Homework for Lecture 12 of Dr. Z.’s Dynamical Models in Biology class

Email the answers ( as .pdf file ) to
ShaloshBEkhad@gmail.com
by 8:00pm Monday, Oct. 20, 2025.
Subject: hwl2
with an attachment hw8FirstLast.pdf and/or hwl2FirstLast.txt
Using
http://sites.math.rutgers.edu/"zeilberg/Bio25/DMB12.txt
1. What is the ultimate period of
evalf (Orb((1-x)*(2-x)*(3-x)/12,x,0.5,1000,1010),10) ;7
By Playing ‘high-low’, estimate the cut-offs rq, 79, 73, 74 such that
the recurrence
a(n+1) = (1—a(n))(2—a(n))3—an))/r ,
has
e ultimate period 1 for ry <7
e ultimate period 2 for ro <7 < rq
e ultimate period 4 for r3 < 7 < 19
(challenging!):
e ultimate period 8 for 74 < 7 < 73
2.
In the Maple package http://sites.math.rutgers.edu/ zeilberg/Bio25/DMB12.txt
Run the following line 20 times
T:=RT([x,y],30); SSg(T, [x,y]); ORB(T, [x,y,z],[100., 200.],1000,1020);

Here the first command, T:=RT([x,y],30); generates a random rational transformation in R?, the
second command, SSg(T,[x,y]);, finds steady-states (i.e. fixed points of the transformation T, using



Maple’s solve command, but unfortunately not all, and the last command, ORB(T, [x,y], [100.,
200.],1000,1020) ; finds the long-term behavior.

If all goes well, the ultimate beahvior of the orbit should be ONE of the outputs of SSg, but
sometimes it misses it. Out of the 20 tries, list all the cases where

ORB(T, [x,y], [100., 200.],1000,1020) [-1];

was not part of the output of

SSg(T,[xy));

3.

In the Maple package http://sites.math.rutgers.edu/ zeilberg/Bio25/DMB12.txt

Run the following line 20 times

T:=RT([x,y,z],10); SSg(T, [x,y,z]); ORB(T, [x,y,z],[100., 200.,300.],1000,1020);

Here the first command, T:=RT([x,y,z],10); generates a random rational transformation in
R3, the second command, SSg(T,[x,y,z]);, finds steady-states (i.e. fixed points of the transfor-
mation T, using Maple’s solve command, but unfortunately not all, and the last command,
ORB(T, [x,y,z],[100., 200.,300.],1000,1020) ; finds the long-term behavior.

If all goes well, the ultimate beahvior of the orbit should be ONE of the outputs of SSg, but
sometimes it misses it. Out of the 20 tries, list all the cases where

ORB(T, [x,y,z], [100., 200.,300.]1,1000,1020) [-11;
was not part of the output of

SSg(T,[x,y.2]);



1. What is the ultimate period of

evalf (Orb((1-x)*(2-x)*(3-x)/12,x,0.5,1000,1010),10);7?

> evalfLOrbL U _""“1_2)‘"" —X)_ x5, 1000, 1010}, 10J;
[0.2804250993, 0.2804250993, 0.2804250993, 0.2804250993, 0.2804250993, 0.2804250993,

0.2804250993, 0.2804250993, 0.2804250993, 0.2804250993, 0.2804250993 ]

By Playing ‘high-low’, estimate the cut-offs rq, ro, 73, r4 such that
the recurrence

a(n+1) = (1 -a(n))(2 - a(n))3 - a(n))/r
has
e ultimate period 1 for r; <r ‘(\ > q
e ultimate period 2 for ro < r <1y 0] <YZ 7. g
e ultimate period 4 for r3 < r < ro ﬁ g Z ((Z 7,L»}
(challenging!):

1. L}(‘(d/’-%

e ultimate period 8 for ry < r < rj3



2.
In the Maple package http://sites.math.rutgers.edu/ zeilberg/Bio25/DMB12. txt
Run the following line 20 times

=RT([x,y],30); SSg(T, [x,y]); ORB(T, [x,y,z],[100., 200.],1000,1020);

Here the first command, T:=RT([x,y],30); generates a random rational transformation in R?, the
second command, SSg(T,[x,y]);, finds steady-states (i.c. fixed points of the transformation T, using

Maple’s solve command, but unfortunately not all, and the last command, ORB(T, [x,y], [100.,
200.],1000,1020) ; finds the long-term behavior.

