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Preface

These notes grew out of teaching graduate level introductory PDE courses regularly
over the last 25 years. There are several good graduate level PDE texts on the market;
my reasons for producing these notes include at least the following: (i) many students
in my courses have not had an undergraduate PDE course—while it is possible to
teach an introductory graduate level PDE course to such students using some existing
texts, it is important to provide some discussion of elementary methods as covered in
a typical undergraduate level PDE course dealing with prototypical PDE examples,
and relate these methods to the more abstract and systematic methods typically
presented in a graduate course; (ii) many existing texts seem to aim to train specialists
in PDE at the PhD level, and tend to choose the material and presentation for
this audience, often leaving out discussions on background and motivation, and not
necessarily providing enough discussions relating the more abstract and advanced
methods with the more elementary ones; (iii) while many students in my courses have
an interest in applying the PDE tools in their research, but not all are necessarily
interested in becoming a specialist in PDE per se, and it’s more important for them to
understand the heuristic ideas behind the (often abstract) methods than to focus on
the formal (and unmotivated to an uninitiated) arguments. I have also found, based
on my experience sitting on numerous oral qualifying exams, that many students
have had too little experience working hands-on with prototypical PDE examples, as
a result many students can memorize proofs of general theorems, but seem to have
difficulty with recognizing the scope and limitations of the general theorems they have
learned, and with making necessary modifications for the particular problems that
they may face. These notes have been prepared with addressing these issues in mind
and are written at an intermediate level between an undergraduate text on PDEs and

a more comprehensive one at the graduate level.
It is important to emphasize to students in a PDE course that they shouldn’t
expect that a few general theorems would suffice to “solve” the PDEs that they may

encounter — no such theorems exist; and this is a feature of the vast and important



PREFACE

subject of PDEs. Many modern mathematics texts are influenced by the Bourbaki
style, emphasizing a formal logical structure, making its coverage as general as pos-
sible, and presenting only polished proofs. Such a style is certainly more efficient
and adequate for a reader with sufficient background and experience, but seems dif-
ficult for a reader with little experience in this vast field: it does not give much clue
on how the methods and theories of PDEs developed from tackling some instructive
examples. It is more beneficial for beginning students to learn by working with pro-
totypical examples, doing hands-on computations, and experiencing first hand how a
solution method may succeed in a certain context but may encounter difficulties in
other contexts, and through this learning process gradually develop the experience
and intuition to deal with more general cases and abstract theories. Students who
understand thoroughly how methods, techniques and theories work or fail to work
in well chosen prototypical examples will be rewarded immensely in tackling more
general cases and abstract theories.

Here are several features that I emphasize in these notes:

e Instead of following typical mathematical presentation from the general theory
to the concrete cases (or only general theory), I always use examples to illus-
trate how an idea is (often naturally) born, and then look for features in the
examples that can be extended to more general contexts. Fourier series and
Fourier transforms arise in such a fashion in applying the elementary method of
separation of variables. Our employment of the elementary solution methods is
not for teaching rote procedures, but is aimed at helping students build intuition
on what free parameters may enter in the elementary construction of solutions
to different kinds of equations, and how they may affect the behavior of solu-
tions and in satisfying initial and/or boundary conditions; and we emphasize
on looking for a priori estimates of solutions, instead of only representation
formulae, and emphasize on using the estimates, their suggested approximation
procedure, and the constructed explicit solutions (in prototypical examples) to

produce more general solutions.

e [ don’t aim to present the most polished or concise treatment; rather, I often
treat the same problem multiple times, using different approaches, perhaps not
giving a thorough treatment in the first round, but adding additional ideas in

later rounds.

e [ make an effort to minimize the technical prerequisites expected of the students.

The development in the notes does not rely in any essential way on the technical

vi



aspects of Lebesgue’s integration theory, other than teaching the students how
to work with LP norms (mostly L? norms) and to accept that the space of L?
integrable functions is complete. The notes motivate the need for Fourier series
and Fourier transforms early on and begin to make limited use of some of their
properties before a summary of their main properties is provided at appropriate

places.

I try to make connections with methods used to solve ODEs, pointing out
relations as well as differences. The elementary construction of solutions—
most notably separation of variables—often reduces the problem to solving some
sets of ODEs; more importantly, understanding the role played by the free
parameters in the construction of ODE solutions makes it easier for students
to understand the issue of well-posedness, the role of initial or/and boundary
conditions in a well-posed PDE problem. Many basic concepts, such as Duhamel
principle, eigenfunction expansion, and the spectrum of a differential operator,

are easiest to understand in the context of ODE problems.

I emphasize the need to make any reasonable limit of classical solutions as a
generalized solution and often motivate notions of generalized/weak solutions
through such a limiting process and show the need, fruitfulness, and some flex-

ibility for such notions.

[ include a good number of exercises and problems for students to practice their
trade—this is an essential aspect of learning. Just as a student of painting
can’t become a painter by just learning only the theory of perspectives but not
spending thousands of hours practicing painting, a student of PDE can’t learn
the skills of the trade by only reading the general proofs and theories. In partic-
ular, I have included a number of exercises involving solutions to some classical
differential equations: Bessel equations, Legendre equations, and their general-
izations; they arise in constructing eigenfunctions for the Laplace operator in

the flat Euclidean space, in the round sphere, as well as in the hyperbolic space.

With the rapid development of Al tools, it is becoming very easy to find so-
lutions, derivations, and proofs to many mathematical statements; but the Al
generated responses often still contain false steps or even false statements. The
AT tools may become helpful and more trustworthy only to those users who have
built sufficiently rich and strong intuition about the expected behavior of solu-

tions of specific classes of PDEs to be able in a position to spot suspicious steps

vil
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and statements generated by the Al tools and make better use of such tools. In
updating those notes, I have added more questions that prompt the students
to reflect on certain key features of the problems in stead of only focusing on

producing technical computations or proofs.

e [ gradually introduce more advanced tools and approaches. Chapters 1 through
3 are mostly on elementary solution methods, with an emphasis on constructing
solutions converging in appropriate norms depending on the contexts. Chapter
4 introduces the maximum principle, energy method, and variational method in
the simplest contexts. Chapter 5 covers the basics of the Laplace and Poisson
Equations. Chapters 6 through 9 introduce some more general tools and ap-
proaches, and provide an introduction to several topics that one may encounter
in studying initial or boundary value problems. Some of the topics (e.g. those in
Chapters 7 and 9) may not get covered in a one semester course, but this would
not cause difficulty for a student to directly study the material after Chapter
9, after having studied the first five chapters and relevant sections in Chapter
6. The material of Chapters 10 and 11 differs not too much from that of the
existing textbooks, with the exception of perhaps some part of sections 2 and
3 of Chapter 11.

Since these notes are produced to meet the needs of the typical students in my
graduate courses, they are more limited in their scope and depth of coverage in their
current form compared with many of the existing textbooks. I hope that students
who have used these notes will find it easier to study their interested topics more
systematically and in more depth from some of the existing textbooks.

I have only included in the bibliography published textbooks and surveys that I
have consulted more frequently over the years. I also benefited from the lectures and
course notes on PDEs by my teachers Louis Nirenberg and Sergiu Klainerman when
I was a graduate student at the Courant Institute.

In my fall 2017 graduate PDE course at Rutgers, David Herrera and Parker Hund
provided detailed lists of corrections and suggestions, and Parker Hund continued to
do additional proofreading after the course. This has been very valuable in cutting
down the number of typos and clarifying the writing of many topics. I would like to
thank them and other students in my courses for their helpful input.

In addition to using earlier versions or portions of these notes in graduate PDE
courses at Rutgers, I also used a portion of an earlier draft of these notes in giving

select PDE lectures to graduate students at the North University of China in summer

viii



2015 and spring 2018 when I was a visiting professor there; I also used my time
there to expand, revise, and edit these notes. I warmly acknowledge the support and
friendly atmosphere provided by colleagues and students of the North University of
China.

These notes are my attempts to help students learn this fascinating but somewhat
difficult subject. They began as supplementary course notes, and have not been
constructed as a formal text, although they contain more than enough material for
a one year introductory course. Since I have made an effort to explain the ideas
behind various solution methods, I have not avoided repeating certain explanations
when [ see a need; as a result these notes have not been as concise as I had initially
hoped for. At this point they may serve as a supplement, not as a replacement, for
mature existing texts. I do have additional notes that I intend to include after some
revision. A lot of feedback and input from students on the selection of material,
level, arrangement, and style of presentation will be needed to improve these notes
and make them helpful to students. Please feel free to send me your comments,

suggestions or criticism, and I would appreciate them greatly.

Zheng-Chao Han

zchan@math.rutgers.edu
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Part 1

Introduction and Elementary
Solution Methods






Chapter 1

Formulation of Some Prototype
PDE Problems and Initial
Comparisons with ODE Problems

The goals of the first Chapter are:

e to discuss the setting up process of some prototype PDEs, in particular, to make
students be aware of the connections and differences between the physical and
geometric assumptions that have been made in the setting up process on the
one hand, and the technical mathematical assumptions that have been made
on the other hand;

e to discuss the need for notions of solutions with varying smoothness assump-

tions;
e to discuss typical boundary/initial conditions;
e to make an initial discussion on the well-posedness issue in general terms;

e to make some general comparisons on approaches and results with those from
the theory of ODEs; and

e to introduce the methods of separation of variables, which lead to Fourier’s

series and integrals.

©) 2025, by Zheng-Chao Han. Please do nmot distribute these notes at this point, as they have

not been thoroughly revised.



CHAPTER 1. SOME PROTOTYPE PDES AND ELEMENTARY SOLUTIONS

1.1 Formulation of Some Prototype PDE Prob-

lems

In this section we will use various examples to illustrate

e how to set up a PDE in a physical or geometrical context by translating the

relevant physical or geometrical principle into an equation or equations;

e how the equations initially set up (often in integral form) are reduced to differ-

ential equations under appropriate regularity assumptions on the solutions;

e the distinction between physical/geometrical assumptions and mathematical

assumptions (mostly on the smoothness of the solutions) in setting up the PDEs;
e the method of calculus of variations in formulating PDE problems;
e the needs for initial /boundary conditions to determine a solution; and

e the needs for varying degrees of smoothness of solutions depending on the con-
text and property of the PDEs.

Many PDEs that we encounter are set up by translating the relevant physical or
geometrical principle into equations. However, most physical and geometrical princi-
ples are initially formulated in terms of integral equations, not as differential equations
directly; we often need to make some smoothness assumptions on the relevant physical
or geometrical quantities to reduce the integral equation(s) to PDE(s).

Other times direct, faithful translation of the physical principle may produce a
PDE which is too difficult to manage, so we may need to make some simplifying phys-
ical or mathematical assumptions to obtain a simpler PDE as a first approximation to
the physical process. Of course, whether the simplified PDE gives a good description
to the physical process is subject to verification with data. But that is not our main
task here; our main task is to learn how to analyze a PDE. As we will learn, however,
having some physical and geometrical intuition will be of great help in the analysis
of PDEs.

The set up of a PDE to model a physical or geometrical problem needs to be on
as firm a ground as possible; but the standards of physical justifications are often
different from those of mathematical justifications: we need to be mindful of the
assumptions that are used to set up the problem, but the modeling part may not
call for mathematical justifications at each step. So you will see varying degree of

mathematical rigor in the setting up process.

4



1.1. SOME PROTOTYPE PDE PROBLEMS

1.1.1 Formulation of Some Prototype PDEs From Their In-

tegral Forms

We will first illustrate the set up process using an example in one spatial dimension,
then discuss examples in higher spatial dimensions, where the concept of flux and the

divergence theorem will play a prominent role.

Example 1.1 (Equation for the motion of a fluid along a one-dimensional tube).
Here, we take the Eulerian approach, namely, we work with the relevant physical
quantities as functions of location x and time ¢ in a fixed reference frame: the (linear)
density p(z,t) of the fluid defined as mass per unit length, where z is the coordinate
along the tube (as a one-dimensional object), and the velocity v(x,t) (in the direction
of z-axis here) of the fluid at location x and time ¢. The first relevant physical principle

is the law of conservation of mass, which can be expressed as

the rate of change of mass in any section of the tube
= the rate of fluid flowing in across the ends of the tube

— the rate of fluid flowing out across the ends of the tube.

More quantitatively, for any z; < x9, and any moment ¢,

Here, the right hand side terms come from the mass of the section to the left of x;
with length v(xq,t) and density p(xi,t) entering the section between x; and zy per
unit time, and the mass of the section to the left of xs with length v(z,t) and density
p(x2,t) leaving the section between x; and x5 per unit time; and we have already made
some tentative mathematical assumptions (integrability and differentiability) on the
quantities p(z,t) and v(z,t) to make sense of the relation above.

(1.1) is not a PDE yet, and is not easy to work with, as it involves both integration
and differentiation as well as two additional parameters z1,r,. We next make the
more definite mathematical assumption that p and v are C! functions of z and ¢

everywhere, so that

d [ [ 0p(,t)
pr p(x,t) d;v—/ T dz,

p(z1, t)v(z1,t) — p(x2, t)v(22,t) = — /m2 d [P(x,(;lv(x, t)]

1

dz.

5



CHAPTER 1. SOME PROTOTYPE PDES AND ELEMENTARY SOLUTIONS

Then (1.1) becomes

Since, at any moment ¢, (1.2) holds for any z; < z3, and we have assumed the

integrands to be continuous, we arrive at

Opw.t) _ Ol D@t ooy

ot ox

which is often referred to as the equation of continuity, and is written as

By a similar process using the law of conservation of momentum, we arrive at

here, p(z,t) is the pressure at (z,t¢) (pressure normally is defined as force per unit

area, but in this set up of a thin tube p(x,t) is taken as the force of one section of the
fluid exerted on the other section at location = and time ¢, so has the unit of force),
and we have made the physical assumption that there is no external force acting on
the fluid, and the mathematical assumption that the quantities involved have enough
differentiability to allow differentiation under the integral sign to carry through.
(1.3) and (1.4) are two equations involving three unknowns: p(x,t),v(x,t), and
p(z,t). For an ideal isentropic fluid, p(z,t) is determined through the density p(z, t):
p(z,t) = p(p(z,t)). Then (1.3) and (1.4) form a system of two equations in p and
v. For many gases, p = Ap? for some A > 0 and v > 1. As we will see later, an

important assumption based on physical principle is that p’(p) > 0 for p > 0.

In some physical situation, a solution may exhibit a sharp change of value across
an interface. Mathematically such solutions are modeled by piecewise continuous
solutions with a jump discontinuity. The following remark discusses how to modify
the above derivation to take into account of a jump discontinuity in a solution, and

to derive a corresponding condition along the interface of discontinuity.

Remark 1.1. * Suppose that p(z,t) and v(x,t) have a jump discontinuity along
the curve {(z,t) : * = £(t)}, namely, p(x,t) and v(z,t) are C* in {(x,t) : x < £(¢)}

*May be skipped on first reading.



1.1. SOME PROTOTYPE PDE PROBLEMS

and {(z,t) : x > £(t)}, respectively, with limiting values of p~(£(),t), v~ (£(t),t), and
pT(&(t),t), vT(&(L), 1), along the left and right sides of the curve z = £(t), respectively.
Then in reducing (1.1) to a PDE, nothing needs to be changed if z1 < x5 < £(t), or
£(t) <y < x9, so (1.2) holds as long as x # £(t). When 27 < £(t) < x9, in carrying
through differentiation through the integral on the left side of (1.1), we have to be
mindful of the discontinuity of p(z,t) at x = £(t), and modify the procedure as

&(t) T2 o T
% {/zl ' /se)} oty de= /x 3,0(at, i+ [ (£(8),6) = P (€(0), )] (1),

1

assuming &(t) to be differentiable in ¢. This follows from a variant of the following

lemma.

Lemma 1.1. Suppose that p(z,t) is a C' function defined on [xl,mg] [t1, 2], &(t) €
Clty, ta] such that xy < £(t) < xo for all t € [ty,ts]. Then G(t f’g(t (z,t)dz is
Clin [ty,ts], and

This is a simple consequence of the chain rule after recognizing that G(t) =
F(&(t),t), where F(y,t) := [ p(z,t)dz is O in [21, 2] X [t1, ta].
But some prehmlnary set up is needed to apply this Lemma, as, in our context,

the integrand p(z,t) is expected to have a discontinuity at x = £(t) for t; <t < to,
but otherwise is a C! function defined on {(z,t) : t; <t < ty, 73 < x < £(t)}; this
is not quite the set up to apply the above Lemma directly. This will be left as an
exercise, with some guidance provided.

The right hand side of (1.1) is also expected to experience a discontinuity at = =
&(t), and is treated by applying the Fundamental Theorem of Calculus to p(z, t)v(z, t)
in the x variable between [z1,&(t)], and [£(t), xo], separately:

p(x1, t)v(z,t) — p(2, t)v(z2,t)
= [p(z1, )v(@r,t) — p (E(1), v ((¢).
+ o (E), v (6(1), 1) — p T (6(1), )v
£ x,t)v(x,t 2 x,t)v(x
Y MR T Pl TES TP
+ o (E@), v (6(1), 1) — p T (6(1), t)v T (£(2), 1)
_ /“ 9 lp(x, thv(z,t))]

+

~—
—~ —
_|_
—
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~
~
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CHAPTER 1. SOME PROTOTYPE PDES AND ELEMENTARY SOLUTIONS

Figure 1.1: A plot of the graph of a function v(x,t) with a line of discontinuity along

a curve

Op gz’t) = 9 (x’tg;’(x’t))] is already established at z # £(t), so the integrals on the

two sides cancel, and we can conclude that

160060010 = (€00 600~ €000 6., 115

Note that [p~(£(t),t) — pT(&(2),t)] is the jump of p(x,t) across x = &(t), while

p(§(t), v~ (&(F), 1) —p (£(F), t)v " (£(F), t) is the jump of p(x, t)v(x,t) across x = £(1).
(1.6) relates the speed of the point of discontinuity, £'(¢), with the jumps of p and
pv across the discontinuity; and is a case of the so called Rankine-Hugoniot condi-

Since

tions. This leads to a solution (p(x,t),v(x,t)), which satisfies (1.3) except along the
interface x = £(t), with a jump discontinuity along x = £(t), and the jumps of p and
pv satisfy (1.6) along = = £(¢).

Solutions with such kind of jump discontinuity are called shock wave solutions.
Note that £(t), p=(£(¢),1), and vE(£(¢),t) may be part of the unknowns here.

A physicist may derive (1.6) as follows. One accounts for how much mass has
crossed x = £(t) per unit time: the mass of the section to the left of £(¢) with
length v=(&£(t),t) — &'(t) and density p~(£(t),t) has crossed £(t), so the mass crossed
is p~(&(t), t)[v~(&(t),t) — &'(t)]; and once crossing £(t), the mass moves at the speed
of v (&(t),t), occupying the section to the right of £(¢) with length vt (£(¢),t) — &'(¢)
and with density p*(£(¢),t). Thus we must have

which is equivalent to (1.6).
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A situation as described here may arise when a piston is pushed with speed of v~
along a uniform tube filled with still air. Here, we may assume that the air right in
front of the piston moves with (constant) speed v~, and take v = 0, then (1.6) would
take the form [p~ — pT|&'(t) = p~v~. This equation alone can’t determine the shock
wave speed £'(t), as p~ is to be determined; one also needs to establish a Rankine-

Hugoniot type condition based on the momentum equation (1.4) to determine &'(t).

Example 1.2 (Equation for heat conduction). Here, the relevant physical quanti-
ties are the temperature u(z,t) at location x and time ¢, the specific heat ¢ of the
medium, i.e., the amount of heat needed for each unit increase of temperature per unit
mass, and the density p(x,t) of the medium. Unless we deal with an inhomogeneous
medium, we assume ¢ and p are constants across the medium and are independent
of t. There is no macroscopic movement of material in this set up; the changes in
u(x,t) can be attributed to the transfer of energy due to microscopic movement of

molecules. The basic law describing the conduction of heat is expressed as

the rate of change of heat in a region
= heat flux across the boundary of the region

+ the rate of heat production within the region.

If we let ¢(x, t) denote the heat flux vector, i.e., ¢(z,t) -7 gives the heat transferred
per unit time across a unit area with unit normal vector 77, and let f(x,t) denote the
heat produced per unit time per unit mass within the region, then, for any region

Q with piecewise C' boundary* (so that the divergence theorem can be applied to

*A domain Q with C! boundary is an open set of R” such that any point P € 99 has a
neighborhood V in R™ with the property that 9QNV is a C' hypersurface; and that QNV stays on one
side of this hypersurface. A domain (also called a region) with piecewise C'* boundary is modeled on
polyhedrons such as a cube or a prism, whose boundary may have pieces of hypersurfaces (analogue
of faces), or edges (from the intersections of two hypersurfaces), or vertices (from the intersections of
three surfaces in R3). The precise definition is technical; one may limit consideration to domains with
C'! boundary or use only concrete domains with piecewise C* boundary such as cubes or rectangles.
Below is an analytical definition; one may skip it without hindering the flow of reading. A domain 2
has piecewise C! boundary if any point P € 99 has a neighborhood V' in R™ and C! functions F;(x)
defined in V for 1 <i < k and some k > 1 such that (i). QNV ={xeV:F;(x)>0,i=1,--- ,k};
(ii). F;(P)=0fori=1,--- ,kand 9QNV =U;{x €V : Fi(x) =0 for i € I and F;(x) > 0 for j ¢
I, if |[I| < n}, where I runs over the set of non-empty subsets of {1,---,k}; and (iii) The Jacobian
matrix [DFy(P),- -, DF,(P)] has full rank. Conditions (ii) and (iii) allow a stratification of 90NV
as the union of ¥, = Ujjj=m{x € V : Fij(x) = 0fori € I and Fj(x) > 0for j ¢ I, if [I| < n},
m=1,--- ,min{k,n}, where X, is a codimension m manifold in R™ as a consequence of the implicit

function theorem, which allows us to treat u; = F;(x),i = 1,--- ,k (taking k¥ < n for simplicity)
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Figure 1.2: An illustrative drawing of a possible heat flux vector field
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); we can take €2 to be balls or boxes whose closure are contained in our domain of

consideration), the above law translates into

where 7i(x) denotes the exterior unit normal to J€ at z, and do denotes the area
element of 0S.

One often used postulate on the heat flux vector is Fourier’s law: ¢(x,t) =
—kVu(x,t), where k > 0 is the thermal conductivity of the medium, assumed to
be a constant for a uniform medium. To reduce (1.7) into a PDE, we make the

mathematical assumption that k is uniform across the medium, and wu(z,t) is twice

as part of the coordinates to reparametrize V' and regard 2 NV as the image of a neighborhood
ofu=0in {u:w; >0,5=1,---,k}. More concretely, any point @ on X,, has a neighborhood
U in R™ such that 3, N U is represented as the graph of a R™-valued C' function defined in a
neighborhood of a point in R”~™. Condition (i) gives the notion of Q staying on one side of 3
and a continuous choice of unit exterior/interior normal vector on ;. These conditions also imply
that, if S ={x e U:Fi(x)=0,F; >0fori# 1} and So = {x € U : Fa(x) =0, F; > 0 for i # 2}
are two components in ¥; such that S; NS, contains a non-empty codimension 2 piece, namely,
{x € U: Fi(x) = Fa(x) = 0, F;(x) > 0 for other i’s} is not empty, then this codimension 2 piece is
in the shared boundary of only S; and Ss; in fact, any codimension 2 piece of 02 must be contained
in the shared boundary of two codimension 1 pieces. This rules out the possibility of 02 having a
cross or triple-junction piece if Q C R?, as well as € equals the three dimensional open ball removing
a line segment or a closed loop, or isolated points.

10
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continuously differentiable in z € €, so that by the Divergence Theorem
= [ ity na) do
o9
:k/ Vu(z,t) - n(}) do
o9
:k/ div (Vu(z,t)) dx
Q
:k/ Au(z,t) dz,
Q

where Au(z,t) = div(Vu(z,t)) = 330, 82;i§’t) is called the Laplacian of u. Thus
(1.7) reduces to

ou
/Qcpa dx:/Q[k:Auanf(x,t)] dzx.

Since this relation holds on any (reasonably regular) region Q" and we have assumed

the integrands to be continuous, we arrive at

with v = % > 0 denoting the thermal diffusivity of the medium.

Remark 1.2. If Fourier’s law needs to be modified in a certain situation, such as when
k depends on (z,t) or u(z,t), or both: k = k(u,x,t), or g(x,t) = —A(x,t)Vu(z,t),
where A(x,t) is an 3 x 3 matrix with certain properties, for example, positive definite,
then (1.8) is modified in the first case as

B} 1 1
8_1‘ _ 5v (k(u, 2, )Vula, 1) + = f(x,1),

and in the second case as

u 1 1
5 = gv (A(z,t)Vu(z,t)) + Ef(a%t)

An example of the first case is when the medium is a mix of two or more material
with different specific heat, or density, or thermal conductivity. A rod made up
of two kinds of material welded at x = 0 is a specific example. Due to potential
discontinuities of some of the terms, we have to re-examine the derivation process. In
this 1-D case, the heat flux term across [z1, xs] is —q(22,t) + q(x1,t). If g(z,t) had

a discontinuity in z, then we would need to make modifications when expressing this

*For our purposes it suffices to restrict {2 to balls or rectangular boxes.

11
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difference in terms of an integral of its x-derivative. However, physical consideration
makes it reasonable to assume that u(z,t), the temperature, as well as g(z,t) should
not experience a discontinuity. Thus at the welding point x = 0, the continuity of
q(z,t) leads to k_u,(0—,t) = kiu,(0+,t), where ks are the thermal conductivity
coefficient of the medium to the left and right of x = 0, respectively, and wu,(0F,?)
are the left and right xz-derivative of u(x,t) at (0,t), respectively. When k_ # k.,
this leads to solutions with a discontinuity in w,(x,t) at (0,¢). Away from z = 0,
appropriate forms of the heat equation hold.

The same equation arises in many other processes of diffusion, i.e. the process
of equalization of the concentration in a medium with an initially non-homogeneous
distribution of some substance (such as the dilution of a dye in a medium), where
¢(z,t) would have a natural interpretation as a flux, and the law corresponding to
Fourier’s law is often referred to as Fick’s Law. The equation also arises in describing
Brownian motion, which underlies many diffusion processes. For this reason, (1.8) is

also often called a diffusion equation.

Boundary Conditions (BC); Initial Conditions (IC); Initial-Boundary Value
Problems (IBVP); Initial Value Problems (IVP); and Boundary Value
Problems (BVP)

To determine u(x,t) in a fixed region € D and ¢ > 0, in addition to (1.8), we

also need to know the initial data «(x, 0) for x € D, and information on the poundary

data u(z,t) for x € 0D and ¢t > 0. The simplest type of boundary condition is the
homogeneous Dirichlet boundary condition u(x,t) = 0 for (z,t) € 0D x RT. In such

a case we look for a solution u(x,t) to

This is an example of an initial-boundary value problems (IBVP).

One may also encounter a Neumann type boundary condition, prescribing % (x,t)
along (z,t) € 0D x R*. Since q(x,t) - fi(z,t) = —k3%(z,t) under the assumption of
Fourier’s law, prescribing 9%(z,t) along (z,t) € dD x R* has the interpretation of
prescribing the heat flux across the boundary of D. The corresponding IBVP would

12
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be
1
du _ Au+ =f(z,t) for (z,t) € D x R,
ot c
u(z,0) = g(z) for x € D, for a given function g(z),
ou

8—ﬁ(x,t) = h(x,t) for (x,t) € D x RY, and a given function h(x,t) on 9D x RT.
h = 0 would be appropriate when 9D is totally insulated. When the heat flux across
the boundary of D depends on u(z,t) there in a linear fashion, we encounter a Robin
type boundary condition: 2%(z,t) + au(z,t) = h(z,t) for (z,t) € D x RT for some
a.

In some situations, we take D to be the entire R", so there is only the initial
condition but no explicit boundary condition (but for the heat equation, there will
be implicit condition that the solution not grow too fast as + — oco). Such an initial
value problem (IVP) is called a Cauchy problem (compare with the Cauchy problem
in ODE3s).

A natural formal definition for a solution of an IBVP such as (1.9) would require
a function u(z,t), such that u(z,t), together with u(x,t), @%ixju(x, t) be continuous
on the closure of the domain D x RT, and the PDE itself holds on this closure as
well. But such requirements can be too restrictive. For instance, if we demand that
the PDE in (1.9) to hold on the closure of the domain D x R™, this would require to
evaluate Au(z,0) by Ag(r), so g would have to be C? in D—we will learn that we
can construct a solution of (1.9) even for an initial data g which is only continuous.
Furthermore, the continuity of u, u;, and Au along 0D x {0}, together with the
initial and boundary conditions in (1.9) would require g(x) = 0, u(x,0) = 0, and
0 = yAg(z) + Lf(z,0) for x € D. These are called boundary compatibility
conditions when we consider solutions to the above IBVP such that u, u;, and Au are
continuous on the closure of the domain D x R*. We may demand these conditions
in certain approaches, but may not demand them in others—this often happens when
we find it advantageous to require the boundary or initial conditions be taken on in
an integral (i.e. average) sense, in stead of in a point wise sense.

When D is a two or higher dimensional region, in particular when it does not have
a sufficiently smooth boundary, such as when it is a domain with corners or edges,
it’s not always straightforward to define the meaning of functions such as (?f,ixju(x, t)
on the boundary, and require them to be continuous on the closure of the domain,
and it’s possible that for certain such domains, the size of (()gim],u(x, t) of a solution of

(1.9) may grow unbounded as z approaches a corner or edge point of the boundary,

13
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so it may not make sense to demand that the solution and all the terms in the PDE
be continuous on the closure of the boundary, and the PDE be valid on the closure
of the boundary in such cases.

Based such consideration, we often require the PDE in an IBVP, such as in (1.9),
to hold only in the interior of the (space or space-time) region, not necessarily on its
boundary; but would require u(x,t) itself (and w,(z,t), if need be, as in the case of
the Neumann or Robin type boundary conditions) to be continuous on D x RT*, or
on D x [0,00), to make sense of the boundary and initial conditions there.

For a similar reason we could require the initial condition u(x,0) = g(x) to hold on
the closure D of D, but may not insist it—in other words, we may ignore the boundary
compatibility conditions in some approaches, although we will make a study of this
issue in some cases later on. As we will see, we often expect a solution u to (1.9) to be
continuous on D x R¥ in some sense (often in an integral sense), but Hot necessarily
in a point-wise sense; so we may allow g to be not continuous.

If we consider evolution equations such as (1.9) on a finite time interval 0 < ¢ < T,
we often include D x {T'} to be part of the domain on which the PDE holds; in other
words, the PDE is supposed to hold on D x (0, 7.

