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2 Binomial trees and discrete parameter
martingales

Summary

In this chapter we build some more sophisticated market models that track the
evolution of stock prices over a succession of time periods. Over each individual
time period, the market follows our simple binary model of Chapter 1. The possible
trajectories of the stock prices are then encoded in a tree. A simple corollary of our
work of Chapter 1 will allow us to price claims by taking expectation with respect
to certain probabilities on the tree under which the stock price process is a discrete
parameter martingale.

Definitions and basic properties of discrete parameter martingales are presented
and illustrated in §2.3, and we see for the first time how martingale methods can
be employed as an elegant computational tool. Then, §2.4 presents some important
martingale theorems. In §2.5 we pave the way for the Black—Scholes analysis of
Chapter 5 by showing how to construct, in the martingale framework, the portfolio
that replicates a claim. In §2.6 we preview the Black—Scholes formula with a
heuristic passage to the limit.

The multiperiod binary model

Our single period binary model is, of course, inadequate as a model of the evolution
of an asset price. In particular, we have allowed ourselves to observe the market at
just two times, zero and T'. Moreover, at time T, we have supposed the stock price to
take one of just two possible values. In this section we construct more sophisticated .
market models by stringing together copies of our single period model into a tree.

Once again our financial market will consist of just two instruments, the stock
and a cash bond. As before we assume that unlimited amounts of both can be bought
and sold without transaction costs. There is no risk of default on a promise and the
market is prepared to buy and sell a security for the same price (that is, there is no
bid—offer spread).
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time 3

Figure 2.1 The tree of stock prices.

The stock

The cash
bond

‘We suppose the market to be observable at times 0 = #g < #f{ < --- < fy =

Over each time period [#;, #;41] the stock follows the binary model. This is illt
in Figure 2.1. After i time periods, the stock can have any of 2! possible
However, given its value at time #; there are only two admissible possibilities
stock price at time #; ;. It is not necessary, but it is conventional, to suppose
time periods have the same length and so we shall write t; = ;8¢ where 8¢ =

In our simple model, the cash bond behaved entirely predictably. There was a
interest rate, r, and the cash bond increased in value over a time period of
T by a factor ¢"”. Now, we do not have to impose such a stringent conditic
interest rate can itself be random, varying over different time periods. Ou
will generalise immediately provided that we insist that the interest rate o
time interval [#i, ti+1) is known at the start of that interval, although it may
on which of the 2/ nodes our market is in. In this way, we admit the pds
of randomness in our cash bond. Notice however that it is a very different
randomness from that of the stock. The value of the bond at time #;; is :
known to us at time #. This is certainly not true for the stock. In spite of ot
found freedom, for simplicity, we shall continue to suppose that the interest
the constant, r.
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2.1 THE MULTIPERIOD BINARY MODEL

At first sight it is not clear that we can make progress with our new model. For a
tree consisting of k time steps there are 2¥ possible values for the stock price. If we
now look back at Proposition 1.6.5, this suggests that we need at least 2k stocks to
be traded in our market if we want it to be complete. For k = 20, this requires over
a million ‘ihdependent’ assets, far more than we see in any real market. But things
are not so bad. More claims become attainable if we allow ourselves to rebalance
our replicating portfolio after each time period. The only restriction that we impose
is that this rebalancing cannot involve any extra input of cash: the purchase of more
stock must be funded by the sale of some of our bonds and vice versa. This will be
formalised later as the self-financing property.

The key to understanding pricing and hedging in this bigger model is backwards
induction on the tree of stock prices.
Example 2.1.1 (Pricing a European call) Suppose again that we are pricing a
European option with maturity time T. As above, we set §t = T/N so that T
corresponds to N time periods and we write S; for.the stock price at time i0t. The
payoff of the option at time T is denoted by Cy.

Method: The key idea is as follows. Suppose that we know the price, Sy—1, of
the stock at time (N — 1)8¢. Then our previous analysis would tell us the value,
Cn_1, of the option at time (N — 1)8¢. Specifically, Cy—1 = ¥ Ex21[Cn]
where the expectation is with respect to a probability measure for which Sy_; =
wéN)]EN_l[SN] and wéN ) = e, (In a world of varying interest rates r must be
replaced by the rate at the node of the tree corresponding to the known value of
Sy—1.} Moreover, using Lemma 1.3.2, we know how to construct a portfolio at time
(N — 1)8t that will have value exactly Cy at time Né¢. In this way, for each of the
28=1 nodes of the tree at time (N — 1)8t, we calculate the amount of money, Cy -1,
that we require to construct a portfolio that exactly replicates the claim Cy attime 7.

We now think of Cy-1 as a claim at time (N — 1)dt and we repeat the
process. If we know Sy_z, we can-construct a portfolio at time (N — 2)8¢ whose
value at time (N — 1)8t will be exactly Cy—1, and this portfolio will cost us
WéN_l)]E N-2[Cn—1], where the expectation is with respect to a measure such that
Sy—2 = ¥ DBy _o[Sy_1]. Here again y{" " = ¢~"%. Continuing in this way,
we successively calculate the cost of a portfolio that, after appropriate readjustment
at each tick of the clock, but without any extra input of wealth and without paying
dividends, will allow us to meet exactly the claim against us at time Nét = T. We'll
illustrate the method in Example 2.1.2. ’ G

Tt is useful to consider a special form of the binary tree in which over each time step
[£;, t;+1] the stock price either increases from its current value, S;, to S;u or decreases
to S;d for some constants 0 < d < u < oo. In such a tree the same stock price can
be attained in many different ways. For example the value Soud at time #, can be
attaiﬁled as the result of an upward stock movement followed by a downward stock
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Sounu

Sou;id

S, udd
S,dd

S, ddd

A recombinant or binomial tree of stock prices.

movement or vice versa. The tree of stock prices then takes the form of Fi
Such a tree is said to be recombinant (different branches can recombine
special recombinant trees are also known as binomial trees since (provided
r remain constant over time) the risk-neutral probability measure will be

on each upward branch and so the stock price at time #,, = ndt is determi
binomial distribution. Such trees are computationally much easier to work 1

. general binary trees and, as we shall see, are quite adequate for our purpc

binomial model was introduced by Cox, Ross & Rubinstein (1979) and has
key role in the derivatives industry.
We now illustrate the method of backwards induction on a recombinant ¢

Example 2.1.2 Suppose that stock prices are given by the tree in Figure
that 8t = 1. If interest rates are zevo, what is cost of an option to buy the
price 100 at time 37

Solution: It is easy to fill in the value of the claim at time 3. Reading froi
bottom, the claim has values 60, 20, 0 and 0.

