0 Xn(2) if the limit exists uniformly and 0
otherwise. Then X (t) satisfies the conditions of Definition 3.1.3 (for t restricted to
[0, 11). ‘

Proof: By construction, the properties 1-3 of Definition 3.1.3 hold for the approx-
imation X, (¢) restricted to 7, = {k2™": k =0, 1,..., 2"}. Since we don’t change
X on T, for k > n, the same must be true for X on UZL T,. A uniform limit of
continuous functions is continuous, so condition 4 holds and now by approximation
ofany0 < #/ < < ... <t, <1 from within the dense set U;’;l T, we see that in
fact all four properties hold without restriction for ¢ € [0, 1]. O

The reflection principle and scaling

Having proved that Brownian motion actually exists, we now turn to some calcula-
tions. These will amount to no more than a small bag of tricks for us to call upon in
later chapters. There are many texts devoted exclusively to Brownian motion where
the reader can gain a more extensive repertoire.

By its very construction, Brownian motion has no memory. That is, if {Wiliso is
a Brownian motion and s > 0 is any fixed time, then {W,; — Wileso 1s also a
Brownian motion, independent of {Wr}o<r<s. What is also true is that for certain
random times, T, the process {Wr ., — Wr};>0 is again a standard Brownian motion
and is independent of {W;: 0 < 5 < T}. We have already encountered such random

times in the context of discrete parameter martingales.

Definition 3.3.1 A stopping time T' for the process {W;}1>0 is a random time such
that for each t, the event {T < t} depends only on the history of the process up to
and including time t.

- In other words, by observing the Brownian motion up until time ¢, we can determine

whether ornot 77 < ¢.

We shall encounter stopping times only in the context of Aitting times. For fixed
a, the hitting time of level a is defined by

T, =inf{t > 0: W; =al.

We take 7, = oo if a is never reached. It is easy to see that T, is a stopping time
since, by continuity of the paths,

{Tz <t} ={W; =aforsomes,0<s <1},

which depends only on {W;, 0 < s < ¢}. Notice that, again -by continuity, if T, < oo,
then Wz, = a.
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Just as for random walks, an example of a random time that is not a stoppir
is the last time that the process hits some level.

The Not surprisingly, there is often much to be gained from exploiting the syn
reflection inherent in Brownian motion. As a warm-up we calculate the distribution of ]
principle
lemma 3.3.2 Let {W;}s>0 be a P-Brownian motion started from Wy = 0
a > 0; then

P[T, < t] =2P[W; > a].

Proof: If W; > a, then by continuity of the Brownian path, T, < ¢. Moreove:
T, is a stopping time, {Wz+T,, - WTH}
PIW; — Wr, > 0T, < t] = 1/2. Thus

rs0 182 Brownian motion, so, by syr

P[W, >a] = P[T, <t, W, — Wz, > 0]
= P[T, < t]P[W, — Wr, > 0|T, < 1]

' 1
i . = EIP[TQ < t]

L A more refined version of this idea is the following.

ol

Lemma 3.3.3 (The reflection principle) Let {W;}s>0 be a standard Browni
tion and let T be a stopping time. Define

= Wi, =T,
W’_{ 2Wr — W, t>T;

then {Wz}rzo is also a standard Brownian motion.

. ‘ o ‘ Notice that if T = Ty, then the operation W; W, amounts to reflecting the
v of the path after the first hitting time on g in the line x = a (see Figure 3.3). W
b prove the general form of the reflection principle here. Instead we put it into
| The following result will be the key to pricing certain barrier options in Chay

I ‘ Lemma 3.3.4 (Joint distribution of Brownian motion and its maximum) Let
B ' maxg<s<; Ws, the maximum level reached by Brownian motion in the time i
Il [0, t]. Then fora > 0,a > x and all t > 0,

i ' IP[M‘> W <x]=1 @(2“”‘)
IS , a, Wi<x]=1- ,
1; ‘ = ¢ ﬁ

o : where ’

i B ¥

B : <I>(x):/ L2y
[ —00 27

is the standard normal distribution function.
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3.3 THE REFLECTION PRINCIPLE AND SCALING

The reflection principle when T = 7.