(1.8) is an example of a parabolic PDE. For an IBVP for a parabolic PDE such as
(1.9) on a finite time interval (0,77, the initial and boundary conditions are imposed
on only a portion of the boundary of D x (0,T]: 9D x [0,T]U D x {0}. This portion
is called the parabolic boundary of D x (0,7], and is often denoted either as
(D x (0,T]) or as 0,(D x (0,T7).

Since (1.9) involves different orders of differentiation of the unknown u in x and
t, it’s natural to look for a solution which reflects different requirements on the order
of differentiation of the unknown u in z and t. We often use C’i’tl to denote the class
of functions which are twice continuously differentiable in z and once continuously

differentiable in ¢ in appropriate domains.
Example 1.3 (Equation of one dimensional waves). The equation

Pu 0%

*The continuity of u,(x,t) on D x R* is in the sense that u,(x,t) has a continuous extension
to D x R*. In general C*(2) denotes the space of functions in C*(2) such that for any I < k, dLu
has a continuous extension to Q. A piecewise C* function in € refers to a function u such that
can be partitioned into the non-overlapping union of a finite number of domains ; with piecewise
C* boundary: Q = U;Q; and Q; N Q; =0 for i # j, and the restriction of u to each €; is C* and
has an extension as a function of C*(€);).

14
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describes the small transverse vibration of a perfectly elastic string, where wu(z, 1)
denotes the transverse displacement from z at time . ¢? is determined by the property
of the medium, and is equal to %, with 7" being the (lateral) tension of the string and
p being the density of the string. As we will learn soon that ¢ represents the speed
of propagation of wave.

When a perfectly elastic string is stretched it has a tension force tangential to the
string. Denote the magnitude of the tension at (z,u(z,t)) as T'(z,t). Then the ver-
tical and lateral components have magnitude T'(z,t)sin0(x,t) and T'(z,t) cos 0(z,t)
respectively, where 0(z,t) is the angle of inclination of the string at (z,u(z,t)), so
tan 0(z,t) = O u(z,t).

For small transverse vibration of a perfectly elastic string, we consider any lat-
eral movement to be negligible, so the lateral component T'(z,t) cosf(x,t) = T is a
constant. Thus the vertical component has magnitude 70, u(z,t).

If we neglect gravity, then for any x; < x5, we have

% (/ pOyu(w,t) da:) = TOu(xs,t) — TOpu(zy,t) = T/ 02 u(z, ) dz,

if we assume that 0,u(x,t) has continuous derivative in z. The wave equation (1.10)
then follows from this.
(1.10) also represents longitudinal waves and comes from its integral form, based

on Newton’s second law of motion

where u,(z9,t) and u,(z1,t) account for local deformation of the elastic medium at
x9 and xy, respectively, and Tu,(x,t) and Tu,(xq,t) account for the elastic forces
exerted to the ends of the section between z; and x5 due to tension according to
Hooke’s law, with T' > 0 proportional to the Young’s modulus of the medium. Here,
we assume the medium has a constant 7' > 0; when the Young’s modulus of the
medium depends on the position coordinate x (for instance, when the medium consists
of two materials with uniform but different Young’s modulus welded at a contact
point, 7" would be a piecewise constant function of ), the right hand side of (1.11)
should be replaced by T'(zg)u,(za,t) — T'(x1)ug(21,1).

When T has a jump discontinuity at a finite number of points, then a solution’s
derivatives may experience jump discontinuities at these points and points along
the characteristic lines—to be introduced later—issued from these points, and we

expect (1.10) to hold away from these points, and add the supplementary condition
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that u(z,t) be continuous and wu,(z,t) be piecewise continuous such that the tensorial
force T'(z)u,(z,t) is continuous.
The higher dimensional version of (1.10) is
Pu
ot Au = (1.12)
where A = Y"1 | 02 is the Laplace operator in dimension n. (1.12) in the case of
n = 3 describes the propagation of sound waves and electro-magnetic waves in space.
A natural IBVP for the wave equation (1.10) is
( 82 32
a—tg — cZa—Z =0 for (z,t) € (0,]) x RT,
u(z,0) = g(
u(x,0) = h(z) for z € (0,1), for a given function h(x),
Lu(0,t) = ki(t), u(l,t) = ko(t) for t € R™, and given functions ki (t) and ky(t) on R™.

z) for z € (0,1), for a given function g(x),

One or both of the boundary conditions above could also be of Neumann type.
A typical IVP problem for (1.12) is
Ou Au=0 for (r,t) € R" x RY,
— —c"Au = or (x
ot?
u(z,0) = g(x) for z € R", for a given function g,

u(z,0)

h(z) for z € R", for a given function h.

Example 1.4 (Laplace equation). All three examples above are evolution equa-
tions, as the unknowns depend on the time variable. In such settings solutions that
are not dependent on the time variable are called equilibrium (stationary) states
(or solutions)—such solutions may exist only if no term in the equation depends on
the time variable explicitly; for example, one can’t talk about an equilibrium solution
of (1.8) unless the f term has no explicit dependence on t.

In (1.8) when f = 0 and in (1.12), the equilibrium (stationary) states satisfy
Au = 0. This equation is called the Laplace equation. A solution satisfying this
equation is called a harmonic function. This equation also arises from a great
number of other situations. For instance, the real and imaginary parts of a complex
analytic function satisfy the Laplace equation.

Although the most commonly encountered boundary values problems for equa-
tions like the Laplace equation involve the Dirichlet, or Neumann, or Robin boundary

conditions, there may be other types of boundary conditions. For instance, if u(x)
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represents the electrostatic potential in vacuum outside a finite number of conduc-
tors C, 1 < k < K, where the total charge ), on each conductor CY} is prescribed,
then the physical problem of determination of u(x) is the following boundary value

problem for w:

P

Au(z) =0 for z € Q:=R*\ U, C},
Ou(x) B
e 3ﬁ($)d0<x) -

u(z) =u, on C, 1 <k < K, for constants uy to be determined,

\ u(z) — 0 T — 00.

Exercises
Exercise 1.1.1. Let u(z) be a continuous function on [0, 1].

It fo x) dz = 0 for all continuous functions v over [0, 1] with v(0) = v(1) =

0, prove that u =0 over [0, 1].

b). If fol u(x)v(z) dz = 0 for all continuous functions v over [0, 1] with fol v(z)dz =

0, prove that u is a constant over [0, 1].

CIf fo z)dz = 0 for all C' functions v over [0,1] with v(0) = v(1) = 0,

prove that u is a constant over [0, 1].

Exercise 1.1.2. Model on the derivation of (1.3) in Example 1.1 to derive (1.4).
Also derive that if p(z,t),v(z,t), and p(z,t) are piecewise C' in both {(x,t) : x <
§(6)} and {(z,1) - x > &(1)}, with p(£(2),1),v™(£(1), 1), p™ (£(1),1), and

pT(E(t), 1), v (&(L),t), pT(&(E),t) denoting the limiting values of these variables to the
left and right of x = £(t), respectively, then we also have

(0™ (E(t), )o (E(8), 1) — pt (£(8), B0 (£(2), 1)) €(2)
=p (), 1) + p (€(t),8) (07 (€))7 = pH(E(), ) — p(E(E), 1) (v (£(1), 1))

Exercise 1.1.3. In the derivation for (1.8), if a portion I' of the boundary of the

domain is completely insulated, derive that the boundary condition on I' should be
Ou(z,t)
on(x)

hand, I' is immersed in a (large amount of) medium which maintains a temperature
of ug, then the boundary condition on I' should be k‘a;éfm’? +h(u(z,t)—ug) = 0, where

h > 0 is some constant.

= 0, where n(z) denotes the exterior unit normal to I" at z. If, on the other
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Exercise 1.1.4. Provide a proof for Lemma 1.1. Then provide the necessary adap-

tation to apply it to derive (1.5). Note that a natural approach would be to examine

the limit of
&(t+h) £(t)
Rt / p(z,t+h)dx — / p(x,t)dx
Tl 1

as h — 0 via

£(t+h) £(t)
Rt / p(z,t+h)dx — / p(x,t)dx

() £(t+h)
=h! (/ [p(z,t+ h) — p(z,t)] de + / p(z,t+h) dx) :

1 £(t)

But since p(x,t + h) is defined only for 1 < z < £(t + h), and the order between
£(t+h) and £(t) may vary with h — p(z, t+h) may be undefined if £(t+h) < z < &(1).
Below is a suggested work around to avoid this issue.

Since differentiation is an infinitesimal problem, it suffices to modify ¢; and ¢,, if
necessary, and find some xo > x; such that xo > &(¢) for all t € [t1,t,], and a C*
extension p(x,t) of p(x,t) onto [x1,xs] X [t1,1s], so that we can apply Lemma 1.1 to
p(z,t) to obtain the desired result.

Another possible approach is to make a proof for ffl(t)fe p(x,t)dx, for each € > 0,
and then consider the limit as € 0.

Exercise 1.1.5. Here we provide some guidance on constructing a C!' extension
p(x,t) to [x1, o] X [t1, ta] of p(x,t) for some appropriate choice of ¢1, ta, and x, where
p(z,t) is the function referred to in Remark 1.1, and is assumed to be C' in the
region {(z,t) : t; <t < ty,xy < x < E(1)}, and £(t) € Cty,ts] with £(t) > zy for
t € [t1,tz]. Note that ¢ := min{&(¢t) — x1 : ¢t € [t1,t2]} > 0. For any t* € (t1,t2),
we can find ¢; < 7 < t* < t5 <ty such that |{(¢t) — £(t")| < §/4 for all t € [t],t5].
Define h(y,t) = p(y + £(t),t). Then p(z,t) = h(x — £(t),t), and it suffices to find
a C! extension of h(y,t) to [—d,d] x [t,t5]. h(y,t) is defined for z; — £(t) <y <0
and is C'! there. For 0 < y < §, we define h(y,t) = ah(—y,t) + bh(—y/2,t) for some
constants a and b. Prove that one can choose a and b such that the extended function
is C''in —0 < y < 4, t7 <t < t5. Then prove that p(x,t) has a C' extension to

(21, x9) X [t],t5] of p(x,t) for some appropriate choice of z5.
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1.1.2 Formulation of Some Prototype PDEs Using Calculus

of Variations

Next we illustrate the method of the calculus of variations through the derivation

for the equation of Minimal Surfaces.

Example 1.5 (Equation of minimal surfaces). Fix a region Q in R” and fix a bound-
ary value function ¢(x) defined for z € 9€). Among all graphs over 2 with the

boundary value ¢(z), we look for one with minimal area. More specifically, let
M¢—{U€C ) u|aQ—¢}

we want to find

min // V1+|Vul2de,

ueM, )
and find a u € My that attains the above minimum value.
The existence of a graph attaining the minimum creates some issues, as we are
looking for an element in an infinite dimensional space M, which attains the minimum
of a functional. Suppose for now that such a graph u exists. Then for any v € M),

and any € € R near 0, u + ev € My, and

Ale) ::/ V14 |Vu+ eVol2de
Q

has a minimum at € = 0 and is differentiable in €, so

This is an integral version of the minimal surface equation. If we further assume that
this u is C2(Q), then, noting

Vu - Vv _ v(z)Vu(x) _ Vu
—— =div —div | —— | v(2),
V14| Vul? 14 |[Vu(z)|? V1+|Vul?
we can use the divergence theorem to integrate by parts in the first term above

to arrive at

// o) di + Vu(z) - 7i(x) (2)do(z)
1—}-|Vu|2 o0 \/1+ |Vu(z |2

// ( VIt [VaP |vu|2> v(e) da.
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— —

In the above we applied the divergence theorem |3 iP(@) (@) da (@) =" divP(Z)dz

to the C*(Q) vector field P(z) = % and used v = 0 for x € ON.

Since (1.14) holds for arbitrary v € M, we conclude that

(1.15)

In fact, if we assume only u € C?(Q) instead of u € C*(Q), we can still carry out
this integration by parts properly by limiting the choice of v to those with compact
support® in 2, namely, v € C}(Q), as then all the integrands become 0 near the
boundary and the integration by parts are justified; but this limitation on v is harmless
for our argument to (1.15), as C1(Q) is dense in My in the C°(Q) norm as well as in
LP(2) norm for any 1 < p < oc.

It is not easy to find directly a C?(Q)NC*(Q) function achieving the minimum area,
but we will discuss later that that it is relatively easy to find a less regular function
satisfying (1.13), and that there is a theory which proves that any appropriately
defined solution of (1.13) is automatically C*(€2) and satisfies (1.15).

Remark 1.3. In contrast to the equations in Examples 1.2, 1.3, 1.4, (1.15) is
nonlinear in the unknown u (as is (1.3)): if we move the terms involving the un-
known(s) in (1.8) and (1.12) to the left hand side, and regard the left hand side as

an operator L acting on the unknown(s) u(x,t), Lu], then L satisfies
L[a1u1 + CLQUQ] = alL[ul] + CLQL[UQ]

for any coefficients a; and ay, and any functions w; and us; while the operators in
(1.15) and (1.3) do not satisfy this property.

A linear PDE satisfies the superposition principle: if u; and uy both satisfy
L[u] = 0, then so does aju; + agus for any coeflicients a; and ay; and if L[uy] = f; and
Llus| = fo, then Llajuq +asus] = ay f1 +ao fo. This superposition principle simplifies
the construction of general solutions to linear PDEs enormously and is the

cornerstone of the theory of linear PDEs.

*The support of a function v is the closure of the set {x : v(x) # 0}, and is sometimes denoted
as supp(v). We say v has compact support in €, if supp(v) is a closed and bounded subset of €.
This implies that there is a neighborhood U of 9 in which v(x) = 0, and as a consequence, the
derivatives of v also vanish in this neighborhood.
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Example 1.6 (Variational characterization of harmonic functions). Harmonic func-
tions have a variational characterization similar to that for the minimal surface equa-

tion. Using the same notation as in the previous example, if u € M attains

min / |Vul? dr,
Q

UEM¢,

then for any v € M, the function of ¢,

Elu + tv] dzef/ IV (u+ tv)|? d
Q

Elu+ tv] = 0. But
t=0

would attain its minimum at ¢ = 0, therefore 4 %

4 Elu+ tv] = 2/ Vu(z) - Vo(z)de,
dt|,_, ~

(1.16) is called the weak (integral) form for harmonic functions, as it is formulated
using only the first derivatives of u. If we further assume that this u is C2(Q)NC(Q),

then we can use the divergence theorem to integrate by parts in the above

so we arrive at

/ [Au(z)o(z) + Vu(e) - Vo(@)] de

~ [[ div @) Vu(e)) da

= [ o)) V(e do(a)
=0, using v(z) = 0 for x € 09,

and arrive at

/ Au(z da:—/ Vu(z) - Vo(z)dx = 0,

for all v € My (in fact, if we only know u € C?*(Q)NC(Q), then we can still draw the
same conclusion by restricting v to have compact support in €2), therefore Au(x) =0
in Q and u(x) is harmonic in the classical sense. The above computation clearly also

shows that a harmonic function in the classical sense also satisfies (1.16), the weak
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form; furthermore, any w € M, can be written as w = u + tv for some v € My and

t € R, and
// Vw|? do = // (|Vul® + 2tVu - Vo + £*|Vol?) dx
0 0

2// IVul? dx
Q

using [, Vu - Vudz = 0; the equality holds if and only if ¢* [ [, [Vv|dx = 0, which
shows that there can exist only one u which minimizes Ffu] in M, and shows that
there can exist only one u which solves Au = 0 in 2 and u = ¢ on 0f2.

Later we will see that it is relatively easy to find a function u that attains the
minimum of Efu] and therefore satisfies (1.16), as long as one enlarges the class M,
appropriately. Again, what remains is to prove that a function satisfying (1.16) is

also a harmonic function in the classical sense.

Remark 1.4. A solution u(z,t) to the heat equation (1.8) is also related to the
variational characterization in the sense that, if u(z,t) solves w,(z,t) = Ayu(z,t) in
Qx(0,7] and u(z,t) = 0 for all (z,t) € 002 x (0, 7], and u(z,t) is sufficiently smooth
in 2 x [0,7] to justify the differentiation of the integral and integration by parts
below, then, with Efu(-,¢)] % [Jo lu(z, t)?de, and Elu(-,t)] = [[, |Vu(z,t)]* dz, we

have, for t € (O,T],
—2// (z, t)uy(z, t) do

—2// (2. ) Au(x, 1) dz
9 / /Q [div (u(2)Vu(z)) — [Vu(z, 2] de

=— 2// IVu(z,t)|*dr <0 using u(z,t) = 0 when = € 95,
Q

and

d

th[ u(-,t)] = Q/QVu(:v,t) - Vuy(z, t)dt

=— 2// Au(z, t)uy(z, t) de + 2 WW(LQ do(z) = —2/ |Au(z,t)|* dw <0,
Q oa On(z) Q

where in the last step, we have used u:(x,t) = 0 for (x,t) € 9Q x (0,7] due to

the boundary condition u(z,t) = 0 there. So E[u(-,t)] and E[u(-,t)] both decrease

along a solution of the homogeneous heat equation. This can be used to prove the

uniqueness of solution of (1.9).
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Corollary 1.2. For a bounded domain D with piecewise C* boundary, (1.9) can have
at most one solution in the class C(D x [0,00)) N Ci’g (D x (0,00)).

Proof. Suppose that v and w are two solutions to (1.9) satisfying the regularity as-
sumptions here. Then u = v — w is a solution of the homogeneous version of (1.9),
namely, with f = 0 and ¢ = 0. Under our regularity assumptions, we can justify
the computations above to conclude that %E[u(-,t)] <Oatallt>0. So Elu(-1)]
is a non-increasing function of ¢ € (0,00). But Efu(-,t)] is continuous for ¢ € [0, o0)
under our assumption that u € C(D x [0,00)), and E[u(-,0)] = 0. Thus we con-
clude that Efu(-,t)] = 0 for all ¢ € (0,00). This implies that u(z,t) = 0 for all
(x,t) € D x (0,00). This proves that v = w for all (x,t) € D x (0,00). In more
advanced theory, one can prove, when 0D € C?, that a solution u to the homoge-
neous version of (1.9) in the class C'(D x [0,00)) N C’i’tl(D x (0,00)) is automatically
in C(D x [0,00)) N Cﬁjtl (D x (0,00)), as is the case here, therefore, uniqueness holds
in the class C(D x [0,00)) N C2;(D x (0,00)). Later on we will also give a proof of
uniqueness in this class using the maximum principle.

]

Remark 1.5. Note that under only the assumption that v € C'(D x [0, oo))ﬂCi’tl (D x
(0,00)), Efu(-,t)] is continuous in ¢, including at ¢t = 0, but E[v(-,)] may not be
continuous at ¢ = 0 (why?); in fact, it may even approach oo as t N\, 0, if the
boundary value of v(x,0) does not have the right regularity; part (iii) of Exercise 2.3.3
will exhibit an example with this behavior. If one would like to use the monotone
decreasing property of Efu(-,t)] to prove the uniqueness of (1.9), one has to make
additional assumptions or to prove that F[u(-,t)] has the needed continuity—care has

to be taken in using formal computations.

Remark 1.6. Many students have found it a challenge to work with curvilinear
coordinates; variational formulation often provides a natural and simplified way to
derive formulae in curvilinear coordinates. The formula for the Laplace operator in
polar coordinates in two dimensions Au = %(rur)r + r%ugg can be derived by the
change of variables formula; yet it is easier to derive it based on the calculations
in the variational approach as follows—the method can be easily adapted to other
situations. Based on computations that lead to (1.16) and subsequent computation,

for any u is C%(2) N C*(Q)—not just for harmonic functions, we have
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for v € Mp. In dimension 2, using |Vul* = u? + Su} and dz = rdrd®, it is straight-
forward to prove that, for any u € C%(Q) N CY(Q) and v € C3(Q) C M,

1
//{ ur+tvr (Ug—l—t’l)g) }rdrd@
t=0
=2 // {urvr uevg}rdrdG
1
:—2// { TUp )y 2u99}7“d7“d9
r
1
:—2// { U ) + 2u@9} dzx.
r

In the third line above we have evaluated the double integral by iterated integrals and

E t
[u + tv] dt

dt|,_,

applied integration by parts in one variable calculus, see comments below for why we
don’t need to be too concerned about the geometry of the domain in carrying out

such iterated integrals. Comparing with (1.17), we conclude that

// Au(x)v(z) dr = // { (ruy), lzugg} dx for any v € C?(1),
0 r

which then leads to Au = ;(rur)r + T—ngg—this is a point-wise relation, and we only
need to carry out the above computation in appropriate subdomains surrounding the
point of concern which would justify the above computations in a routine way, or
take only v supported in a nice region such as a ball near the point of concern; the
same computation also shows that the center for the polar coordinates can be chosen

arbitrarily.

Exercises
Exercise 1.1.6. Let f € C[0,(]. Prove that u € C?[0,]] is a solution of
u'(z)+ f(x) =0 for z € (0,1),
u'(0) =a, u'(I) =0

ff &|,_, E(u+tv) = 0forallv € C*0,1], where E(u = [ (Yu — f(z)u(x)) de+
au(0) — bu(l). In addition, prove that a necessary cond1t1on for thls problem to have

a solution is that fo x)dr =a—b.

Exercise 1.1.7. Prove that for any « € C%(Q) and v € C'(2), there holds

Au(@)o(@) + Vulz) - Vo) de = | o(z) 24 do(a).
// / ori(x)

o0
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Exercise 1.1.8. This exercise derives the equation for a rotationally symmetric min-

imal surface in R? and its solutions (called catenoids).

(a).

Let u be a rotationally symmetric function: u = u(r), then its graph over the
x-y plane has a parametric representation (r,0) — X = (rcos@,rsinf, u(r)).
For any 0 < ry < ro, verify that the area of this graph corresponding to r; <
r <ry,0 <60 <27 is given by

27 9 T2
Alu] = / / \/||Xr||2||Xg||2 — (X, - Xp)2rdrdf = 27T/ V14 W (r)]2rdr.
0 r1 r1

. Let v € C'ry,my) such that v(ry) = v(ry) = 0. Then for any ¢, u(r) + to(r)

generates a rotationally symmetric graph sharing the same boundary as that
generated by wu(r). For the graph generated by u(r) to be a minimal surface,

we need

— A tv] = 0.
i, [u+tv] =0

Verify that this condition leads to

T2 / / T2 / !
0= / _wvr) (r)v{r) rdr = —/ _wAr (r)r v(r)dr.
mo /LW (r)]? r 1+ [u/(r)[?
Deduce from this that
' (r)r
L+ [u/(r)]?

for some constant a. Further deduce that

1N
u'(r) = N

If we take a > 0, this implies that r > a.

. Show that if we take u(a) = 0, then the solution of the above ODE is u =

acosh™* (g)

. Is it possible that, for any 0 < r; < ry and 2, 29, one can find a rotationally

symmetric minimal surface of the form w = u(r) such that z; = w(r) and
29 = u(rg)? If so, is such a surface unique? (HINT: It may be easier to

reformulate the surface in the form of r = r(u).)

Exercise 1.1.9. Let P be an n X n orthogonal matrix, v € C?*(R"). Prove that
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(a). Vi[u(Pz)] = V.u(Pz)P, if both V[u(Px)] and Vu(Pzx) are treated as row

vectors;
(b). [[Valu(P)l| = [Veu(Pr)l);
(¢). Alu(Pz)] = Ayu(Px).
This shows that if one makes a rotation of axes, A u(x) is unaffected.

Exercise 1.1.10. This exercise illustrates how to use variational characterization to

derive the Laplace operator in 3-dimensional spherical coordinates.

(a). Prove that Y. | [Ve,u(x)|? is independent of the choice of an orthonormal basis
{e;}, at .

(b). Using the relation between rectangular and spherical polar coordinates

x =rsinf cos ¢
y =rsinfsin ¢
z =rcosf
to verify that
e, =(sin 6 cos ¢, sin # sin ¢, cos b)),
eg =(cos B cos ¢, cos 0sin ¢, — sin 0),
e, =(—sin ¢, cos ¢, 0)
forms an orthonormal basis at z, and Ve u = gﬁ, Ve, =1 1%, and Ve, u =
(rsinf)~! g—g.
(c). Based on (a) and (b),

_8u2 50U 5 .o, OU
V() = |5 + 2 5+ (rsin0) 2| )

Use this, the change of variables formula for triple integral
drdydz = r? sin §drdfdo,

and (1.17) to prove that

A —lg au _|_i 1 9 @@ +_1 @
““rar\ ar sin 6 60 sin 00 sin?0 0¢? |




L2 (sinf2) + ﬁ% is called the spherical Laplace operator, a natural gen-

eralization of the Laplace operator on functions defined on the unit round sphere.

This is based on the following computation and in analogy to (1.17)

1L 0 (. ,0u 1 9%u .
//s2 { Lin@% (Sln 6%> + M@] v(0, d))} sin @dfd¢
au 81) 1 au av .
o //§2 (%% + m%%) sin 0dfd¢

= - // VSQU : VSZU dO’,
s2

with Vgau = (Ve,u) ep + (Ve ¢u) e, denoting the spherical gradient of u as a function

of 6 and ¢ on the unit sphere S?, and do = sin 8 dfd¢ denoting the area element on
the unit sphere.

Exercise 1.1.11. This exercise formulates the Laplace operator of the hyperbolic

space H".

(a). In geodesic polar coordinate (r,w), w € S" ! of the hyperbolic space, the
squared gradient of a function u(r,w) is given by |u,|?> 4+sinh™?(r)|V,u|?, where
V. u stands for the gradient of u in the spherical directions. The volume integral

will be to integrate with respect to sinh™ ' (r) dr dw. Then define
Elu] = // (Jur|* + sinh™>(r)|Vul?) sinh™ (1) dr dw.

A harmonic function v in H" is characterized by %|t:0E [u + tn] = 0 for any

function n with compact support. Use this characterization to deduce that
Agnu = sinh' ™" (r)(sinh™ ! (r)u,.), + sinh ™2 (r) Agn-1 1.
Construct radial harmonic functions in H".

(b). An alternative formulation of H" is the upper half space model {(2',y) : 2’ €
R""! y > 0}, where the squared gradient of a function u(z’,y) is defined as
v (|Voul* + uz) and the volume integral will be to integrate with respect to
y~ "dx’ dy. Thus

Elu] = //(]Vx/u|2+u§) Y2 da' dy.

Derive that

Agnu = Y Apu + 4" (y* "uy),

Construct harmonic functions in H" depending only on .
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1.2 Some Initial Comparisons and Relations with
ODEs

Here we make some initial, general comments on some comparisons in the construction
and behavior of solutions between of ODEs and PDEs.

1.2.1 Superposition Principle and Separation of Variables

The “general” solution of an ODE (or a system of ODEs) depends on a finite number
of parameters and forms a “finite dimensional manifold”, where the parameters can
often be adjusted to satisfy some additional side conditions such as initial or boundary
conditions (one way to obtain the general solution is to produce the solution in terms
of the initial values). In the case of a system of linear homogeneous ODEs, this
is particularly simple: the solution space is linearly spanned by a finite number of
basis solutions. In fact, a basic common property of linear homogeneous ODEs
or PDEs is the linear superposition principle: if uq,--- ,uy are solutions to the
(same) linear homogeneous ODE or PDE; then so is aju; + asus + - - - + ayuy for any
coefficients aq,ay, -+ ,ay.

One difference, however, is that even for simple linear PDEs such as the ones we
derived above, the solution space (without imposing boundary or initial conditions)
is often infinite dimensional. One of our initial focuses will be to learn how to
construct an infinite dimensional “basis” of solutions for many linear PDEs (often
with constant coefficients) and use them to construct general solutions. One main
task will be to make the right sense of the convergence of “linear superposition” of

infinitely many basis solutions.

Remark 1.7. Our approach will often be to start by understanding a concept or
method in the simplest setting, then examine to what extent the simplest examples
represent prototypical situations, and try to extend our method to be applicable in
a more general setting. So we will not be afraid of looking for special solutions in
special situations first to gain intuition.

One of the simplest and most useful methods for constructing particular solutions
of (mostly) linear PDEs with constant coefficients is separation of variables: one
looks for solutions of the form u(z,t) = T'(t) X (x) (sometimes in the form of T'(x) +

X(x)) to reduce the construction of such solutions of a PDE to some set of ODEs.

Example 1.7. Let’s look for some sample solutions of (1.8) when x is one dimensional

and takes values in the entire R (so that we don’t have to deal with boundary value
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for now). We will first look for solutions of the form wu(x,t) = T(¢)X(x). The
direct application of separation of variables works when f = 0. For simplicity of
computation, we also take v = 1. Then we need to find X (x) and T'(¢) such that

T'(O)X(z)=Tt)X"(x) for all (z,t).

We deduce that whenever X (z) # 0 and T'(t) # 0, we must have

X"(z) _T'(1)
X(z) T(t)

From this we conclude that X”(z)/X(z) and T'(t)/T(t) must be a constant, in-

dependent of (z,t), for it does not allow )gl((;ll)) + );/(Ef;)) for some x; # x5 with

X(z1) # 0, X (xg) # 0. Call this constant —A. Then we have a set of ODEs

X"(x)=-XX(z), z€R; (1.18)
T'(t) = —AT(t), teR. (1.19)

In most situations we expect X (z) and T'(¢) to be continuous, so (1.18) and (1.19)
should continue to hold even when X (x) = 0 or T'(t) = 0. Our remaining task is to
find A for which the above two equations have non-trivial solutions (X =0 and 7" = 0
are always solutions, called trivial solutions).

Note that for each value of the parameter £, X (x) = €€ is a solution of (1.18)
with A = €2, and T(t) = ¢~ solves (1.19) for the same . So ue = ¢ is a
solution of (1.18) and (1.19) with A = £2. By the superposition principle, any finite

linear combination of such solutions

> et

£€a finite set

is a solution of (1.8).
Question: Is it possible to use this construction to generate all solutions to the
Cauchy problem for the homogeneous version of the heat equation (1.8)7?

Note that at this point, £ can be any scalar in C, so we have a continuum of
parameters to be used to construct a solution of u; —u,, = 0. If we take £ to be a real
parameter, then the solutions obtained above all correspond to A = £2 > 0. For other
choice of the parameter value A there are also solutions. E.g. for non-real complex
valued &, ¢ @=€" ig a solution of the homogeneous heat equation, but such solutions

grow exponentially in x as x goes to one end of infinity. Since we construct solutions
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defined for x on the entire R, physical consideration often rules out solutions that
grow exponentially in a space variable, thus restricts £ € R (see an exercise of this
section, however, for an application using a model defined on the half real line where
¢ is allowed to take on non-real values).