Next we need to find the risk-neutral probabilities for each triad of nod:
form

SHI(M)

Si+1(d)

Evidently in this example the risk-neutral probability of stepping up is 1/2
node. We can now calculate the value of the option at the penultimate time,
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2.1 THE MULTIPERIOD BINARY MODEL

100
(15)

80
©)

40
()

The tree of stock prices for the underlying stock in Example 2.1.2. The number in brackets is

the value of the claim at each node.

again reading downward, 40, 10, 0. Repeating this for time 1 gives values 25 (if the
price steps up from time 0) and 5 (if the price has stepped down). Finally, then, the
value of the option at time 0 is 15.
Having filled in the option prices on the tree, we can now construct a portfolio
that exactly replicates the claim at time 3 using the prescription of Lemma 1.3.2. We
write (¢;, ;) for the amount of stock and bond held in the portfolio over the time

interval [(i — 1)4t, i61).

At time 0, we are given 15 for the option. We calculate ¢ as (25 —5)/(120 — 80) =
0.5. So we buy 0.5 units of stock, which costs 50, and we borrow 35 in cash bonds.
Suppose that Sy = 120. The new ¢ is (40 — 10)/(140 — 100) = 0.75, so we buy
another 0.25 units of stock, taking our total bond borrowing to 65.

Suppose that S5 = 140. Now ¢ = (60 — 20)/(160 — 120) = 1, so we buy still more
stock, to take our holding up to 1 unit and our total borrowing to 100 bonds.

Finally, suppose that S3 = 120. The option will be in the money, so we must hand
over our unit of stock for 100, which is exactly enough to cancel our bond debt. '

The table below summarises our stock and bond holding if the stock price follows

another path through the tree.

Stock Option Stock Bond
Timei Lastjump priceS; valueV; holding¢; holding ¥
0 — 100 15 — —
1 down 80 5 0.50 —35
2 up 100 10 0.25 —15
3 down 80 0 0.50 —40
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Notice that all of the processes {S; }o<i<n, {Vilo<i<n, (i }1<i<n, {¥i}i<izn
on the sequence of up and down jumps. In particular, {¢;}1<;<y and {Vi}1<;
random too. We do not know the dynamics of the portfolio at time 0. However
know that our portfolio is self-financing. The portfolio that we hold over [i 4 1
can be bought with the proceeds of liquidating (at time i + 1) the portfolio t
held over the time interval [i, i 4 1) — there is no need for any extra input ¢
Moreover, we know how to adjust our portfolio at each time step on the b
knowledge of the current stock price. There is no risk.

In the single period binary model, we saw that any claim at time 7 was att;
and its price at time zero could be expressed as an expectation. The same is
the multiperiod setting (see Exercise 1). The proof that any claim is attainable
backwards induction on the tree. To recover the pricing formula as an expec
we define a probability distribution on paths through the tree. '

Notice that our backwards induction argument has specified exactly one prot
on each branch of the tree. For each path through the tree that the stock price
follow we define the path probability to be the product of the probabilities
branches that comprise it.

In Exercise 2 you are asked to show that the price of a claim at time
we obtained by backwards induction is precisely the discounted expected v;
the claim with respect to these path probabilities (in which the discounted ¢

- each node is weighted according to the sum of the probabilities of all pat

end at that node). Let’s just check this prescription for our preceding ex
In the recombining tree of Example 2.1.2, there are a total of eight patt
ending at the top node, one at the bottom and three at each of the other
Each path has equal probability, 1/8, and the expectation of the claim is th
1/8 x 60 + 3/8 x 20 = 15, which is the price that we calculated by bacl
induction. i

American options

Our somewhat more sophisticated market model is sufficient for us to take a fir
at options whose payoff depends on the path followed by the stock price o
time interval [0, T']. In this section we concentrate on the most important ex:
of such options: American options.

Definition 2.2.1 (American calls and puts) An American call option with
price K and expiry time T gives the holder the right, but not the obligation,
an asset for price K at any time up to 7. ‘

An American put option with strike price K and expiry time T gives the
the right, but not the obligation, to sell an asset for price K at any time up to

Evidently the value of an American option should be more than (or at least 1
than) that of its European counterpart. The question is, how much more?
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2.2 AMERICAN OPTIONS

First let us prove the following oft-quoted result.

Lemma 2.2.2 It is never optimal to exercise an American call option on non-

dividend-paying stock before expiry.

Proof: Consider the following two portfolios.

Portfolio A: One American call option plus an amount of cash equal to Ke™ =9 at
time z.
Portfolio B: One share. /

Writing S; for the share price at time ¢, if the call option is exercised at time t < T,
then the value of portfolio A at time ¢ is §; — K + Ke ™79 < §,. (Evidently the
option will only be exercised if S; > K.) The value of portfolio B is S;. On the other
hand at time 7', if the option is exercised then the value of portfolio A is max{St, K}

_ which is at least that of portfolio B.

We have shown that exercising prior to maturity gives a portfolio whose value is
less than that of portfolio B whereas exercising at maturity gives a portfolio whose
value is greater than or equal to that of B. It cannot be optimal to exercise early. O

This result only holds for non-dividend-paying stock. An alternative proof of
Lemma 2.2.2 is Exercise 5. In Exercise 7 the result is extended to show that if the
underlying stock pays discrete dividends, then it can only be optimal to exercise at
the final time T or at one of the dividend times (see also Exercise 8). More generally,
the decision whether to exercise early depends on the ‘cost’ in terms of lost dividend
income.

The case of American put options is harder (even without dividends). We illustrate
with an example. - ’

Example 2.2.3 Suppose once again that our asset price evolves according to the
recombinant tree of Figure 2.3. To illustrate the method, again we suppose that the
risk-free interest rate is zevo (but see the second paragraph of Remark 2.2.4). What
is the value of a three month American put option with strike price 1007

o
Solution: As in the case of a European option, we work our way backwards through
the tree.

The value of the claim at time 3, reading from top to bOttOl’:l, is 0, 0, 20, 60.

At time 2, we must consider two possibilities: the value if we exercise the claim,
and the value if we do not. For the top node it is easy. The value is zero either way.
For the second node, the stock price is equal to the strike price, so the value is zero
if'we exercise the option. On the other hand, if we don’t, then from our analysis of
the single step binary model, the value of the claim is the expected value under the
risk-neutral probabilities of the claim at time 3. We already calculated the risk-neutral
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The evolution of the price of the American put option of Example 2.2.3.

probabilities to be 1/2 on each branch of the tree, so this expected value is 10. F
the bottom node, the value is 40 whether or not we exercise the claim.

Now consider the two nodes at time 1. For the top one, if we exercise the option
is worthless whereas if we hold it then, again by our analysis of the single peric
model, its value is 5. For the bottom node, if we exercise the option then it is wor
20, whereas if we wait it is worth 25. )

Finally, at time 0O, if we exercise, the value is zero, whereas if we wait the value
15.

The option prices are shown in Figure 2.4.

Remark 2.2.4

Notice that in the above example it was not optimal to exercise the option at tin
1, even when it was ‘in the money’. If §; = 80, we make 20 from exercisit
immediately, but there is 25 to be made from waiting.

In this example there was never a strictly positive advantage to early exercise of t
option. It was always at least as good to wait. In fact if interest rates are zero this
always the case, as is shown in Exercise 6. For non-zero interest rates, early exerci
can be optimal, see Exercise 9.