Proof: Notice that M; > 0 and is non-decreasing in ¢ and if, for a > 0, T, is defined
to be the first hitting time of level a, then {M; > a} = {1, <1t} Taking T =T,in
the reflection principle, fora > 0,a > x and ¢ > 0,

PM; >a, W, <x] = P[T, <t, W, <x]

= P[T, <t,2a—x < W]
= PRa-x<W]

— i—o (2a«;x) )

In the third equality we have used the fact that if W, > 2a — x then necessarily
{Ws}s>0, and consequently {Wj}s>0, has hit level a before time . o O

© For pricing a perpetual American put option in Chapter 6 we shall use the following

result.

Proposition 3.3.5 Set Tgp = inf{t > 0: W; = a + bt}, where T, j, is taken to
be infinite if no such time exists. Then for & > 0,a > 0 and b > 0

I [exp (—0Tu)] = exp (—a <b +Vb2+ 29)) .

Proof: We defer the proof of the special case b = 0 until Proposition 3.4.9 when we
shall have powerful martingale machinery to call upon. Here, assuming that result,
we deduce the general result. :

Fix @ > 0,and fora > 0, b > 0, set

Va,b) =T [e_eT“‘b] :
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x=a,+a,+bt

x=a+bt

Tal,b Ta}+a2,b

Figure 3.4  In the notation of Proposition 3.3.5, Tp, +a,,6 = Tu; 5 + faz,b where Taz,b has the sarr

distribution as Ty, .

Now take any two values for a, a; and ay say, and notice (see Figure 3.4) that

D —~
Ta1+a2,b — Tal,b + (Ta1+a2,b - Tal,b) = Tal,b + Taz,bv

where T, , is independent of Ty, 5 and has the same distribution as 7y, 4. In

words,

Yla1+ a2, b) = ¥ (a1, b)Y (az, b),

and this implies that
¥(a,b) = e O0°,

for some function k().
Since b > 0, the process must hit level a before it can hit the line a + b

use this to break T, 5 into two parts; see Figure 3.5. Writing f7, for the probz
density function of the random variable T, and conditioning on 7, we obtain

T, = t] dt

| 0
_ j/ fr. (e E [e_‘gTb’vb] dt
-y 0

o0
= / fr,()e ¥ e+ gy
0

- F [e—<9+k<b)b>Ta]

— exp <——a«/2(0 I k(b)b)) .
We now have two expressions for ¥ (a, b). Equating them gives
K2 (b) = 20 + 2k(b)b.

Since for & > 0 we must have v (a, b) < 1, we choose

k(b) =b+ V> +20,

which completes the proof.
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3.4 MARTINGALES IN CONTINUOUS TIME

b1,

lee— 7 —=

i

In the notation of Proposition 3.3.5, T, = Ty + bea,b where TbTa,b has the same
distribution as T, p.

Definition 3.3.6 For a real constant ., we refer to the process W,M = W; + ut as
a Brownian motion with drift 1.

In the notation above, 7}, p is the first hitting time of the level a by a Brownian motion
with drift —b.
‘We conclude this section with the following useful result.
Proposition 3.3.7
If {W:}i=0 is a standard Brownian motion, then so are

{cW, 2}iz0 for any real c,
{tW1/t}i>0 where t Wy, is taken to be zero whent =0,
{Ws — Ws_to<i<s for any fixed s > Q.

Proof: The proofs of 1-3 are similar. For example in the case of 2, it is clear that
t W1, has continuous sample paths (at least for ¢ > 0) and that for any #1, ... , 1,
the random variables {t; W1y, ... , t W14, } have a multivariate normal distribution.
‘We must just check that the covariance takes the right form, but

]E[SWI/SZWU;] = stlE [W1/5W1/t] =5t (}1— A %) =S5 AL,

and the proof is complete. a

Martingales in continuous time

Just as in discrete time, the notion of a martingale plays a key rdle in our continuous
time models.
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Recall that in discrete time, a sequence Xg, X1, ..., X, for which E[|X,{]
for each r is a martingale with respect to the filtration {F,},>0 and a prob:
measure P if

E[X|Fo1] =X,y forallr > 1.

We can make entirely analogous definitions in continuous time.

