Dynamical Models in Biology — Homework 4
Praneeth Vedantham (Pv226)

1. Example of a 2nd-order linear ODE with two solutions; verify linearity.

Consider
y' —y=0.

Two specific solutions are y;(t) = €, yo(t) = e . Indeed yf —y; = €' —e' =0, vy —

Yo = et —e~t = 0. By linearity, for any constants ci, s,

y(t) = cre + coe™?

satisfies 4’ —y = 0 since 3/ — y = (c1€' + cee™) — (c1e! + cpe™") = 0.

2. Nonlinear ODE check. Verify y,(t) = ¢ solves

(' ()" = 4y(t) = 0.
Compute v (t) = 2t, so
(4,(£))” — 4un () = 41> — 4¢% = 0,
hence ¥, is a solution. Now consider y»(t) = 2y (t) = 2t%. Then
vo(t) = 4t (yh(t))” — dus(t) = 16> — 82 = 82 £ 0

for ¢t # 0, so y, is not a solution. (Reason: the equation is nonlinear in y" and y, so
constant multiples need not solve it.)

3. Example of a 2nd-order linear recurrence with two solutions; verify linearity.

Consider
a(n) = 3a(n — 1) — 2a(n — 2), n>2.

Two specific solutions are
aV(n)=1"=1, aP(n) =2
Quick check:
Fora:1=3-1-2-1,
Fora®: 2" =3.2n"' —2.2"2 = (§ - Lyon =1.2",

Since the recurrence is linear with constant coefficients, any linear combination c;a™ (n)+
ca®(n) also satisfies it (superposition).



4. Nonlinear recurrence and a sum of solutions.

Given
check that

are solutions:
2n71 2 2n71 2 2.2n71 on
aj(n—1)=2 = (ai(n—1))" = <2 > =2 =2 =ai(n),
and the same calculation works with base 3 for ay. Now consider
az(n) = ai(n) + ax(n) = 22" +3%".

Plugging into the recurrence would require

2

7 2 27171 277,71 2 on on 27171 271,71
a3(n) = (as(n — 1)) :(2 43 ) — 0¥ 132" 9.2 g
which includes the cross term 2 - 22" 32" £ 0. Therefore

az(n) # (ag(n —1))7,

so az is not a solution. (Again: the recurrence is nonlinear; sums don’t preserve
solutions.)

5. Maple commands and outputs.

(a) IVP ODE: y"(z)+y(x) =0, y(0) =1, ¢/'(0) = 1.
Maple command:

dsolve ({diff (y(x),x$2)+y(x)=0, y(0)=1, D(y) (0)=1}, y(x));
Output (simplified):

y(x) = cosz +sinx |.

(b) IVP difference equation: a(n) —3a(n —1)+a(n —2)=n, a(0) =1, a(1) = 3.
Maple command:

rsolve({a(n)-3*a(n-1)+a(n-2)=n, a(0)=1, a(1)=3}, a(n));

Output (one clean closed form): Let r; = 3+2‘/5, ry = %5 Then

a(n)z(l%—%)ﬁ"—l—(l—%)r;—n—l.

Checks: a(0) = 1, a(l) = 3; also a(n) — 3a(n — 1) + a(n — 2) = n since the
homogeneous part solves 72 — 3r + 1 = 0 and the particular is —n — 1.
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(c) Eigenvalues/eigenvectors of {2 4}

Maple command:

with(LinearAlgebra):
Eigenvectors (Matrix ([[3,4],[2,4]11));

7+ /33

Output (simplified): Eigenvalues \; o = — A convenient choice of eigen-

vectors:

)\1:—7_\/52 U(l):[_<1+\/§):| )\2:—7—’_\/@ U(2):[\/§_1:|
2 4 ’ 2 . 4 '

(Any nonzero scalar multiples are fine.)