If we now try to construct a solution of the IVP
(1.20)

to satisfy a fairly arbitrary initial data, say, for any g bounded and continuous on
R (i.e., in Cp(R)), or continuous on R, with the additional property that g(xz) — 0
as © — £oo (i.e., in Cy(R)), or in LP(R), the space of functions whose pth power
is integrable on R, then it is not enough to take only finite linear combinations of

solutions of the form * e®¢—=¢*t_ It turns out that an “infinite linear combination” in

where ¢(£)’s are the coefficients of the “infinite linear combination”, provides such

the form of an integral

a general solution. The main issue is the convergence of such integrals for (z,t) €
R! x RT; another issue is how to choose ¢(£) to satisfy a given initial data u(z,0).

Note that we have restricted the domain of ¢ to R*; as for ¢ < 0, the exponentially
fast growth of et in ¢ would put severe decay requirement on ¢(§) in the construction
of a solution of the form [ (¢ )€€ q¢ which would put severe restriction on the
kind of initial data g for which this construction would produce a solution of (1.20).

At least formally, for real £, the factor e ¢t helps with the convergence of the
integral in & for £ > 0, but not for ¢ < 0; also we expect

We recognize that the relation between u(x,0) and ¢(§) is that between a function and

its Fourier transform—we do not need any systematic theory of Fourier transforms at

*This is based on properties of Fourier transforms. The following can be skipped on first reading.

For any finite measure p on R, deﬁne its Fourier transform i by /(¢ fR ~@¢ du(z); in particular,
for any g € L'(R), denote §(§) = [ e g(x)dz. Then g(¢) € Co( ) for every g € Ll(R). Most
relevant properties here are (a ) if (i(&) = p(€) for all £ € R, then p = v; (b) if g(z) = [ €™ du(€)

for some finite measure p on R, and g € L'(R), then p = §(£)d¢ for some g € Co( ). A function
in C*°(R) decaying faster than any power of |z|, together with any of its finite order derivatives, as
|z| — oo, can not be represented in the form of a finite, or infinite but discrete, sum of the form

Zj cje”fi .
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this point; we will provide a formula relating ¢(£) to u(z,0) when needed and prove
it rigorously later on. The purpose here is to illustrate that the homogeneous heat
equation has an infinite parameter family of solutions, and how this family may be
used to construct a general solution. More systematic study of Fourier transforms,
including their mapping properties between various function spaces, will be needed
for more in-depth study of the theory of PDEs.

If one is interested in solving the homogeneous heat equation on a finite interval
[0,] with the simplest boundary conditions u(0,t) = u(l,t) = 0 for all ¢ > 0, for
instance, then in our separable solutions, we want X (0) = X (/) = 0. So the choice of

X () is limited to satisfy a boundary value problem of ODEs:

(1.23)

X(x) = 0 is always a solution; we are interested in non-trivial solutions, namely,
solutions that are not identically 0. For certain values of A such as A = (%)2, for
n = 1,2,---, (1.23) has non-trivial solutions: all solutions are scaler multiples of
X, (z) = sin (%5%). Furthermore, these A values are the only ones for which (1.23)
has non-trivial solutions. This is worked out by applying the boundary conditions in
(1.23) to the general solutions to the first equation of (1.23)—one may either write
A = €2 for some £ € C, and write the general solution in the form of ¢;e%® + cye*®
in the case £ # 0, or work out the general solution depending on whether \ is 0, a
positive real, a negative real, or is in the remaining cases.

Note that a boundary value problem of ODEs such as (1.23) exhibits different
behavior from an IVP of ODEs: while an IVP of (well behaved) ODEs always has a
unique solution for any given initial data; a BVP of ODEs may fail the uniqueness,
and in fact, may fail to have a solution for certain boundary data. For example, the
BVP {X"(z) + X(x) = 0,X(0) = 0, X(7) = 1} has no solution at all.

Back to our problem. At this point

Z Cp, Sin (@) ef(nli)%

n€a finite set

is a genuine solution of the homogeneous heat equation with the boundary condition
u(0,t) = u(l,t) = 0 for all ¢ > 0, with initial data u(z,0) = 3", ., gnite set Cn S0 (252),

namely, we are able to construct a solution to (1.9) when D = [0,1], f =0, and g(z)

is a finite sum of sin (”lﬂ) To satisfy an arbitrarily given initial data u(x,0), we
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again need to make an infinite sum. Formally, we need to choose ¢, such that

(1.24)

We need to figure out how to determine ¢,,’s in terms of the given u(z,0), and in what
sense the constructed series converges at (z,0) to u(x,0) (in fact we need to show
that the constructed series solution u(y, t) converges to u(z,0) as (y,t) — (2,0)), and
converges at (z,t), t > 0, to a solution of the heat equation (1.20). The study of such
problems was initiated by J. Fourier in the early 1800’s.

Again, the factor e_(nli)zt will help with the convergence of > | ¢, sin (””) e_<%)2t

e
for ¢ > 0, but not for ¢ < 0.

This brings up the issue of well-posedness.

1.2.2 Well-posedness

For the IVP of an ODE system of the form % = f(u(t),t), u(ty) = uo, the Cauchy-
Picard theorem gives us the existence of a unique solution on a (maybe short) time
interval [tg — d, to + 6], for a right hand side f that is Lipschitz* in u; and the solution
depends continuously on the initial data. For a boundary/initial value problem for
a PDE, we also need to address the same issues. We say a boundary/initial value

problem for a PDE is well-posed if

e there exists a solution for all data in a reasonable (often closed) set of a function

space;
e the solution is unique (or depends at most on a finite number of free parameters);
e the solution depends on the data in a continuous way.

In the above the existence of a solution for data in a closed set means that if for a
sequence of data g;, there exists a solution u;, and g; — ¢, in appropriate sense,
then we expect u; to converge in appropriate sense to a solution with g, as data.
The meaning of “continuous way” has some flexibility in the sense that we may
need to measure the variation of solution in norms that are appropriate for the prob-

lem, not necessarily the familiar norms that are used to measure uniform convergence.

*f(u,t) is said to be Lipschitz in u for (u,t) € U, if there exists some L > 0 such that | f(u,t) —
f(v,t)] < Llu — v| whenever (u,t),(v,t) € U. A basic property of such a Lipschitz function is that
f(u,t) is differentiable in u except on a negligible set, called a set of measure 0.
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Our calculations for the sample solutions of the heat equation above suggest that
the Cauchy problem (or the boundary/initial value problem) is probably well-posed
in the above sense for forward time ¢ > 0, but not for backward time ¢ < 0. The latter
can be seen easily, if we use uniform convergence to measure variation of solutions:
one way to formulate continuous dependence of solution for ¢ € [T7, T3] in this setting
of linear equation is that there exists a constant C' > 0 depending on the equation,
and possibly on T}, T3, such that for all solutions u(z,t) to the homogeneous heat
equation which are continuous and bounded in R x [T}, T3], namely, in the space
Cy(R x [T, T3]),

[lu(, Olloye < Cllul-, 0)lloy@ for all t € [Ty, T]

where ||u(-,t)||c,®) is defined by sup{|u(z,t)| : « € R}, and Cy(R) (respectively
Cy(Rx [T, T,])) denotes the space of bounded continuous functions on R (respectively
R x [T1,T5]). This critirion would then imply that, for any two such solutions u and
U?

(- t) = v(, D)lley@ < Cllul-,0) = v(-,0)lloye  for all ¢ € [Ty, T3],

This is the sense in which we say that the solution u(-,t) varies continuously in Cy(R)
with u(-,0) in the same norm. If we are interested in learning how other norms
of the solutions depend on appropriate norms of initial data, we can formulate a
corresponding estimate (the norms of the solutions can be different from those of the
data).

If the heat equation were well-posed in this formulation on [—4, 0] for some § > 0,
we would expect the above estimate hold for [T7, 75| = [—4,0]. But all the solutions
€€ for real € have norm in Cy(R) equal to 1 at time t = 0, yet at any negative
time ¢ = —J, the Cy(R) norm of this solution is equal to 8”0 which can be made
as large as one wants by taking large real &, thus there is no C for which the above
estimate can hold. This phenomenon of well-posedness possibly only in one direction
is very different from the behavior of ODEs.

Remark 1.8. We remarked earlier that physical consideration typically rules out a
solution that would grow too fast in a space variable, but a solution that grows in the
time variable is not to be discarded without further consideration. The formulation
of continuous dependence in the context of an evolution equation is done for any
given finite time interval, as illustrated above: the constant C' above may depend
on 77 and T3, and may grow, if T} or T, grows. This is true even in the ODE
setting: the IVP {u/(t) = u(t),u(0) = up}, is well-posed, even though its solution
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u(t) = uge' grows exponentially in ¢ for ¢ > 0; in the mean time, for any given T > 0,

max{|u(t) —v(t)] : Ty <t < T} < el|u(0) — v(0)| for any two solutions to this IVP.
In some context there is a notion of large time stability of certain (special)

solutions. Some students may confuse the notion of continuous dependence of solution

on data (over a finite time interval) with the notion of large time stability.

We will learn in this course that the IVP and IBVP for the wave equation (1.12)
discussed in the last section are well-posed; but a similarly formulated IVP or IBVP
for the Laplace equation is not well-posed. An example of a well-posed problem for

the Laplace equation is the boundary value problem (BVP)
Au(z) =0 for z € D,
u(x) = ¢(x)  for x € D, and a given function ¢(x) on dD.

Here the continuous dependence of u on ¢ would mean that the size of v in D,
measured in an appropriate norm, depends on the size of ¢ on 9D in a continuous
way. In fact, we will see that |[ul[c5) < [|9]lc@p)-

There is no direct generalization of the Cauchy-Picard local existence theorem
for a general Cauchy problem for a PDE. For the Cauchy problem for PDEs which
are analytic in the unknowns (namely, all the terms have convergent power series
expansions in their arguments) and have analytic initial data on an analytic initial
surface which is non-characteristic (to be defined later), there is a partial general-
ization of the Cauchy-Picard theorem, called Cauchy-Kowalevskaya theorem. We

will discuss this theorem and the relevant notions of characteristics of PDEs later on.

Remark 1.9. Our examples earlier may suggest that PDEs (at least linear ones) may
have too big a solution space that we have to impose appropriate boundary /initial
conditions to have a well-posed problem. So it was a surprise when, in 1957, H. Lewy

constructed a first order linear PDE that has no solution anywhere.

Exercises

Exercise 1.2.1. Prove that {(%F)® : n € N} provides the set of all eigenvalues to the
BVP (1.23), and that for each A\ = (2%)?, the space of eigenfunctions associated with

A is 1-dimensional, and is spanned by {sin(“7%)}.

Exercise 1.2.2. Prove that {(%F)* : n =0,1,---} provides the set of all eigenvalues

to the BVP
X"(z) = =2X(2),

(1.25)
X'(0) = X'(1) = 0.
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and that for each A = (2%)% the space of eigenfunctions associated with \ is 1-

I
dimensional, and is spanned by {cos(™7*)}.

Exercise 1.2.3. Construct separable solutions to the homogeneous heat equation
ur(z,t) — uge(z,t) = 0 over (0,1) x (0,00) with the Neumann boundary condition
uz(0,t) = ug(l,t) = 0 for all ¢ > 0. Then use superposition principle to construct a

formal solution to the above problem with the initial data u(z,0) = g(z) for 0 < z < [.

Exercise 1.2.4. When ¢ is not real, separable solutions u(xz,t) = €4*~¢t to the ho-
mogeneous heat equation u,(z, t) —u,,(z,t) = 0 can be used to model the temperature
variation underground the surface of the earth, as discussed in 7.1 of Partial Differ-
ential Equations by Fritz John. More specifically, the solution when £ = —a + a7 for
a > 0 has its real part as u(z,t) = cos(2a*t — ax)e . If we model the shallow layer
of the earth as a portion of the flat space corresponding to = > 0, and use —u(z,1)
to model the temperature variation underground the surface of the earth due to its
seasonal variation at the = 0 level: —u(z,0) = — cos(27t) (here we choose a = /7
and use year as unit of ¢ to model the annual seasonal variation), work out the range
of temperature variations at depth z > 0 and time-delay of its highest and lowest

temperature in relation to those at x = 0.

Exercise 1.2.5. Construct separable solutions to the Laplace equation Au(x,y) =0
over R? of the form Y (y), where £ is a real parameter. Does this method give
a family of harmonic functions that are bounded over the entire R?? Does it give a
family of harmonic functions that are bounded over the upper half plane Ri or the

lower half plane R? ?

Exercise 1.2.6. Construct separable solutions to the Laplace equation on H™ (see
Exercise 1.1.11 ) Au(2/,y) = 0 of the form e®€Y (y), where ¢ € R"! is a vector
parameter. Pay attention to the behavior of Y (y) at y = 0 and y = oc.

Exercise 1.2.7. Prove that the BVP

{ u'(z) +u(z) =0 forxz € (0,7),
u(0) =a, u(r) ="b

has a solution iff a + b = 0; and that the BVP

{ u'(z) +u(x) = f(x) forxz € (0,7),
u(0) =0, u(r) =0

has a solution iff [ f(x)sinx dx = 0.
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Exercise 1.2.8. Construct separable solutions to the homogeneous wave equation
(2, 1) — Cuge(z,t) = 0 over R? of the form X (x)T'(t). Work out solutions in both
real or complex forms. Identify the solution as a standing wave or traveling wave
solution, then apply the superposition principle to construct standing wave solutions

if the initial construction only gives directly traveling wave solution, or vice versa.

Exercise 1.2.9. Apply separation of variables/Fourier series to construct solutions
to the initial /boundary value problem to the one dimensional wave equation

4

Uy — Uy = 0, on (z,t) € [0,1] x RY,
u(0,t) = u(l,t) =0, for t > 0,
u(z,0) = g(z), for z € [0, 1],
ug(x,0) = h(x), for z € [0, 1].

\
Exercise 1.2.10. Use superposition to construct some standing wave solutions to

the Maxwell’s equations. Are they in the same phase?

Exercise 1.2.11. Apply separation of variables/Fourier series to investigate the well-
posedness of the initial/boundary value problem

.

Ugt + Uy = 0, on (z,t) € (0,7) x RT,
u(0,t) = u(m, t) =0, for t > 0,
u(z,0) = g(z), for z € (0, ),
u(z,0) = h(x), for x € (0, ).

\
Exercise 1.2.12. Apply separation of variables/Fourier series to investigate the well-

posedness of the boundary value problem

;

U + Ugy = 0, on (z,t) € (0,7) x (0, H),
u(0,t) = u(m,t) =0, for H >t >0,
u(z,0) = g(x), for z € (0, ),
u(x, H) = h(x), for z € (0, ).

\
Exercise 1.2.13. Apply separation of variables/Fourier series to investigate the well-

posedness of the boundary value problem

(

Ugt — Uy = 0, on (z,t) € (0,7) x (0, 2m),

u(0,t) = u(m,t) =0, for t € (0, ),
u(z,0) = g(z), for x € (0, ),
u(z,27) = h(x), for x € (0, ).
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In particular, investigate the set of solutions to the problem for ¢ = h = 0, and

conditions on g and h needed even to find formal solutions.

1.2.3 Additional Comments on Separation of Variables

Separation of variables of constant coefficient second order PDESs often lead to an ODE
similar to (1.18), whose solutions are generated by solutions of the form e%®  with &
being an appropriate parameter, often called Fourier frequency or Fourier mode. One
often directly looks for a solution of a constant coefficient PDE in the form of e®*T'(t),
where T'(t) is to be solved in terms of £ and ¢; conditions on &, if any, would be dictated
by the boundary conditions. There are also times where one looks for solutions for
the form u(z,t) = e X(z), a solution with time frequency v (such a solution is
often called a time-harmonic solution, or a standing wave solution); one can find an
example in the next section when discussing solutions of a Schrodinger equation. The
same remark also applies to higher order PDEs with constant coefficients.

In the majority of situations, the PDEs we encounter are formulated in terms of
real valued scalars or vectors and we are interested in solutions as real valued scalars
or vectors. But our construction of particular solutions using separation of variables,
such as for (1.8), often uses complex valued solutions such as €%?, as they are often
easier to work with and give a cleaner representation. For example, one could also
formulate a version of (1.22) in terms of the real and imaginary parts of €%, but the
resulting relation would not be as clean.

A solution of the form u(x,t) = X (x)T'(t), when X (z),T(t) are real valued, often
can be interpreted as representing a standing wave, as its profile as a function of x
is determined by X (z), with T'(¢) only playing the role of modulating the range of
the u(x,t); the set of points where X (z) = 0 (often called the nodal set) does not
change with ¢. When X (z) and T'(t) are complex valued, the above interpretation is
not directly applicable; for example, a solution of the form e*%e™€l* for real valued
¢, & represents a traveling wave at a speed of ¢, as its value along the line x + ct for
positive £ (and x — ct for negative £) remains the same, which is a traveling wave, and

the same interpretation applies to its real and imaginary parts, cos(§x+c||t), sin(§z+
cl¢lt).

Example 1.8. If one applies separation of variables to construct solutions to the one
dimensional case of (1.10): uy — c*ugye = 0 in the form of u(x,t) = X (z)T(t), one
would need to find X (z),T(t) and constants A such that

X"(z) = -AX(x), T'(t)=c\T(t).
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It turns out that only when A is a non-negative real number, will the non-zero solutions
X (x) not grow too fast as + — oo and —oo. For such \’s one can work out the
solutions in either real or complex forms and then apply the superposition principle
to construct additional solutions. In this way one can find both standing wave and

traveling wave solutions. The details will be assigned as an exercise.

Example 1.9. If we apply separation of variables to construct solutions to u; —
Uzeze = 0, it would lead to the set of ODEs

X"(z)+ XX (z) =0 forz € R,
T'(t) = —=AT(t) forteR,

for some constant \. We could work with solutions to X" (z) + AX(z) = 0, which
form a 4-dimensional vector space for each A, and involve the fourth order roots of A;
but the remark above meant that we could directly look for a solution of the PDE of
the form u(z,t) = e®*T(t). If we plug u(x,t) = e“*T'(t) directly into u; — Ugppe = 0,
we would get

T'(t)e™® — &M (1)e™* = 0,

from which we conclude that T"(t) = €4T(t), so T(t) = T(0)et"t. Here we directly
used that X (z) = €% satisfies X" (r) = —AX(z) with —\ = £, but did not write
out the equation X" (x) + AX () = 0 explicitly. To conclude, e%**¢"* is a solution of
Ut — Uger = 0 for any parameter €. For any ¢ > 0, this solution grows exponentially in
¢ for real valued &, and, so we anticipate difficulty for convergence in forming solutions
of the form [, c(f)e%”&tdf for t > O—the issue here is the exponential growth of
e€e 8 in ¢ its growth in ¢ is not relevant for this issue.

The computations here suggest that the IVP for u; — ;.. = 0 is not well-posed
for t > 0, but seems well-posed for ¢ < 0. A similar computation suggests that the
IVP for u; + tzere = 0 is well-posed for ¢ > 0.

If we consider solutions to s + gz = 0 for  on a finite interval (0, 1), then a well-
posed problem would need to impose some boundary conditions at z = 0 and x = [.
Examples of such boundary conditions include {u(0,t) = 0,u(l,t) = 0,u,(0,t) =
0,u,(l,t) = 0forallt>0} or {u(0,t) = 0,u(l,t) = 0,uz,(0,t) = 0,u.(l,t) =
0 for all ¢ > 0}.

If we use the latter boundary conditions, then separation of variables would lead
to the boundary value problem {X""(z) = —AX(2),0 < z < [;X(0) = X"(0) =
0,X () = X”(I) = 0}, and the questions we need to address include (a). For which
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A does this problem possess non-trivial solutions? and (b). Whether we can use (infi-
nite) linear combinations of such solutions to represent an arbitrary function on (0,1)

corresponding to the initial data?

Here, if A = —¢* for some &, then the general solution of X" (x) = —\X(x) is
given by

X () = 1€ + o7 4 ¢35 + 475",

assuming A # 0, and the four boundary conditions would produce a homogeneous
system of four linear equations in ¢y, ¢, c3, ¢4. Unless the determinant of that linear
system is equal to 0, the only solution is ¢; = ¢y =¢c3 = ¢4 = 0.

So only those &’s which make the determinant of that linear system equal to 0
can lead to non-trivial solutions X (z). For each such £, we would need to determine
the dimension of solutions to the linear homogeneous system in ¢y, ¢9, c3, c4—in the
second order case X”(x) + AX(z) = 0, the dimension turns out to be always equal
to 1. The determinant of that linear system is a holomorphic function of &, so it can
have at most countable number of solutions and they have no finite accumulation
point.

Suppose that for a countable number of &, the dimension of solutions is also 1,
say, ¢z, C3, ¢4 are solved in terms of ¢1: co = bo(&x)c1, c3 = b3(&x)c1, ¢4 = by(&x)cq, then,
setting ¢; = ag, and X}, = €%k 4 by (&) e~ + b3(&x) ek + by(&)e %, we would try
to use Y, aka(a:)e*%t as a general solution—for this to work in ¢ > 0 it requires
that R(£!) — —oo does not happen along a subsequence. The analysis here is more
complicated than that for the IVP or for a second order PDE.

An answer to (b) would often lead to the study of the spectrum of a Sturm-
Liouville boundary value problem. We will study some Sturm-Liouville boundary
value problem later on. We will find that the spectrum of a Sturm-Liouville boundary

value problems will be real numbers.
The remaining part of this section can be skipped on first reading.

Remark 1.10. The solutions to many problems arising from the separation of vari-
ables often carry one or more arbitrary constants, due to the equations being ho-
mogeneous. However, there are situations where the constants are subject to some
constraints, such as the case in constructing solutions to the Maxwell’s equations,

which are the equations governing electric and magnetic fields. In the vacuum, it
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takes on the following form

divE=0
divB =0
OE
e = Zcurl B
0B
\ W = —CUI'IE

where curl B and curl E are the curl of B and E respectively. In rectangular coordi-

nates, B is given by
OBy 0By 0B1 0By 0B1 0B

3x2 B 8x3’ 8x3 81’1’ 8x2 81’1

For any vector parameter &, we look for a solution of the form

curl B = (

E(x,t) = Ege®*T(t), B(x,t) = Boe®*T(t)
for some constant vectors Eg, Bg. The first two equations give rise to
Eo-£=0, Bp-£=0.

Thus both Eqy and By need to be orthogonal to £&. We compute by definition to find
curl (Ege®™) =iEy x £, and curl (Bge®™) = iBg x &, so the last two equations lead
to
EoT'(t) = ic*T(t)Bg x &
{BOT’(t) = —iT(t)Ey x §
Thus 7"(t) = iAT'(t) holds for all ¢ and some constant real parameter A, and Eq L By.
Now using B x €] = [Bol[[£]l and [[Eo x €]] = [ Eo|[[£], we find that

A= Ecll€]l,  [Eoll = c|[Bol|.
The above give the constraints on Eg, By, and the solution will then take the form
E(x,1) = Ejel¢x*elélt)
B(x, t) = Boe!€x*elellt)

These represent plane waves, as for any real parameter d, E(x,t) and B(x,t) each
remains a constant vector along the family of solutions to & - x + ¢||€||t = d, which
represents planes with £ as a normal vector, progressing in the direction of £ at a
speed of ¢ when A\ = —¢||€||, and progressing in the opposite direction of £ at a speed
of ¢ when A = c[[€]]. If we will take A\ = —c||£]|, then

B(x, {) = Eoel @l B(x, 1) = B! €10 B(x, ) = —B(x, 1) x (Hg_“) .
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Note that the solutions here E(x,t) and B(x,t) exhibit the same phase in the sense
that, in real form, Eqcos(§ - x — c||€]|t) and Bg cos(€ - x — ¢||€||t) oscillate in the same
phase.

Question: What kind of solutions does one get if one tries to construct a solution of
the form E(x,t) = E(x)T'(t) and B(z,t) = B(x)T(t), either restricting to real-valued

solutions or allowing complex-valued solutions?

Below is an example where the separation of variable appears in the form of a
solution only depending on one variable; there is an exercise in which one looks for a
solution as the sum of a function of one variable and another function of a different

variable.

Example 1.10. The Navier-Stokes equations model the motion of fluids. When the
fluid is incompressible, namely, when the volume of the fluid does not experience

change as it flows, the equations take the form of

divu(x,t) =0,

1.26
aug;, £ +u(x,t) - Vu(x, t) = —p 'Vp(x,t) + vAu(x, t), (1.26)

where u(x, t) represents the velocity of the fluid at location x and time ¢ in a rectan-
gular coordinate system, p(x, t) represents the pressure there, p represents the density
of the fluid, which is taken as a positive constant here, and v represents the kinetic
viscosity of the fluid.

These are among the most challenging PDEs to study. We will look for particular
steady state solutions modeling a fluid flow in an infinite channel, namely, the domain
is {(z,y,2) : —a <y < a,z,z € R}, and we assume that u(x,t) takes the form of
(U(y),0,0) for some U(y) to be determined and p(x,t) will also be independent of ¢.

Then the equation divu(x,t) = 0 is satisfied automatically, and the second set of

equations takes the form of

( 0 02U (y)
_ 9P Y
0="-» 8x+y oy?
_,0p
0=—p'—=
Jdy
_10p
_ _17F
\O— P 0z

Thus p is a function of x alone, and we get
0=—p 'p'(x)+vU"(y) forallz € R, —a < y < a.
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This forces —p/(x) = G for some constant G, and vU"(y) = —p~'G. Thus we find
p(z) = po — Gz and U(y) = —%’j + by + ¢ for some constants b, c.

A typical boundary condition is the so called no-slip condition, namely, the fluid
particles on the boundary stick to the boundary: u(x) = 0 for x = (z,y, z) on the
boundary. This implies that U(+a) = 0, which then implies that

G(a® — y?)

U(y)ZT‘

Exercises

Exercise 1.2.14. Apply separation of variables, or its variant as described in Remark
1.7, to construct solutions to u; — Uz, = 0 on (x,t) € R x [0, 00). Discuss the role of
solutions to X”'(z) + AX (z) = 0 in the construction of solutions to the PDE here.

Exercise 1.2.15. The Fourier series solution that we constructed for (1.9) in the case
of f = 0 has its simplicity. However, from modeling standpoint, its solution u(z, )
takes infinite time to reach its expected steady state u = 0, which does not seem to
align with our experience. One possible modification of the set up is a modification of
the Fourier’s law of heat conduction: its flux rate —ku, be modified into —k(u(x,t)™),
for some m > 0. This would lead to u; = y(u(x,t)™),, in the one-dimensional case
and f = 0. One may look for a separable solution in the form of u(z,t) = T'(t) X (z).

This would lead to the set of equations
T'(t) = =2TH)", (X (2)™)" = =AX(x), X(0) = X(I) = 0.

Both ODEs are nonlinear now. When 0 < m < 1, any solution of 7"(t) = —A\T'(¢)™
will reach O in finite time! For this reason, this modified equation is called fast

diffusion equation. Verify the statements here in details.

Exercise 1.2.16. Construct steady state solutions of the incompressible Navier-
Stokes equations in an infinite circular pipe of radius R, where one assumes that
the velocity field takes the form of u(x,¢) = (0,0, U(r)) for some function U(r) to be
determined, and r = \/m , and that the no-slip boundary condition holds.

Exercise 1.2.17. Construct solutions of minimal surface equation (1.15) of the form
u(z,y) = f(z) + g(y) when Q = R? (there is no need to consider the boundary
condition then). The resulting solutions give rise to Scherk’s surfaces, and in fact

become infinite along a discrete set of lines.
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1.3 Additional Prototype PDE Problems, Lineariza-

tion, and Dimensional Analysis

The previous sections provide a few examples of prototype IVPs, or BVPs, or IBVPs,
which occur often in applications. Here we mention a few other kinds of PDE problems

that also arise often from physical or geometrical applications.

1.3.1 Eigenvalue and Eigenfunction Problems*

These problems already arise in applying the method of separation of variables. For
example, we were led to study (1.23) when attempting to construct solutions to on a
finite interval for the homogeneous case of (1.9). The key question we need answer
for is whether the eigenvalue problem has sufficiently many linearly independent so-
lutions such that any (reasonable) arbitrary function can be “spanned” in terms of
these eigenfunctions.

If we make an analogy with linear algebra, thinking of —% as a linear operator
acting on a class of functions with appropriate boundary conditions such as in (1.23),
the question becomes whether such an operator can be completely diagonalized. Even
in the context of linear algebra, not all linear operators defined in terms of matrix mul-
tiplication can be diagonalized. However, some important classes of linear operators,
including those defined in terms of matrix multiplication by real symmetric matrices,
Hermitian matrices, and unitary matrices, can be diagonalized; furthermore, one can
diaganolize such operators via a set of eigenvectors which are orthonormal. It turns
out that many eigenvalue problems arising from PDE contexts have structures similar
to those for eigenvalue problems for the above mentioned linear operators in finite
dimensions. The key is to find a mechanism to extend the arguments to the infinite
dimensional settings. These are studied in the abstract under the umbrella of self-
adjoint operators, the simplest subclass of which is the compact self-adjoint operators.
These problems in the PDE contexts are called Sturm-Liouville problems, and were
initially studied by more classical DE methods. We will study the Sturm-Liouville

problems later on.

These eigenvalue problems also arise in the study of Schrodinger equations, which

are used to describe a physical system in which quantum effects are significant. One

*May be skipped on first reading.
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simple form of the Schrodinger equation takes the following form

where A is the reduced Planck constant h/(27), pu the particle’s reduced mass, and
V(z,t) the potential energy of the field in which the particle moves.

When V(z,t) = V(x) is independent of ¢, one is often interested in standing wave
solutions of the form W (z,t) = e "B/ "W (). Then W (xz) satisfies

Here one question of concern is the existence and distribution of E’s for which (1.28)
has solutions that are square integrable in x over the entire space and not identically
0. The difference between this eigenvalue boundary value problem and those of the
previous section is that the boundary conditions here at spatial infinity are implicit:
we require the eigenfunctions to be square integrable in = over the entire space, which
says that, in some sense, the eigenfunctions tend to 0 as x — oo; but these two
conditions are not equivalent.

If V() = oo as x — oo, V(z) is said to have a confinement effect, as it tends to
“favor” solutions which — 0 as © — oo—technically, one asks for a solution which is
square integrable in z over the entire space. In such cases (1.28) typically has only
discrete number of eigenvalues with square integrable eigenfunctions.

If V() — 0 as  — oo, then the field is considered to have weak effect at
spatial infinity, and it’s possible to have solutions which do not decay fast enough to
make them square integrable in x over the entire space. Such situations arise when
describing scattering of particles.