Definition 3.4.1 Let F be a o-field. We call {F;}+>0 a filtration if

F; is a sub-o-field of F for all t, and
Fy C Frfors <t

As in the discrete setting we are primarily concerned with the natural filo
{FtX }e=0, associated with a stochastic process {X;};>0. As before,‘]-"tX encod
information generated by the stochastic process X on the interval [0, ]. I
A € }",X if, based upon observations of the trajectory {Xs}o<s<s, it is poss!
decide whether or not A has occurred.

Notation: If the value of a stochastic variable Z can be completely de
mined given observations of the trajectory {X;}o<s< then we write

Z e FX.

More than one process can be measurable with respect to the same filtration.

Definition 3.4.2 If {Y,}s>0 is a stochastic process such that we have Yy € !
all t > 0, then we say that {Y,}s>0 is adapted to the filtration {FtX b0

Example 3.4.3

The stochastic process

t
Zt = / XSdS
0
is adapted to {-’F;X}t20~
The process M; = maxo<s<: Wy Is adapted to the filtration {f;W}rzo-

The stochastic process Z; = Wtz_H - Wt2 is not adapted to the filtration gener:
{Wi}i=0.

Notice that just as in the discrete world we have divorced the r6les of the sto
process and the probability measure. Thus a process may be a Brownian
under the probability measure P, but the same process not be a Brownian
under a different measure Q.

Definition 3.4.4 Let (Q, F,P) be a probability space with filtration {F;
family {M;}:>0 of random variables on this space with E[|M:]] < oo forall 1
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3.4 MARTINGALES IN CONTINUOUS TIME
a (P, {Ft}1>0)-martingale if it is adapted to {F;}s>0 and for any s < 1,
EF [ M| Fl = M.

By restricting the conditions to t € [0, T, we define martingales parametrised by
[0, T1.

Generally we shall be sloppy about specifying the filtration. In all of our examples
there will be a Brownian motion around and it will be implicit that the filtration is
that generated by the Brownian motion.

A more general notion is that of local martingale.
A process {Xt}i>0 is alocal (IP, {ft}tzo)-martingale ifthereisa

sequence of {F;}s=o-stopping times (T, }n>1 such that {X;a1,}i>0 is a (IP, {ft}tzo)-
martingale for each n and

Definition 3.4.5

P lim 7, =oo] =1
n—>00
All martingales are local martingales but the converse is false. It is because of

this distinction that we impose boundedness conditions in many of our results of
Chapter 4.

Lemma 3.4.6 Let (W, }1>0 generate the filtration {F:}i>o. If {(Wi)i>0 is a stan-

dard Brownian motion under the probability measure P, then

W is a (P, {F;}s=0)-martingale,
Wt2 —tisa (P, {Fi}i>0)-martingale,

o2
exploW; — 7t
is a (P, {F:}i=0)-martingale, called an exponential martingale.

Proof: The proofs are all rather similar. For example, consider M; = Wt2 -t
Evidently E[}|M;|] < co. Now

B[ W2 =Wl R] = E[W - W) +2wW, W - wy)| 7]
- E [(Wt _ W3)2‘ FS} F2W,E[(W; — W)l 7]
= [ —3s.
Thus '
E[W2—1|R] = B[W2-w2+w?— - -s|7]

t—s)+Wr—(t—5)—5 =W —5s.

f
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Optional ‘What we should really like is the continuous time analogue of the Optional Sta
stopping Theorem. In general, we have to be a little careful (see Exercise 17 for wh
go wrong). Problems arise if the sample paths of our martingale are not suffic
‘nice’. In all our examples the stochastic process will have cadlag sample path

Definition 3.4.7 The function f : R — R is cadlag if it is right continuou
left limits.
In particular, continuous functions are automatically cadlag (continues & «

limites & gauche).

Theorem 3.4.8 (Optional Stopping Theorem) If {M;}e=0 is a cadlag mart.
with respect to the probability measure P and the filtration {F;}e>0 and if 11 ¢
are two stopping times such that 1| < vy < K where K is a finite real number,

]EHMQH < o0
and
E[MTZi]:fl] = My, P-a.s.
Remarks:

1 The term ‘a.s.” (almost surely) means with (P-) probability one.
Notice in particular that if  is a bounded stopping time then E{M, ] = E{Mo]

Brownian Just as in the discrete case the Optional Stopping Theorem will be a po

hittingtime ~ tool. We illustrate by calculating the moment generating function for the |

“distribution  time T, of level a by Brownian motion. (This result was essential to our pr
Proposition 3.3.5.)