Discrete parameter martingales and Markov processes

Our multiperiod stock market mode] still looks rather special. To prepare the grow
for the continuous time world of 'Alat)er chapters we now place it in the more gene:
framework of discrete parameter martingales and Markov processes.

First we recall the concepts of random variables and stochastic processes.
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2.3 DISCRETE PARAMETER MARTINGALES AND MARKOV PROCESSES

Formally, when we talk about a random variable we must first specify a probability
triple (§2, F, P), where Q is a set, the sample space, F is a collection of subsets of
2, events, and P specifies the probability of each event A € F. The collection F is a
o-field, that is, 2 € F and F is closed under the operations of countable union and
taking complements. The probability P must satisfy the usual axioms of probability:

0<P[A]l < 1,forall A € F,

PIQ] = 1,

P[A U B] = P[A] -+ P[B] for any disjoint A, B € F,

ifA, ¢ Fforaln e Nand A1 € A C --- then P[A,] T]P’[UnAn] asn 1 oo.

Definition 2.3.1 A real-valued random variable, X, is a real-valued function on
Q that is F-measurable. In the case of a discrete random variable (that is a random
variable that can only take on countably many distinct values) this simply means

{weQ: X(w)=x}eF,

so that P assigns a probability to the event {X = x}. For a general real-valued
random variable we require that

{we@: X(w) <x}eF,

so that we can define the distribution function, F(x) = P[X < x].

This looks like an excessively complicated way of talking about a relatively straight-
forward concept. It is technically required because it may not be possible to define
P in a non-trivial way on all subsets of €2, but most of the time we don’t go far
wrong if we ignore such technical details. However, when we start to study stochastic
processes, random variables that evolve with time, it becomes much more natural to
work in a slightly more formal framework.

To specify a (discrete time) stochastic process, we typically require not just a single
o-field, F, but an increasing sequence of them, 7, & Fu1 & -+ € F. The
collection {Fy},50 is then called a filtration and the quadruple (Q, F, {F,}n=0, P)
is called a filtered probability space.

Definition 2.3.2 A real-valued stochastic process is just a sequence of real-
valued functions, {X,}n=0, on 2. We say that it is adapted to the filtration {F, }n>0 if
X, is Fy-measurable for each n. ’

One can then think of the o-field F, as encoding all the information about the
evolution of the stochastic process up until time 7. That is, if we know whether each
event in 7, happens or not then we can infer the path followed by the stochastic
process up until time n. We shall call the filtration that encodes precisely this
information the natural filtration associated to the stochastic process {Xp, },>0.
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Tree representing the stochastic process of Example 2.3.3 and its distribution.

There is an important consequence of the very formal way that this is set u
Notice that we have defined the process {X,},>0 as a sequence of measurab
functions on Q without reference to PP. This is exactly analogous to the situatic
in our tree models. We specified the possible values that the stock price could tal
at time n, corresponding to prescribing the functions {X n}n>0, and superposed tl

" probabilities afterwards. Even if we had a preconception of what the probabiliti

of up and down jumps might be, we then changed probability (to the risk-neutr
probabilities) in order actually to price claims. This process of changing probabili
will be fundamental to our approach to option pricing, even in our most comple
market models.

When we constructed the probabilities on paths through our binary (or binomie
trees, we first specified the probability on each branch of the tree. This was done

such a way that the expected value of e 7% S; 1 given that the value of the stock
time k8¢ 1s known to be Sg is just Sg. This condition specifies the probabilities on 1l
two branches emanating from the node corresponding to Sy at time k8¢, We shou
like to extend this idea, but first we need to remind ourselves about condition
expectation. This is best explained through an example.

Example 2.3.3 Consider the stochastic process represented by‘ the tree in Fi
ure 2.5. Its distribution is given by the probabilities on the branches of the tre
where, as in §2.1, we assume that the probability of a particular pdth through t
tree is the product of the probabilities of the branches that comprise that path.

Calculation: Our tree explicitly specifies {X,}s>0 and, for a given 2, implicit

specifies P. In later examples we shall be less pedantic, but here we write dov
€ explicitly. There are many possible choices, but an obvious one is the set
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2.3 DISCRETE PARAMETER MARTINGALES AND MARKOV PROCESSES

all possible sequences of “up’ and ‘down’ jumps. If @ = (u,u,d), say, then
X1(@) = X9, Xa(w) = XY and X3(0) = X
. First let us calculate the conditional expectation

E[X3]| A1,

Using our interpretation of JF,, as ‘information up to time n’, our problem is to
determine the conditional expectation of X3 given all the information up to time
one. Notice that what we are calculating is an J|-measurable random variable. It
depends only on what happened up until time one. There are just two possibilities:
the first jump is up, or the first jump is down.

If the first jump is up, the possible values of X3 are Xg)oo, Xgm, ng and Xgn.
The probability of each value is determined by the path probabilities but restricted to
paths emanating from the upper node at time one. The conditional expectation then
takes the value

E[X3] F1]l () = poopooo X3 -+ Ppoopoo1 X0 + po1 2010 X310 + po1 por1 X5

This happens with probability po.
If the first jump is down, which happens with probability pi, the conditional

expectation takes the value

E[ X3 F11(d) = piopiooX3” + prop1o1 X2% + pup110 X310 + pripin X3t

Similarly, we can calculate E [ X3| F,]. This random variable will be 7-measurable
— its value depends on the first two jumps of the process. Its distribution is given in
the table below.

Value Probability
ELX|F21(un) = pooo X% + poor X3 PoPoo
E[X|F1(ud) = po1oXJ'° + po11 X311 PoPo1
E[X|721(dw) = pioo X3P + pion X3% prpio
E[X|7)(dd) = p110X310 + p11 X3 p1P11

Of course, since E [ X5| F>] is an F;-measurable random variable and 7y € 7, we
can calculate the conditional expectation

E{E[X3] Rl Fil.

E[]E[Xavlfz]lﬂ](u) = pooE[Xs} Fol (uu) + por1 B[ X3] 2] (ud),
E[E[X3] R0l Fil(d) p1oE [ X3 P2l (du) + priE[X3]| Fol (dd).

i
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Substituting the value of E [ X3| ;] from the table above it is easily checked tt
this reduces to

E[E[X3| Rl Al =E[X3] F1], @.

Here is the formal definition.

Definition 2.3.4 (Conditional expectation) Suppose that X is an F-measural
random variable with E[|X|] < oo. Suppose that G < F is a o-field; then t.
conditional expectation of X given G, written B [ X|G), is the G-measurable randc
variable with the property that for any A € G

E[[Xlg];A]éAE[X[g]dP:AXdPéE[X;A].

The conditional expectation exists, but is only unique up to the addition of a rando
variable that is zero with probability one. This technical point will be important
Exercise 17 of Chapter 3.

Equation (2.1) is a special case of the following key property of condition
expectations.