In dimension 1, (1.28) becomes an ODE. If, further, V' (z) = 0, then the equation

describes a free particle. The solutions to (1.28) in this case with £ > 0 are
W(l’) — clei\/2uEm/ﬁ + 02€—i\/2uEx/h,
SO

‘If(x, t) = clei(\/mx_Et)/ﬁ + CQG—i(\/mm-i-Et)/ﬁ,

represents the superposition of two free traveling waves. These W (x) are not square
integrable in x over the entire space. But there is still mathematical reason to define
E > 0 to be in the (continuous) spectrum of the operator —%A on L?(R). We hope

to say more about this topic later on.
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One often used simple model of V(z) in describing scattering is a function with
compact support. Outside the support of V| the wave function W (z) satisfies the
same equation as the one for a free particle. One problem describing the scattering
of a particle in such a situation needs to find a wave function W (z) to (1.28) such
that W (z) = ¢,eV2#E=/" for 1 large; one hopes to determine the solution elsewhere,
especially to the left of the support of V. Such a wave function would describe a wave
e!(V2uBz=Et)/h 4 the right of the support of V, which is traveling to the right, and
can be interpreted as representing the transmitted wave after the scattering by the
potential V. Note that such a wave function has the form creV2EE/h o o—iV2uET/h g
the left of the support of V. e?V2#F#/h wil] represent an incidence wave e'(V2Ez—Et)/h
while e~#V2eE2/h il represent the reflected wave e~ #V2eEx+ED)/h \athematically one
needs to find the relation between ¢y, ¢o, and ¢}. The exercises below aim to build

some hands-on experience in constructing eigenfunctions of these problems.

Exercises

Exercise 1.3.1. This exercise shows how an eigenvalue problem arises in constructing

a solution of (1.9) on a two-dimensional (unit) disk D.

(i) Look for a separable solution of the first equation in (1.9) (assuming f = 0)
in the form of u(x,y,t) = T(t)X(x,y), where (x,y) € D. Deduce that X(z,y)
must satisfy

AX(z,y) = =AX(z,y) (z,9) €D,
{ X(z,y)=0 (x,y) € 9D

for some constant \.

(ii) Look for solutions to the eigenvalue problem above in the form of X = R(r)©(0).
Deduce that R(r) and ©(f) must satisfy

R(r)

N R_U} 6(0) + = 50" (6) = ~AR(r)O(0),

r

{R”(r)

which can be rewritten as

@,/(9>
o(0)

R(r) »
r )

r*R™(r) {R”(r) + } + A% 4

whenever R(r) # 0 and ©(0) # 0. It now follows that ©"(0) + u©(0) = 0 for
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some constant p and all 0 € [0, 27], and that

(REV)

It’s natural to impose the condition that u(r,0) = wu(r,27) and wuy(r,0) =
up(r, 2m) for all 0 < r < 1, which leads to the condition that ©(0) = ©(2n)
and ©'(0) = ©'(27r). Thus we must look for those constants p for which the

problem

(BEV)

has non-trivial solutions.

It remains to understand whether (OEV) has a set of eigenfunctions which can span
the set of all continuous functions, and answer a similar problem on D incorporating
the solutions to (REV).

Exercise 1.3.2. This problem considers the spectrum of the operator L = —% +

V(x) on L*(R), where V(z) is a piecewise constant function defined as

Vo for |z| <,

Vix) =
0 for |z| > 1.

A solution here is understood to be a function 1 (z) absolutely continuous over R with
absolutely continuous derivative ¢'(z) over R such that —¢"(x) + V(z)Y(x) = E¢(x)
on R except at x = +[. The problem is long, and may appear to be tedious. But it
can be worked out using elementary ODE techniques, and the solutions can provide

guidance for more complicated problems.

(a). Prove that for any E > 0 the problem has no non-trivial eigenfunctions in L*(R);
however the problem has non-trivial bounded solutions on R. Such E > 0 are
said to be in the continuous spectrum of the operator (partly because the
set of such E’s forms a continuum, in contrast to situations such as (1.23),
where the eigenvalues are isolated); L — E does not have a bounded inverse on
L?*(R), namely, there exists no constant C' > 0 such that for any f € L?*(R)
one can find a (unique) solution u to (L — E)u = f such that v € L*(R), and
ullr2®)y < C||f||r2@®)- (In this context, for any f € L*(R), one can construct
a solution u to (L — E)u = f by solving an IVP for the ODE, but « may not
lie in L*(R).)
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(b). The case V5 < 0 is considered to be a potential well. This part will show

that there are finite number of eigenvalues F in the range V) < E < 0. Set

w=vE-V.

(i).

(id).

(iii).

(vi).

Prove that if £ < Vj, then the only bounded solutions on R are identically
0.

Prove that any L%(R) eigenfunction ¢ with V5 < E < 0 must have the

form

Aer for x < —,
Y(r) = { Bcos(uz) + C'sin(ux) for |x| <1
De* for x > 1,

where A = /| E]|.

Y(x) must satisfy the conditions that ¢(x) and '(z) be continuous at
x=—land at z =1[. Set A = 1. Verify that these conditions lead to

A
B=e™ {— sin(ul) + COS(,UZ)} ,
0

C=e [é cos(ul) — sin(,ul)] :
0
™™D = Bcos(ul) + Csin(ul),
e ™MD = % [Bsin(pul) — C cos(pul)] .

. Prove that the above system has a solution iff

2FE — Wy

B

2 cot(2ul) =

. Note that the right hand side above, considered as a function of y (noting

|E| = |Vo| — 1?), is defined for 0 < pu < /|Vj], is monotone increasing in
pfor 0 < p < /|Vo|, and — —o0 as p — 0+, — oo as u — /|Vp|. Using

this to prove that the above equation has a finite number of solutions in
0 <p<+/|Vol.

Setting \/!IL7I = sin ¢ for some 0 < 6 < 7, verify that the above equation is
0

equivalent to cot(2ul) = — cot(26), from which it follows that p = —2 + 4%
for some k € Z, which can be written as \/[Vo[sinf = —% + 2% Prove

that this equation has m solutions in the range 0 < 6 < Z. where m =

27
I\/|Vk . in{Z
[2 VI o\] + 1, with the first py < mm{j, \/ |Vo|}.

™
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(vii).

Verify that +/[Vo|u;'e™'VIVoI=# cos(py2) provides an eigenfunction over
|z| < for u.

(c). The case Vj > 0 is called a potential barrier. Part (a) already establishes that

no £ > 0 can have an L*(R) eigenfunction. The interest here is to understand

the behavior of solutions that describe scattering by the potential, in particular,

when 0 < £ < V4. Namely, we examine solutions ¢(x) such that ¢(z) = cje

for z > [. Note that such a solution has the form clei‘/ﬁx + 02€’i\/Em for z < —1

for some constants ¢; and cy. Our aim is to find the relation between c¢q, ¢y, and

;. Due to linearity, we may normalize ¢| = 1.

(i).

(iv).

Let ¢(z) be any solution of (L — E)¢¥(z) = 0 on R. Prove that the
Wronskian W (v, ¢) = ¥(x)y'(z) — ()1’ (x) is a constant independent of
x € R.

. Let ¢(z) be the solution of (L — E)t(z) = 0 on R such that i(z) = ¢VE=

for 2 > . Verify that W (i, 1) = —2v/Ei.

In the setting of (ii), let ¥(x) = c1e/VE™ + ce VET for 2 < —I for some
constants ¢; and cy. Prove that W(¢,¢) = —2VEi[|ei|? — |eof?], and
conclude that |c;|?>—|c2|* = 1. In the general case, we will have |c;|*—|cs|? =
|c}|?. Tt is customary to normalize ¢; = 1, then this relation turns into
1 = |eo|* + |2 ¢ is called the coefficient of reflection, and ¢} is called

the coefficient of transmission.

The argument in (i)—(iii) works for any potential with compact support.

Try to determine ¢y and ¢ for the specific potential barrier here.

1.3.2 Linearization

Nonlinear differential equations are in general much more difficult to study. One often

used tool is to try to construct a solution near a known solution, through the use of

Inverse or Implicit Function Theorem in appropriate function spaces. The first step

is to linearize a nonlinear DE at a given function. We will see that the linearization

leads to a linear PDE (often with variable coefficients which arise from the given

function).

Here we introduce the concept of linearization through an example, and then

provide guidance on working out the linearization of the equations of motion of ideal

isentropic gas in one dimension.
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v/ 1+|Vul?

minimal surface equations. Then the linearization of M at u is defined to be

We define the operator M(u) = div <L), which arises in the PDE for

Mifo] =4

o M(u + ev).

e=0

In our case, it turns out

(14 |Vul?)d;; — Vu; Vu,
=3 [T

and thus

and in general

Z Vilaij(x)Vv,|, with a;;(z) = 1+ Vup)e

i,7=1

Note that for any vector £ € R”,

- 1+ [Vul)[¢* = [Vu - ¢
Z Gij(x)fifj = (1 n ‘VUP)?’/Q )

ij=1
SO ) )
€] . €]

— < . Y D G ) S

A vaie = 22 %8G < qrgame

ij=1
which shows that the matrix (a;;(x)) is positive definite at each x.

Suppose that u is a solution of (1.15) for a certain g, and one is interested in
whether (1.15) has a solution for some g + €h near g, then, as a first approximation,
one needs to construct a v such that M/, [v] = 0 in €2, and v = h on 9. The PDE
M, [v] = 0 is a linear second order variable coefficient PDE, and due to the positive
definiteness of (a;j(x)), it is called an elliptic PDE.

For the equations of motion for ideal isentropic gas in one dimension, as described
in Example 1.1, the left hand sides of the equations can be incorporated into the

nonlinear operator

) — pe+ (pv)e
Nle,) <<pv>t + (), +p’<p>px> '

Notice that for p = py, a constant, we have N(pg,0) = 0. The linearized operator of

N at (po,0) is
/ P P+ pov
N(P()vo) * - * / * .
v povi + D' (po) P
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*

So as a first approximation, if we want to solve N(,po,()) (p*> — 0, we have

()

{ p; + pov, =0,
pov; +p'(po)py = 0.

This is a system of linear equations for p* and v*, and one can easily eliminate one

variable to arrive at
pi — Epiy =0, with ¢ = p(po).

This confirms that small disturbances in a one dimensional ideal isentropic gas obeys

the wave equation in Example 1.3.

Exercises

Exercise 1.3.3. Take u = u(r) to be a radially symmetric solution of M[u] = 0

given by the catenoid in 1.1.8. Recall that when u = w(r) is radially symmetric,
!/
Mlu] = 22 <—m/m ) :
T 1+u/(7«)2
(a). Verify that for a radial function v = v(r), the linearization of M|u] along v is
, /
M) =2 (D
r 3/2/1 —|—’LL/(’I")2

(b) For a general v, written as a function of the polar coordinates (r, ), verify that

1 rov(r, 6) Dzv(r,0)
M, [v] =2r | =0, ’ 4+ — .
v (7" ( 3/€/1+T’(r)2> r2y/1 4 u/(r)?
(HINT: When a vector field X is written in terms of polar coordinates X =
R(r,0)e,+0O(r, 0)ey, where e, = (cosf,sin ) and ey = (— sin 6, cos ) is the pair

of orthonormal radial and angular unit vectors, respectively, at (r cos 8, rsin6),

then divX = 19, (rR(r,0)) + m. In deriving this, one uses divX = e, -
Ve, X + €y Ve, X, Ve,0(r,0) = 2209 and Ve, = % = . Then apply
thisto X = 4 _ = g | %n__g,)

VIHVA?Z A1 Ve e /14 Vuf?

(c) Show that v(r,0) = O,u(r) = v (r)% = u/(r) cos 0 satisfies M;[v] = 0 and so
does Oyu(r) = u'(r)¥ = /(r)sing. (HINT: One could use M[u(/(z + h)? +4?)] =
0 and differentiate in h.)
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Exercise 1.3.4. Verify that the linearization of the nonlinear operator

) — pe+ (pv)a
Nipw) ((ﬂv)t+(p02)m+p’(p)pm>

at (po,0), with py > 0 being a constant, is

N P\ P + povy
(p0,0) * - * / * :
v pov; + ' (po)ps

Exercise 1.3.5. Suppose that p*(x,t) and v*(z,t) are C? solutions to

{ P: + va; =0,

povy +1'(po)py = 0.
Prove that
P — Epie =0, with ¢ = p(po).
Exercise 1.3.6. Verify that the linearization of the incompressible Navier-Stokes
equations at a solution (ug(x,t), po(x,t)) is
divv(x,t) =0,

ov(x,t)
ot

In particular, when uy(x,t) = (U(y),0,0) is the steady state solution in the infinite

+up(x,t) - Vv(x,t) + v(x,t) - Vug(x,t) = —pVp(x,t) + vAv(x, t).

plate —a < y < a, the linearized system takes on the more specific form

divv(x,t) = 0,
U'(y)
8V(X7 t) U<y) aV(X, t) —+ U9 (X, t) 0 — _PVP(Xa t) + VAV(X’ t>
ot Ox 0

1.3.3 Dimensional Analysis and Scaling”

Dimensional analysis and scaling are often used in dealing with the analysis of PDEs.
Dimensional analysis is a useful tool for scientists and engineers in their modeling,
while scaling, in some sense related to dimensional analysis, is an often used tool for
analysts and geometers. We will first give a brief discussion on dimensional analysis,

then on scaling.

*Skipping dimensional analysis will not disrupt the reading of the rest of the material.
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Dimensional analysis refers to the requirement that all summands in a physical law
must have the same dimensions, therefore its validity is unaffected by a change of unit
in one or more of the physical quantities. Dimensional analysis is used extensively by
physicists, chemists, and engineers in the analysis of their problems, and in checking
the validity of the formula that they face.

An underlying principle is that every physical quantity is assigned a dimension;
and once a unit for this dimension is chosen, the physical quantity can now be assigned
a numerical value. For instance, the length of a one-dimensional object is assigned the
dimension of length, the area of a two-dimensional region is assigned the dimension of
(length)?, and the dimension of speed is length/time. We have a sense for the length
of the edge of a page (in relation to a familiar reference length), but it does not
have an intrinsic numerical value; it is given a numerical value only after a unit for
measuring the length has been chosen. Two different units for the same dimension
are related by a scaler; the ratio of the numerical values of two quantities of the
same dimension (with respect to a common unit) is invariant when the unit for the

dimension is changed, and is an example of a dimensionless quantity.

The choice of a unit for physical quantities often depends on the context: there
is often a characteristic unit for quantities of the same dimension in a given con-
text (one often used guiding principle is that the numerical values measured in this
characteristic unit would not be too huge or too tiny). For instance, in describing
the ripple of water waves, meter seems a reasonable choice as characteristic unit for
length, and second a reasonable choice as characteristic unit for time. If we choose to
use hour as characteristic unit for time, then the numerical value of the wave speed
is amplified by a factor of 3600, but the typical time related to the evaluation of the
wave motion is measured in the thousandth of an hour; this need to deal with both
a huge numerical value of wave speed and a tiny numerical value of time is not as

convenient as using meter and second in this context.

Scientists often carry out a non-dimensionalization of the equation to facilitate
its analysis. One chooses a characteristic unit for each dimension, and expresses all
involved quantities as numerical values measured against the chosen units, and works
with the resulting reduced equation. For instance, in using the heat equation in
a given setting, one first chooses a characteristic unit 1" for time variable ¢, and a
characteristic unit L for length variable x. Note that v, the thermal diffusivity, has
the dimension of (length)? /time. If one rescales the variables x = ¢L, t = 7T, where
¢ is the measurement of length against L, and 7 is the measurement of time against

T, and choose as a characteristic scale U for u, and set u = TU. The substitution
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w(éL,7T) = Y (&, 7)U turns the equation u; — vu,, = 0 into T, — %5 T¢e = 0. This
is the non-dimensionalized form of the equation. The dimensionless quantity x = E—E
(any changes in v or T will result in change of v that will result in the same value for

k) is now the only parameter describing the heat diffusion in this context.

One can look up that the thermal diffusivity of Silicone Dioxide is 0.83mm?/s. So
if one looks at a problem with 7" = 10s, L = 10mm, it would lead to x = 0.083. But
if one is interested in studying heat diffusion in the setting of microchips, it would
be reasonable to choose T' = 1s, L = 10~?mm, then x = 8,300 in the dimensionless

form for this problem.

In principle, the arguments for the transcendental functions are dimensionless,
as transcendental functions are defined by power series, and it does not make sense
to sum terms of different dimensions, if the argument carries a physical dimension.
But we have encountered many solutions formulae involving transcendental functions
with arguments which seem to carry dimension, or even different dimensions, for in-
stance, in (1.21). This is due either to our having assigned a numerical value to a
dimensional constant so its dimension is not explicitly visible, or to our working with
non-dimensionalized form of the equation. In the case of (1.21), we have normal-
ized the coefficient of thermal diffusivity v to be 1, which carries the dimension of
(length)?/(time); it we put v back and trace its role, we will find it appears in the
form ~t in place of ¢t. If z takes the dimension of length, then £ would need to take
the dimension of (length)™!, and z¢ and €2yt would both be dimensionless. The same
comment applies to other representations of solutions to (1.8): if we need a solution
formula for a general v, we should use the dimensionless quantities, such as (%)2%
or |z|?/(~t), to replace (*%)%t, or |z[*/t (in (2.18)), which are derived assuming v = 1.
To avoid having to keep track of the dimensions, the easiest approach is to work with
non-dimensionalized form of the equation. We will see more examples later on where
such dimensional analysis would help to make sure that the parameters are placed in

the correct place in the solution representation.

Two different physically scaled problems may reduce to the same non-dimensionalized
equation. Scientists have often used such relations to reduce the study of a physi-
cal problem that is large and expensive to do experiment with to a smaller scale
problem that shares identical non-dimensionalized equation. For instance, suppose a
different context has a different choice of a characteristic unit L for length, a char-

acteristic unit 7' for time, and a different , but it turns out that x = Z—E = ’L—Z

Then both Y1 (&, 7) := w(éL,7T)/U and YTo(€,7) := W(EL,7T)/U satisfy the same

diffusion equation. If they also satisfy the same initial and boundary conditions in
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(&, 7) coordinates, then we expect Y1(&,7) = To(&, 7) and can use the relation
WL, 7)/U = (€L, 1) /U = T1(§,7) = T(&,7)

to relate u(z,t) to T1(&,7), or to @(x,t). In such a situation, u(z,t) = u(%, %)U/U

can be used to draw conclusions on 4(z,t) through information on w.

One can use such analysis to get information on a solution of (1.20) when the
initial data ¢ is a point source, concentrated at 0, say. A point source function is
best defined as a limit, in appropriate sense, of a sequence of non-negative functions,
having unit total integral, and concentrating its mass (total integral) at 0 in the
limit. More specifically, if h(z) > 0 on R, with its support in {z : |z| < 1}, and
Jgn M(x)dz = 1, then, for \;j — 0, as j — oo, and hy(x) := A\;"h(z/);), we see that
Jgn hj(z)dz = 1, and for any n € C(R"),

/n hj(xz)n(z)dx =n(0), as j— oo.

It is in this sense that {h;(z)} converges to a limit function d(z), which is called the
unit point source function at 0, or Dirac’s function.

One can see that, for any A > 0, {\""h;(x/\)} would have the same limit, so
one expects A"0(xz/\) = §(x). Now, if u(z,t) is a solution of (1.20) with u(x,0) =
d(z), then, using the same computation as in the dimension analysis uy(x,t) =
A"u(z /A, t/A\?) satisfies the same diffusion equation, with the same initial data. It
is reasonable to expect wuy(z,t) = wu(x,t) for any (z,f) and A > 0. The relation
AN u(z /N t/A?) = u(z,t) for any (z,t) and A > 0 would give us lead to find an
explicit form for u(z,t). We will do that in a later section.

In addition to the relatively routine applications mentioned above, dimensional
analysis has been used by insightful scientists to derive interesting solution formulas
in some situations, avoiding lengthy computations which a routine derivation would
need. See some easily accessible notes on this by John Hunter at https://www.math.
ucdavis.edu/~hunter/m280_09/applied_math.html.

In the analysis of PDEs, we often need to use certain inequalities that are ap-
plicable to all functions in a linear function space and involve integrable norms of
the functions and their derivatives. Mathematicians often use dimensional analysis,
or in a form called scaling, to find the correct dependence of the constants in the
inequalities.

Here are two examples to illustrate how scaling is done. We are interested in the
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validity of the inequality

(1.29)
In applications, one needs to know, as much as possible, how C' depends on p, ¢, and
[, especially when one or more of them varies.

The following elementary inequalities for u € C1[0,1] with u(0) = 0:

are special cases of (1.29), and can be proved easily by using u(x fo y) dy; but
the coefficients in (1.30) depend on [ in a different scale and can be found by rescaling
the spatial variable 0 < x < [ to 2 =1z, 50 0 < z < 1, and consider v(z) = u(lz).
After we establish maxo<,<1|v(z)]| < fo |v'(2)]? dz, and fo lv(2)|?dz < fo [v'(2)]? dz,
a change of variables © = [z would give back (1.30).

Dimensional analysis would predict the same scaling: if one treats u as dimen-
sionless and x as having the dimension of length, then |u/(x )|2 has the dimension of
(length)=2, and fo |u/(x)|* dz has the dimension of (length)~!; so to balance with the
dimension of the left hand side, one would need the factor [ in front of fol |u/(x)|* dz
for the first inequality, and the factor {? for the second inequality in (1.30). In par-
ticular, this analysis shows that it is impossible to get a constant C' > 0 independent
of [, such that fo lu(x)?dz < C’fo |u'(x)]? dz holds for all u € C[0,1] with u(0) = 0,
and for all [ > 0.

Similar analysis can be done for (1.29): If (1.29) has been established for | = 1,
then for a general [ > 0, and u € C'[0,!] with u(0) = 0, then we have v(z) =
u(lz) € C'0,1] with v(0) = 0, and expect (1.29) to hold for v with a constant
Ci > 0 depending only on p and q. But |[v||rap1 = {7Y9|ul|zap, and [|v']|rep,1 =
V2| oo, Thus we have

|u|| Lo < Clll_l/p+1/q||Ul||LP[0,l]:

conditioned on having established (1.29) for [ = 1. Thus C = C,['~'/P*1/4 would be
how the constant in (1.29) depends on I.

Here is a more complicated (interpolation) inequality which can be analyzed in a
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similar fashion.

(1.31)
We use this example to illustrate scaling on both the range and the domain. If (1.31)
is to hold for all admissible u, then it should hold with u(z) replaced by Au(z) for
any \. This would create a factor of |A| on the left hand side, and a factor of |A\|*™#
on the right hand side. In order for the resulting inequality to hold for all A, it’s
necessary that o + 8 = 1. This corresponds to scaling on the range.
Next, we consider scaling on the domain: if (1.31) is to hold for R = 1, we can
scale the general R > 0 case to the R = 1 case by considering v(z) = u(Rz). Noting

V|| a0y = BVl | La(Bro))s
V]| o8y 0)) = B[ |ul| 2o (B (o)),

IV?0l| 0 = B2 |1Vl L (B o))

the inequality (1.31) for v on B;(0) gives

IVa| aaioy < CLRMOHCHDREE 1% o o IV (5,000

implying that the dependence of the constant C' on R in (1.31) is

O = O, Rr/a—1+a(=n/p+(2-n/r)

Another way to account for the scaling is to make each term scaling invari-
ant, namely, R'""||Vul|zapy0)), B P||ullreBr)), and R2"||V2u||rr(5r0)) are
each scaling invariant (with respect to scaling of the independent variable z): the
change of variables © = Ay, u(z) = u(\y) o w(y), R = AR, would produce
RY“™4|V || La(Br(0)) = ﬁl_n/qHVyU)HLq(BE(O)), etc. We would then write (1.31) in
the form of
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1.3. ADDITIONAL PROTOTYPE PDE PROBLEMS

Note that

1/q
Rl_"/qHVuHLq(BR(O)) = <R_n/ |RVIU(I)|quI) ,
B

r(0)

1/p
Ry = (B [ o)
Br(0)

1/r
Bl = (R [ R )
Br(0)

so each is the scaled (averaged) integral norm of the corresponding scaled integrand.

Again, this discussion is conditioned on establishing (1.31) on B;(0). Scaling
analysis also provides some condition on the relation between p, q, 7, o, 5. Let u have
compact support in By (0), then for any r > 1, v(z) = u(rz) also has compact support
in By(0). Thus (1.31) would hold for v on B;(0). But the same scaling computation
above shows that ||Vv||Les,0) = 9| Vul|La(p, (0)) and respective scaling laws for

the other two norms. This leads to

T_lfn/q| IVl ’Lq(Bl ) < Clra(fn/p)w(%n/r) I ’chp(Bl o) | |V2u| yﬁr(Bl(o))

for all » > 1. This implies that an additional necessary condition for (1.31) to hold
on B1(0)is 1 —n/q < a(—n/p) + B(2 —n/r). A geometric way of bookkeeping this
condition and the conditions o + 3 = 1,, 8 > 0 is the plot the half space and line
segment represented by these conditions in the ao — 3 plane.

For those encountering such kind of analysis for the first time, the case a = 0 and
B = 1 would present a relatively simple case of (1.31): a necessary condition is that
14mn/q—n/r >0, which is often written in the form of 1/¢ > 1/r —1/n, or ¢ < 2

n—r

when 1 < r < n. Note that such scaling analysis only produces some necessary
conditions, and additional analysis is needed to determine whether the inequality (or
equality) actually holds. For example, « =1, § =0, and 1 —n/q = —n/p satisfy the
scaling analysis, but the corresponding (1.31) does not hold; in fact, (1.31) with the

inequality reversed holds in this case.

Exercises

Exercise 1.3.7. Let u(z) be a smooth function on Bg(0). Define ug(z) := u(Rz) for
z € B1(0). Verify that

_n L_n
urlleai0) = B |ullie ey, |105ur]|osi0)y = B2 |05ul| 1o (8a(0)-

In particular, |[A.ug||zrs0) = RQ_%HAJ;uHLp(BR(O)). Later we will prove that
there exists C' = C(n) > 0 such that if u is a harmonic function in B;(0), then
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IVullo @) < Cllullo@@y)- Use the scaling computations here to show that if u(z)
2.

is a bounded harmonic function on R", then it must be a constant on R".

Exercise 1.3.8. Let u(x,t) be a smooth function on (z,t) € Bg(0) x [0, R?], and let
flx,t) := (0 — Ay)u(z,t). Define up(é, 1) := u(RE, R?7) for (€,7) € B1(0) x [0, 1].
Verify that

_(n+2)
ur|lLeBro)x0a)) = B~ 7 [[ullLo(Br0)x[0.82])5
(n

)= Rk+2[—

+2)
||a§ai“R||LP(Bl<0)X[O,1] b ||a]:;a£u||LP(BR(0)><[O,R2])-

Also verify that (9, — A¢)ur(E,7) = R2f(RE, R*7).

1.4 Supplement: Local Solvability of Certain Ge-
ometric PDEs"

While most PDE problems in applications involve initial or boundary conditions, or
both, certain geometric problems can be formulated as a local solvability problem
of certain associated geometric PDEs, with no initial or boundary conditions. We
discuss such an example involving geometry in this section. The method of reduction
to be discussed below may seem ad hoc, but serves as a good example to illustrate
how an initial formulation, which does not seem to fit any standard PDE theory, can
be reduced to a form where some of the standard theories become applicable.

Let 7 = 7(x,y) be a local parametrization of a piece of a surface M. Then the
metric properties of M, namely, the lengths of tangents and angles between tangents

on M are determined by the first fundamental form

where E(x,y) = 7 - 7%, F(z,y) = 7, - 7y, and G(z,y) = 7, - r,. For instance,
the length of a piece of a curve 7o C(s) on M given through the parametrization,

C(s) = (z(s),y(s)) € Q,a < s < b, where  is a domain in the parameter z-y plane,

*Optional material.
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1.4. SUPPLEMENT: LOCAL SOLVABILITY OF CERTAIN GEOMETRIC PDES

is computed as

/ab \/E(x(S), y(s)) <Z_§>2 +2F (x(s), y(s)) %% + Glals).uls)) <%)2 ds,

and the area of the piece of surface on M corresponding to the domain 2 under the
representation 7is [, VE(x,y)G(z,y) — F2(z,y)dzdy.
Note that the matrix

E(x,y) F(x,y)
F(r,y) G(z,y)

is positive definite. If we introduce a set of new parameters (u,v), namely, a change

of variables (z,y) — (u(x,y),v(x,y)), the first fundamental form would have different
coefficients E(u,v), F(u,v), and G(u,v). One basic question in geometry is whether

one can make a change of variables such that the coefficients in the new coordinates

become simpler. Two concrete such questions are

(a). Whether there is a change of variables, at least locally, such that E(u,v) =1,

(b). Whether there is a change of variables, at least locally, such that E(u, v) = G(u, v),
and F(u,v) =07

Question (a) amounts to three conditions (PDEs) for two unknowns u(z,y) and
v(x,y). These would be an overdetermined system of PDEs, and usually do not
have solutions, unless certain compatibility condition derived from the system is sat-
isfied. That condition turns out to be the vanishing of the Gaussian curvature of the
metric ds?.

Question (b) amounts to two conditions (PDEs) for two unknowns wu(z,y) and
v(x,y). The counting of the variables makes this problem to be probably tractable.
When such a change of variables exists, then, letting A(u,v) = E(u,v) = G(u,v),
the metric in the new coordinates (u,v) is represented as A(u,v)(du?® + dv?). Such a
coordinate would be called an isothermal coordinate. This question can be formulated
as the local existence of solution of a system of PDEs, or as the local existence of
solution of a single PDE.

More specifically, we ask whether there exist u(x,y), v(x,y), and K(x, y) such that
such that
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Substituting du = u,dx + u,dy, and dv = v,dx + v,dy into Az, y)(du® + dv?), and
equating the resulting expression to E(z,y) dz*+2F (z, y) dvdy+G(x,y) dy*, question
(b) is equivalent to the existence of functions K(a:, y), u(x,y), and v(x,y) such that

(

E(z,y) = Mz, y) [ul(z,y) + v2(z,y)] .
F(z,y) = Mz, y) [ue (2, y)uy (2, ) + va(, y)vy (2, )]
G(z,y) = A=, y) [ul(z,y) + vi(z,y)],

Uz (2, y)vy (2, y) — uy(z,y)va(z,y) # 0.

