Homework for Lecture 8 of Dr. Z.’s Dynamical Models in Biology class

Email the answers ( as .pdf file ) to

ShaloshBEkhad@gmail.com

by 8:00pm Monday, Oct. 6,, 2021.

Subject: hw8

with an attachment hw8FirstLast.pdf and/or hw8FirstLast.txt
Using

http://sites.math.rutgers.edu/ zeilberg/Bio25/DMB8. txt
1. Find ten random rational functions using raRF(x,3) .

For each of them find all the stable steady-states.

Then using 0rb(f,x,x0,2000,2020) ; for x0=-100.1, -10.1, 10.1, 100.1
verify that the orbit always converges to that stable steady-state.

2. Find the terms between 2000-th and 2030-th terms of the orbit starting at o = 0.5 of the
recurrence

Tn = kmn—l(l 1 mn—l) )

fork=1,k=2,k=25k=3.1, k=32, k=233, k=35 What do you find?
3. By Playing “High-Low” find the smallest positive integer such that k,
f:=MakeNicePol([1,2,3,4,5,6,7,8],k,x);

has two stable steady-states. Pick random x0 from their neighborhood and verify that indeed the
orbits converges to them.

Then keep upping k to find the smallest integer such that it has four stable steady-states. Pick
random x0 from their neighborhood and verify that indeed the orbits converges to them.



1. Find ten random rational functions using raRF (x,3)

For each of them find all the stable steady-states.

Then using Orb(f,x,x0,2000,2020) ; for x0=-100.1,

verify that the orbit always converges to that stable steady-state.

> fim raRF(x3) cas
4424547
20 +3 7423+ 2

> sssify)
L [RootOf(2 2~ 2+ 217, mdex=1)]
[> Orb(£x—100.1,2000,2020)

[1.437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1 437116816, 1437116816, 1437116816, 1 437116816, 1437116816,

1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816]
7> 0rb(fx—10.1,2000, 2020)

[1.437116816, 1437116316, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1437116816, 1 437116816, 1437116816, 1437116816,

1.437116816, 1.437116816, 1.437116816, 1.437116816, 1437116816, 1.437116816, 1.437116816, 1.437116816]
073 £ 10.1,2000, 2020

umums 1437116316, 1437116816, 1.437116816, 1.437116816, 1.437116816, 1437116816, 1437116816, 1 437116816, 1.437116816, 1.437116816, 1.437116816, 1437116816,

1437116816, 1.437116816, 1.437116816, 1.437116816, 1437116816, 1.437116816, 1.437116816, 1.437116816]
5(£3 100.1, 2000,

u ssmsxm 1437116316, 1437116816, 1.437116816, 1.437116816, 1.437116816, 1437116816, 1437116816, 1 437116816, 1437116816, 1.437116816, 1.437116816, 1437116316,

1437116816, 1.437116816, 1437116816, 1.437116816, 1.437116816, 1.437116816, 1437116816, 1.437116816]

A\ OFOHS converge to |-H3T.

> fi= raRF(x3)
20+ P +dx+2
504107+ 6x+5

L

> sss(£x)
[RootOf(5 2+ 8_ 2 +5 2+ Z— 2 inder=1)]
[> Orb(£x—100.1,2000,2020)

=10251%5

153526827, 0.4153: 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 04153526827, 04153526827, 0.4153526827,

04153526827, 0.4153526827, 04153526827, 04153526827, 0.4153526827, 0.4153526827, 0.4153526827, 04153526827, 0.4153526827]

> Orb(£x—10.1, 2000, 2020)

i 04153526827, 0.4153526827, 0.415352682
04153526827, 0.4153526827, 04153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827. 0.4153526827]
OrB(£x.10.1, 2000, 2020)

[0.4153526827, 04153526827, 04153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.41535268;
04153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827, 0.4153526827]

OrB(£x. 100.1,2000, 2020)

0415326527, 0 1535265270 4153526527, 4153526827, 04153526827, 04153526527, 0 4153526827, 0 41535268

0.4153526827,0.4153526827, 04153526827, 04153526827, 04153526827, 0.4153526827, 0.4153526827, 0.4153526827, 04153526827

All orortsconvenge £ 041

> fi= raRF(x3)

L+7246x+6
28480+ 2x+4

> sss(£x)
[RootOf(2 2+ 7 2 —5_Z—2_Z— 6, index=1)]
Orb(£x—100.1, 2000, 2020)

526827, 04153526827, 04153526827, 04153526827, 04153526827, 0.4153526827, 0.4153526827, 0.4153526827,