The tower property of conditional expectations: Suppose that F; < Fj;then
E[E[X|F;11F7] = E[X]F].

In words this says that conditioning first on the information up to time j and then ¢
the information up.to an earlier time i is the same as conditioning originally up 1
time 7. . C

In calculations with conditional expectations, it is often useful to remember th
following fact.

Taking out whatis knownin conditional expectations: Suppose that E[X]and E[X Y] -
00; then ‘ ‘

if Y is Fy-measurable, E[XY|F,]=YE [X|F.].
This just says that if ¥ is known by time 7, then if we condition on the infohnatio

up to time n we can treat ¥ as constant. [

The probability measure on the tree that we used in §2.1 to price claims was chose:
so that if we define {Sk}r>0 to be the discounted stock price, that is S, = e 7%,
then the expected value of Sj; given that we know Sk is just S;. We use the notatio:

E[§k+1f§k} = 5.

Because in our model the stock price has ‘no memory’, so that the movement of thi
stock over the next tick of the clock is not influenced by the way in which it reache:
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its current value, conditioning on knowing S is actually the same as conditioning on
knowing all of F, so that

E[SelFe] = Se. @2)

The property (2.2) is sufficiently important that it has a name.

Definition 2.3.5 Suppose that (Q, {Fulnz0, F, ]P’) is a filtered probability space.
The sequence of random variables {X,}n>0 is a martingale with respect to P and
{Fun=o0 if

E[1Xnl) < o0, Vn, (2.3)

and

E{Xns1| Fn] = Xn, Vn. , (2.4)
If we replace equation (2.4) by

E[Xpp1l Fu] < Xn, Vn,
then {Xp}n>0 isa (IP’, {fn}nzo)—supermartingale. If instead we replace it by

E[Xpp1l Fn] = Xn,  Vn,
then { X, }n>0 is a (IF’, {fn}nzo)—submartingale.

These definitions are not exhaustive. There are plenty of processes that fall into none
of these categories. A martingale is often thought of as tracking the net gain after
successive plays of a fair game. In this setting a supermartingale models net gain
from playing an unfavourable game (one we are more likely to lose than to win) and
a submartingale is the net gain from playing a favourable game.

It is extremely important to note that the notion of a martingale is really that
of a (IE”, {Fn}nzo)—martingale. Recall that our definition of stochastic process has
divorced the rdles of the sequence {F;,},>0, the F-measurable functions {X,},>0 on
€ and the probability measure P defined on elements of . In the setting of §2.1, our
view of the market may be that the discounted stock price is not a martingale (indeed
it probably isn’t or no one would ever speculate on stocks - they could get the same
money, risk-free, by buying cash bonds). We change the probability measure to one
which makes the discounted stock price a martingale for the purposes of pricing and,
as we shall see, hedging. We shall refer to the probability measure that represents
our view of the market as the marker measure. The new probability measure, which
we use for pricing and hedging, is known as the equivalent martingale measure.

Remark: (Martingales indexed by a subset of N) Although we have defined martin-
gales indexed by n € N, we shall often talk about me{rtingales indexed by {0 < n <
N). They are defined by restricting conditions (2.3) and (2.4) to {0 < n < N}. We
shall state our key results for martingales indexed by {n >.,0}; they can be modified
in the obvious way to apply to martingales indexed by {0 < n < N}J. O
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It is often useful to observe that, by the tower .property‘, if {Xplnsoisa (IP’, {fn}nZO:
martingale then fori < j,
E[X;| 7] = X:.

Calculations can also be simplified if our martingales have an additional propert;
the Markov property. )

Definition 2.3.6 (Marlkov process) The stochastic process { X, }n=0 (With its na
ural filtration, {Fy}n>0) is a discrete time Markov process if

IP[Xrﬁ-l € B|-7:n] :P[Xn-l—l € B|Xn:l,
forall B € F.

In words this says that the probability that X, 1 € B given that we know the who.
history of the process up to time » is the same as the probability that X, €
given only the value of X,,. A Markov process has no memory. Many of our exampl
of martingales (and all our examples of market models) will also have the Markc
property. However, not all martingales are Markov processes and not all Markc
processes are martingales (see Exercise 11).

Notation: When we wish to emphasise that a filtration is ‘generated by’ the
stochastic process {X,}n>0 we use the notation {F,f{ tn>0- :
Unless otherwise stated, {F,}n>0 Will always be understood to mean the
natural filtration associated with the stochastic process under consideration.

It would be excessively pedantic always to insist upon an explicit specification of
and so, generally, we won’t. We shall also use *{X,},>0 is a P-martingale’ to me:
{Xn}nzois a (P, {Ff}n=0)-martingale’.

~ Example 2.3.7 (Random walk) A one-dimensional simple random walk, {Sy}n>

is a Markov process such that Sp4+1 = Sp + &n41 Where (for each n) §, € {—1, +
and, under P, {&,}n>0 are independent identically distributed random variable
Thus

P[Si1=k+1|Sy=k]=p, P[Sp1=k-1S=k|]=1-—p,

where p € [0, 1]. ) : ‘
If p = 0.5, then {Su}n>0 is a P-martingale. If p < 0.5 (resp. p > 0.5), th
{Sn}n>0 is a P-supermartingale (resp. P-submartingale).

Justification: To check this, notice that since the random walk can be a distance
most n from its starting point at time #, the expectation E [[S,]] < oo is evident
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finite. Moreover,

E[Sn+1lfn] = ]E[Sn‘f‘én—\—ﬂ]:n]
= S +E[§n+1}fn]
= Sn +]E[‘§n+l]v

where we have used independence of the {£,},>¢ in the last line. It suffices then to
observe that

<0, p<05,
E [€n+1] =0, p=0.5,
>0, p=>035.

O
Example 2.3.8 (Conditional expectation of a claim) Suppose that Q and a filtra-
tion {Fnln=0 are given. (The example that we have in mind is that F, encodes
the history of a financial market up until time nét.) Let Cy be any bounded
Fn-measurable random variable. (This we are thinking of as a claim against us at
time N8t.) Then for any probability measure P, the conditional expectation process,
{Xnlo<n<n, given by

Xn =E[Cy|Fnl,

isa (]P’, {]—‘n}OSnSN)—martingale.

In solving our pricing problem
Jor a European option with value Cy at the expiry time Nt in the multiperiod binary
model of stock prices of §2.1, we found a probability measure, which we denote by Q,
under which the discounted stock price is a martingale. For any claim, Cy, at time
N8t, provided EQ[|Cy|] < oo, the fair price at time nét of an option with payoff
Cy at time N8t was found to be

Vo= e T WMEQ Oy 7).

Define the discounted claim process by \7” = Y Then {Vn}oﬁnSN is a Q-
martingale. This would remain true even if we dropped the assumption of constant
interest rates, provided that we knew the risk-free rate over the time interval [i8t, (i+
1)8t) at the beginning of the period.