Proposition 3.4.9 Let {W;}t>0 be a Brownian motion and let T, = inf{s
Ws = a} (or infinity if that set is empty). Then for 6 > 0,

E [e_eT"] = e_mw.

Proof: We assume that ¢ > 0. (The case ¢ < 0 follows by symmetry.) We :
like to apply the Optional Stopping Theorem to the martingale

1
M; =exp (JWt — zazt)

and the random time 7, but we encounter a familiar obstacle. We cannot
the Theorem directly to 7, as it may not be bounded. Instead we take 71 =
7y = T,; A n. This gives us that

]E [MTH/\H} = 1,
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EXERCISES
So

1=E[Mrp] = E[Mganm|Ts <n]P[T, <n)
+E[Mzpn| Tz > n]P[T, > n]. (3.2)

Now, by Lemma 3.3.2 and the result of Exercise 7,
PlT, <n]—1 asn — oo,

Also, if T < 00, limy— o0 M7, An = M7, Whereas if T, = oo, W, < a for all t and
s0 limy, s oo M7, An = 0. Letting n — oo in equation (3.2) then yields

E [MTH:I = 1.

Taking 0 = 26 completes the proof. 0

Arguments of this type are often simplified by an application of the Dominated
Convergence Theorem.

Theorem 3.4.10 (Dominated Convergence Theorem) Let {Zy}n>1 be a sequence
of random variables with lity, oo Z, = Z. If there is a random variable Y with
|Z,] < Y foralln and BE[Y] < oo, then

E[Z] = lim E[Z,].
. n—co
In the proof of Proposition 3.4.9, since
1,
0 < Mpan =exp| oWran — 50 (I An) | <exp(oa),
we could take the constant ¢?? as the dominating random variable Y.

Exercises

Suppose that {S,, }»>0 is a symmetric simple random walk under P. Show that

Star] } /X 1 y?
P <x|— ——exp|——1]d
{ Jn )T e Vam P\ T )

as n — oo where [nt] is the integer part of nz.

Let Z be normally distributed with mean zero and variance one under the measure
IP. What is the distribution of /7 Z? Is the process X; = +/tZ a Brownian motion?

Suppose that W, and W, are independent Brownian motions under the measure P and
let p € [—1, 1] be a constant. Is the process X; = pW; + /1 — p?W; a Brownian
motion?
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4 Let {Wi}i=0 be standard Brownian motion under the measure P. Which
following are P-Brownian motions?

(a) {—Wt}tzo,
(b) {cW, Je2}e>0, where ¢ is a constant,

(©) {~/1W1i}i=o,
(d) {W2t - Wt}t20~

Justify your answers.
5 Suppose that X is normally distributed with mean 1 and variance o2, Calcula
E [ eex}
and hence evaluate E [ X*].
6 Prove Lemma 3.4.6.3.

7 Prove that if {W;}>0 is standard Brownian motion under P then, for x > 0,

e 2 gy < _ﬂenxz/zt.
2wt T ox27

" o
P [Wt > x] = /
X
{Hint: Integrate by parts.]

8 Let {W;};>0 be standard Brownian motion under P. Let Z = sup, W;. Eviden
any ¢ > 0, ¢cZ has the same distribution as Z. Deduce that, with probabilit
Z € {0, o0}. Let p = P[Z = 0]. By conditioning on the event {W; < 0}, pros

P[Z =0] <P[W) <0]P[Z =0],

and hence p = 0. Deduce that

P {sup Wi = o0, iItlth = ——oo] = 1.
t

9 Deduce from the result of Exercise 8 and the result of Proposition 3.3.7.2 that

P [For each € > 0,35, <esuchthat Wy <0 < W;] = 1.

Deduce that if {W;};>¢ is differentiable at zero, then the derivative must be ze
hence |W;| < ¢ for all sufficiently small ¢. By considering W £ sW; /s> AITL
contradiction and deduce that Brownian motion is not differentiable at zero.