0.4153526827, 0.4153526827, 0 4153526827, 0.4153526827, 0.4153526827,

04153526827, 04153526827, 04153526827, 04153526827,

>
[1.178008578, 1.178008573, 1.178008578, 1.178008578, 1.178008578, 1178008578, 1178008578, 1.178008578, 1178008578, 1.178008578, 1.178008578, 1.178008578, 1.178008578,

1178008578, 1.175008578, 1.178008578, 1.178008578, 1.178008578, 1.178008578, 1178008578, 1.178008578]
<—10.1,2000, 2020)

[1.178008578, 1178008575, 1.175008578, 1.178008578, 1178008575, 1.178008578, 1.178008578, 1178008575, 1.178008578, 1178008578, 1.175008578, 1.178008578, 1178008575,

1.178008575, 1.178008578, 1.178008578, 1.173008575, 1.178008578, 1.178008578, 1.178008578, 1.178008578]
Orb(£x, 10.1,2000, 2020)

[1.178008578, 1.178008578, 1.178008578, 1178008578, 1.178008578, 1178008578, 1.178008578, 1.178008578, 1178008578, 1.178008578, 1178008578, 1.178008578, 1.178008578,

1178008578, 1.178008578, 1178008578, 1.178008578, 1178008578, 1.178008578, 1178008578, 1.178008578]
> 0rb(£x,100.1, 2000, 2020)

[1.178008578, 1.178008575, 1.178008578, 1178008578, 1.178008578, 1178008578, 1.178008575, 1.178008578, 1178008578, 1.178008578, 1178008578, 1.178008578, 1.178008578,

1.178008578, 1.178008578, 1.178008578, 1.178008578, 1.178008578, 1.17800857, 1.178008578, 1.178008578]

AN 6fows (onverge +o {-118

> fi= raRF(x3)
sP+28 4545
457+ 20+ 10

"> sss(fx)

5(£3~100.1, 2000, 2020

)
To.6150355890, 06150533890, 6130333550, 0 6180339550 0,6180339550, 0.618033983, 06180339350, 06180339890, 06180339890, 0 150539890, 0 180339890, 0 180339890,

0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890,
~10.1, 2000, 2020’

. 0.6180339890]

> 5 )
[0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890, 0.6180339890, 0.6130339890, 0.6130339890,

06180339890, 0.6150339890, 06180339890, 0.6130339890, . 0.6180339890]
> Orb(£x, 10.1,2000,2020)

0.6180339889, 0.6180339889, 0.6180339889,
. 0.6180339889, 0.6180339889, 0.618033:
> Orb(£x, 100.1, 2000, 2020)

. 0.6180339889]

0.6180339889, 0.6180339889, 0.6180339889,
.0.6180339889, 0.61803: 0.613033:

. 0.6180339889]

Al orbirs Convevge 0-LI%

2. Find the terms between 2000-th and 2030-th terms of the orbit starting at xo

recurrence
= kxn—l(l == In—l) 3

fork=1k=2 k=25 k=31 k=32 k=33, k= 3.5 What do you find?

> Orb(1-x-(1 — x).x,0.5,2000,2030)

0.6180339889, 0.6180339889, 0.6180339889,

0.6180339889, 0.6180339889, 0.6180339889,

10.1, 100.1

x+2
8P+ 50 +4x+4

1> sss(fx)
[RootOf(s 2+ 7 +2

— 2, index=1)]

[> Orb(£x—100.1,2000, 2020)

[0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 05335377397, 05335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397,
05335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 05335377397, 05335377397, 0.5335377397]

rb(fx—10.1,2000,2020)

T0S338T7397, 0 338577597, 0 5335577597, 0 5335377597, 0 5355377397, 0 5338377397 0 S335377597, 0 5335577597, 0 S33537739, 0 5338377397 0 3335377597, 0 8335577397,
05335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 05335377397, 05335377397, 0.5335377397]

[> Orb(f£x10.1,2000,2020)

[0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397. 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397,
05335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 05335377397, 05335377397, 0.5335377397]

[> Orb(£x 100.1, 2000, 2020)

[0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397,
05335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 0.5335377397, 05335377397, 0.5335377397]