Our last example shows that the discounted price process of a European option is
a martingale. In other words, the discounted value of our replicating portfolio is a
martingale. As before, we write (¢, V) for the amount of stock and bond held in
the replicating portfolio over the nth time interval, that is [(n — 1), né¢). The value
of the portfolio at time 7 is then

Vi = ¢n—|—lSn =+ wn—HBn,

where By, is the value of the cash bond at time nd¢. The portfolio is self-financing,
that is the cost of constructing the new portfolio at time (n + 1)8¢ is exactly offset
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by the proceeds of selling the portfolio that we have held over [ndz, (n + 1)51). ]
symbols,

¢n+lSn+1 + Wn+1Bn+1 - ¢n+2Sn+1 + 1//n+ZBn—|~1~
The discounted price is
Vo = ¢n+1 S+ WH-H:

and since, using the self-financing property,
$nt1Sn41 + Y1 = GnsaSn1 + Yni2,
we have
Vil = Vi = $n428nt1 + Vg2 — G180 — ¥t
= Pny1 <Sn+1 - 3’;;) :
That is ‘

n—1 )
Vn:VO+Z¢j+1 (Sj+1—~Sj). 2.
=0

From our earlier remarks, {Vn}ofnf ~ 1s a Q-martingale, so what we have checke
is that under the probability measure Q for which {gn}Ofizf N is a martingale, ti
expression on the right hand side of equation (2.5) is also a martingale. This is pa
of a general phenomenon. To state a precise result we need a definition. Recall th
we knew ¢; at time (i — 1)4¢.

Definition 2.3.10 Given a filtration {F,}p>0, the proc;ess {Antas1 is {Fuin>
previsible or {F, },>o-predictable if A, is F,,_1-measurable for all n > 1.

Note that this is the sort of randomness that we have permitted for our cash bond.

Proposition 2.3.11 Suppose that {Xp}n>0 is adap{ed to the filtration {Fp}n>0 ar
that {¢nn>1 is {Fnas0-previsible. Define o
n—-1 ’
Zn=Zo+ ) ¢jm1 (Xjm1 — X;), X
j=0

where Zy is a constant.
If{Xnln>oisa (]P’, {fn}nzo)—maﬁingale, then 50 is {Zy }n>0.

Remark: If {0,},>0 is adapted to {F,}»>0, then the process {¢, },>1 defined by ¢,
0,1 is previsible. Thus for an {F,}.>0-adapted process {6,}>0, if {X;}n>0 1S
(P, {#+}:>0)-martingale then so is

n—1

Zn=Zo+ Y 0 (Xj1 —Xj).
j=0
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Proof of Proposition 2.3.11: This is an exercise in the use of conditional expectations.

E{Zn1| Fal = Zn = E[Znt1— Znl Fa)

= E[¢n+1 Xnt1 — Xn)| Fa]
$n 1B [ (Xnt1 — Xo)| Fr
b1 (B[ Xns1] 7] — Xa)
0.

1l

O

We can think of the sum in equation (2.6) as a discrete stochastic integral. When we
turn to stochastic integration in Chapter 4, we shall essentially be passing to limits in
sums of this form. '

It is not just our binomial models that can be incorporated into the martingale
framework. The same argument that allows us to pass from the single period to the
multiperiod binary model allows us to pass from the single period models of §1.5
and §1.6 to a multiperiod model. We now recast Theorems 1.5.2 and 1.6.2 in this
language. Suppose that our market consists of K stocks and that the possible values
that the stock prices st SK can take on at times 8¢, 28¢,368¢, ... , Nt = T are
known. We denote by Q the set of all possible ‘paths’ that the stock price vector can
follow in RX.

Theorem 1.5.2 tells us that the absence of arbitrage is equivalent to the existence
of a probability measure, (Y, on 2 that assigns strictly positive mass to every w € £2
and such that

Sr1 = v EXS, [S,-1],

where S, is the vector of stock prices at time r and Wér>

borrowing over [(r — 1)8t, r&t].
If, as above, we consider the discounted stock prices, {S;}o< <y, given by §; =

is the discount on riskless

RS S, 5] =S

F r——1:| = Sr—1-
In other words, the discounted stock price vector is a Q-martingale.

Definition 2.3.12 Two probability measures P and Q on a space 2 are said to be
equivalent if for all events A C Q
P(A)=0.

QW) =0 if and only if

Suppose then that we have a market model in which the stock price vector can follow
one of a finite number of paths €2 through Rf. We may even have our own belief as to
how the price will evolve, encoded in a probability measure, P, on . Theorem 1.5.2
and Theorem 1.6.2 combine to say:
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Theorem 2.3.13 For the multiperiod market model described above, there is
arbitrage if and only if there is an equivalent martingale measure Q. That is, th
is a measure, Q, equivalent to P, such that the discounted stock price process 1
Q-martingale.

In that case, the time zero market price of an attainable claim Cy (to be delive
at time N8t) is unique and is given by

E2 [y Ch],

where yr, = H{V wéi) is the discount factor over N periods.

Although there are extra technical conditions, this fundamental theorem hag ess
tially the same statement for markets that evolve cortinuously with time.

Some important martingale theorems

Phrasing everything in the martingale framework places many powerful theore
at our disposal. In this section, we present some of the most important result:
the theory of discrete parameter martingales. However, our coverage is necessa
cursory. An excellent and highly readable account is Williams (1991).

One of the most important calculational tools in martingale theory is the Optic
Stopping Theorem. Before we can state it, we need to introduce the notion ¢
stopping time. : -

Definition 2.4.1 Given a sample space S equipped with a filtration {F,}n>
stopping time or optional time is a random variable T : Q — Z. with the prop.
that

(T <n}eFy, foralln = 0.

This just says that we can decide whether ornot T < n on the basis of the informa’
available at time n — we don’t need to look into the future. ’

Example 2.4.2 Consider the simple random walk of Example 2.3.7. Define |
be the first time that the random walk takes the value 1, that is

T=inf{i >0:5; =1};

thenT isa stoppiﬁg time.
On the other hand,
U=sup{i=0:5 =1}

is not a stopping time.

An equivalent definition of stopping time is that the random variable 6,, = lir=>n
forn > 0, is adapted (see Definition 2.3.2). Consequently, from the remark follov
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Proposition 2.3.11, if {X,,},>0 1s a martingale, then so is the process

n—1

Zpn 2 0, (Xj1 - X). @D
j=0

Notice that we can rearrange this expression,

n—1
Zo = Y 0 (X —X))
=0
n—1
= Y Arsjn (X4 — X))
j=0
= X7 — Xo,

where T A n denotes the minimum of T and n.

Theorem 2.4.3 (Optional Stopping Theorem) Let (Q, F A Fnln=o0, P) be a filtered

probability space. Suppose that the process {Xpln=0 is a (]P, {fn}nzo)-martingale,
and that T is a bounded stopping time. Then

E[X7| Fo] = Xo,
and hence

E[X7] = Xo.