If all goes well, the ultimate beahvior of the orbit should be ONE of the outputs of SSg, but
sometimes it misses it. Out of the 20 tries, list all the cases where

3 I 3 LR L 3
© SSg(Txv)):

T:= RT([x,y], 30);
SSg(T,

ss [ Y1)
OR = ORB(T, [x, y], [100,, 200.1, 1000, 1020)[ —1;

14 +30x+20y 3 +9x+13y
T6+29x +19y° 3+8x+7y

R [X }'], 30), “

SSg(T, [x,
— ORBIT.{x y] [100., 200.], 1000, 1020)[ —1];

9+10x+17y 1+30x+y
[m’ m]
[0.5385368928, 0.6061718956]]
[0.5385368928, 0.6061718956]

Ti=

RT([x,,v], 30),
S = SSg(T,
OR:= OILB(T [x,y] [100,, 200.1, 1000, 1020)[ —1];

27 +11x+25y 13+12x+9y
20 +30x + 14y’ T8+ 21x+ 5y

T:= RT([x, y], 30);

88 := SSe(T, [x y1);
OR := ORB(T, [x, y], [100., 200.], 1000, 1020)[ —1];

24 +17x+18y 8+28x+29y
[[1.788689382, 6.440736406]]
[1.788689382, 6.440736406]

T:= RT([x, y], 30);
SSg(T, [x,y1);
OR = ORB(T. [x, y], [100., 200.], 1000, 1020)[ —1];

12+9x+30y 23 +17x+9y
T TaTBxt15y° m}
S = [[1.176137695, 0.9599975484]]
OR = [1.176137695, 0.9599975484]

T:= RT([x, y], 30);
88 := 88g(T, [x, y]);
OR = ORB(T, [x, ], [100., 200.], 1000, 1020)[ —1];

_[28+29x+20y 17+21x+10y

= | sFa=r5y m]
SS = [[1.747913138, 1.8519733461]
OR = [1.747913138, 1.851973346]

T:= RT([x, y], 30);

ss g (T, [x,¥]);
OR := ORB(T, [x, y], [100., 200.], 1000, 1020)[ —1];

26+3x+22y 4+28x+14y
2+ Bx+y m]
[[1.094536174, 1.069117841]]
OR = [1.094536174, 1.069117840]

“OR = ORB(T, [x, y], [100., 200.], 1000, 1020)[ —1J;
po |18 H4x+17y 22+10x+5y
T 29+ 18x+21y’ 2l +x+13

©)
T:= RI\[x, y], 30);
Sg(T, [x, Y1);
OR = ORB(T, [x, y], [100.,, 200.], 1000, 1020)[ —1];
+8x+26y 1+29x+3y
a0
T:= RT\[%,y], 30);
S = SSg(T, [x, y]);
OR := ORB(T, [x, ¥}, [100,, 200.], 1000, 1020){ —11;
po [ 2120428y 4+21x+27y
N 9+2|x+4y'8+12x+lly]
[[1.293602558, 1.848660975]]
OR = [1.293602558, 1.848660976] an
T: Rn[l,y], 30).
Sg (7, [x,
ORB(T, [x y] [100., 200.1, 1000, 1020)[ —1];
poo [2847x+17y 20 +18x+18y
27+ 18x+ 14y’ 19 + 2x +2y ]
_ )
T:= RT([x, y], 30);
S8 g(T, [x,1);
OR = ORB(T, [x, y], [100.,, 200.], 1000, 1020)[ —1];
22+20x+14y 13+23x+13y
10 +20x +4y 5+28
a3
L= TI[X,y], 30);
S = SSg(T, [x, 1)
Ol 0RB|T[x 1, [100,, 200.], 1000, 1020)[ —1];
5+30x+6y 29+16x+3y
a4
i Rmx,yl. 30)'
Sg(T,
OR = 0RB|T [x,y],[l()ﬁ 200.], 1000, 1020)[ —1];
9+14x+14y 25+24x+15y
23y}
as as)

T RTI[X-.V]- 30)'
OR —0RB|T [x,y],[lOO 200.], 1000, 1020)[ —1];