We also require that (z,y) — (u(z,y),v(x,y)) is locally invertible. This is a system
of nonlinear equations for the three unknowns A(z,y), u(z,y), and v(z,y). Ficanbe
reduced to a system of first order linear PDEs or a single second order linear PDE

as follows. First note that

A, y) [ue (@, y)vy (2, y) — uy (2, y)ve (2, 9)] = VE(2,y)G(z,y) — F*(z,y)

and we may look for solutions such that A(x,y) > 0. Then the equations can be

interpreted as

Az, y) Az, y) . R
——(ug(z,y),v:(x,y)) and (uy(x,y),v,(x,y)) are unit vectors in R,
E(z,y) () ’
F
and the angle v between them satisfies cosy = (z.9) .
VE(z,y)G(x,y)
Thus |/ ——=(u,(z,y),v,(x,y)) can be obtained from L (ug(x,y), va (2, y))
Gla,y) ’ E(z,y)
by a rotation of angle v. Using the rotation matrix
. % o \/E(z,y)G(x,y)—FQ ({E,y)
cos7y —smy B(x,y)G(zy) VE(z,)G(z,y)
siny  cosvy VE(@.y)G(x.y)—F(z.y) _ Flzy)
VE(@y)G(z.y) B(z,y)G(z,y)
we have
P P F(z,y) \/E (z,y)G FQ(QCy)
A, y) |uy(z,y)| _ [A,y) (z y)G(x v) \/E (@9)G
G(z,y) |vy(w,y) E(z,y) | VE@uGy) Fy) %
VE(= y)G(x Y) E(z,y)G(x,y)
from which it follows that
_ F(a,y)us(z,y) — VE(x,y)G(x,y) — F2(x,y)va(x, y)
uy(z,y) = 7 )
(z, y)
_ \/E(I, y)G(CL’, y) B F2<CL’, y)“m(xa y) + F(l‘7 y)U:E(l’, y)
Uy(% y) - E '
(z,y)
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This is a linear system of first order PDEs for the two unknowns u(z,y) and v(z,y).
It further follows from this that

(1.32)

Thus u(x,y) needs to satisfy

(1.33)
(1.33) is a second order linear PDE for u(z,y), and is called the Beltrami equation.

Conversely, if u(x,y) is a solution of (1.33), then we can find v(x,y) satisfying (1.32)
locally, and reverse the computations above to show that (z,y) — (u(x,y),v(x,y)) is

a desired change of variables.
A related question is the question of isometric imbedding: whether, for a given

This amounts to asking 7(x,y) to satisfy E(x,y) = 7 - 7, F(z,y) = 7y - 7y, and
G(z,y) = 1, - 7. These are three nonlinear PDEs for the n-components of 7(x,y).
When n > 3, this system is underdetermined. In the 1950’s John Nash provided the
first positive answer to a global version of this question and its higher dimensional
analogue. For n = 3, this is a determined system. In 1894 Darboux reduced this
system to a single nonlinear PDE. But the PDE is notoriously difficult to solve; the

behavior of the solution depends on the sign of the curvature of the given metric.

H. Weyl proposed a related global embedding problem: given a metric on a topologi-
cal sphere with positive Gaussian curvature, can one find an embedding of the sphere
i R O E M AiGEa eRCEqUAIS FHEEGIMHGHEY The problem was solved in the

early 1950’s by Nirenberg and Pogorelov, using different approaches. Hartman and
Wintner also solved the local existence of the Darboux equation in the 1950’s under
the condition that the Gaussian curvature of the given metric does not vanish. There
has been renewed interest in this and related problems in the last 30 years, and great

progress has been made.
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1.5 Additional Problems

Problem 1.5.1. Consider separable solutions of the form u(z,t) = e X () to

ut(xvt) - [p(x)ux($’t)]x = O’

where p(x) is a piecewise constant function defined by

pr >0 ifx <0,
p(z) = ,
py >0 ifx>0.
The equation is to hold for  # 0 and ¢ > 0, and we require u(z,t) and p(z)u,(z,t)
to be continuous across = 0, which implies p; X' (0—) = p, X' (0+).

(i). Derive the equation satisfied by X(x), and prove that for any A > 0, there
exist solutions X () on R which are continuous, piecewise C'!, and bounded—
X'(x) would have a discontinuity at = 0; and this example shows that when
the diffusion coefficient has a jump discontinuity, the diffusion equation has
solutions which are only piecewise C, in contrast to the behavior of the standard

diffusion equation.

(ii). Also verify that, if we impose additionally the boundary conditions X (—m) =
X(m) =0, then the A’s for which there are not-identically-zero solutions X are

given by

. A A ) A A B
\/p1 sin <\/;7r> cos <\/pi17r> + /p2sin <\/;7r) cos <\/;7T> = 0.

Problem 1.5.2. Identify all the eigenvalues A of the following BVP

XP(2)+AX(2)=0, 0<z<lI,
X(0) = X"(0) =0,
X()=X"(1)=0

, O<zxz<l,



1.5. ADDITIONAL PROBLEMS

Problem 1.5.4. Using (1.3) and (1.4) to derive

(1.3) also leads to
ap(;;’ D + v(x,t)apgg £ +p($at)8véxx’ ) _ 0. (1.35)

For smooth solutions, (1.3) and (1.4) is equivalent to (1.35) and (1.34); however, for
solutions with discontinuities, (1.3) and (1.4) can be used to formulate integral forms,

due to their being written as the divergence of some vector fields.

Problem 1.5.5. This problem illustrates the Lagrangian approach for formulating
the equivalent of (1.3) and (1.4). Here, we set up rectangular coordinate and study
the position x at time t of a fluid particle as a function of its initial position y at time
t=0: = ¢(y,t). Thus ¢(y,0) = y and we assume that the mapping y — ¢(y,t) is
invertible for each t. It follows from the conservation of mass that the mass between
[y1,y2] at t = 0 equals the mass between [¢(y1,1), p(ye,t)]. If we still use the density
variable p(x,t), this gives

Y2 d(y2,t)
/ p(y,O)dyzf pz,t)dz.

Y1 #(y1,t)

There are two alternatives to reduce this integral equation further.

(a). Assume appropriate differentiability on ¢(y,t) and p(z,t). Take derivative in ¢

in the above equation to arrive at

o(y2:t) f

p(ZE, t) a¢(y27 t) aqb(ylv t)

—=d _— t),t) — ——= t),t) =0.
R S R R
% is the velocity of the fluid particle at position ¢(y,t) and time ¢ so can be
identified as v(¢(y,t),t) from the Eulerian approach. With this relation, derive
that
o(y2,t) 9 z,t
[ vl 1) (602,111 = (600D 1.1) =,
o(y1,t

and further that

oW Top(a,t) 0
/¢(y1,t) { ot +£(U(xvt)p<$7t)) dr = 0.

From this one deduces (1.3).
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(b).

Make a change of variable © = ¢(y, t) in the integral f¢(y2t) p(x,t) dz to deduce

/w p(y,0)dy = /y2 p(é(y,t),1) (%g;’ £ dx.

Y1 Y1

Since this holds for any y; < ys, deduce that

0 t
pl0-0) = ploly. 0.0 2521, (130
. Express the conservation of momentum as
d (% 0
W00 gy = —plolm, ) + ool D). (L37)

il Py, 00—,

Using (9¢(y D — v(¢(y,t),t), deduce that

| o005 ot 0.0) dy =~ [ L (ot 0.0 dy.

Note that

0 ov ov

5 (oY1), )] = —(6(y, 1), 1) + v(6(y, 1), 1) o~

= o L (6(0:1).).

Here as well as in both (1.35) and (1.34), we encounter the operator & +

v(x,t)a%. It is often denoted as &

enced by the moving particle z = ¢(y,t). Combine the above with (1.36) to
deduce (1.34).

and gives the derivative in ¢ as experi-

. An alternative way of using (1.37) is to first derive

ot 0200 —a% p(6(y.8),0)].

and in the setting where p = Ap”, using (1.36) in the right hand side to arrive
at

p(y,o)82¢(y’t) _ 49 [p(yﬁ)]

a2 oy | 2w
0y

This is a single equation in ¢(y,t), but it’s second order and nonlinear.

. Note that p(y,0) = pyp > 0 a positive constant and ¢(y,t) = y is a solution of

the above equation. Show that the linearization of the above equation at this
solution gives
a2¢(y7t) _ y—1 a2¢(y7t)
TODL _ pypyt 20D
ot? oy?
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HINT: Look for a solution in the form of p = py + €4(y,t) and ¢(y,t) = y +
qu(y,t); after plugging these into the equation and expanding each term as a

Taylor expansion in € to first order, keep only terms that are linear in e.

Problem 1.5.6. The —% term in (1.4) comes from —p(za,t) + p(x1,t), which

accounts for the pressure force acting on the section [xy, 23] at 25 and x1, respectively.
In higher dimensions, the fluid force acting on a region {2 through contact along 92

is accounted for by [, F(z,t)do(x); and one commonly used assumption is that
P, 1) = [~pla, )] + 2uS(Di(, 1)) x),

where I is the identity matrix, p > 0 is the viscosity coefficient of the fluid, S(Dv(z,t))

is the strain-rate matrix, whose (4, j) entry is (0p,v;(,t) + 0y, vs(x,1))/2, and 7i(z) is

the unit exterior pointing normal to 02 at x € 012, treated as a column vector here.

To convert the surface flux integrals

/ag plx, t)v(x,t) v(x,t) - fi(x)do(x),

. {=p(z,t)ii(x) + 2uS(DV(x,t)) - ii(x)} do(x)

into volume integrals in €2, it’s more convenient to treat the integrals component wise.

(i) Prove that

/ p(z,t)vi(z, ) Tz, t) - n(z)do(z)
o0
—/Qdiv (p(x, t)vi(z, t) U(z,t)) do

Z/Q {Z%’ (2, 1)0y; (p(z, )iz, 1)) + p(x, t)vi(z, t) div ¥(z, t)} du

= /Q {U(z,t) - V (p(z, t)vi(z, 1)) + plz, t)vi(z, t) div v(x, t)} d.

(ii) Prove that

/mp(x,t)ni(:c)da(a:) :/ apégi; t)dx.

Q
(iii) Let S;(Du(x,t)) denote the vector formed by the ith row of S(Dv(z,t)). Prove
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that

j=1

(O, (div V) + Av;(z,t)) dz

.

I
S~— 5— o —

N~ N

(iv) Derive the momentum equations

8[p(xtvzxt N " 0 [p(z, t)vi(z, t)v(z,1)]

Ox;
7=1 (1.38)
_ Op(w,t) J(div v(z, 1))
= oz, + pAv;(z,t) + p oz, :

(v) Derive a similar, but simpler, equation based on the conservation of mass:

=0.

Op(x,t) <=0 [p(x,t)v;(x,1)]
7j=1
(vi) The equations in (iv) and (v) form part of the Navier-Stokes system. If one
assumes that the fluid is incompressible, namely, div ¥(z,t) = 0, then, using
(v), (1.38) can be simplified into

= - + pAv(z,t).

81}@( dvi(x,t)]  Op(x,t)
p(x,t) p(x,t) Zvj x,t) o, o,

When p = 0, we obtain the Euler system.
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Chapter 2

Fourier’s Method Applied to the
Heat, Wave, and Laplace Equations

We now make some more definite statements about the solutions to the homogeneous
case of (1.8) obtained in the previous chapter through separation of variables and
superposition principle—both lead to Fourier’s method, one to Fourier series, the

other to Fourier transforms.

2.1 Convergence Issues in the Fourier Series Solu-

tion of the Heat Equation

We first make some comments on Fourier sine series which arise from solving the
initial-boundary value problem for the heat equation with homogeneous Dirichlet

boundary conditions:

(2.1)

Recall that we were led to propose to use Y >~ ¢, sin(%)e_(nll)% as a solution. The

¢y’s in (1.24) are determined in terms of u(z,0) = g(z) by

9
Cp = —/ u(z,0) Sin(@) dx.
L Jo l
This relies on the fundamental fact that

nwx l

!
/ sin(m;m)sin(T) der =0,if m #n €N, and =
0

§ifm:n€N;

67



CHAPTER 2. FOURIER’S METHOD

namely, the functions in the set {sin(“7*) : n € N} are mutually orthogonal to

each other over [0,1]. Formally one multiplies both sides of (1.24) by sin(™*) and

integrates over [0,!], then interchanges the order of integration and summation to

lead to the formula for ¢,, using the orthogonal relations above.

The ¢,’s are well defined for any u(x,0) which is Riemann integrable on [0, ].
It seems natural to investigate whether the partial sums Zﬁzl Cn Sin(™*) converge
to u(x,0) in the integral norm ||u|zpy = fol |u(z)| dz. But the space of Riemann
integrable functions on [0,/] under this norm is not complete, namely, there are
sequences of Riemann integrable functions on [0,1], {ux(z)}, which is a Cauchy se-
quence in the sense that ||uy — up||rpy — 0 as k, k" — oo, but does not converge
to a Riemann integrable function in this norm. This makes it inconvenient for many
issues in analysis; we prefer to work with a complete space in which any Cauchy
sequence converges. In this context we work with the completion of the space of
Riemann integrable functions on [0,[] under this norm, which turns out to be the
space of Lebesgue integrable functions on [0, 1], denoted as L'[0,]. Tt was only since
the early 20th century that mathematicians began to appreciate the advantages of
working with function spaces with completeness in integral norms.

It turns out that it’s more convenient to work with L?[0,[] in this context, and

we may also consider LP[0,l], for co > p > 1, which is the completion of space of

Riemann integrable functions on [0, ] under the norm

A norm on a linear space X is a function || - || : X + R=2% such that
(i) [Ju|l > 0 for any u € X, with = only when u =0,
(ii) [Ju+ o] < |lu|| + ||v] for any u,v € X, and
(iii) ||cu|| = |c|||u|| for any scalar ¢ and any u € X.

The only non-trivial verification of these properties for ||u||rejo, is (ii):

This is simple for p = 1. The p = 2 case is a consequence of the Cauchy-Schwarz
inequality, and the 1 < p < oo case is called the Minkowski inequality. Guided proofs

will be provided in the exercises.
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2.1. FOURIER SERIES SOLUTION OF THE HEAT EQUATION

L®°[0, ] is an analogue for the space of bounded integrable functions, but its proper
definition needs more background on Lebesgue measure. We almost always deal with
solutions that are continuous (or at least piecewise continuous) and bounded, and
can use the sup norm, sup{|u(z)|: 0 <z <[}, instead of the more technical L*[0,]
norm in our contexts.

Three commonly used notions of convergence of sequences/series of functions oc-
curring in the PDE context are: point-wise convergence, uniform convergence,

and mean square convergence. In our context, we need to verify that

(a). The series u(z,t) = 3220 ¢,e (Tt gin(or
(z,t) € (0,1) x (0,00) and is in C([0,1] x

) defines a C? function at least for

0));

(b). It satisfies the equation in (0,1) x (0, 00) and the boundary condition over {0, [} x
(0,00); and

[0,

(c). It satisfies the initial condition in appropriate sense.

Uniform convergence is the most commonly used condition to verify these; but a
necessary condition of the uniform convergence of the series here over [0,1] x [0, 00),
at least over [0, 1] x [0, 7] for any finite 7" > 0, is that g € C]0,!] and g(0) = g(I) = 0.
This restriction is sometimes considered too restrictive.

A commonly used alternative is that we demand that u(z,t) — u(z,0) = g(z)
in the mean square sense, namely, ||u(x,t) — g(x)|[z2py — 0 as t \, 0, or that
u(z',t) = g(x) as ¢’ — x and ¢ \ 0 only for 0 < z < [. Note that the latter amounts
to > 07 cpe —C)% Sln(m;x ) = g(z) as ' — 2 and t N\, 0, which is different from
the usual point-wise convergence of the Fourier series: S ¢, sin("7*) — g(z) as
N — oo.

Nonetheless, we first review the notion of convergence of the series Y - | ¢, sin(*7%)

!
to g(x). It can be either in the sense of point-wise convergence and answered via a

reduction to the convergence of a classical full Fourier series, or in the mean square
sense, treating {sin (%)};’;1, as a complete set of orthogonal eigenfunctions
for the boundary value problem (1.23). We will study the latter point of approach
later on.

Since students are often more familiar with the convergence of a full Fourier series,
we first reduce the convergence of the series >~ | ¢, sin(%7%) to that of a full Fourier
series.

If Y cysin(®7®) converges for 0 < = < [, then it would also converge for

I
—l < x < 0, in fact, for all x € R, and the limit function would define an odd,
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period 2] function on R. Taking this as a clue, for a given function g(x) defined on
0 < z < [, we first construct an odd extension goqq of g to (—[, 1), and then construct
the full Fourier series expansion of goqq over (—[, 1), which would have the 2I-periodic

extension of gyqq as its limit in the appropriate sense:

Yodd () ~ ap + Z [an cos< ) + b, sin (mlrx)] , x e (=11).

Here one uses that the functions in the family {1, cos (T) sin (Ta’) :n € N} are

mutually orthogonal to each other on (—1,1), and

to obtain

1/l
ao = = | Goaa(x)dx,
0= 5 g ad(2)

1/ nmwT
anzi/_lgodd(x)cos( i )dx
b—l/l (r)sin ("7 d
n= _lgodd z)sin (= x.

One notes that a, = 0 for n = 0,1,---, due to the oddness of g.,qq, and b,’s are

9 [l
b, = 7/0 g(x)sin (#) dx.

determined through as

Thus b, = ¢,, and

Goad (¥ ch sin (mrx) z € (=11).

In particular,
nwx
9() = goaa(x chsm( ) z € (0,0).

Thus we will treat the convergence of Y > | ¢, sin (T) to g(x) as a special case of

the convergence of a full Fourier series.

2.2 A Brief Review of Fourier Series

We summarize below a few key facts on the classical Fourier series that are used

often. Computations using complex exponentials are often easier than using the
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2.2. A BRIEF REVIEW OF FOURIER SERIES

classical trigonometric functions, so we will introduce Fourier series in terms of the
complex exponentials.
Suppose now that g(z) is (Riemann or Lebesgue) integrable over (—I,[). Using

the relations

the partial sum aq + Zﬁle [an cos (%) + b, sin (%)} can also be written as

N T inTT —inmTT inTx _inmx
n e T +e 1 Iy e T —e 1
Qg E a .
" 2 " 21
n=1 L
N ¢ . .
an - bnl inTx an + bn/L _inTx
=ag —+ g —e I + ———e 1
2 2
n=1 "
N
mmx
= E g’l’l,e l R
n=—N
where
—a";bni if n € N,
_ 1l . o
gn=19q a0 =5 [ ,g(x)dx ifn=0,
a0t .
LA if —n € N.
Since

" bn : 1 l ]_ ! in|rx
gt o () o (B Lo

The functions in the family {e ™ },cz are orthogonal to each other over (—/, 1) in the
sense that

for o # 1w 2 the inner product between complex valued functions f and g should
_. It’s often more convenient to work with Fourier series

in this “basis” than in the traditional basis {1,cos (%7%) ,sin (%) },en.
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CHAPTER 2. FOURIER’S METHOD

Theorem 2.1. For any g integrable over (—I,1), define its Fourier series as above.

Then
(i).
(ii).

(iii).

(iv).

(v).

gn — 0 as n — oo (Riemann-Lebesque Lemma).

If g(x) € L*[-1,1], then > 07 gne T converges to g in the sense of L2[—1,1],

namely

— 0 as N — 0.
L2[—1,]]

In addition, fil lg(@)|?de =210 |gal? (Parseval identity). Using the form

ap + 22021 [an cos (%) + b, sin (m)}, this relation is expressed as

l
l
JRCIRE
1

The point-wise convergence of the Fourier series at some xo € (—I,1) depends on

2lao? + Y (lanl* + [ba]?) | -
n=1

the local behavior of g(x) near xo, namely, if g(x) = h(z) in a neighborhood of
xg, then the Fourier series of g(x) converges at xq if and only if the Fourier se-
ries of h(x) converges at xy. If g(x) is piecewise locally Lipschitz continuous at

xo*, then it converges to [g(xo+) + g(xo—)] /2, where g(xot) := lim, 4+ g(x).

If Y2 lgnl < oo, then > 07 gne T converges absolutely and uniformly to

g(x) over R, therefore defines a continuous 2l-periodic function over R.

If g(x) is continuous over [—1,1] with g(—1) = g(I) and g(z) is piecewise C!
over [—1,1] (this can be replaced by g(x) be absolutely continuous over [—I,]
with ¢'(x) € L?[0,1]), then the corresponding {g,} satisfies Y oo |ga] < o0,

therefore the Fourier series converges to g(x) uniformly for x € [—I,1].

Remark 2.1. The properties in (ii) above are the defining properties of a complete

set of orthogonal functions. Namely, a set of non-zero functions {¢,(z),n € N}

on [a,

b] is a complete set of orthogonal functions on |[a, b], if fab On(T) P (x) dz = 0 for

n # m, and for any g € L?[a, b], if we define g, = fabg(a:)gbn(a:) dx/ fj | (2)? dz, then
227:1 Gn®n(z) — g(z) in L*[a,b] as N — oo; equivalently, 27]:7:1 lgn|* — f; lg(2)|? dz.

*this means that the limits lim,_,;,10 g(x) = g(zo £ 0) exist, and there exist a < z¢o < b and
constant L > 0, such that |g(x) —g(zo—)| < L|x — x| for x € [a, x0), and |g(z) — g(xo+)| < L]z — 20|
for € (zg,b]. The conclusion here holds under the more general condition that g has bounded

variation.
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2.2. A BRIEF REVIEW OF FOURIER SERIES

Remark 2.2. Tt is known that if g(z) is only continuous over [—[, (], then its Fourier
series may not converge to g(z) point-wise. However, if g(z) is continuous over [—, (]
with g(—I) = g¢(l), then one can construct trigonometric polynomials py(x) of the
form "N o enne T such that py(z) = g(z) uniformly over [—1,1] as N — co. One

simple construction was due to Fejér, where one takes cy, = (1 — %) gn so that

N N-1 n
inmTx _ ik
E cnpe © =N 1 E gre 1
n=0 -n

n=—N
is the arithmetic mean of the partial sums of the Fourier series > " gre T for n =
0,---,N —1. The main reason for the difference between the behavior of the Fourier

series and the modification due to Fejér is that the partial sums

INTT ! Sln(
> gue T = / 9(y)
—

(2N +1)2672)

m(z—y)
2l

dy, 2.2
21 sin Y 22)

and

N o sin? (V1))
N~ gre 1 = / gly dy 2.3
nzzo Zn ’ -l ()QZ(N—l—l)sinQ% (23)
have different behavior in their kernel functions:

7r(z ) - ow(z— )
1 2I(N + 1) sin? ™2 ¥ -1 2l sin D5

dy — oo as N — oc.

(2.4)

Remark 2.3. In (v) the everywhere continuity of g(x) in [—/,[] and the condition
g(—1) = g(l) are necessary (these conditions would make the 2l-periodic extension of
the odd extension of g to (—[,1) continuous on R); the conclusion may not hold if
g(z) is only piecewise C'' on [, 1], but fails to be continuous everywhere or fails the
condition g(—I) = ¢(I). These conditions are used to derive appropriate decay rate
of g, as n — oo.

A subtle issue when g(x) is only piecewise C' on [—[,!] is the relation between
the Fourier series of g over (—[,1) and that of ¢'(x): if g(x) ~>0° __gne T, does it
follow that ¢'(z) ~ >-07 __ gn (%) €7, namely, by term-wise dlfferentlatlon? This

I
holds true if g continuous everywhere over [—[,l] and g(—I) = g(l), for, ¢'(z) has its

own Fourier series Y0 gle™ 7, where
!
]_ _inmx
Gn=g; | 9w T du.
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CHAPTER 2. FOURIER’S METHOD

When g is continuous everywhere over [—[,I] and g(—I) = g(l), we can carry out

integration by parts as follows and derive

. 1 , .
+ mTW g(x)e_w dr| = (mTW> Gn.
-1

x=l
/ 1 _inmx

gn:ﬂ

Note that if either of these two condition fails, then ¢/, may not be equal to

(#) gn: the jump discontinuities of g would create a d-function type singularity in
¢', and the series Y ° g, (#) e”T" would reflect such singular behavior—it often

does not converge point-wise due to the contribution from the boundary terms above

not decaying in n, so this series does not necessarily represent the Fourier series of
the function which is defined point-wise, except at the points of jump discontinuity,
by ¢'(z). The simplest such an example is a step function.

When ¢ is continuous everywhere over [—[,[], but fails to satisfy g(—1) = g(l),
its 2[-periodic extension to R would have jump discontinuities at —[, [, and at the
translates of these points by integer multiples of 2/, which also cause the failure of
(v) as a jump discontinuity at an interior point of (—,1) would do; in such cases the
Fourier series of the point-wise derivative ¢’ over (—I,1) would not agree with the one
obtained through term-wise differentiation of the Fourier series of g over (—I,1).

On the other hand, term-wise integration of Fourier series holds under very re-
laxed conditions, say, g € L*[—1,1]: if g(x) ~ > °° _ gne
f;g(m) de =307 gn [/ e T dz.

In the context of Fourier series construction for a solution of IBVP, the conditions

inmTT

i, then for any a < b,

in (v) translate into u(z,0) being continuous over [0,1], u(0,0) = u(l,0) = 0 (so that

its odd extension satisfies the conditions specified in (v)), and u(z, 0) being piecewise

o0
n=—0oo

C' over [0,1]. Note that in such a situation, the convergence of > e, | also

implies the uniform convergence of Y- | ¢,e” ¥t sin(™) — g(z) as y — = and
£\, 0.

This is seen by using a divide and conquer strategy. We first split >~ e CT) sin(*7Y)
as 25:1 +3 N .1, and for any € > 0, we know that for all sufficiently large N,

> e Msin(E) < 37 el < /3
n=N+1 n=N+1

we can further guarantee, under our assumption on g, that for all sufficiently large

N,
N

Z Ch, sin(#) —g(x)

n=1

< €/3;
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2.2. A BRIEF REVIEW OF FOURIER SERIES

and finally using

> ene (PPt sin("Y) - g(a)
n=1 l
al nm nmx
<[ e
< ;c e sin( ) — sin( ;i )
+ Z cne_(nll)%sin(@) + chsin(@)—g(x) ;
n=N+1 n=1

we see that we find some § > 0 such that, whenever |y — z| < d and 0 < ¢t < ¢, we

have
N

> oo [ e <] < .

n=1

The family {sin (%) };’;1 arises as a complete set of orthogonal eigenfunctions for
(1.23). In fact, statements analogous to (i)—(ii) hold for expansions in a complete set
of orthogonal eigenfunctions for many boundary value problems similar to (1.23)—
they are called Sturm-Liouville (eigenvalue) problems (first studied in the mid-

1830’s). Fourier cosine series in {cos (T) }20:0 is another such example— they arise

as a complete set of orthogonal eigenfunctions for a boundary value problem similar
to (1.23), replacing the boundary conditions X (0) = X(I) = 0 there by X'(0) =
X'(l) = 0. We will say more about the Sturm-Liouville problems later on, noting
in particular their similarities with the eigenvalue problems for real symmetric (or
complex Hermitian) matrices.

When u € L*[0,1], we write u(z) = Yo" ¢, sin (%5£), where the equality is in-
terpreted as equality in L?[0, (] by (ii) above, not necessarily in the point-wise sense.
When we do not necessarily know or care whether the equality holds in a specific
sense, we may simply write u(x) ~ > 7 ¢, sin ("lﬂ)

Remark 2.4. It’s often easier to derive properties of a series with direct knowledge
of its coefficients—usually a fast enough decay condition would help, such as the
one in (iv) of the theorem above; one then needs to study conditions on the original
function which would guarantee that the coefficients of its series expansion has the
desired decay rate ((v) is such an example). This approach is usually good for getting
first results; it usually imposes unnecessarily strong conditions than needed on the

original function for answering questions about solutions to our PDE problems.
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CHAPTER 2. FOURIER’S METHOD

One sufficient condition to establish the continuous differentiability of a function

u(z) via its Fourier coefficients ¢, is the condition that Y n|c,| < co: under this

nmwT

T2) converges to u(z) uniformly, and

condition, we would have that > ¢, sin (%5%
(2.5)

See Lemma A.1 in the Appendix.

It follows from this discussion that, for any g € L2[0,1], 3220, ¢ e~ ) "sin(™E)
is continuously differentiable in x for ¢ > 0, for Y n|c,le” (7% < o0 for t > 0 by
the Cauchy-Schwarz* inequality

o
nmw\2
$° e 1
n=1
~ 1/2 1/2
n=1
<00
and the Parseval relation >, ¢2 = 2 [ ¢*(z) dz < co. A similar discussion shows

that > > cpe” ()2 “sin(™7) is mﬁmtely continuously differentiable in = and ¢ for

t > 0. We will provide more details in the next section.

Exercises

Exercise 2.2.1. Using the property that if ||[Sx(z) — g(2)||r2p — 0 as N — oo,
then for any h € L?[0,1], there holds fol Sn(z)h(x)dx — fol g(z)h(x) dx to prove that
if SN c,sin(™2) — g(x) in L2[0,1], then

Exercise 2.2.2. If g(z) is continuous over [0,[] and g(zx) is piecewise C' over [0, ],
does the Fourier sine series of g(x) over [0,] converge to g(x) uniformly on [0,]?

What about its Fourier cosine series over [0, ]?

Exercise 2.2.3. Is sin (”) orthogonal to the family {cos (””) neN } over [0,1]7

What about over [—,{]? What would be the Fourier series expansion of sin ( ) with

*We are using here the discrete version > 0" |anbn| < (300, |an|2)1/2 > |bn|2)1/2.
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2.2. A BRIEF REVIEW OF FOURIER SERIES

respect to the family {Cos ("m) neN } over [0,]?7 What about its Fourier series ex-
pansion with respect to the same family over [—[,[]? Is the family {cos ("”) n €N }

complete over [—[,1]7 What about its completeness over [0,1]?

Exercise 2.2.4. Compute the Fourier sine expansion ) -, ¢,sin(nz) of u(z) = =
over [0, 7], and study the convergence of Y, |¢,|. Does the term-wise differentiation

of > | ¢, sin(nz) give the Fourier cosine expansion of v/(x) =1 for 0 < z < 77
Exercise 2.2.5. Verify (2.2), (2.3) and (2.4).

Exercise 2.2.6. For 1 < p < oo, let p’ be defined by the relation % + ]% = 1. One
way the convexity of the function u +— |ul? manifests itself is the following inequality
[ul” ol

For any u, v, |uv| < P

+ (2.6)

Prove this inequality.