Proof: The pfoof is a simple application of the calculation that we did above. If we
know that 7 < N, then in the notation of (2.7), Zy = X1 — Xo and since {Z,},>0
is a martingale, E[ Zy| Fo] = Zo = 0, i.c.

E[X7]Fol = Xo.
Taking expectations once again yields
E[Xr] = Xo.

O

It is essential in this result that the stopping time be bounded. In practice this will
be the case in all of our financial applications, but Exercise 15 shows what can
go wrong. More general versions of the theorem are available; see for example,
Williams (1991). Here we satisfy ourselves with an application (see also Exer-
cise 14).

Let {Syln>0 be the (asymmetric) simple random walk of
Example 2.3.7 with p > 1/2. For x € Z we write

Proposition 2.4.4

T, =inf{n: S, = x},
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1__ X
$(x) = (——p) .
14
1 - ¢(b)
$a@) — o)

Proof: We first show that {¢ (Sp)}n>0 is a P-martingale. Since the walk can only tal
one step at a time, —n < S, < n. Using also that 0 < (1 — p)/p < 1 for p > 1/
we evidently have that

and define

Then fora <0 < b,
PlT, < Tp] =

E{l¢ (Sl < oo, V.

To check that we really have a martingale is reduced to another exercise
conditional expectations. We must calculate

E [¢(Snr1)] ) -

Recall that S, 41 = Z’Jlii £; = Sp + &n41, where, under P, the random variables .

are independent and identically distributed with

This gives ’ ‘
P

fn}
. &
- ¢<Sn>E{<}——£) H}
p
1— p\! 1— p\ L
= B(S) (p(—p> +(1-p) (—p> >
P P

= ¢(Sn).

1_p ‘\;:n—f-l
E[¢(Sns)l Fa] = E| $(S0) (——)

We should now like to apply the Optional Stopping Theorem to the stopping tir
T = T, A Tp, the first time that the walk hits either a or b. The difficulty is that T
not bounded. Instead then, we apply the theorem to the stopping time 7' A N for
arbitrary (deterministic) N. This gives

1 = E[¢(So)]=E[¢(Stanm)] .
= ¢@P[ST=a, T <N]+¢B)P[ST=b,T < NI+E[¢(SNy), T >N

2.

Now

I

El¢(SmIT > NPT > N]

[(“TPY + (1%;)} PIT > NI,

0<E[¢(Sn). T > NI

[
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2.4 SOME IMPORTANT MARTINGALE THEOREMS
and since P[T > N]— Oas N — oo, we can let N — o0 in (2.8) to deduce that
$@P[ST =al +¢DP[Sr =b] =1 ‘ 2.9)

Finally, since P{St =a] = 1 — P[S7 =b], and P[T, < Tp] = P[S7 =a],
equation (2.9) becomes .

P@P[T; <T]+ o) 1 -P[lu < T,]) = 1.

Rearranging,
1— )
¢la) — ()’

as required. O

PlT, < Tp] =

Often one can deduce a great deal about martingales from apparently scant informa-
tion. An example is the result of Exercise 12 which says that a previsible martingale
is constant. Another example is provided by the following result.

Theorem 2.4.5 (Positive Supermartingale Convergence Theorem) If{Xnlso is a
(P, {Fuln=0)-supermartingale and X, > 0 for all n, then there exists an Foo-
measurable random variable, X o0, with E[Xoo] < 00 such that with P-probability
one

Xy — Xeo asn — 00.

A proof of this result is beyond our scope here, but can be found, for example, in
Williams (1991).

Before returning to some finance, we record just one more result. Recall that
submartingales tend to rise on the average and supermartingales fall on the average.
The following result, sometimes called compensation, says that we can subfract a
non-decreasing process from a submartingale to obtain a martingale and we can add
a non-decreasing process to a supermartingale to obtain a martingale. In both cases,
the interesting thing is that the non-decreasing processes are previsible. ’

Proposition 2.4.6

Suppose that {Xnlnso is a (P, {Fuln=0)-submartingale. Then there is a previs-
ible, non-decreasing process {Ap}n>0 such that {X, — Apluzo is a (P, (Fulnz0)-

-martingale. If we insist that Ay = 0, then (A, }n>0 is unique.

Suppose that {Xp}n>0 is a (P, {Fpln=0)-supermartingale. Then there is a previs-
ible, non-decreasing process {Ap}n>1 such that {X, + Aplnzo is a (P, {Fuln=>0)-
martingale. If we insist that Ag = 0, then {An}n>0 is unique.

Proof: The proofs of the two parts are essentially identical, so we restrict our
attention to 1.
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Define Ag = 0 and then for n > 1 set
Ap—Ap1=E [Xn — X1l Fn«l] :

By definition {A,},>0 will be previsible and non-decreasing (since {X,},>0 it
submartingale). We must check that {X, — Apln>o is a martingale. First we che
that E[| X, — A,]] < oo for all &.

E[lXs — Al < E[|Xn]]+E[An]
E[|X,)]+E [Ao + (4 - A/‘—l)J

j=1

Il

n
E[Xa1+ ) E[E[X; - X;.1|F;1]] (by definition of .
j=1

IA

E0Xa01+ ) E[E[[X)]+]X,-1]| #5-1]]
j=1

E[)X,]]+ Z]E [1X;]+]X;-1|]] (tower property),
=1

and evidently this final expression is finite since by assumption E [|X;]] < oo
all j. '
Now we check the martingale property,

E[Xpt1 — Apr1l Fr]
= E[Xp11 —E[Xup1 ~ Xal F] — Au| 7] (by definition of A,y1)
= E[Xnp1 = Xns1 + Xo — As| 7]
= X, — A,

It remains to check that if Ay = 0 then the process {A; },>0 Is unique. Suppose th
there were another predictable process { B, }n>0 with the same property. Then {X,,
Aplnz0 and {X, — By}u>0 are both martingales and, therefore, so is the differen
between them, {4, — By }uz0. On the other hand {4, — By)n>0 is predictable ar
predictable martingales are constant (see Exercise 12). Since Ag = 0 = By, tl
proof is complete.

Let’s see what these concepts correspond to in a financial example.

Example 2.4.7 (American options revisited) Assume the binomial model and n
tation of §2.2 and let Q) be the probability measure on the tree under which t}
discounted stock price {S’n}osnsN is a martingale. We denote by {Vn}ofnsN t}
discounted value of an American call or put option with strike K and maturi,
T = Nt and define N

B - eS8, — Ky in the case of the call,
P e MK — Sp)4  inthe case of the put.
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2.5

2.5 THE BINOMIAL REPRESENTATION THEOREM

(The filtration is always that generated by {Sn}o<n<n.) Then {\7,,}05,,51\; is the
smallest Q-supermartingale that dominates { Bp}o<n<N.

In Exercise 16 it is shown that this characterisation provides yet another simple proof
of Lemma 2.2.2.