Al oyoltS (ONNer9e £ 0 -5 4

82 +32+6x+5
32+50+9x+9

> f=raRF(x3)
=
> sss(fx) .
[RootOf(3 7~ 3_Z+6_Z+3_Z— 5, index=1)]
5 Orb(f£x—100.1,2000,2020)
[0.7237546349, 07237546349, 0.7237546349, 0.7237546349, 0.7237546349, 0.7237546349, 0.7237546349, 0.7237546349, 07237546349, 0.7237546349, 0.7237546349, 0.1237546349,
07237546349, 07237546349, 0.7237546349, 0.7237546349, 07237546349, 0.7237546349. 0.7237546349, 0.7237546349, 0.7237546349]
Orb(£x.~10.1, 2000, 2020
0 7257546549.0 1237846345, 7237546349, 0 TI37S46349, 07257546349, 0.1237546349,0 23746349, 0 TISTSA6349, 07257546349, 7237546349, 0 737846349, 0 737546349,
07237546349, 07237546349, 0.7237546349, 0.7237546349, 07237546349, 0.7237546349. 0.7237546349, 0.7237546349, 0.7237546349]
> Orb(f£x,10.1,2000,2020)
[0.7237546349, 0.7237546349. 07237546349, 0.7237546349, 0.7237546349, 0.7237546349, 07237546349, 07237546349, 0.7237546349, 0.7237546349, 0.7237546349. 0.7237546349.
07237546349, 07237546349, 0.7237546349, 0.7237546349, 07237546349, 0.7237546349, 0.7237546349, 0.7237546349, 0.7237546349]
> Ord(£x,100.1, 2000, 2020)
[0.7237546349, 07237546349, 07237546349, 0.7237546349, 0.7237546349, 0.7237546349, 07237546349, 07237546349, 0.7237546349, 0.7237546349, 0.7237546349, 0.7237546349.
07237546349, 07237546349, 0.7237546349, 0.7237546349, 0.7237546349, 07237546349, 0.7237546349, 0.7237546349, 0.7237546349]

Al OcoItS (onverge #0071 3]

> fim raRF(x3)
524102+ 5x+1
3 0P+ 55+ s

J

> sSS(£x) .
[Root0f(3_Z'+5 2~ 5_Z'— 1, index=1) ]|

> Orb(£x—100.1,2000, 2020)

[0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 08474994031, 0.8474994031,
0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031]

Orb(£x,—10.1,2000,2020)

[osmgmn 0.8474994031, 0.8474994031, 0.847499403 1, 0.8474994031, 0.8474994031, 08474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031,
0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031]

> Orb(£x10.1,2000, 2020)

[0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 08474994031, 0.8474994031,
0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031]

> Orb(£x,100.1,2000, 2020)

[0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 08474994031, 0.8474994031,
0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031, 0.8474994031]

PIL 61 brts converge €6 0-3 11

> f= raRF(x3) R
S A2F 1024 x40
Ry
> sss(fx)

[RootOAl 2+ 2~ 3 2

6, index=1)]

> Orb(£x—100.1,2000, 2020

[1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942, 1771828942, 1771828942, 1771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942,
1.771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942, 1771828942, 1771828942, 1.771828942]

b £x.—10.1, 2000, 2020)

[1 771323942 1.771828942, 1771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942,
1.771828942, 1771828942, 1.771828942, 1771828942, 1.771828942, 1771828942, 1.771828942, 1.771828942]

> 0rb(x,10.1,2000,2020)

[1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942,
1771828942, 1771828942, 1.771828942, 1.771828942, 1771828942, 1.771828942, 1.771828942, 1.771828942]

> Orb(£x 100.1,2000,2020)

[1.771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942, 1.771828942, 1.771828942, 1.771828942, 1.771828942, 1771828942, 1.771828942, 1.771828942,
1.771828942, 1.771828942. 1.771828942, 1.771828942, 1771828942, 1.771828942, 1.771828942, 1.771828942]

Al oros Converge +o \-T11

0.5 of the

[0.0004976675995, 0.0004974199265, 0.0004971724999, 0.0004969253194, 0.0004966783846, 0.0004964316952, 0.0004961852508, 0.0004959390510, 0.0004956930954,

0.0004954473838, 0.0004952019157, 0.0004949566908. 0.0004947117087, 0.0004944669690. 0.0004942224714, 0.0004939782155, 0.0004937342010, 0.0004934904275, K
0.0004932468947, 0.0004930036022, 0.0004927605496, 0.0004925177367, 0.0004922751630, 0.0004920328281, 0.0004917907318, 0.0004915488737, 0.0004913072534,

0.0004910658706, 0.0004908247249, 0.0004905838160, 0.0004903431435]

> orb(2-x-(1— x),x, 0.5, 2000, 2030)

U

l

[0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000,

0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000,

0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000, 0.5000000000]

> 0rb(2.5-x-(1 — x), x, 0.5, 2000, 2030)

[0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000,
0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000,

0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000, 0.6000000000]

&
=



> Orb(3.1'x (1 —x),x 0.5,2000,2030)