Exercise 2.2.7. Assume that Y o0 [A,|P = 1 and >.°° |B,[F" = 1. Use (2. 6) to
show that > °° |A,B,| < 1. Then assume > °° |a,[P < oo and > o2 [b,|”

o0, and prove that 3% |anb,| < (3200 |an[P)"/” >, \bn|p/)1/p/. Note that the
p = 2 case is the discrete version of the Cauchy-Schwarz inequality > 7 | |anb,| <
(20 Jan) 2 (520, o). (HINT: Set Ay = an/ (55, laal?)” and B, =
b/ (S 0al) )

Exercise 2.2.8. Assume that fol |F(z)[Pdz = 1 and fol |G(2)|"" dz = 1. Show that
fO\F x)|dx < 1. Then assume that ||f||, := (fo |f(z |pdx>1p<ooand\|ng/ =

/

/ 1p
<f0 l9(2)|? dx) < 00 and show that [!|f()g(x)|dz < [|f|[,]|gll,. This is called
Holder’s inequality.
Exercise 2.2.9. Assume that |[u||12(0, |[v|| 220, < 00, and show that |[u+v]|L2p0y <

w2100+ ||v]| 210, (HINT: Expand out |[u+v]||32(, and apply the Cauchy-Schwarz

[0.1]
inequality.)

Exercise 2.2.10. Assume that ||u||rrp., ||v]| e < 00, and show that ||u+v||Lrpy <
l _ I

[l oo, 1[0l oo (HINT: Use [futol[Z, 0, < Jo [u(@)+o(z) P~ u(z)] dot fo [u(z)+

v(z)[P~Yo(z)| dz and apply the Holder inequality to each integral on the right.)

1/p
Exercise 2.2.11. Assume fol||u(',y>||Lp[07l] dy = fol <f01|u(x,y)|pdx> dy < oo.
Prove the integral version of the Minkowski inequality (the LP norm of the aver-

age/integral is less than or equal to the average/integral of the LP norm):

l l
1 / ()| dyl oo < / ey ) vi0a1 .
0 0
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(HINT: Write

1 1 1 p—1
I / ()| gl B0 = / / u(z, )| dy / julz, 2)| dz da

:/Ol (/Ol [/Ol u(z, v)| dy pl/ol\u(af,z)\] d:L-) iz,

11 . Iy =1
and apply Holder’s inequality to | ‘fo lu(z,y)] dy‘ Jo lu(z, 2)|| dz.)

2.3 Fourier Series Solution of the One Dimensional
Initial-Boundary Value Problem for the Heat

Equation
We now apply our knowledge of Fourier series to obtain a solution of our IBVP (2.1).

Theorem 2.2. For any g € L?[0,1], there is a unique solution u € C*([0,1]x (0, 00))N
C([0,00), L?[0,1]) to (2.1). Here u € C([0,00), L?[0,1]) means u(-,t) is continuous as
an element of L*[0,1], namely, ||u(-,t) — u(-, s)||r2j0) = 0 as t — s.

Furthermore, if g(x) is continuous over [0,1] with g(0) = ¢g(I) = 0 and ¢'(x) €
L?0,1], then the solution u(z,t) € C([0,1] x [0, 00)).

Remark 2.5. The reason we choose to work with solution in the space C/([0, 00), L2[0,1])
is partly influenced by the energy estimates as in Corollary 1.2, which make L2[0,1]) a
natural space in which to consider solutions. As the statement of the above theorem
(and its proof below) shows, construction of a solution in C([0,00), L?[0,1]) only re-
quires the initial data g € L?[0,1], while construction of a solution in C/([0,1] x [0, o0))
would require some additional conditions on g. The condition ¢'(x) € L?[0,!] can be

removed using the maximum principle to be developed later on.

Proof. The uniqueness in the class of solutions that are C*([0,1] x (0, 00)) N C([0,1] x
[0, 00)) was addressed by the energy method in Corollary 1.2. The same proof works in
the class C’f:tl([(), 1] x (0,00))NC([0, ), L*[0,1]). More advanced theory will show that
any solution of (2.1) in the class C’i:tl((O, 1) x(0,00))NC([0,1] x [0, 00)) is automatically
in C>([0,1] x (0,00)) N C([0,00), L?[0,1]). Therefore uniqueness holds in the class
Cj;}((o, 1) x (0,00))NC([0,1] x [0,00)). We will also prove the uniqueness in this class

directly using the maximum principle in later sections.
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For the existence and regularity part, we simply take ¢, to be the Fourier coeffi-

cients of g, and construct

t) = gcn sin (#) ()t

The proof for u € C*°([0,] x (0,00)) relies on a standard property taught in advance
calculus, see Lemma A.1 in the Appendix. The main part is to show that the differ-
entiated series, when restricted to any closed rectangle away from ¢ > 0, converges
uniformly, using appropriate comparison series. Below is a sketch of the argument.
To prove u € C*([0,1] x (0,00)), it suffices to prove that for any 7 > 0, u €

nm 2

C>([0,1] x [r,00)). We take a,(z,t) = ¢, sin (%52) e (F) " on [0,] x [1,00).

i |Opan(z,t)| = i ‘nﬂl'cn cos (@) ()" Z ‘ncn — (s
n=1 n=1

for ¢ > 7, and the series on the R.H.S converges, using Y  |¢,|* < oo and the

I

exponentially fast decay of e (F) ™ in n:

S e (7

. : )
- (Z |cn|2> (Zn e2(7) T) < 00.
n=1

nepe r

nm

So Yo Bren cos (27E) e () converges uniformly over (z,t) € [0,(] x [1,00), and

by Lemma A.1, 7 | ¢, sin (22%) e ()t is continuously differentiable in x for (z,t)

over [0, 1] x [r,00). A similar argument shows that it is continuously differentiable in ¢
for (x,t) over [0,(] x [r, 00). Then an induction argument using the exponentially fast
decay of e*(nli)% in n shows that > 7 ¢, sin (”m) ) " is infinitely continuously
differentiable in both z and ¢ for (x,t) over [0,1] x [r, ) Since 7 > 0 is arbitrary,
we conclude that v € C*°([0,1] x (0, 00)).

Then, the remaining issue is the continuity of u(-,¢) in L?[0, ], which follows as a

consequence of the Parseval identity for the Fourier coefficients: for any ¢,¢' > 0,

2 () _(nx)2y|2
(-, t) = ul-t HL?[Ol]—jz E)t o)
Now for any given € > 0, we can find N such that Zn N1 31 <§, which then leads
to
P () < S 2 < for it >0
1 — 1 s
Z e ‘ <4 ) a<gfor
n=N-+1 n=N+1
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on the other hand, there exists § > 0 such that, when |t — /| < §,

N 2
67<nll)2t — ef(nliftl <

2 €
Cn 27
=1

which proves that u(-,¢) is (uniformly) continuous in L?[0,1]. (Those familiar with
Lebesgue’s integral should recognize a proof using Lebesgue’s Dominated Convergence
Theorem.)
When g satisfies that g(z) is continuous over [0,[] with ¢g(0) = g(I) = 0 and
g(x) € L2]0,1],
! !
Cp = %/0 g(z)sin (Tllﬂ> dr = 2 g'(z) cos (#) dr.

nm Jo

The Fourier coefficients of ¢/(z) is [>- summable by Parseval relation. So by the

Cauchy-Schwarz inequality

nf; leal < % (2 %) " (ni Uol J'(z) cos (@) dx} 2) " < 00,

Therefore, > o, ¢, sin (27%) e ()t converges to u(z, t) uniformly over (x,t) € [0, 1] x

[0,00), and u(zx,t) is continuous there. A deeper analysis using the heat kernel or
other tools—to be introduced later—can give the same result but remove the condi-
tion that ¢'(z) € L?[0,1].

O

Note that the solution u(x,t) constructed above decays in ¢t exponentially, and the

- 2
rate of exponential decay is determined by the first term e (7)1t (when ¢; # 0), as

o0
)2 (n2— )7'r2
u(z,t) = (7))t {61 sin <7Tl—x> + nEZQ Cp Sin (Zﬂ) o t} _

7 (n271)7r2

and > 7, ¢, sin (%) e Z ' decays exponentially in ¢, and can be considered as

a perturbation of ¢ sin (”l—x)

Note also that, unless further assumptions on g as given in the second part of

the above Theorem are made, the solution u(z,?) may not be continuous at (0,0)
and (1,0). At issue here is the compatibility of the given initial and boundary data
at these two corner points: the boundary conditions u(0,t) = wu(l,t) = 0 for ¢ > 0
dictates that w(0,0) = u(l,0) = 0, if u is continuous on the closure of the region, it
would require ¢(0) = u(0,0) = 0, and g(I) = u(l,0) = 0; but the conclusions in the

first paragraph of the above theorem does not require any such assumption.
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Remark 2.6. The assumption that ¢’ € L?[0,] in the second part of the above The-
orem can be removed, i.e., the second part of the above Theorem can be established
under only the condition that g € C[0,] and g(0) = g(I) = 0. Recall that for any
point zp € [0,[], there exists a continuous function g on [0,!] whose Fourier (sine)

series > ¢, sin( 250

) does not converge to g(zp). We will prove later that even
though the Fourier (sine) series »° | ¢, sin("%) of g may not converge point wise to
g(z) for z € [0,1], 122, ¢, sin (222) = (F)t € €((0, 1] %[0, 00)), and — g(2) = u(z,0),
as (x,t) — (z,0) with ¢ > 0, as long as g € C[0,!] and g(0) = g(I) = 0; if fact, the
conclusion stays true if g(z) is continuous at z = z and g € L*|[0,1].

In the case of g € C[0,1] and g(0) = g(I) = 0, one possible ingredient is to examine
the convergence of a sequence of solutions u™ (z,t) = SN N (n) sin( ™% )e” SRR
where ¢V (n) are chosen such that 32 ¢V (n) sin(**) — g(z) (uniformly) as N — oo
(Look up Fejér Theorem); other ingredients include the Maximum Principle and
gradient estimates for solutions to (2.1).

A general theme in our course is to understand the question: if an IBVP or
IVP has solutions for a sequence of data which is converging in an appro-
priate norm, would it imply that the sequence of solutions converge in an
appropriate norm, or at least a subsequence would converge?

Answers to such questions often amount to getting estimates of solutions in terms
of data in appropriate norms. In the context of (2.1), if we are interested in estab-
lishing solvability of (2.1) for initial data in X = {g € C]0,] : ¢(0) = g(I) = 0}, the
following three components would suffice:

(a). Establish solvability for a dense set of data in X;

(b). Prove that for any 7" > 0, there exists C' > 0, which may depend on T, such
that for any solution u(zx,t) to (1.9) (with u(-,0) € X)), we have

a0 (5) € 0, X 0.71) < Coma{u(e.0) - < 0.0, 127

(c). Prove that for any T' > 7 > 0, there exists C’ > 0, which may depend on T and

7, such that for any solution u(z,t) to (2.1), we have

(2.8)

For, then, if given g € X, we can find a sequence of solutions ug(x,t) of (2.1), with
ug(x,0) € X and ug(z,0) — ¢ (uniformly) in X |, and if we apply (2.7) to ug(x,t) —
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w(x,t), we would conclude that {ug(z,t)} is a Cauchy sequence in C([0,1] x [0,77]),
therefore converges to a function u in C([0,1] x [0,T7]); furthermore, (2.8) applied
to ug(x,t) — w(z,t) would imply that, on any subregion [0,1] x [r,T], {u(z,t)},
{ugz(z,t)}, and {uz.(x,t)} are also Cauchy in C([0,1] x [r,T]), therefore each has
a limit in this space; this then implies that the limit u(z,t) € C2/([0,1] x [r,T));
and, since 0 < 7 < T is arbitrary, we conclude that u is a solution of (2.1) in
Cﬁ:g([(), l] x (0, 7)) nC([0,1] x [0,T]), with u(z,0) = g(x).

We may not need to put in the restrictions on 7" or 7 for the estimates in other
context. In fact, we could allow T" = oo in this context; but the restriction on
[0,1] x [, T] is needed for (2.8) in this context, as the right hand side of (2.8) is in
terms of max{|u(z,0)| : x € [0,1]}, and there is no way that we can control derivatives
of u(x,t) in [0,1] x [0, 7] directly in terms of max{|u(z,0)|: x € [0,1]}.

It actually suffices to establish (2.7) and (2.8) for the set of solutions which
correspond to data in the dense subset referred to in (a) (Think through this!).
Thus it suffices to establish (2.7) and (2.8) for all finite series solutions wu(z,t) =
S cpsin (2rz) ()t (2.7) will be established later by the Maximum Principle,
in fact with C' = 1.

Finally, we show how to establish one of the estimates in (2.8) for solutions repre-
sented in finite series (the argument actually works for solutions in infinite series)—
our discussion above already shows the usefulness of (a)—(c); we are de-
riving them here using explicit representation for these sample solutions,
but will develop methods to derive such estimates even when no explicit
representation of solutions is readily available.

We will estimate max{|u;(z,t)| : (z,t) € [0,{] x [7,T]} in terms of max{|u(z,0)]| :
z€[0,{]}. ForT <t <T,

e 0] < (Z) 3 lealne CE)

n=1
) 0o 1/2 50 1/2
v _(nm\?2 -
() (Sper) (Soeter)
n=1 n=1
=C"[u(-, 0) L2

<C'Vimax{|u(z,0)| : z € [0,1]},

o \2 1/2
where C' = (’l—r)Q (Zle nte~ () 27) . One can see that this C” tends to oo if we
allow 7 — 0.

Question: Can the method be adapted to solutions of the modified equation such
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as Uy — Ugzy + by + cu = 0 to draw the same or similar conclusions? Which parts of
the argument can be adapted to construct a solution of a higher dimensional problem

such as the following?

u(x,t) — A Au(x,t) = 0, x € D,t>0,
u(x,t) =0, x € 0D,t >0,
u(x,0) = g(x), x € D.

What additional information is needed to implement this approach? Try out the case

when D is a simple domain such as a square or a round disc in R2.

Exercises

Exercise 2.3.1. Suppose u solves u; — u,, = 4u on the interval (0,7), with the
homogeneous Neumann condition u,(z,t) = 0 at x = 0, 7. Characterize the initial
data ug(z) = u(z,0) for which u(z,t) stays bounded as ¢ — oo; then characterize

limy_, o u(z,t) for such solutions.

Exercise 2.3.2. Prove that for any g € L?[0,[] there is a solution u € C*([0,1] x
(0,00)) N C(]0,00), L*[0,1]) to the homogeneous heat equation u;(x,t) — g (z,t) =0
over (0,1) x (0, 00) satisfying the Neumann boundary condition u,(0,t) = u,(l,t) =0
for all £ > 0, and the initial data u(x,0) = g(x) in the L? sense. If, furthermore, g(x)
is differentiable over [0,1] and ¢'(z) € L?[0,1], then u € C([0,1] x [0,00)). (However,
uz(x,t) may not be continuous over [0,1] x [0,00)); formulate a sufficient condition

which would guarantee that u,(x,t) is continuous over [0, ] x [0, c0).)

Exercise 2.3.3. This exercise considers the regularity behavior near t = 0 of the

to (2.1) with { =, ¢,, = 2 [7 g(2) sin(nz) dz. Recall that the function u(z,t) defined
by (2.9) is C* in (z,t) € [0, 7] x (0, 00).

solution

(i). Assume now that g(x) has bounded derivative, with |¢'(z)] < M for some
constant M. Assume further that g satisfies the boundary condition, i.e. g(0) =

g(m) =0.

(a). Prove that > |c,| < oc.

(b). Show that as t decreases to 0, the function u(z, t) defined by (2.9) converges
uniformly to g(z).
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(ii). Suppose now that, in addition to the assumptions in (i), g(x) has three bounded
derivatives (|¢"(z)] < M), and ¢”(0) = ¢"(7) = 0.
(a). Show that as t decreases to 0, u.(z,t) converges uniformly to ¢”(x).
(b). If ¢ is smooth in [0, 7] but ¢”(0) # 0 or ¢"(mw) # 0, is it possible that the

conclusion of part (a) still holds?

(iii). The solution formula (2.9) makes sense even when g doesn’t vanish at the end-
points; assume below that g(z) = 1 over (0, 7).
(a). Does u(z,t) satisfy the boundary conditions u(0,t) = u(w,t) = 0 for t > 07
(b). Discuss the sense in which u(x,t) approaches g as ¢ \, 0 in this case.
(c). Verify that t — [ |uy(x,t)]*dz — oo as t N\, 0, even though ¢'(z) = 0

over (0, ).

(iv). Verify that, for any g € L?[0, 1], the corresponding solution u(z,t) satisfies that
t— [ Ju(z,t)]? dz is in C[0,00), and that ¢ — [ |us(z,t)]* dz is in L]0, 00);

in fact,
/ / |ux(m,t)|2d:pdt§/ lg(x)|? da.
o Jo 0

Exercise 2.3.4. Does the separation of variables method, as presented, work in

constructing solutions to the following IBVP?

(1) — Uge (2, 1) + bug(x,t)
u(0,t) = u(m,t)
u(z,0)

O<z<m,

Y
Y

0
0
g

(x), O0<zx<m,

where b is some non-zero constant. HINT: Try to formulate the eigenvalue problem for
X (x) in constructing separable solutions of the form X (z)T'(¢) satisfying the boundary
conditions and make an effort to identify the eigenvalues and eigenfunctions. If you
are having some difficulty directly adapting the separation of variables method to this
setting, you may need to consider a change of variables of the form v(x,t) = e*®u(z,t)
to obtain a problem for v(x,t) to which the separation of variables method applies

readily.
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24. CAUCHY PROBLEM OF THE ONE DIMENSIONAL WAVE EQUATION

2.4 Fourier’s Method Applied to a Cauchy Prob-

lem of the One Dimensional Wave Equation

We now apply Fourier’s method to find solutions to

(2.10)

We first look for solutions to the first equation in (2.10) of the form T (t). This
leads to T"(t) + 2|£*T'(t) = 0. So T'(t) = Acos(cét) + Bsin(cét) for some constants
A and B. It is often more convenient to use the solutions in their complex form
T(t) = Ae“s' + Be~'¢!, Thus for each parameter £, we have the solution

[Aeic&f + Be_iC§t:| eim§ — Aei{(m—i—ct) + Bei{(m—ct).

Ae¥(@Fe) represents a traveling wave which remains a constant along each line x+ct =
a constant, and its form remains unchanged, moving to the left at a speed of ¢; while
Be (@) represents a traveling wave which remains a constant along each line z —ct =
a constant, and its form remains unchanged, moving to the right at a speed of ¢. This

structure remains when we superpose such solutions:

/[A(f)ei£($+0t)-I-B(f)eif(x_d)] dfz/A(f)eig(“_d)df-l-/B(f)eig(x_d)d&

Denote the first term as G(x + c¢t) and the second term as H(z — ct). We are led to
solutions of the form G(z + ct) + H(xz — ct). It is now routine to check that for any
G,H € C*(R), both G(x + ct) and H(x — ct) are solutions to the first equation in
(2.10), thus so is G(z + ct) + H(z — ct).

We abandon (for now) our initial attempt to construct solutions to (2.10) by
superposing €@+ but explore whether we can choose G and H so that u(x,t) =

G(z + ct) + H(x — ct) satisfies the initial conditions in (2.10). We need

{ G(x) + H(x) = g(x),
cG'(z) — cH'(z) = h(z).

From the second equation, we find G(x)— H (x)

¢ [ h(€)dE+d for some constant
d. Combining with the first equation, we find

Oy = 90T 1 /O “hie)de.

2 2c
()= 24001 e
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u(z,t) = G(x +ct) + H(z — ct)

glx+ct)+d 1 /Hd glx—ct)y—d 1 [
_grre)rad, ey ¢ =D =4 © h(€)d
Dl L[ g 2= [ e
glx+ct)+g(z—ct) 1 /”Ct
= - h/ d .
5 Toe ) M)y

This formula is called d’Alembert’s formula (discovered in the mid-1700’s).

Theorem 2.3. For any g € C*(R), and h € CY(R), there is a unique solution
u(z,t) € C*(R x [0,00)) solving (2.10)

Remark 2.7. (i). The uniqueness is not addressed by the method here, and will

(ii).

(ii).

be taken up in the following sections.

The d’Alembert’s formula exhibits that the solution at (x,t) depends on its
initial data only in the range [x — ct,x + ct], which is called the interval of
dependence of (z,t) on t = 0. Viewed from a different perspective, this means
that signals travel with a finite speed, which in this case is c. We will see that
the solution of the heat equation as provided by (2.18) shows that the value of
u(z,t) is influenced by its initial value at every location, in other words, there

is an infinite speed of propagation for the heat equation.

The derivation process here showed that G(z — ct) + H(x + ct) for some C?
functions G and H can serve as the general solution of the homogeneous one
dimensional wave equation. This solution exhibits the wave character of the
solutions. In fact, even if G or H are not necessarily C?, but are only continuous,
with piecewise continuous derivatives, G(x — ct) + H(x + ct) should still be
regarded as a solution of the wave equation, although it may not satisfy its
differential form (1.10) everywhere. It still satisfies (1.10) at (z,t) whenever G
is C* at  — ¢t and H is C? at x + ct, and satisfies the integral form (1.11)

whenever G’ and H' are continuous at x; & ¢t and x5 + ct.

In fact, there is another integral formulation of (1.10) which dispenses with any
explicit reference to the derivative of the solution. We will say more about this

at the end of this section.

. For the Cauchy problem to the wave equation in higher dimension, we can

still easily find solutions of the form [Aeicmt + Be*idg't] e and use them to

construct the general solution of the wave equation, but it is not as elementary to
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obtain as simple a representation in terms of the initial data. The phenomenon
of finite speed of propagation is still valid for higher dimensional wave equation,
but it will take additional efforts to show that using the Fourier representation.
For each £ # 0 € R, '@ ¢+l remains a constant along the planes z-4c|é[t =
a, which are perpendicular to £ and are moving at a speed of ¢. These are
called plane wave solutions. One new ingredient in higher dimensions is that we
now have a continuum parameter family of directions in which the plane wave

solutions move.

(v). If (1.10) is modified slightly into us; —c*u,,+au = 0, then the same approach can
easily give the formal solution [, [A(f)ei(@”+ Veetal) L B(g)elErv 0252+at)] dg,
but it would take additional effort to find a more explicit representation of
such a solution in terms of the initial data. Note that for each parameter &,
¢llerEy/ ?e+at) otil] represents a finite speed plane wave, but its wave speed,

+./c282 + a/€ for € # 0, depends on £ now.

Question. Is there a difference of behavior between the cases of a > 0 and
a <07

Exercises

Exercise 2.4.1. Using separation of variables (or Fourier transforms) to verify that

a (formal) solution of

Uy — gy +au =0, in R x[0,00),

u(z,0) = g(z),
u(z,0) = h(x),

with o > 0, takes the form of

~ 1 2¢2 )

where §(¢) and R(€) are the Fourier transforms of g and h, respectively, defined
through g(z) = [ g(§)e™*d¢, and h(z) = fRﬁ(g)e”gdf. Note that the property of
finite speed of propagation of solutions to (2.10) (the v = 0 case) can’t be read off

directly from this representation.
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2.5 Fourier Series Solution of the One Dimensional
Initial-Boundary Value Problem for the Wave

Equation

When we apply separation of variables method to the one dimensional initial-boundary

value problem for the wave equation

(

(2.11)

\

we find that a separable solution of the form X (z)T'(¢) to the first two equations
leads to the same Sturm-Liouville eigenvalue problem (1.23) for X (z), from which we
know that for each n € N we can take X (z) = sin(“"z) and the accompanying T'(t)
must solve 7 (t) + (9%)*T'(t) = 0. This leads us to separable solutions of the form
[Acos(“=t) + Bsin(“t)] sin(*Fx), which satisfy the first two sets of equations in
(2.11). Thus we can look for solutions to the initial-boundary value problem (2.11)

in the form

i [A cos( )+ B, sm(crlmt)] sin(?w).

n=1

The A, B, are chosen based on the formal relations

and -
h(z) = ZL ,, Sin —a:)
n=1 l

Thus }

2

A, = —/ sin(nlx)g(x) dx,

L Jo l

and

e I !

Unlike the case for the heat equation, where the terms in the constructed solution

9 [l
man: —/ sin(nlx)h(x) dx.
0

series decays in n exponentially for ¢ > 0, the terms in the series solution for (2.11)
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2.5. FOURIER SERIES SOLUTION OF AN IBVP OF THE WAVE EQUATION

does not have exponential decay in n, unless the initial data g(x) and h(x) make A,
and B, decay exponentially in n, or at least fast enough to make the series converges.
The solution does not show decay in t either. This is consistent with conservation of
energy to be discussed later. The wave character of the solution can be seen by the

trigonometric identities:
enm )\ . /nT 1. /nm . (nm
cos (Tt> sin <T£L‘) =3 [sm (T(w — ct)) + sin (T(x + ct))] :

sin (CnTﬂt> sin <nl—7rx> = % |:COS (TLZ—W(:E - ct)) — CoS (nTW(x + ct))] :

The terms sin (2%(z — ct)) and cos (“F(z — ct)) represent waves moving to the right
with a speed of ¢, while the terms sin (2% (z + ct)) and cos (2%(z + ct)) represent
waves moving to the left with a speed of ¢. The above shows that certain superposition
of two traveling waves gives rise to a standing wave, as a result, the constructed
solution is really the superposition of two traveling waves with velocity +ec.

The following theorem provides some sufficient conditions to make sense of the
(uniform) convergence of the series solution; as we will see in a later section, there is

a more robust method to prove the convergence of the series solution in an L? sense.

Theorem 2.4. Suppose that g € C3[0,1] with g(0) = g(1) = 0 and ¢"(0) = ¢"(I) =0,
and that h € C?(0,1] with h(0) = h(l) = 0. Then the series solution u(z,t) constructed
above is C*([0,1] x [0,00)) and satisfies (2.11).

Proof. We will use Lemma A.1 in the Appendix to prove that the series solution
u(x,t) constructed above is C?([0,1] x [0, 00)) and

2. fenm 2 cnm . enm . N
u(z,t) = — ; (T) [An cos(Tt) + B, sm(Tt)] sm(Tm),
and
L/ 2 cnm . enm . nT
Upe (T, 1) = — Z <T> [An Cos(Tt) + B, Sln(Tt)} sm(Tm),
n=1

therefore u(x,t) satisfies the homogeneous equation in (2.11).

The proof also shows that w(0,t), u(l,t), u(z,0) and u(z,0) can be evaluated by
the series, and therefore satisfies the remaining equations in (2.11).

According to Lemma A.1 in the Appendix, it suffices to check that the series
on the right hand sides of the equations for wy(z,t) and wu.,(x,t) are uniformly and
absolutely convergent on [0,1] x [0, T] for any T' > 0, and for that it suffices to check
that >°>° n*(JA,| + | B,]) < .
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Using the regularity and boundary conditions on g and h, we can do integration

by parts as follows to find

9 i
A, = —/ sin(njz)g(x) dx
[/

:%[_g< eos( " / )dx]
- 'gmsm / )dx]
S P / )]
_ (jf)g / (@) cos<"l 7) dx] .

It now follows that

212
2
E n*|A, |<E n7r3/ " COS(TI)dZL‘

oz (& 1\ . o 172
SF (;ﬁ) (Z {/O g///(;p)cos(Tm)dlL} ) < 00,

2
here we used Y [ lg’”(:c) cos(" ) dm] <2 fol lg” (z)|? dr < oo based on Parseval
identity.

Similarly,
9
B, = o . Sln(nlﬂx)h(x) dx
_ A —h(z) cos(mx) | +/l COS(T:E)III(LC) dx
~ c(nm)? L7y Jo l
_ _h’(:c) sin(—ax)| — /l sin(mx)h"( )dx
~ c(nm)3 A P l
20? nw

Zn2|Bn| < l3 /sm(n—ﬂx)h"(x) dx
e~ “ cnm l
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]

Remark 2.8. In the above theorem, we look for a solution in C?([0,1] x [0, 00)), and
expect the first equation in (2.11) to also hold on the boundary of [0, ] x [0, c0). Along
x =0 or [, since we expect u(0 or [,t) = 0 for all ¢ > 0, this leads to uy(0 or [,t) = 0.
Thus, applying the equation at (0,0) and (/,0) to a solution in C?([0,1] x [0,00)),
we expect u,,(0,0) = ¢”(0) = 0, and u.,(l,0) = ¢"(l) = 0. The other conditions,
9(0) = g(I) = 0 and h(0) = h(l) = 0 come from similar consideration. Note that the
differentiability assumptions on the initial data in Theorem 2.4 are one order higher
than the differentiability of the solution. This is an artifact of the method. We will
discuss how to address this issue shortly later in this section.

Note also that if the compatibility conditions, g(0) = g(I) = 0, h(0) = h(l) = 0,
or g"(0) = ¢"(l) = 0 do not hold, then the series will not produce a function in
C?([0,1] x [0,00)) or one in C*((0,1) x (0,00)), and that any discontinuities of u(x,t)
or its first or second derivatives at the corner points (0, 0) or (/,0) would be propagated
along x — ct = 0, x + ¢t = [, and their iterated reflections in the vertical sides of the
rectangle {(x,t) : 0 < x < [,t > 0}. This is a feature of the wave equation: any
singularity of the initial or boundary data gets propagated into the interior region
where the homogeneous wave equation holds—this is in contrast with the behavior
of solutions to the heat equation. Such non-C?((0,1) x (0,00)) solutions should be
regarded as generalized solutions to the wave equation.

In fact, the above features can be seen as follows.

00
cni cmrt

u(z,t) = Z [An cos(Tt) + B,, sin( ;

L o (o) o (o)

)] sin(%x)

+B, [COS (nTﬂ(x — ct)> — cos (TLZ—W(x + Ct)ﬂ }
_ % {3z — ct) + G + ct) + k(z — ct) — k(z + cb)},
where
g(y) = iAn sin (Ty> )
k(y) = f: B, cos (n—ﬂy>
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We recognize that g(y) is the Fourier sine series expansion of g over (0,1), therefore,
represents the 2[-periodic extension of the odd extension of g to (—I,[). Since h(x) =

uy(x,0) = 307 (97) By sin(®Fx), for 0 < 2 < [, we see that

/Oy h(z)dz = /Oy <i<$)3n sin(?z)) dz

n=1
=\ senm v onm
— ; (T> Bn/0 sm(Tz)dz
= nm
= —c; B, (cos(Ty) - 1)
= —clk(y) = k(0]
for 0 <y < 1. If we define h(z) = 300, <% fol sin(")h(z) dx) sin(""z) as the Fourier

sine series expansion of h over (0, 1), which represents the 2/-periodic extension of the
odd extension of h to (—1,1), then k(y) = k(0) — ¢~ [ h(z)dz for all y. Thus, we
find

xr4-ct 5
u(e,t) = 3 [o(x — ct) + gl +ct)] + o / e,

which is the same d’Alembert solution to an IVP for (1.10). From this representation,
it’s clear that if g(y) € C*(R) and h(y) € C'(R), we would get a solution which
is in C%(R x [0,00)). But these conditions on §(y) and h(y) are equivalent to the
compatibility conditions at the corner points on g and h respectively.