Explanation for example: We know from §2.2 that

Vn~1 = max {E’n_L EQ [Vn

n——ljl}s 0<n=<N,

and VN = f?N Evidently {Vn}o<n<N is a supermartingale that dominates
(B Jo<n<n- To check that it is the smallest supermartingale with this property,
suppose that {U }0<n< v is any other supermartingale that dominates {B }n>0. Then
UN > VN, and if U,, > V,,,then

Up1 2 EQ [Un j:n——l] > ]E@ [Vn j:n—l] s
and so
Up-1 > max {Bn—ls [ [Vn fn—l]} = Vo-1.
The result follows by backwards induction. The process {Vn}0<n< ~ is called the
Snell envelope of {Bn}0<n<N 0

Remark: Proposition 2.4.6 tells us that we can write
Vo = My — A,

where {Mn}n>o is a martingale and {A Yn>015 a non—decreasmg process, with Ag =
0. Since the market is complete, we can hedge My exactly by holding a portfolio
that consists over the nth time step of ¢, units of stock and v, units of cash bond.
The seller of the American option would more than meet her liability by holding
such a portfolio. The holder of the option will exercise at the first time j when A 1
is non-zero (recall that the process {A,},>0 is previsible), since at that time it is
better to sell the option and invest the money according to the hedging portfolio

{('Jbrn Ipn)}jﬁan- |

The Binomial Representation Theorem

Pricing a derivative in the martingale framework corresponds to taking an expec-
tation. But arbitrage prices are only meaningful if we can construct a hedging
portfolio. If we know the hedging portfolio then we saw in the discussion preceding
Definition 2.3.10 that we can express the discounted value of the portfolio, and
therefore of the derivative, as a ‘discrete stochastic integral’ of the stock holding
in the portfolio with respect to the discounted stock price. In order to pass from
the discounted price of the derivative to a hedging portfolio we need the following
converse to Proposition 2.3.11. We work in the context of our binomial model of
stock prices.
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Theorem 2.5.1 (Binomial Representation Theorem) Suppose that the measur
is such that the discounted binomial price process {S, haso is a Q-marting

If (Vi Inzo is any other (Q, {Fpln=0)-martingale, then there exists an {F,),
predictable process {¢p }n>1 such that

n—1 -
Vn=V0+Z¢j+1 <§j+1"§j>- 2

Jj=0
Proof: We consider a single time step for our binomial tree. It is convenient to w
AVipr =Vipr = Vi and  ASiy =S4 — S;.

Given their values at time 16z, each of VH—I and §l+1 can take on one of two poss:
values that we denote by {Vl+1(u) Vl+1 (d)} and {S,+1 (u), Sl+1 (d)} respectively

We should like to write AV,+1 = ¢l+1ASl+1 + ki11, where ¢;11 and ki1
both known at time i8¢. In other words we seek ¢; 11 and k; 1 such that

V100 = Vi = g (Siaw) - §:) +hisr,

and
Vit ) = Vs = dust (Sini@) = §) + ki,
Solving this gives

Vie1(w) — Vig1(d)

Pt = Sit100) — Si41(d)

and kg1 = Vip1 () — Vi — i <S,.|_1(u) ) both of which are known at ti
idt.
Now {Vi}izo and {Si}i >0 are both martingales so that

E[AVH—I‘E] =0=E[A§i+1‘fz‘]

from which it follows that k; 11 = 0.
In other words,

AVit1 = ¢is1ASii,

where ¢;1 is known at time i8¢. Induction ties together all these increments into
result that we want.

From our previous work, we know that if {‘71'}120 is the discounted price of a cla’
then such a predictable process {¢; };>1 arises as the stock holding when we constr
our replicating portfolio. We should like to go the other way. Given {¢:}i>1, can
construct a self-financing replicating portfolio? Not surprisingly, the answer is ye
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2.6

2.6 OVERTURE TO CONTINUOUS MODELS

Construction strategy: At time i, buy a portfolio that consists of ¢;41 units of stock
and V; — ¢i+13’i units of cash bond.

We must check that this strategy really works. It is convenient to write B; for the
value of the bond at time i6¢.

Suppose that at time i8¢ we have bought ¢; 1 units of stock and (Vi — i1 %)
units of cash bond. This will cost us

5 Si -
Pip15i + (Vi - ¢i+1ﬁ> Bi=ViBi=V,.
4
The value of this portfolio at time (i + 1)t is then

Siv1 S ~
B: . _ 0 V:
i+1 (¢z+l<Bi+1 Bi> + z)

= Vip1Bip1 (by the binomial representation)

il

. S
Gir15i41 + (Vi — di+1 ﬁ) Biy1
1

= Vit

which is exactly enough to construct our new portfolio at time (i + 1)3¢. Moreover,
at time N8t we have precisely the right amount of money to meet the claim against
us.

Threesteps toreplication: There are three steps to pricing and hedging a claim

Cr against us at time T, ;

e Find a probability measure Q under which the discounted stock price (with
its natural filtration) is a martingale.

e Form the discounted value process,

"}i — e—riﬁzVi — ]EQ [e—rTCTt f‘l] .
e Finda pfedictable process {¢;}1<i<n such that

AV; = ¢ AS;.

Overture to continuous models

Before rigorously deriving the acclaimed Black—Scholes pricing formula for the
value of a European option, we are going to develop a substantial body of material.
As an appetiser though, we can use our discrete techniques to see what form our
results must take in the continuous world.

It is easy to believe that we should be able to use a discrete model with very small
time periods to approximate a continuous model. The Black-Scholes model is based
on the lognormal model that we mentioned in §1.2. With this in mind, we choose our
approximation to have constant growth rate and constant ‘noise’.
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The model is parametrised by the time period, &¢, and three fixed constant parar
ters, v, o and the riskless rate r.

e The cash bond has the form B; = €’*, which does not depend on the inter
size. »

e The stock price process follows the nodes of a binomial tree. If the current va
of the stock is s, then over the next time period it moves. to the new value

sexp(v&t—l—a«/g?) if up,
sexp(vét — o+/8t) if down.

Suppose our belief is that the jumps are equally likely to be up or down. So un
the market measure, P [up jump] = 1/2 = PP [down jump)] at each time step.
For a fixed time ¢, set N to be the number of time periods until time ¢, tha

N =t/8t. Then
2Xny — N
S; = Spex (vt—i—a«/? (—)>
! P VN

where X y is the total number of the N separate jumps which were up jumps. To
what happens as §z — O (or equivalently N — oo) we call on the Central Li
Theorem.

Theorem 2.6.1 (Central Limit Theorem) Let £1,62,... bea sequenée of indep

dent identically distributed random variables under the probability measure P v

finite mean p and finite non-zero variance o2andlet S, =& + ...+ E,. Then
Sy —nu

no?

converges in distribution to an N (0, 1) random variable as n — oo.