10 Brownian motion is not going to be adequate as a stock market model. F

has constant mean, whereas the stock of a company usually grows at som
if only due to inflation. Moreover, it may be too ‘noisy’ (that is the variance
increments may be bigger than those observed for the stock) or not noisy et
We can scale to change the ‘noisiness’ and we can artificially introduce a dri
this still won’t be a good model. Here is one reason why. Suppose that {W;
standard Brownian motion under P. Define a new process {S;};>0 by S =t -
where 0 > 0 and 12 € R are constants. Show that for all values of ¢ > 0,y €
T > 0 there is a positive probability that S7 is negative.
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EXERCISES

Suppose that {W;};>¢ is standard Brownian motion. Prove that conditional on W;, =
x1, the probability density function of W,, s is

2 1 (x — %X1)2
]r—[l exp (—5 <——"“‘t1/4 .

Let {W;};>0 be standard Brownian motion under P. Let T, be the ‘hitting time of
level @’, that is
T, =inf{r > 0: W; = a}.

Then we proved in Proposition 3.4.9 that
E [exp (-6 Ta)] = exp (—av 29) .
Use this result to calculate

(a) E[T4],
(b) P[T, < ool.

Let {W,};>0 denote standard Brownian motion under IP and define {M;};>o by

M; = max W;.

O<s<t
Suppose that x > a. Calculate

(2) P[M; = a, W; = x],

(b) P[M; = a, W: = x].

Let {W;};>0 be standard Brownian motion under P. Let 7, 5 denote the hitting time
of the sloping line a + bt. That is,

Top =inf{t = 0: W, =a + bt}.
We proved in Proposition 3.3.5 that for @ > 0,a > Oand b > 0

E [exp (—0Ta5)] = exp (——a (b +Vb2+ 29)) .

The aim of this question is to calculate the distribution of T}, 5, without inverting the
Laplace transform. In what follows, ¢ (x) = ®'(x) and

x 1 y2>
d(x) = ——expl —= |} dy.
( ) /—oo 21 p( 2 Y
(a) Find P[T; p < o0].

(b) Using the fact that s Wy, has the same d_istn'bution as W;, show that

P[Tap <t] =P[W, > as + b for some s with 1/¢ <5 < 00] .
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(c) By conditioning on the value of Wy,,, use the previous part to show that

b—l—a/t Cl+£
P[Tap <t]= / P{Thxtajta < 0] ¢(V1x)dx +1 - @ < =
—00

(d) Substitute for the probability in the integral and deduce that
_ bt —a a—+bt
PTbgz:e'Zabcp< >+1—<b< )
[Tes = 1] 7i 7

Let {W;}i>0 be standard Brownian motion under the measure P and let {J
denote its natural filtration. Which of the following are (P, {F;}»0)-martingal

(a) exp (o W),
(b) cW,z2, where ¢ is a constant,
(©) tW; — [y Wsds.

Let {F;}o<i<r denote the natural filtration associated to a standard P-Bro
motion, {W;}o<:<7. The result of Lemma 3.4.6.3 can be rewritten as

1 : 1
E [exp (O’Wt — 502t> ; A} = exp <G’WS - 502s> 14, forallAe F

Use differentiation under the integral sign to provide another proof that {Wt2 -
is a (P, {#:}¢>0)-martingale and show that the following are also (P, {F;
martingales:

(@) W2 —3tW,,
(b) Wr —6tW?2 +3¢2,

Let (€2, F, P) be a probability space. Suppose that the real random variable 7" :
R is uniformly distributed on [0, 1] under the measure P. Define {X,};>0 by

1, Tw)=t,

0, T(w)#t.

Check that {X;};>0 is a P-martingale with respect to its own filtration.
Conditional expectation is only unique to within a random variable that is :
surely zero.]

Show that T is a stopping time for which the Optional Stopping Theorem fail:

X (w) = {

As before, let T, T, denote the first hitting times of levels a and b respectix
a P-Brownian motion, {W;};>¢, but now Wp is not necessarily zero (see the re
after Definition 3.1.3)7 Prove that if ¢ < x < b then

(b —x)

(b—a)

[Hint: Mimic the proof of the corresponding result for random walk, cf. P1
tion 2.4.4.]

P[T, < Tp| Wo = x] =

19 Using the notation of Exercise 18,let T = T, A T. Prove thatifa < 0 < b 1l

E[T| Wy = 0] = —ab.