12+19x+23y 30 +17x+23y
3+8x+dy 17+29x+ay]




14

T:= RT([x, ], 30);
88 = 88¢(T, [x, ¥1);
OR := ORB(T, [x, ], [100., 200.], 1000, 1020)[ —1];

9+14x+14y 25+24x+15y
2 +3x+17y 26 +27x + 23y

S 1

T_[ 12 4+19x+23y 30 +17x+23y

|

T:= RT([x,y], 30);
88 = 88¢(T, [x, ¥1);
OR = ORB(T, [x, y], [100,, 200.], 1000, 1020)[ —1];

3+8x+4dy ° 17+29x+6y
S8 = [[2.953221815, 0.9404217077]]
OR = [2.953221815, 0.9404217077] @16)
> T:=RI|[xy], 30);
88 = SS¢(T, [x, ¥1);
ORB(T, [x, y], [100., 200.], 1000, 1020)[ —1];

24 +20x+16y

15+16Jc+26y]

01582] an
T:= RT|([x, y], 30);
88 := S8g(T, [x, y1);
OR = ORB(T, [x, y], 100, 200.], 1000, 1020)[ —1];
_[22+28x+10y 17 +13x+18y
T+22x+23y ’ 25 +30x + 24y
SS = [[1.486613682, 0.5587822436]]
OR = [1.486613682, 0.5587822436] a8)
T:= RI{[x,y], 30);
88 = 88¢(T, [x, y1);
OR = ORB(T, [x, y], 100, 200.], 1000, 1020)[ —1];
28 +10x+17y 23 +15x+7y
14 +12x+26y° 5 +26x+19yl
19)
T:= RI{[x, y], 30);
SSg(T, [x, ¥1);
RB(T, [, y], [100., 200.], 1000, 1020)[ —1];
_[21+421x+3y 9+29x+2ly
= [ 16 + 16x +20y° 30 + 12x + 23y
S8 = [[0.8862871228, 0.8735286408]]
OR = [0.8862871228, 0.8735286405] 20)
T:= RI{[x,y], 30);
88 = 88¢(T, [x, ¥1);
OR := ORB(T, [x, y], [100., 200.], 1000, 1020)[ —1];
_[16+2lx+y 1+14x+3y
= [ 6+10x+25y° 5 +26x+ 15y
S8 = [[1.472165575, 0.4583204366]]
OR = [1.472165575, 0.4583204374] (1)

3.

In the Maple package http://sites.math.rutgers.edu/ zeilberg/Bio25/DMB12. txt
Run the following line 20 times

T:=RT([x,y,z],10); SSg(T, [x,y,z]); ORB(T, [x,y,z],[100., 200.,300.],1000,1020);

Here the first command, T:=RT([x,y,z],10); generates a random rational transformation in
R3, the second command, SSg(T,[x,y,z]);, finds steady-states (i.e. fixed points of the transfor-
mation T, using Maple's solve command, but unfortunately not all, and the last command,
ORB(T, [x,y,z], [100., 200.,300.]1,1000,1020); finds the long-term behavior.

If all goes well, the ultimate beahvior of the orbit should be ONE of the outputs of SSg, but
sometimes it misses it. Out of the 20 tries, list all the cases where

ORB(T, [x,y,z], [100., 200.,300.]1,1000,1020) [-1];
was not part of the output of

SSg(Tv [X7Y7Z]);



>

>

>

>

>

T([x 3, 2], 10);
SSg(T, [x 3, 2]);
OR:= ORB(T, [x , z], [ 100, 200, 300.], 1000, 1020)[ —1];

» T:=RI([x 2], 10);
S8 = 58g(T, [% 3, 2]);
OR = ORB(T, [x y, z], [100,, 200, 300.], 1000, 1020)[ —1];

T([x 3, 2], 10);
SSg(T, [% 3, 2]);
OR:= ORB(T, [x, , z], [ 100, 200, 300.], 1000, 1020)[ —1];

T([x 3, 2], 10);
S :=SSg(T, [x 3, 2]);
OR = ORB(T, [x, , z], [ 100, 200, 300.], 1000, 1020)[ —1];

T([x 3, 2], 10);
SSg(T, [, 2]);
OR := ORB(T, [x y, z], [100,, 200, 300.], 1000, 1020)[ —1];