Note that this approach has lowered the differentiability assumptions on g and
h. On the other hand, if one or more of the compatibility conditions fails at a
corner point, then §(y) or h(y), or both, would lose some differentiability at the
corresponding corner points, and that behavior is propagated along x + ¢t = 0, or
[, or ml for m € Z—when examining the behavior of the solution in (0,1) x [0, 00),
these lines look like the reflections of x & ¢t = 0, or [ at the vertical lines z = 0 or [.

In contrast, for the IBVP of the heat equation (2.1), even if its initial data g
has discontinuities, they are not propagated into the interior region where the ho-
mogeneous heat equation holds. In other words, the (homogeneous) heat equation
smoothes out any discontinuities of its initial (and boundary) data. Of course, if the
coeflicients in a diffusion equation have discontinuities, such as in Exercise 1.5.1, its
solution may not be infinitely times differentiable. In the case of Exercise 1.5.1, the
solutions there are continuous with a jump discontinuity of their first derivative at

x = 0, where the diffusion coefficient has a jump discontinuity.

We now summarize our above discussion on the improved Theorem 2.4 as
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Theorem 2.5. Suppose that g € C?0,1] with g(0) = g(1) = 0 and ¢"(0) = ¢"(I) =0,
and that h € C[0,1] with h(0) = h(l) = 0. Then (2.11) has a solution in 02([0,
[0,00)); in fact, the series solution u(x,t) constructed for Theorem 2.4 is C*([0,1
[0,00)) and satisfies (2.11).

i

X
X

Y

i

Proof. Under the assumptions on g(z) and h(x) here, we can first extend g(x) to be
an odd function on [—[,!], and then extend it by period 2/ to R, call it g(z); and
do the same for h(zx), and call the extended function h(z). Then §(z) € C?(R),
and h(z) € CY(R). Let @(z,t) denote the solution provided by d’Alembert’s formula.
Then 4 (z,t) satisfies the initial conditions in (2.11) on (0,1), and

ﬂ(O,t) _ g(Ct) +2§(_Ct> + QLC /+C ﬁ<y) dy _ 0;

in addition,

g(l+ct)+§(l—ct)+2ic/l : )
),

dy
:N(_”Ct) gl — ct o (/l ) /Hd>ﬁ (y)dy (using §(1 + ct) = §(—1 + ct))

=00 (/l ) / ) h (using §(—I +ct) + §(l — t) = 0 and h(y — 21) = h(y))
=0 (using h(y) = —h(—y)).

[\

Thus this 4 provides a solution for (2.11). After uniqueness property is established,
we know that this @ is identical to the series solution u(x,t) constructed for Theorem
Theorem 2.4, therefore it is C?([0,1] x [0, c0)). O

Question: Can the method be adapted to solutions of the modified equation such
as Uy — C*Uyy + aty + buy, + du = 0 to draw the same or similar conclusions? Which
parts of the argument can be adapted to construct a solution of a higher dimensional

problem such as the following?

(@iu(x, t) — AAu(x,t) =0, x € D,t>0,
) u(x,t) =0, x € 0D,t >0,

u(x,0) = g(x), x €D,
\ Jyu(x,0) = h(x), xeD.

What additional information is needed to implement this approach? Try out the case

when D is a simple domain such as a square or a round disc in R2.
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Exercises

Exercise 2.5.1. Construct a Fourier series solution u(zx,t) to (2.11) with g(z) =

cos(™#) and h(x) = 0 for 0 < z < [, and prove that it is discontinuous along = = ct

and z = —ct + 1. (HINT: Study the discontinuities of the Fourier sine series of g over
[0,1], and use

cos(chﬂt) sin(nTﬂx) = % [sin (nTﬂ(a: - ct)) + sin <nT7T(x + ct))]

in studying the behavior of >~ | A, cos(9t) sin(*"x).)

Exercise 2.5.2. Prove that if g(z) = 0 and h(z) = 1 for 0 < x < [in (2.11), then the
series solution u(z,t) € C([0,1] x [0,00)), but fails to be in C*([0,] x [0,00)). Study
the set where its first derivatives have discontinuities.

Exercise 2.5.3. Use the d’Alembert representation to redo the above two exercises.

Exercise 2.5.4. Construct a Fourier series solution u(z,t) to the following problem

(U — Py + o = 0, on (z,t) € [0,1] x RY,
u(0,t) = u(l,t) =0, for t > 0,
u(z,0) = g(z), for x € [0,1],
u(z,0) = h(z), for = € [0, 1],

\

where « is a positive parameter. Discuss the effect of o on the behavior of the solution.
Recall that the constructed solutions to (2.11) are all time periodic with period 21/c.

Do the solutions here also have a common time-period?

Exercise 2.5.5. Construct a Fourier series solution u(z,t) to the following problem

'utt — Uy, + Puy =0, on (z,t) € 0,1] x RT,
u(0,t) = u(l,t) =0, for t > 0,
u(z,0) = g(z), for x € [0,1],
ut(z,0) = h(x), for € [0, 1],

\
where [ is a positive parameter. Discuss the effect of 5 on the behavior of the solution;

in particular, discuss the cases 0 < § < 2‘37”, = QCT“, and QCT“ <pB< A%.
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Exercise 2.5.6. Try to adapt the separation of variables method to construct a
solution to the following IBVP

(utt — Uy + YUy =0, on (z,t) € [0,1] x RT,
u(0,t) = u(l,t) =0, for t > 0,
u(z,0) = g(z), for x € [0, 1],
ug(x,0) = h(x), for = € [0, 1],

\

where 7 is some non-zero constant.

2.6 Separation of Variables in Polar Coordinates
and Fourier Series Solution of the Dirichlet

Problem of the Laplace Equation on a Round
Disk

We now apply similar methods to find a solution formula for the Laplace equation
on a round disk in R?. Based on knowledge of complex analytic functions, we know
directly that for any n > 0, 2" = r"e™? = r" [cos(nf) + i sin(nfd)] and z" = rte~"? =
r™ [cos(nf) — isin(nd)] are harmonic functions on B;(0) C R2

We now examine how the separation of variables method produces the same family
of harmonic functions. Since the unit round disc is described in polar coordinates as
{(r,0) : 0 <r < 1,0 <60 < 27}, we first write the Laplace operator in polar
coordinates Au = . + u, /1 + uge/r*, and apply separation of variables to look for
solutions of the form u = R(r)O(f). Then R(r) and ©(¢) must satisfy

[R"(m + Rl(”] o(0) + Rg Jor() =0,
which can be rewritten as
2R (r) {R"(r) + R;ET)] + %I((;)) =0,

whenever R(r) # 0 and ©(f) # 0. It now follows that ©”(6) + A\©(#) = 0 for some
constant A and all 6 € [0, 27], and that
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It’s natural to impose the condition that u(r,0) = u(r, 27) and wug(r,0) = ue(r, 2m) for
all 0 < r < 1, which leads to the condition that ©(0) = ©(27) and ©'(0) = ©'(27).

Thus we must look for those constants A for which the problem
(2.13)

has non-trivial solutions.

One can check that this problem has non-trivial solutions iff A\ = n? for n € Zsy;
and for n € N, the solution space to (2.13) is spanned by {sin(nf), cos(n#)}; while
for n = 0, the solution space to (2.13) is spanned by {1}.

For each A = n?, we look for solutions R(r) to (2.12) in the form R(r) = r*® and
find that o must satisfy o® — n? = 0. Thus, for each n € N, the solution space to
(2.12) is spanned by {r",r~"}, and for n = 0, the solution space to (2.12) is spanned
by {1,Inr}. To conclude, for each n € Z \ {0}, r*"e™ is a harmonic function of
(x,y) = (rcosd,rsind), at least in the domain where r > 0.

(2.12) is an ODE with a singularity at » = 0, which has solutions that may be
singular at = 0. The singular coefficients in (2.12) is an artifact of the degeneracy
in the change of coordinates (x,y) = (rcosf,rsinf) at r = 0, as (2.12) comes from
the Laplace equation, and the Laplace equation does not have any singularity at
(x,y) = (0,0). Since we are looking for solutions which are regular in a region
that contains (z,y) = (0,0), this consideration implies that we should limit our
consideration of solutions R(r) to (2.12) to those which are bounded near r = 0.

Thus, to construct harmonic functions that are smooth in B;(0), we drop the
choices =" cos(nf), r~"sin(nf) for n € N, as well as Inr. So

Z {anrneine + bnrne—ine}

n€a finite set in Z>¢
provides a harmonic function on B;(0) with boundary value
E {anean + bne—zne} ’
n€a finite set in Z>q

which is a trigonometric polynomial in 6.
In fact, we now have a solution of the Dirichlet problem on B;(0) with any trigono-
metric polynomial as boundary value. To deal with the problem of arbitrary boundary

data (continuous, say), we form the infinite sum
o
u = § : {an,rnemﬂ + bn,r,ne—mé'}
n=0
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and hope to be able to choose a,, and b, to obtain arbitrary boundary data.
For the Dirichlet problem

(2.14)
where g(e?) for 0 < § < 27 is the given boundary value, we have formally
g(ew) _ u(eia) _ Z {aneme + bne—ine} ,
n=0
which leads us to take
1 2w ) )
n = 5 i g(e)e ™ dp, for n > 0,
1 2 ) )
b, = — g(e®)e™dg, forn >0, and by =0.
2m Jo
Then the series solution is
(2.15)

Here we have used the summation of the two geometric series

rei(9_¢)

0 0 —i(0—¢)
n_in(0—¢) __ n,—in(0—¢) _ 7'6—
2_; re 1 — rei0-9) and ; re 1 —re-i0=9)"

Let
1—1r2

0,r) = .
p(6.7) 27 (1 + 72— 2rcos )

Then we have o
u(rew) = / g(ei‘b)p(e — ¢,r) do.
0

(2.15) is called the Poisson formula for the Laplace operator on the unit disk. In terms
of rectangular coordinates X = (z,y) = (rcosf,rsinf) € D, Y = (cos ¢, sin ¢) € 9D,
p(f — ,7) = 2350, which we denote as P(X,Y). P(X,Y) (and often p(6 — ¢,7))
is called Poisson kernel for the Laplace operator on the unit disk.
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Remark 2.9. Note that we initially aim for an infinite series solution using Fourier
expansion, but find out that the resulting Fourier expansion can be expressed directly
as an integral in terms of the boundary value and the Poisson kernel. At this point,
we need not necessarily spend effort to provide verification using the infinite series; in
fact it’s a lot harder to use the Fourier series directly to verify that the constructed
solution is continuous on the closed unit disc when ¢ is continuous on S' = 9D. We
will use the integral representation directly to verify that (2.15) provides a solution
in C(D) N C?(D). Such approaches of starting with looking for a formal solution and
then using the formal solution to find more useful representations or structures of the

solution is very common in the study of PDEs.

Theorem 2.6. For any g € C(9D), there is a unique u € C(D) N C*(D) solving
(2.14).

Proof. Again the uniqueness part will be addressed by the maximum principle in a
later section. For the existence part, our proof will use the following properties of the
Poisson kernel P(X,Y) = AP for X = (x,y) € D and Y = (cos ¢,sin¢) € ID

2| X -Y|?

P(X,Y) e C®(D x dD), and AxP(X,Y) =0 for any (X,Y) € D x 9D.
(AP1). [,p P(X,Y)do(Y) =1, for any X € D.

(AP2). For any Yy € 9D and any § > 0, fyeaD,\Yo
in D.

yos P(X,Y)do(Y) = 0 as X — Y

(AP3). P(X,Y) >0 forall (X,Y) €D x oD .

The first item can be verified directly, or can be seen from the relation that
P(X)Y) = 1+ Zr en(0=9) 4 omin(0-9)) |

which can be regarded as the sum of two power series both having their radii of
convergence equal to 1, therefore, term-wise differentiation can be carried out inside
D, and noting A xr"e* ™0~ = (0, we have Ax P(X,Y) = 0 for any (X,Y) € D x D.

(AP1) can also be verified directly, or can be seen from the uniform convergence
inY € 0D of P(X,Y) =1+, 7" (em0=9) 4 e=m=9) for any fixed X € D, and
f027r (0= d¢p = 0 for any n € N.

(AP3) is obvious from the form for P(X,Y’), while (AP2) is established by not-
ing that, as a function of Y € 9D, the family of functions {P(X,Y)}xep becomes
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concentrated near Yy € 0D as X — Y. More precisely, for any fixed 6 > 0, when
X =Yl < 02 and [Y = Yol = 6, |X = Y] > [Y — Yo — |X = Yol > 6/2, 50
P(X,Y) < %, and for any given € > 0, there exists 0 < ¢’ < §/2 such that when
|IX =Yy <0, P(X,Y) <e.

Now for any X € D, there exist 6 > 0 and constant C' = C'(§) > 0 such that
\VGP(Z,Y)| < C forall y € 0D, X with |Z — X| <4, and || < 2, so we can apply

Lemma A.1 in the Appendix to conclude that
Axu(X) = / g(V)AxP(X,Y) do(Y) = 0.
Y€aD

To prove u(X) — g(Yy) as X — Y, € 9D, for a given € > 0, we first use the
continuity of ¢ to find 6 > 0 such that |g(Y) — ¢g(Yo)| < € when |Y — Y| < §. Then
we write, using (AP1),

u(X) — g(¥o) = /Y 19) = ()] PXY) da(Y),

and estimate

w0 =gl < ([ [ ) a) = a0 PO oY)

The first integral is bounded above by € [, _,n P(X,Y)do(Y) = ¢, while the second
integral is bounded above by 2max [g(Y')| [} csp Vo[ P(X,Y)do(Y), which can be
made smaller than € as X — Yj by using (AP2).

[l

A family of functions { P(X, Y) } x, treated as functions of Y € D and parametrized
by X € D, satisfying (AP1)-(AP3) above is called an approzimation to identity (on
dD). As X — Z € 0D, this family of functions of ¥ becomes concentrated at Z
and behaves like Dirac’s delta function of Y at Z. Families of functions having this

property will arise in other contexts.

Question: Can the method here be adapted to solutions of the modified equation
such as Au + cu = 0 to draw the same or similar conclusions? What may happen

when you try to form a series solution that takes on a given boundary value?

Exercise 2.6.1. (a). Prove that for any bounded sequence {a, } and {b,}, the series
defining u above converges uniformly on any smaller disk {r < ry < 1} and gives

rise to a smooth harmonic function in By (0).
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(b). Verify that

. 1—7?
. 1 'm (6—9) 'm(97¢>) — )
p(6=97) —1—27’ ) 27 (1 + 12 — 2rcos(f — ¢))

(c). Verify that if we write X = (rcos#,rsinf) and Y = (cos ¢, sin ¢), then

1-|XP?

p(0—¢,r) = W—P(Xﬂ/).

(d). Verify that for X e D, [, P(X,Y)do(Y) = 1.

Exercise 2.6.2. Apply separation of variables to construct solutions to the following
BVP on the sector ¥y, := {(z,y) = (rcosf,rsinf) : 0 <r <1,0<60 <b}:

Au(z,y) =0 for (z,y) € Xy,.
u(rcos@,rsinfd) =0 ford =0orfyand 0 <r <1,
u(cosf,sinf) = g(f) for 0 < 6 < by,

where g(0) is a given continuous function on [0, §y]. Then change one of the boundary
conditions, say, using ug(r cosfy, rsinfy) = 0 to replace u(r cosby,rsinfy) = 0 for
0 <r <1, and find a solution of this modified BVP.

Exercise 2.6.3. Model on the proof of Theorem 2.6 to show that if g is Riemann

integrable on [—1, (] and continuous at some = € (—I,1), then

N-1 n
Nt Z (ngelklm> — g(z) as N — 0.

n=0 -n

Furthermore, if g € C[—1,1] with g(—{) = g(l), then the convergence is uniform over
€ [—1,1]. (HINT: (2.3) and (2.4) will play a role.)

2.7 Solution of the Cauchy Problem for the Heat
Equation

We next make sense of the formal solution fR c(& )e"“&f%dg to the homogeneous heat

equation which we have found in the last chapter.

Theorem 2.7. For any c¢(§) € L'(R), [, (& €)e =€t defines a smooth function for
x € R and t > 0, which is in C(R x [0, 00)) cmd satisfies ¢ = Au.

100



2.7. CAUCHY PROBLEM FOR THE HEAT EQUATION

Proof. We first sketch a proof that (z,t) € R x R = [, ¢(€)ei™~€*d¢ is a smooth
function by first proving that

for (z,t) € R x R, then using similar arguments to prove the continuous differentia-

and

bility of any order of derivatives.

It suffices to prove the continuous differentiability for (z,t) € R X [1,00), where
7 > 0 is arbitrarily given; and it suffices to check the conditions in Lemma A.1l in
the Appendix for (x, ;&) over R x (7, 00) x R, and with s(z,t; &) = ¢(€)e¢€t. This

follows easily because

|so(2,t;€)| = |igc(€)e™ 5| < [¢]]e(€)|e™™,

and
[se(2,:6)] = [(=€3)e(€)e™ | < [EPle(€)]e ™.
Note that each of the bounds above on the right is integrable over £ € R, so we can

apply Lemma A.1 in the Appendix.

Version of (2.16) for second order differentiation in = gives

82 irE—&E2t ir€—€2t
oz ([ g = [ cer-ene=cra

which, together with (2.17), proves that 2* = Au. The continuity of [ c(€)e €t ¢
in Rx [0, co) follows also from Lemma A.1 in the Appendix, or alternatively, Lebesgue’s

Dominated Convergence Theorem, using ¢(¢) € L(R).
O

The main issue next is to verify that, if we choose ¢(§) appropriately, namely,
c(§) = 5= Jp u(y,0)e" dy*, then the u(x,t) defined above takes on the initial value
u(z,0) in appropriate sense as t — 0.

One situation where this can be checked easily is when we assume u(z,0) can be
represented as in (1.22) with ¢(¢) € LY(R). Then u(z,t) — u(xo,0) as (z,t) — (0, 0)
by Lebesgue’s dominated convergence theorem (or Lemma A.1). But this assumption

on u(z,0) is through ¢(§), its Fourier transform, and may not be as easy to verify.

*A more detailed discussion of this formula will be given in a later section on Fourier transform.
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It turns out we can verify the continuity of u(z,t) up to ¢t = 0 under much weaker
condition on u(x,0). We proceed by deducing a further representation formula for
u(z,t) as follows.

(2.18)
here, to justify the interchange of integrals, we could assume u(y,0) to have compact
support; but the above representation can be used under much relaxed condition on
u(y,0).

The integral kernel
1 : 2 1 |z —y|?
K(z —y,t) = 5= / el e = e~
(@ —yt) =5 s $= T

is called the heat kernel or fundamental solution to the heat equation and enjoys

the following properties:

(HK). For any y € R, (9, — 9?)K (x — y,t) = 0, for any x and ¢ > 0.

).
(AP1). [, K(x —y,t)dy =1, for any  and t > 0.
).

(AP2). For any § > 0, f|x_y|>5 K(x —y,t)dy — 0 as t — 0.

(AP3). K(z —y,t) > 0.

(HK) follows from almost identical arguments as those used in the proof of the previ-
ous Theorem, using the integral representation for K (x — y,t), or can be verified by
direct differentiation. (AP1)—(AP3) above are similar to the (AP1)-(AP3) satisfied
by the Poisson kernel on the unit disk. This family of functions {K(x — y,t)}i~0
also forms an approzimation to identity (on R). With these properties above, we will
prove

Theorem 2.8. Define u(z,t) in terms of u(x,0) through (2.18), where u(x,0) €
LY(R) (oris bounded and Lebesque measurable or Riemann integrable over any bounded
interval in R). Then
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(i). u(z,t) is a C* solution of uy — Uz, =0 on (z,t) € R x (0, 00).
(ii). ||u(z,t) —u(z,0)||1@®) — 0, ast — 0, if u(z,0) € L'(R).
(7). u(x,t) is continuous at u(xg,0), if u(x,0) is continuous at x.

(). Nful Ol @ < [lul; 0)]|@)-

Remark 2.10. Notice also that even if the initial data has discontinuity, the solution
given by (2.18) instantly becomes a smooth function of (z,t) for ¢t > 0. In addition,
the value of u(x,t) depends on the values of u(y, 0) for all y € R, which indicates that
solutions to the heat equation have an infinite speed of “propagation”.

One advantage of the above representation (2.18) is that it provides a solution
(possibly on a finite time interval) even for initial data u(x,0) that has some growth,
as long as it is slower than e**” for some a > 0—even though the formula was derived
under much stricter requirement on u(x,0); Chapter 4 will pick up the technical
discussion on this again. In fact, this kind of approach will be used repeatedly:
on a first try, one does not pay too close attention to justify every step, only after
one obtains some useful results, does one go back to check every step, or verify the
conclusion by other means.

Uniqueness is not settled by this approach.

Remark 2.11. Even though (2.18) and (1.21) are both established for one space
dimension times the time axis — the latter was discovered through separation of
variables in one space dimension times the time axis and led to (2.18), their forms
and the content of the above Theorem remain the same when z € R"™: one simply
takes ¢ € R", replaces z€ by x - &, the dot product between x and &, replaces &2
in (1.21) by [€]?, replaces V/4nt in K(x — y,t) by (47t)™?, and interprets |x — y| in
K(x—y,t)as \/(x1 —vy1)2+ - + (x, — y»)% This is due to the simple reason that
K(x—y,t) = K(x; —y,t)- - K(x, — yn, t) has a product structure, and

(0 = DBs) K(z —y,1)
=Y K(xi =y, 1) [Ki(wx = yes t) = Kow(wn — g )] -+ K (2 — i, 1)
=0.

Alternatively,

1 : 2 1 - . 2 1 x—y|?
ix—y)€—|€Ptge — _ — Woj—y)&i—Eft g — _ — =
(271_)” /n e dg (271‘)" ]];Il/Re 3T 93)SI TS, dgj (47rt)"/26 4t
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Our development here did not depend logically on any systematic theory of Fourier

transforms, other than using the inversion formula

c(§) ! /Ru(x,())e_m&dx

27

(for one space dimension) to (1.22) in formally deriving (2.18). Once we came up
with (2.18), we justified its validity without any direct usage of Fourier transforms.

It is often efficient to use this inversion relation to explore how certain proto-
type solutions (to constant coefficient PDEs) behave. For exploring solutions to the
Cauchy problem for constant coefficient PDEs, we often make a variation of the sep-
aration of variables method and look for solutions of the form e™*4T(t) and try to
understand how the “Fourier mode” ¢™¢ would evolve under the PDE, as the gist of
Fourier transform says that reasonable functions can be synthesized as superpositions

of various Fourier modes ™%,

Proof of Theorem 2.8. This proof is a bit lengthy. The proof for (i) is very similar to
our proof for Theorem 2.6; students on a first reading can first focus on the proof for
(ii) and/or (iii) below.

We will apply Lemma A.1 in the Appendix to prove (i).

When u(y,0) € LY(R), we set s(x,t;y) = K(z — y,t)u(y,0), then for any y € R,
(x,t) € R x RT +— s(x,t;y) is smooth in (z,¢). Fix any 7 > 0. Now for any
(x,t) € R x (7,00), we have

|z — y|? _la—yf?

1 1
st ] = | = 5 e )

lz—y*> 1 1 le—y?
< (=—J L - ; 0
< ( 7 t3) gt " w0

C
T .0
lz—y[?

using (% + %) e~ 2 < (. Now the bound on the right hand side is integrable

in R so we can appeal to Lemma A.1 in the Appendix to conclude that

o, ( /R Kz -y )uly, 0) dy> _ /R 0K (z — y, u(y, 0) dy.

Differentiation in x, and higher order (mixed) differentiation, is proved in a simi-

<

lar way, using the following pattern proved by induction: there exists a polynomial

pk,l(\%) of degree k + 2[ in \/% such that
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When u(y, 0) is bounded, for any (z,t) € R x (0, 00), we will verify that
S(riy) = s(a,t+7y) = K(r —y,t + 7)u(y, 0)

satisfies the hypothesis for Lemma A.1 in the Appendix for |7| < t/2, therefore it is

differentiable at 7 = 0, and

o ([ e = vt ay) = 2|
/@t Ju(y,0) dy.

When |7| < t/2, we have the bound

At + 1)

gl 1)1 e
< = 0
< (M54 3) T o)

The bound on the right hand side above is in L'(R) considered as a function of y:

|z — y|? ) 1 _la—yl?
u(y, + e st d
/ uly. 0 ( 2 i3 /2 Y

) . 2 .
:Hu NONP (R)/ |Z| +16_‘8|2
T 2

r—ul2 1 1 _le—yl?
0,3(7: )| < (‘ ’ *5) G e

dz < 00.

We are now ready to appeal to Lemma A.1 in the Appendix (or Lebesgue’s dominated

convergence theorem) to conclude that

u(z,t) = —

! s(riy)dy | = | u(y,0)0.K(x —y,t)dy.
(L) = [

dr

The additional differentiability of u follows in a similar fashion. In particular

el ) = [ 002K (o~ 1)
R

Finally w;(x,t) — ug.(z,t) = 0 because Ky(z — y,t) — Kpo(x — y,t) = 0.
For (ii), using (AP1), we have

u(z,t)—u(z,0) = /Ru(y,O)K(x—y,t) dy—u(x,0) = /R [u(z — 2,0) — u(z,0)] K(z,t) dz.

Since K(z,t) > 0 and [, K(z,t)dz = 1, the above integral can be thought of as a
convex linear combination of the family of functions u(- — z,0) — u(-,0). Thus from
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the convexity of L! norm, we get
[lu(x, ) — u(z, 0)|[1 =)

—/R /R[u(:v = 20) — u(w, 0)] K (2,1) dz

g/R (/R u(z — 2,0) — u(z, 0)] dx> K(2,1)dz

S/ Ju(z — 2,0) — u(z,0)|| L1 r) K (2, 1) dz+/ l|lu(z — 2,0) — u(z,0)|| L1 () K (2, 1) dz.
12/<5

dx

|z|>6
For any e > 0, using the continuity of translation in L'(R), there exists § > 0 such
that for |z| < §, we have
[Ju(z = 2,0) —u(z,0)||p1m) <,

which implies

/ [Ju(z — 2,0) —u(z,0)|| @ K (2, t)dz < € K(z,t)dz <,
|z|<8 [z|<8
using (AP1) and (AP3). Using (AP2) and (AP3),
/ Ju(z — 2,0) — u(z,0)|| L () K (2, 1) dz < 2||u(x, 0)|| 11 (r) K(z,t)dz < e
|z]>6

|z|>d

when t > 0 is sufficiently small.

For (iii), we again express

u(y, 0)K (z—y,t) dy—u(xo,0) = /R [u(z — 2,0) — u(xg,0)] K(2,t)dz.

u(z,t)—u(xp,0) = /

R

Since u(y,0) is assumed to be continuous at y = x, for any € > 0, there exists § > 0
such that
lu(y,0) — u(zo,0)] <e for |y — x| < 26.

Then for |z — xo| < 0, when |z] < J, we have |z — 2 — zo| < |z — x| + |2] < 26, so
|u(z — 2,0) — u(zg,0)| < ¢, and

/ |u(x — 2,0) — u(z9,0)| K (z,t)dz < €.
|2[<6
Let’s assume u € L*(R) here, then

/|>5 |u(z — 2,0) — u(wo, 0)| K (2,t) dz < 2|[u(-, 0)|| Lo (r) K(z,t)dz.
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2.7. CAUCHY PROBLEM FOR THE HEAT EQUATION

But by (AP2), there exists h > 0 such that when 0 < ¢ < h, 2||u(-, 0)|| o () f‘z|>5 K(z,t)dz <
e. Putting these together, we find that, when 0 < t < h, |x — x| < 6,

‘U(l’,t) _U($0,0)‘
= /|z|ga u(z — 2,0) — u(xo, 0)| K (2,t) dz + /MZJ lu(z — 2,0) — u(zo, 0)| K (2,t) dz

<2e.

(iv) is proved using Fubini Theorem to interchange the integrals

u(z,t) = /u(z —2,0)K(z,t) dz,
R
so that
[l )o@ < /R (=2, 0|1 @ K (2, 1) dz < Hu(',O>HL1(R)/RK(Z,t) dz = [|u(:, 0)l| 1 @)

]

Exercise 2.7.1. Let u(z,t) be given by (2.18) and |u(-,0)| be bounded by M. Prove
that there exists a constant C' > 0 such that

CM

cCM
e, < Sy )]+ i, 8)] <

\/E )
This is an example of an interior estimate, as the above estimate is only useful at

points that stay away from the ¢ = 0 boundary. Suppose that sup,cp |us(z,0)| is

finite, prove that sup,cp |t (2, t)] < sup,ep |us(x,0)| and

C'sup,eg |Uuz(z,0)]

i .
Exercise 2.7.2. Suppose that one can establish the existence of a constant C' > 0
such that for any solution u(z,t) on |z| < 1,0 <t < 1 of w(z,t) —Ayu(x,t) = f(z, 1),
the following holds

lug(x, t)| + |t (0, t)] <

‘VxU(O, 1)| < C (maX‘x|§1’0St§1|’U/(l’, t)’ + maX|$|§170§tS1]f(x, t)|) .

Deduce that for any solution u(x,t) to u(x,t) — Ayu(z,t) = f(x,t) on z € R™, 0 < t,
the following holds

VilVau(@, 0] < € (max, e rozeeduly, 5)] + 1max, e pocual F:5)1)

HinT: Use scaling of the equation.
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Exercise 2.7.3. (a). Apply separation of variables/Fourier transforms to construct

solutions to the Laplace equation Au = 0 on the half plane R :

(2.20)

Here we are implicitly assuming that u remains bounded as (x,y) approaches

.

(b). Rewrite the solution in the last part directly as a convolution with g. HINT:

/Wx—UP+y

(c). Proveif g € L*(R), then the u(x,y) above is smooth in (z,y) € R? and satisfies
Au = 0 there.

the solution should have the form

(d). Prove that if g € L'(R), then u(x,y) — ¢ in LY(R) as y \, 0.

(e). Prove that if ¢ is bounded over R and that g is continuous at z, then u(x,y)

is continuous at (zo,0).