[0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, 05580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, L—_’ 3: \
05580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203,
0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245, 0.7645665203, 0.5580141245]

> Orb(3.2:x-(1 — x),x 0.5,2000, 2030) ,32
[0.5130445091, 0.7994554906, 0.5130445091, 0.7994554906, 05130445091, 0.7994554906, 0.5130445091, 0.7994554906, 0.5130445091, 0.7994554906, 0.5130445091, 0.7994554906, L <
0.5130445091, 0.7994554906, 0.5130445091, 0.7994554906, 0.5130445091, 0.7994554906, 0.5130445091, 0.7994554906, 05130445091, 0.7994554906, 0.5130445091, 0.7994554906,
0.5130445091, 0.7994554906, 0.5130445091, 0.7994554906, 05130445091, 0.7994554906, 0.5130445091]

> Orb(3.3x-(1 — x), x,0.5,2000, 2030) ,33
[0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832, L T
0.4794270198, 0.8236032832, 0.4794270198, 08236032832, 0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832, 0.4794270198, 0.8236032832,
0.4794270198, 0.8236032832, 0.4794270198, 08236032832, 0.4794270198, 0.8236032832, 0.4794270198 ]

> Orb(3.5x (1 — x),x 05,2000, 2030) E
[0.5008842111, 0.8749972637, 0.3828196827, 0.8269407062, 0.5008842111, 0.8749972637, 03828196827, 0.8269407062, 0.5008842111, 0.8749972637, 0.3828196827, 0.8269407062, ]( -%. )
0.5008842111, 0.8749972637, 0.3828196827, 0.8269407062, 05008842111, 0.8749972637, 0.3828196827, 08269407062, 0.5008842111, 0.8749972637, 03828196827, 0.8269407062,
0.5008842111, 0.8749972637, 0.3828196827, 0.8269407062, 05008842111, 0.8749972637, 0.3828196827]

when k=1, Zand 2.5 all prodal valpesare e Same s trese are
Probaboly Stble S5

when kK =32.0,37,%.20n0 3.5 4 Oroitdl S bounce btinn 2 humioers So
tese ave probabl(,{ wnstable€ Ss

3. By Playing “High-Low” find the smallest positive integer such that k,
£:=MakeNicePol([1,2,3,4,5,6,7,8] ,k,x);

has two stable steady-states. Pick random x0 from their neighborhood and verify that indeed the
orbits converges to them.

Then keep upping k to find the smallest integer such that it has four stable steady-states. Pick
random x0 from their neighborhood and verify that indeed the orbits converges to them.

> f= MakeNicePol([1,2,3,4,5,6,7,8],361,x)
T s e e e e DEE( festing o 4Onof Nfeders.T
B s B deter muned t M sngllest vame
B TR e [3.0003042, 2.9997023, 3.0003023, 2.9996972, 3.0003126, 2.9996899, 3.0003070, 2.9996928, 3.0003148, 2.9996848, 3.0003143] M‘} has Z 355 Va ' 5 I 5 3b '

> Orb(f£x,5.1,1000, 1010)
[5.0005525, 4.9994615, 5.0005980, 4.9994259, 5.0006803, 4.9993623, 5.0005312, 4.9993682, 5.0006491, 4.9992884, 5.0006114]

2521 2521 2521 2521 2521 2521 2521 2521 2521

p st - aeter mned t B svallest vane
PG R LI 1[01183446666, 0.99560040, 1.00445773, 0.99560910, 1.00444881, 0.99561775, 1.00443992, 0.99562636, 1.00443108, 0.99563496, 1.00442225] M‘I- has L‘ S 5 S Va{“es , 5 252,

"> Orb(£x 31,1000, 1010)
[2.99999944, 299999942, 2.99999928, 2.99999940, 2.999999 14, 2.99999952, 2.99999988, 3.00000010, 3.00000054, 2.99999921, 2.99999851]

"> Orb(£x 51,1000, 1010)
[4.99998819, 5.00000686, 4.99999614, 4.99999196, 5.00000793, 4.99999232, 4 99998305, 4.99999152, 4.99998645, 4.99997930, 499997679

> Orb(£x7.1,1000,1010)

> = Mam’\’xcePol([l,2,3.4,5}?;7,33_\’) 36 s, S6 g 4536 s 22449 s 67284 . NISI24 5 109584 5 42841 Y\{\(—ef _kS‘h g -I'O/)Of |VH€%,’S I

[7.0092564, 6.9905882, 7.0092033, 6.9905529, 7.0092564, 6.9905882, 7.0092033, 6.9905529, 7.0092564, 6.9905882, 7.0092033]