» T:=RT([x y, 2], 10);
SS = SSg(T, [, 3, z]);
OR = ORB(T, [x y, z], [ 100, 200, 300.], 1000, 1020)[ —1];

T([x, 3 2], 10);
SS = SSg(T, [x 3, z]);
OR:= ORB(T, [x y, z], [ 100, 200, 300.], 1000, 1020)[ —1];

PSRy

T :=RT([x ), z], 10);
88 = SSg(T, [x 3, 2]);
OR = ORB(T, [x y, z], [100, 200,, 300.], 1000, 1020)[ —1];

T:=RT([x y, z], 10);
S := SSg(T, [x 3, 2]);
OR = ORB(T, [x , z], [100, 200, 300.], 1000, 1020)[ —1];

RT([x y, z], 10);
SSg(T, [x 3 2]);
OR = ORB(T, [ y, z], [ 100, 200,, 300.], 1000, 1020)[ —1];

T :=RT([x ), z], 10);
58 = SSg(T, [, z]);
OR = ORB(T, [x y, z], [ 100, 200, 300.], 1000, 1020)[ —1];

T:=RT([x 3 z], 10);
S8 = SSg(T, [x 3, 2]);
OR = ORB(T, [ y, z], [ 100, 200,, 300.], 1000, 1020)[ —1];

RT([x y, 2], 10);
SSg(T, [x 3 2]);
i= ORB(T, [x y, z, [ 100,, 200,, 300.], 1000, 1020)[ —1];

T:=RI([x y,z], 10);
Se(7, [x 3, 2]);
OR = ORB(T, [x , z], [100, 200, 300.], 1000, 1020)[ —1];

T :=RI([x y, z], 10);
S8 = SSg(T, [x 3, 2]);
OR:= ORB(T, [y, z], [100,, 200, 300.], 1000, 1020)[ —1];

S B 7T stees vate 3 2, ek vih vt 32 10+ 2x+ 8y + 4z
| 5+3x+8y+ 10z’ 5+5x+10y+ 102" 2+ 9x+5y+9z
S8 == [[0.86972449, 0.319641621, 0.9136189277]]

OR := [0.8697244783, 0.3196416234, 0.9136189277]

T

9+ 10x+4y+9z 10+ 2x+4y+7z 1+ 7x+2y+9z
7+8x+9y+z ° 8+x+6y+4z '’ 5+9x+9y+4z

34 4x+6y+4z T+2x+5y+3z 6+8x+ 10y+2z
4+ 10x+8y+2z° 5+ 7x+5y+4z’ 6+ 8x+4y+ 8z

7+9x+4y+ 10z 1+5x+2y+4z 1+ 7x+2y+z
3+2x+9y+z ' d+x+6y+3z 5+ 10x+3y+ 10z
S8 = [[2.00267350, 1.085021525, 0.5278976602] ]
OR := [2.002673503, 1.085021526, 0.5278976602]

4+ 6x+8y+8z 2+9x+5y+3z 8+ Sx+4y+3z

7+9x+10y+z 3+9x+9y+9z 5+8x+y+2z
+z ’449x+2y+52° 9+ 5x+8y+ 2z

Bt SXah Yoz 10 +3x+ 6y+ 6z
2 2z

8+2x+2y+4z 10+5x+5y+z S+x+3y+9:z
T+ 2x+5y+ 62" 2+8x+ 10y+ 2z’ 2+ 2x+ 3y+ 5z
[1.06290333, 0.9377247016, 1.55432057]]
[1.062903298, 0.9377247016, 1.554320564]

4+4x+5y+8z 2+2x+3y+2z 4+ Tx+5y+z
T+x+2y+4z 6+4x+10y+4z’ 5+ 6x+3y+8z
S8 =

Ti=

9+9x+5y+3z 7+3x+7y+3z 1+6x+8y+4z
1+9x+8y+10z° 8+4x+y+7z ° 1+4x+10y+ 10z
S8 := [[0.97184506, 1.06957753, 0.7898538331]]
OR = [0.9718450549, 1.069577460, 0.7898538331]