Now X is the sum of N independent random variables {&;}1<;<y taking the ve
-+1 with probability 1 and 0 otherwise. This means E[£;] = § and var [§] = §
that by the Central Limit Theorem, the distribution of the random variable (2.X»
N)/~/N converges to that of a normal random variable with mean zero and varia
one. In other words, as 8¢ gets smaller (and so N gets larger), the distribution o:
converges to that of a lognormal distribution. More precisely, in the limit, log S
normally distributed with mean log Sp + vt and variance ot

This is what happens under the original measure P. What happens under
martingale measure, Q, that we use for pricing? .
By Lemma 1.3.2, under the martingale measure, the probability of an up jumy
B exp(rét) —exp(vét — o/81)
P= exp(vét + o /8t) — exp(vét — a«/gf)’

which is approximately
1 v+ to? —
S(1- V().
2 o
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EXERCISES

So under the martingale measure, @, X is still binomially distributed, but now has
mean Np and variance Np(1 — p).

Thus, under Q, (2Xy — N)/+/N has mean that tends to —+/7 (v + %02 - r) Jo
and variance that approaches one as §¢ tends to zero. Again using the Central Limit
Theorem the random variable (2Xy — N)/+/N converges to a normally distributed
random variable, with mean —+/7 (v + %02 - r) /o and variance one. Under Q

then, S; is lognormally distributed with mean log Sp + (r — —12~O‘2)l‘ and variance o2,

This can be written
1
Sy = exp <o«/ZZ + <r — 502> z‘) ,

where, under Q, the random variable Z is normally distributed with mean zero and
variance one.

If our discrete theory carries over to the continuous limit, then in our continuous
model the price at time zero of a European call option with strike price K at time
T will be the discounted expected value of the claim under the martingale measure,

BT (S - K4,

where r is the riskless rate. Substituting, we obtain

EQ [(So exp <aﬁz - %02T> — K exp (—rT)> } . (2.11)
+

We’ll derive this pricing formula rigorously in Chapter 5 where we’ll also show that
equation (2.11) can be evaluated as

logs—lg + (r — %02> T

Io‘g% + <r + %02> T

So® —KeTo ,
i oT oT
where @ is the standard normal distribution function,
z 1 _ x2 /2
P(2)=QlZ =z = e 2dx.
. -0 21

Exercises

Notice that, like the single period ternary model of Chapter 1, the two-step binomial
model allows the stock to take on three distinct values at time 2. Show, however, that
every claim can be exactly replicated by a self-financing portfolio, that is, the market
is complete.

More generally, show that if the market evolves according to a k-step binomial model
then it is complete.
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Show that the price of a claim obtained by backwards induction on the binomial |
is precisely the value obtained by calculating the discounted expected value of
claim with respect to the path probabilities introduced in §2.1.

Consider two dates Ty, 71 with Ty < Ty. A forward start option is a contrac
which the holder receives at time 7, at no extra cost, an option with expiry date
and strike price equal to ST, (the asset price at time Tp). Assume that the stock pi
evolves according to a two-period binary model, in which the asset price at time
is either Sou or Spd, and at time 77 is one of Sou?, Soud and Spd? with

d < min {erTO, er(Tl’TO)} < max {e’TO, er(Tl”TO)} <u,

where r denotes the risk-free interest rate. Find the fair price of such an optior
time zero.

A digital option is one in which the payoff depends in a discontinuous way on

asset price. The simplest example is the cash-or-nothing option, in which the pay
to the holder at maturity 7' is X 15, > g} where X is some prespecified cash sum.

Suppose that an asset price evolves according to the binomial model in which.
each step, the asset price moves from its current value S, to one of S,u and S,d.
usual, if AT denotes the length of each time step, d < AT < i,

Find the time zero price of the above option. You may leave your answer as a sun

Let C; denote the value at time ¢ of an American call option on non-dividend-pay:
stock with strike price K and maturity 7. If the risk-free interest rate is » > 0, prc
that

C>8—Ke7T0 g5 gk

and deduce that it is never optimal to exercise this option prior to the maturity tir
T.

Let C; be as in Exercise 5 and let P; be the value of an American put option on 1
same stock with the same strike price and maturity. By comparing the values of t
suitable portfolios, show that

C+ K =P+ 5.
Using put—call parity for European options and the result of Exercise 5, show that
P> Ci+KemT0 _ g,
Combine these results to see that, if 7 > O and ¢ < T,
Si—~K <Cr—P <8 —Ke 7T

and deduce that if interest rates are zero, there is no advantage to early exercise
the put.
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EXERCISES

If a stock price is S just before a dividend D is paid, what is its value imme-
diately after the payment? Suppose that a stock pays dividends at discrete times,
To, T1, ... , T,. Show that it can be optimal to exercise an American call on such a
stock prior to expiry.

Suppose that the stock in Figure 2.3 will pay a dividend of 5% of its value at time
2. As before, interest rates are zero and between times 2 and 3 the value of the stock
will either increase or decrease by 20. Find the time zero price of an American call
option on this stock with strike 100 and maturity 3. Is it ever optimal to exercise
early?

Consider the American put option of Example 2.2.3, but now suppose that interest
rates are such that a $1 cash bond at time 8¢ is worth $1.1 at time (i + 1)§¢. Find the
value of the put. At what time will it be exercised?

Suppose that an asset price evolves according to the binomial model. For simplicity
suppose that the risk-free interest rate is zero and AT is 1. Suppose that under the
probability P, at each time step, stock prices go up with probability p and down with
probability 1 — p. "
The conditional expectation

M, = E[Sy|F], l<n<N,

is a stochastic process. Check that it is a P-martingale and find the distribution of the
random variable M,,.

(2) Find a Markov process that is not a martingale.
(b) Find a martingale that is not a Markov process.

Show that a previsible martingale is constant.

Let {Sp}n>0 be simple random walk under the measure P. Calculate E[S,] and
var [S,].

Let {Sn}n>0 be a symmetric simple random walk under the measure P, that is, in the
notation of Example 2.3.7, p = 1/2. Show that {S,%}nzo is a P-submartingale and
that {S? — n},>0 is a P-martingale.

Let T = inf{n : S, ¢ (—a, a)}, where a € N. Use the Optional Stopping Theorem
(applied to a suitable sequence of bounded stopping times) to show that E [T] = a?.

As in Exercise 14, let {S,},>0 be a symmetric simple random walk under P’ and write
X, = Sp + 1. (Note that {X,},>0 is a simple random walk started from 1 at time
Zero.)

Let T = inf{n : X;,, = 0}. Show that T is a stopping time and thatif ¥,, = X7y, then
{Y4}n>0 18 a non-negative martingale and therefore, by Theorem 2.4.5, converges to
a limit, Yoo as n — o0.

Show that E[Y,,] = 1 for all n, but that Yoo = 0. Why does this not contradict the
conclusion of the Optional Stopping Theorem?
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16 Recall Jensen’s inequality: if g is a convex function and X a real-valued ranc
variable then :

Elg(X)] =g E[XD.

Combine this with the characterisation (Example 2.4.7) of the discounted p
of an American call option on non-dividend-paying stock as the smallest
supermartingale that dominates {e "% (S, — K )+In=0 to prove that the price o
American call on non-dividend-paying stock is the same as that of a European
with the same strike and maturity.