3+2x+6y+10z 2+9x+8y+10z 5+ 10x+3y+ 5z
T+6x+t7y+z " 1+10x+7y+ 7z 5+ 3x+ 4yt 9z
S8 = [[1.325780154, 1.140690727, 1.148503269] ]
OR = [1.325780154, 1.140690770, 1.148503241]

5+7x+5y+z 3+5x+10y+3z 3+2x+8y+6z
6+ 10x+9y+z" 5+9x+5y+z ' 2+8x+5y+9z

1+2x+10y+10z 9+4x+9y+8z 9+8x+y+4z
9+6x+6y+10z° 8+ 7x+6y+ 8z’ 8+x+6y+3z

10+ 9x+4y+2z 9+6x+7Ty+7z 3+x+y+dz
8+ 2x+2y+7z 2+2x+7y+8z’ 10+ 9x+6y+9z
S8 = [[2.147953508, 1.765551012, 0.183964865]]
OR = [2.147953508, 1.765551003, 0.1839648592]

9+3x+8y+4z 2+9x+4y+2z 4+9x+Sytz
3+ 10x+ 10y+ 9z 8+4x+3y+ 9z 2+ 9x+ 9y+ 4z

©

a0

an

a2

a3

a4

as



T([x 3, z], 10);
SSg(7, [x 3, 2]);
OR = ORB(T, [x y, ], [100, 200, 300.], 1000, 1020)[ —1];

T :=RI([x, 3, z], 10);
88 = SSg(T, [x 3, z]);
OR = ORB(T, [x y, ], [100, 200, 300.], 1000, 1020)[ —1];

T:=RI([x ), z], 10);
58 = S58¢(T, [% 3, 2]);
OR:= ORB(T, [x, y, z], [ 100, 200, 300.], 1000, 1020)[ —1];

T:=RT([x y, z], 10);
S8 :=SSg(T, [% 3, 2]);
OR = ORB(T, [x y, ], [100, 200, 300.], 1000, 1020)[ —1];

T([x 3, z], 10);
SS8(7, [x 3, 2]);

S
OR = ORB(T, [x y, z], [100, 200, 300.], 1000, 1020)[ —1];

T:=RI([x 2], 10);
S8 = SSg(T, [% 3 2]);
OR:= ORB(T, [y, 2], [100. 200, 300.], 1000, 1020)[ ~1];

T:=RT([x y, 2], 10);
S8 :=SSg(T, [ 3, 2]);
OR = ORB(T, [x y, ], [100, 200, 300.], 1000, 1020)[ —1];

fr—

| 9+6x+6y+ 10z 8+ 7x+6y+ 8z siii!!wsz]

10+9x+4y+2z 9+6x+7y+7z 3+x+y+4z
[ 8+ 2x+2y+7z° 2+2x+7y+8z" 10+ 9x+ 6y+9z]
SS := [[2.147953508, 1.765551012, 0.183964865] ]
OR := [2.147953508, 1.765551003, 0.1839648592]

9+3x+8y+4z 2+9x+4y+2z 4+9x+5y+z]

+10x+ 10i+9z’ REEAXCE 3i+9z’ 24+ 9x+9y+ 4z

2+6x+Ty+4z 9+5x+10y+7z 4+4x+6y+z
4+4x+9y+2z° 9+ +z "8+ 8x+5y+ 62

po[3+3x+6y+5z 3+8x+5y+2z 10+ 8x+8y+2z
T7+9x+y+9z° 5+ 10x+y+9z° 4+3x+10y+ 4z

SS := [[0.5961395678, 0.5667117524, 1.312589912]]

OR :=[0.5961395678, 0.5667117526, 1.312589911]

_[6+9x+4y+2z 4+4x+6y+7z 2+10x+3y+62z

= 10 2x 3y + 3z SH2x10 x+y+4z

10+ 3x 4yt 7z 2hxt4ykiz 7+ 8x+3y+3z

T+x+7Ty+z ' 9+8x+9y+6z" 2+ 2x+y+3z
88 = [[2.354038476, 0.495275931, 2.397315859]]
OR :=[2.354038476, 0.4952759308, 2.397315918]

5+4x+3y+10z 8+ 7x+5y+6z 6+ 6x+4y+ 10z
1+8x+3y+8z° 7+x+5y+6z"1 +9y+ 9z

(]

as)

16)

an

as)

9)

@0

@n