Exercise 2.7.4. Follow the procedure below to weaken the hypotheses in Theorem
2.2, namely, replace the assumptions on g(x) there by assuming only g € C[0, (] with
g(0) = g(I) = 0, and prove that there is a solution u(z,t) € C?([0,1] x (0,00)) N
C(]0,1] x [0,00)) that satisfies (2.1). First extend g to be an odd function to [—l l]
then extend it to a 2{-periodic function on R. Call it §. Show that u(z,t) fR

y,1)g(y)dy is a solution of (2.1) in C?([0,1] x (0,00)) N C([0,1] x [0, )) Show that
there is also a version of Theorem 2.2 under a weaker assumption on g: if g € L?[0, (]
for some 1 < p < 00, and ¢ is continuous at some 0 < g < [, then the solution u(z, t)

defined above is continuous at xg.
Exercise 2.7.5. Construct a solution to the Cauchy problem

ur(x,t) — Uge(x,t) + yug(z,t) =0, xR t>0,
u(z,0) =g(z), zeR,
where 7 is some real constant. If you run into difficulty in applying separation of

variables or Fourier transforms, you may consider a new variable v(z,t) = u(z +t,t)

(or v(z,t) = e®u(x,t) for some ) and solve for a Cauchy problem for v(x,t).
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2.8. A NOTION OF GENERALIZED SOLUTION TO THE WAVE EQUATION

2.8 A Notion of (Generalized Solution to the Wave
Equation

We stated earlier a guideline that any reasonable limit of classical solutions should

be treated as a generalized solution, and now discuss a notion of generalized solution

using an integral form. It is based on the following divergence structure for two C?

functions u(x,t) and n(z,t):

[utt(:v, t) — czum(x, t)] n(x,t) — u(z,t) [ntt(x, t) — Cznm(x, t)]
= [Ut(l‘, t)n(xv t) - u(£7 t)nt(z7 t)]t - Cz [uw(gj> t)n(x> t) - 77x(95> t)u(x, t)]x :

If u(z,t) is C*(R?) solution of (1.10), and n € C?(R?), then integrating the above
over R?, we see that

If one would like to take into account of the initial data u(x,0) and w.(z,0) of u(z,t),

then integrating over R x R*, we obtain

(2.22)

Both (2.21) and (2.22) make sense if u(x,t) is locally integrable in R2.

We define u(z,t) to be a generalized solution to (2.10) if it is locally integrable
in R?, and (2.22) holds for all n € C?(R?). If consideration of initial data is not
relevant, we define u(x,t) to be a generalized solution to (1.10) if it is locally
integrable in R?, and (2.21) holds for all n € C?(R?).

One advantage of this definition is that uniform limits of C? solutions (or even
L. . limits) are generalized solutions (although they may not known to be differen-
tiable).

One can also construct a generalized solution easily when g € C(R) and h €
Li .. (R), as one can choose g; € C*(R) and hy € C'(R) such that g, — ¢ uniformly
over any compact interval of R, and hy — h in L'(I) over any compact interval I of
R, and use the d’Alembert’s formula to construct a solution wug(x,t) to (2.10) with
ug(z,0) = gr(x) and us(x,0) = hg(z). Then d’Alembert’s formula shows that, on any
compact subset of R?, u(z,t) has a uniform limit. This limit defines a generalized

solution of the Cauchy problem for (2.10)—we could use the d’Alembert’s formula to
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CHAPTER 2. FOURIER’S METHOD

define a notion of generalized solution, but the notion defined here can easily extend to
situations where an explicit representation is either unavailable or difficult to obtain.

In general, if G and H are continuous, then u(z,t) = G(x — ct) + H(x + ct) is a
generalized solution of (1.10).

Note also that, suppose that G is C? except at a finite number of points, say,
{1, -+ ,zn}, then G(z — ct) is a smooth solution of the wave equation except along
the lines v — ¢t = x;, 1 < ¢ < N, along which the discontinuity of the derivative
persists. This is different from the behavior of solutions to the heat equation, which
smoothes out any discontinuity instantly. A similar relation holds for H(x + ct).

If we choose H(z) = —G(x), then u(z,t) = G(x—ct)+ H(x+ct) satisfies u(z,0) =
0, and uy(x,0) = —2¢G’(x) if G'(x) is defined. If we choose G(x) such that —2¢G'(x) =
d(z), e.g., G(z) can be taken to be the limit of Gi(z), with

for -+ <z <

1
&

x|

k
—2cG () = { 2
0

otherwise,

and Gy (x) normalized to be equal to 0 for z > % This leads to

2% for z < —%,
Ge(z) =4 —£(z - ) for —& <z < 7,
0 for x > %
Thus
= if 2 <0,
G(z)=X"? -
0 ifx>0;
and

Ba,t) = G(x—ct)—G(l’—i-ct):i ift >0, —ct <z <ct,

0 elsewhere.

In the above we see that for any = # 0, Gy(x) — G(z) as k — oo, but a more proper

view is the convergence in the sense of distribution defined by

/Gk dx—)/ x)dr for any n € C°(R) as k — oo.
E(x,t) satisfies
[0} — 2] E(x,t) = §(0,0) in the sense of distribution,
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2.8. A NOTION OF GENERALIZED SOLUTION TO THE WAVE EQUATION

and is called a fundamental solution to the wave equation. Another view is that this

E(x,t) solves the wave equation with a single point source at (0, 0):

[0} — ¢?07) E(z,t) =0, for t >0,
E(z,0) =0, Ey(z,0) = §(x),

This will be discussed in more detail in a later chapter.

In order for this notion of generalized solution of be a useful one, there is a need
to establish uniqueness of solution among this class of solutions to the appropriately
formulated IVP. This can be done following an approach by Holmgren, using the
existence of solutions to the non-homogeneous wave equation. We will supply a proof
after establishing the existence of solutions to these equations in the first section of
next Chapter.

In addition to having appropriate limits of smooth solutions as candidates for
generalized solutions, another class of potential candidates for generalized solutions
are piecewise smooth solutions. We will first present a simple example to illustrate
that this can’t be done arbitrarily, and that the integral formulation for a general-
ized solution may provide some requirement on the behavior of the solution across

potential interface of discontinuity:.

Example 2.1. All (C?) solutions to u”(x) = 0 on R are of the form u(x) = ax+0 for
some constants a and b. An integral formulation for a generalize solution of u”(x) = 0
is [u(x)n”(z)dx = 0 for all n € C2. Suppose that u(z) is piecewise linear on either
side of = 0, then the condition [ u(x)n”(x)dz = 0 implies that

0= /0 w(x)n' (z)dx + /OOO u(x)n"(x)dx

—0Q0

— (030~ [ @@ —u0r)©) - [ @@

= [u(0—) = u(0-H)]5(0) — [ (0—=) — v'(0+)]n(0).

Since we have the freedom to choose 7(0) and 7/(0) arbitrarily, it follows that u(0—) —

0

u(04+) = 0, and v/(0—) —u/(04) = 0. Thus a piecewise solution satisfying the integral
formulation must in fact be smooth across the interface point; namely, one can’t
arbitrarily use piecewise solutions to construct a generalized solution.

This simple example is inserted here to illustrate that a generalized solution re-
quires more than asking for the equation to be satisfied almost everywhere or piece-
wise, and how the integral formulation is used to extract information on the behavior

of a generalized solution. More general results and proofs on generalized solutions to
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equations like the Laplace equation will be presented later on. For equations like the
one in this example, a continuous, or just locally integrable, generalized solution will
in fact be C°*° smooth.

Remark 2.12. Another point which should be pointed out is that a jump discontinu-
ity of second derivatives to solutions to (1.10) can only occur along x 4 ct = constant,
the so called characteristic lines of (1.10).

More precisely, suppose that = £(¢) defines a C! curve, that u* are C? functions
of (x,t) in {(x,t) : & > (L)E(t)} (respectively), that u* are solution of (1.10) in their
corresponding region, and that u*, ui, and u® agree along x = &(t), but some of
the second derivatives of u* do not agree along x = £(t). Then £(t) must satisfy
&' (t) = ¢, namely, z = £(t) = Lct+constant.

This is seen as follows. Define x(t) := u®(£(¢),t), ¢(t) := uL(E(t),t), and (L) =
uf (€(t),t). Then x(t), (t), ¥(t) are C* functions of ¢, and

() = ui, (§(8), )& (t) + uy (€(1). 1), (2.23)
W'(t) = ug (€(8), € () + ug (€(1), 1) (2.24)

Together with u (£(t),t)—c?uk,(£(t), ) = 0, these form 3 linear equations in u, (£(2), 1),
uE (€(1), £), and wE(E(1), 1),

A jump discontinuity along z = £(t) in one of these second derivatives is in-
terpreted as this 3 x 3 linear system not determining a unique solution. Thus the

determinant of its coefficient matrix must be singular:

g 10
det| 0 &) 1|=o.
- 0 1

This leads to |€'(¢)|> — ¢* = 0. Therefore, &'(t) = *c.

The same holds for solutions defined in terms of the integral formulation (2.21).
In fact, a stronger conclusion holds: if u* are C? functions of (z,t) in {(z,t) : z > (<
)E(t)} (respectively), that u® are solution of (1.10) in their corresponding region, and
that (2.21) holds in a domain containing the curve z = (), then, unless this curve
is a characteristic curve, namely, x = +ct + xo for some g, u®, together with their
derivatives up to order two, must agree along x = £(¢). This indicates that (2.21)
places restrictions on the behavior on piecewise defined solutions: one can’t simply
piece together two solutions to (1.10) along a non-characteristic curve and expect the

resulting function to be a generalized solution.

112



2.8. A NOTION OF GENERALIZED SOLUTION TO THE WAVE EQUATION

One way to prove this conclusion is to use what we have done earlier: carrying out
integration by parts of the integrals in (2.21) in each region on either side of the curve
x = (), resulting in some integrals along this curve, then examining the implications

of the vanishing of the integral along this curve. The details will be omitted here.

Exercises

Exercise 2.8.1. Let £(t) = ct + xq or {(t) = —ct + x, for some xy, and suppose that
uF(x,t) are C? in {(z,t) : 2 < (>)&(t)} and are solutions to (1.10) there, respectively.
Prove that

u”(x,t) for x < £(t)

ut(z,t) for x > &(t)

u(z,t) =

is a generalized solution of (1.10).

Exercise 2.8.2. Define
B(11)+hia) = [ o~ 9)E(.0) dy,
R

and
Em»*ﬂnwz/‘E@—yi—@ﬂ%ﬁwm,

where

QL ift>0,—ct <x<ct,
E(x,t) =<

0 elsewhere.

Verify that

B0 sh(a) =5 [ bty

2c ot
and
oe(t—s)
E(-,-)* f(z,1) 20/ /$ e s)dyds.
Exercise 2.8.3. We define a p1ecew1se continuous function u(x) n [a,b] to be a
generalized solution of u”(z) ), if f r)dr = f f(x)n(x),dz for any n €

C?[a, b]. Suppose that for some d € (a, b), we have u; € C?a, d| solvmg uf(x) = f(x)
in [a,d] and uy € C?[d,b] solving uj(x) = f(x) in [d,b]. s

w(z) fa<ax<d

u(r) =
us(x) ifd<ax<b

a generalized solution of u”(x) = f(x) on [a, b]?
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Exercise 2.8.4. Define

Gilz —ct) - G t ift>0
Eula.t) = k(x — ct) k(x + ct) i ,

0 elsewhere,

where Gy(z,t) is given earlier in the section. Prove that, for any n € C?(R?),

/ /R R2ACR) [0 (,8) = P (2, 1) ] ddt = /0 N /R B, t) [nu(,t) — Enpu(, )] dadt

_ /R —2¢G! (x)n(z, 0)dz,

and that

//R E(z,t) [nu(z,t) — Pnea(z, )] dadt = n(0,0),

where E(x,t) is the fundamental solution of the wave equation defined earlier in the

section.
Exercise 2.8.5. Here is another way to analyze (1.10) and its integral formulation.

(i) Consider the change of variables (z,t) — (y,s), where y = x — ct, s = x + ct,
and v(y, s) = u(z,t). Verify that uy(z,t) — Pug,(z,t) = —4cPvy4(y, 5).

(ii) Prove that any C? solution of v,s(y,s) = 0 in a rectangle R: yo < y < y; and
sp < s < s; must be of the form of g(y) + h(s) for some C? function g and h.

(iii) A continuous function v(y, s) is called a generalized solution of v,,(y,s) = 0 in
Rif [[ v(y,s)nys(y, s)dyds = 0 for any C2(R). For sy < s, < s1, let Ry =
{(y,9) 190 <y <wyi,s0<s <8}, and Ry ={(y,5) : 9o <Y < Y1,5 <8 <51}
Suppose that v(y, s) € C*(Rp) satisfies v,5(y, s) = 0in Ry, and v(y, s) € C*(R;)
satisfies v,5(y,s) = 0 in Ry. Denote v(y, s.+) = limy .+ v(y,s). Prove that
v(y, s) is a generalized solution of v,(y,s) = 0 in R, iff v(y, s.+) — v(y, s.—) is

a constant.

(iv) Suppose that s = ¢(y) is a C' curve in R and that v(y,s) is a C? solution
of vys(y,s) = 0in {(y,s) € R : s > ¢(y)} and in {(y,5) € R : s < ¢(y)}
separately, and is a generalized solution of v,4(y,s) = 0 in R. Prove that at
any (y,s) € R, if ¢/(s) # 0, then limy_,or v(y,s + h), limy_ox v,(y,s + h),
limy, 0+ vs(y, s + h) are all respectively equal. Finally prove that v(y, s) is C?
near (y,s). Translated back to (1.10), conclude that a generalized solution of
(1.10) which is piecewise C? across a C' curve must be C? across it unless the
curve is of the form x 4 ¢t = zy for some constant x(, in which case the solution

can have a certain jump discontinuity.
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2.9 Basic Properties of Fourier Transforms*

We first give an argument for the Fourier inversion formula in the case that g is a C*

function with compact support on R, namely,

o(z) = / §(6)e ™ de, with §(¢) = (2m)* / o) de. (2.25)

Let [ be large enough that the support of g is contained in (—[,). Then we know
that the full Fourier series of g on (—I,1) converges to g(z) uniformly over [—[,[]. The

full Fourier series of g on (—[,1) is given by

with ¢, = (207" [1 g(y)e~"F dy = (20)~" [, g(y)e~"F* dy. This relation holds for

any such large [. Since g has compact support,
!

g(y)e ™ dy = (2m) ™" / g(y)e ™ dy

-l

o0

96 = 20" |

is defined for all £ € R, and ¢, = 7g(&,), where {§, = “*} are the grid points of the
partition of R into intervals of length 7. Then for any z, — <z </,

oo

o0 o0

gla) = D e T = D 4G

n=—oo n=—oo

which is a Riemann sum for the (improper) integral [, §(§)e**d¢. We will see momen-
tarily that, under our conditions on g, this improper integral converges absolutely, so

in the limit [ — oo, we obtain

o) = [ @) (2.26)
R
The convergence of the integral fR |G(€)| d€ uses the Parseval relation for g over
(=L1.1)
— 2m°[g(&) )
/ g(0)? d = Z N

The R.H.S. is a Riemann sum of the integral 27 [, |§(£)[*d¢. We justify the integra-
bility of this integral by noting that

0 e

§(En 1) = (2m)"! / gy e dy = gD (e, ),

—00

*This section is included for completeness. Most of the material is not used in a substantial way

in the remaining notes; a student may look up the material of this section only when needed.
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so the same Parseval relation for g(x)e™*" over (—I,1) implies that for any ¢

= 272|§(&, + 1)
2 zxt2 n
/|g |dx—/|g dr = E l )

n=—oo

Integrating both sides over ¢ € [0, 7], we obtain

"= 3 2 Mo s ora =2 [ e

n=—oo

Eliminating the factors 7 on both sides gives us

/ 9(2)P dz = 2n / 66 (2.27)

for any C' function g with compact support on R. This is called the Plancheérel
identity, and it is based on this identity that Fourier transform is extended to all
L?(R) functions.

Now, for £ # 0, integrating-by-parts gives us

§(&) = —ie g (©).

The Plancherel relation for ¢’ implies that f| (€)]? d€ is convergent. Thus by the

¢[>1 9'(
Cauchy-Schwarz inequality we have

1/2 1/2
9()| d —2d g€ d
A Jate)lae < ( /If e 5) ( /lg G 5) <,

which justifies the absolute integrability of §(§) over R.
We have so far used the Parseval relation in its quadratic form; it has a bilinear

[ swh@de =21 3" e,

-l n=—oo

where d, = (21)7! filh(x)e_¥ dx are the Fourier coefficients of h(x) over (—I,1).
This then leads to a bilinear form of the Plancherel identity, first for C*(R) functions

form:

g, h with compact support, then for g, h € L*(R) by a density argument:

/R g(x)h(z) dx = 2 / GE)RE) de. (2.28)

R

There are various conventions in defining the Fourier transform. Another com-

monly used convention is to define

i©- [ " gl dy = 2m(6), (2.20)

[e.9]
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then (2.26) turns into
1 .
— ~ Ex 2
o) = 3= [ alepeic (2.30)
and the Plancherel identity would take the form of

/R l9(@)[? d = (2m) / 3(6) . (2.31)

Our definition of §(&) follows closely the convention for the Fourier coefficients of the
Fourier series of a function, as reflected in (2.26).

A further commonly used convention is to define

Fy(&) y)e ¥ dy = V2mg(€), (2.32)

-7 Lo

then (2.26) takes on a symmetric form

ole) = o= [ Fal@edc = (7o F) (=) (233

and the Plancherel identity would take the form of

/!9 \de—/!fg )Pde, (2.34)

which shows that F is an isometry on L?(R)

However, a property of the Fourier transform involving convolution, to be intro-
duced in Theorem 2.10 below, would carry a power of 27 as a factor when formulated
in terms of g or F. It turns out that if we define

Fyg(k) = /_OO g(y)e™ 2™ dy = §(2rk) = 2mg(2nk) = V2r F(27k), (2.35)

o0

then we still have
o) = / Fg(k)e®™ dk, and / g(x)P do = / Fg©)Pde. (236)
R R R

In physics context k is called the wave number while ¢ = 27k is called the angular
wave number; k71 is called the wave length (the distance between two neighboring
peaks).

We have done our discussion so far in R. We extend the definitions to R™ and
summarize the main properties.

For any g € L(R™), we define

g&) =(02m)™ /n g(x)e”™¢ dx for £ € R", (2.37)

and
Fgk) = (2n)"g(2rk) = / g(x)e™ ™k dx for k € R". (2.38)
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Theorem 2.9. The following holds for any g,h in CI*(R"), the space of m-times

continuously differentiable functions with compact support, when m > n/2.
(). [€]"™g(€)] — 0 as & — oo.

(ii). g(x) = [zn §(E)e™C dE = [o. Fg(k)e™* dk.

(iii). F o F(g)(x) = g(—x).

(iv). fpu gO)R(X) dx = (27)" [, §(E)N(E) dE = [, F (9)(K)F (h) (k) dk.
(v). Jan l9(x)]? dx = (2m)" [ [9(€)* d€ = [ |7 (9)(K)[* dk.

o —

(vi). g(x+y)() = e“Y§(£).
(vii). g(x)e€x(€) = §(€ — ).

(viii). Dy,9(x)(€) = i&;9(§); 7 (Dx,9(x)) (k) = i2rk; 7 g (k).

These properties, except for the first and last one, also hold for g,h € L*(R") by a

density argument.

Even for g € L(R™) one can show that §(y) — 0 as y — oo. The condition m >
n/2 is imposed to make sure that §(y) has sufficiently fast decay to be integrable in R™
so the integrals in (ii) converge absolutely; relaxing this condition would necessitate
the interpretation of (ii) as elements of L*(R™).

As a consequence of (iii) and (iv), Z is invertible on L?*(R")* and in fact is an
isometry on it. (iii) also implies that .#* is the identity map, so as a consequence, if
Z has any eigenvalue J, it must be a 4th root of 1.

The convolution plays an important role in studying Fourier transforms. The

convolution between ¢, n € C.(R™) is defined as

pxn(x)= | ox—yny)dy= [ é(ynx—y)dy.

R R”

Heuristically it is an average of ¢ weighted by 7 (or average of n weighted by ¢).
Here are some basic properties of convolution.

Theorem 2.10. Suppose that ¢,1,n € C.(R™) and p,q,r > 1 satisfy % +1=
then

*Note that .# does not map C7(R™) into C*(R™) so does not define an invertible map on
C™(R™); our condition on m guarantees that # : C(R™) — L(R™) N L?(R") is well defined so the

integrals in .% o .# converge absolutely when acting on C*(R™).

1 1
p+q’
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(a). ¢xn(x) =n*(x).

(b). (@x1p)xn=x*(¢xn).

(c). Z(¢xn) = F(0)F(n) and §x 1 = (27)"bi.

(d). 1|6 *nller@ny < (1@l r@nlnllLo@n-
(d) allows to extend ¢ *n as an element in L"(R™) when ¢ € LP(R™) and n € LY(R").

We will only provide a proof for (c¢) and the ¢ = 1 special case of (d).

Proof of (¢) and g =1 case of (d) of Theorem 2.10.
F@oxmk)= | @xnx)e™* dx
[ [ o= ymt)e =k axy

= / S(x)n(y)e 2T K dx dy
n Rn

= / ) ( /R ) dX) n(y)e ™" dy

= 7 (0)(k)Z (n) (k).

The g = 1 case of (d) is an integral form of the Minkowski inequality with |n(y)| dy
as weight, as in this case r = p, so

P 1/p
|6 * 0| p@ny < (/ dx)

< [ ([ woc—vras) moay

=[|oll e @n) 1m0 21 (®ry-

o(x —y)n(y) dy

R

]

Here is a typical example of how Fourier transform is used in constructing solutions

of a linear PDE with constant coefficients. To construct a solution to
Uy — gy + oty + Bu = f(x,t), in R x [0,00),

for each t one treats both sides of the above equation as functions of x and takes
Fourier transform on both sides—assuming that Fourier transform of each of the

terms is well defined. Using the linearity and the above properties and denoting
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a(€,t) and f(€,¢) as the respective Fourier transform of u(z,t) and f(z,t) in z, and

assuming u(-,t), (&) = u(&, t)y, we have

WE ) + AEHU(E, 1) +iala(€, ) + Bu(é, t) = f(E 1),

which produces an ODE in (&, ¢) in the ¢ variable, with ¢ as a parameter. For
simplicity, let’s take « = 0, § > 0, and f = 0, then

w(&,t) = A(€) cos ( 2% + ﬁt) + B(€) sin <\/02§27+Bt>

for some constants A(§), B(£). Suppose that u(z,0) = ug(z) and w(z,0) = uy(z),

then setting t = 0 gives us

A(§) = ao(§), €+ BB(E) = w(§).

In the final construction of u(x,t), if we are able to identify an appropriate S(z,1)
such that S(&,t) = sin ( 2% 4+ 615) A/ 22 + 3, then we would have the relation

(€, t) = @ (§)DS (1) + m(€)S(E, 1)
We would then be able to use (c) to identify u(x,t) as
(2m) 7 (up * 0;S (2, ) + uy * S(x,1)).

Unfortunately it is not a particularly simple task to identify S(z,t) using the defini-
tion and properties of Fourier transforms—in fact, very rarely can we compute the
Fourier transform of a function explicitly, or identify a function directly as an explicit
(elementary) function via its Fourier transform; but there are tools to read-off infor-
mation about a function through its Fourier transform. Note that S(&,t) € L3(R),
but not in L(R), so one can’t directly use the integral [, S(€,1)e " d¢ to identify
S(x,t).

To make this procedure rigorous, one needs to assume that all the terms in the
PDE are in appropriate function spaces for which the properties of the Fourier trans-
form in Theorem 2.9 are valid, and also has to justify that one can exchange the order
of differentiation in ¢ and Fourier transform, namely, u@,?)tt = u/(a:,\t)tt. Usually one
does not expect to settle the existence and uniqueness of the solution at the same
time, so needs not justify each step in constructing a solution candidate. One can use
the heuristic idea that u(x,t) is the superposition of its “Fourier modes” (€, t)e®®,
and each of this Fourier mode should satisfy the same equation. Plugging this into the

equation (and replacing f(z,t) by its Fourier mode f (&,t) at “frequency” &) would
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produce an equation for u(¢, t)—the same equation as obtained by using the proper-
ties of the Fourier transform and one does not need to memorize the formal properties
in Theorem 2.9 in carrying out this procedure.

The Gaussian function, e=9*, @ > 0, is one of the rare functions whose Fourier
transform can be computed explicitly, and it is used in many contexts. In fact we did
the computation in deriving (2.18). The derivation contained the following compu-
tation for t > 0

/eiw§—£2td§ - Ee—%7
R t
which implies that

- 1 &2 1/\12 1 2 2 T _n2e?
e—tr? — e 4t e = —e_tg : ﬁ(e_m ) = —e Tt .
Vit " VAt 27 7 t

Our earlier derivation for solutions of (1.20) amounts to

—_—

ul-,1)(§) = u(-,0) (e,
By property (c) of Theorem 2.10, we also have

|'|2 L —

U(-, 0) * e 4 <§> - u(’? 0)<§>6_£2t’

VAart

from which we conclude that

1 2 1 y2
u(x,t) = u(x,0) * e = [ ulz—y,0 e 4 dy.
(@) = u(z,0 [ e =0 ey

The same technique can be applied to any function f € LP(R") (for p = 1 or 2
now) to give
1 |A|2 o~

. our — —lg|*t
Since the R.H.S. above decays sufficiently fast in & for ¢ > 0, we have
1 _?

iy — €| t+ix-
P Gy )= [ F@eT T de,
x 2
Recall that the family {K (x,t) := We_%} forms an approximation of iden-
i t>0

tity as t \ 0, namely, they satisfy (AP1)-(AP3), which were established for the n = 1
case right after (2.18). We have
Theorem 2.11. For any u € LP(R™), 1 < p < oo,

1 _L2

U * W@ it (x) — w in LP(R™).
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Using this theorem we conclude that, for p =1 or 2,

i 1 _i 1 7 — €% t+ix-

in the sense of LP(R™).
This is a generalization of the Fourier inversion formula. When it is known that
e L(R™), the limit on the R.H.S exists point-wise and equals [, ]?(f )ex€ d¢. Thus

when both f and fare in L(R™), we have established the point-wise inversion relation:

fiox) = [ Flg)ede.

We will later extend Fourier transform to a much class of objects, called tempered

distributions, to make this tool more widely applicable.

Proof of Theorem 2.11. Set
u(x;t) =/ u(y)K(x—y,t)dy.
Using (AP1) we have

u(x;t) — u(x) = /n u(y)K(x —y,t)dy —u(x) = / [u(x — z) — u(x)] K(z,1) dz,

We now apply the integral version of Minkowski* inequality to get
lu(x:t) — u(x)|| e @)

=11 luoe = 2) — ()] K (2.1) dal
< [ = 2) = w0l K 2. 1) da

= /|z|56 e = 2) = )oK (2 ) s+ / u(x — z) — u(x)|[rr @) K (2, ) dz.

|2|>6

Since p < oo, we will use the continuity property of translation in LP(R™), namely,

for any € > 0, there exists § > 0 such that for |z| < §, we have

lu(x = 2) = w(x)||Lpn) <é

*Minkowski inequality and its integral version are all reflections of the convexity property of the
LP norm, which can be schematically expressed as the LP norm of a convex combination of a family

of functions is < the convex combination of the LP norms of this family of functions.
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which implies

/ |u(x —2) — w(x)||Lr@n) K (2,t) dz < € K(z,t)dz < e,
la/<5

|z|<é

using (AP1) and (AP3). Using (AP2) and (AP3),

/ l|lu(x —2) — w(x)||Lr@n) K (2, 1) dz < 2[|u(X)]| Lo @) K(z,t)dz < ¢
|z|>8

|z|>6

when ¢ > 0 is sufficiently small.

Exercises

Exercise 2.9.1. Find m, where x|_q,q] is the characteristic function of the interval

[—a,a]. Can you find the Fourier transform of Y[_, 4 using the definition directly?

Exercise 2.9.2. Use Fourier transform to construct a solution to

U (2,1) — Cge(z,t) =0, (2,t) R x R
u(z,0) =g(z), zeR
ui(x,0) = h(z), xe€R.

What modifications are needed when = € R is replaced by x € R"?
Exercise 2.9.3. Find el and el in R, where a > 0.

Exercise 2.9.4. Construct a solution to

U (T,Y) + uyy(z,y) =0, (2,y) €ER X RT
u(z,0) =g(z), xeR.

Can you extend your approach to the higher dimensional case on R" x Rt for n > 17
Exercise 2.9.5. Prove that for f, g € L(R") we have [, f(x)g(x) dx = Jan F(x)g(x) dx.

Exercise 2.9.6. Prove that .#* = Id. As a consequence, any eigenvalue of .% must
be a fourth root of 1.
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2.10 Sobolev Space H*(R")* and Sobolev’s inequal-

ity
For any k € N, define H*(R™) to be the completion of C2°(R") in the norm
i 1/2
lullaeeny = | D N105ullZ2 e
|a|=0

Thus for any u € H*(R™), there exists a sequence {u;} C C>°(R") such that u;—u — 0
in L?(R"), and for any o with |a| < k, {0%u;} is Cauchy in L*(R"). The L?(R™) limit
of {02u;} is then the L?(R™) d2-derivative of u, as for any ¢ € C2°(R"), the relation
050, (x)0(x) do = (<1 [ u,(x330(x) dx

n

R

turns in the limit into

n

B u(x)p(x) dx = (~ 1) / u(x)08(x) dx,

RTL
with u, 0%u(x) € L*(R™). 0%u(x) is called the L?(R") 92 (weak) derivative of u.
The above formulation of weak derivative can be extended to more general con-

texts.

Definition. Let D be an open domain in R” and 1 < p < co. A function u € LP(D)
is said to have weak derivatives in LP(D) of order k, if for every multi-index o with
|a| < k, there exists a function u, € LP(D) such that

/D o (%)6(x) dx = (~1) / u(x) 029(x) dx,

D
for all ¢ € C°(D). u, is called the LP(D) weak derivative 0% derivative of .

The set of LP(D) functions with weak derivatives in LP(D) of order k is denoted
as WHP(D).

Theorem 2.12. For any k € N, Wh?(R") = H*(R"™).

Proof. Our argument above implies that H*(R") C W"2(R").

For the converse, fix a non-negative p € C°(B1(0)) with fBl(O) p(x)dx = 1 and
p(x) = p(0) = maxp, () p for x € B%(O). Define p.(x) = ¢ "p(e'x) for ¢ > 0.
Then p. € C2(B.(0)). For any u € W*2(R"), our conclusion would follow if we can
establish

*We have included a discussion of this fractional order Sobolev space here as an illustration of
the application of Fourier transforms, but a student may restrict to only the integer settings for this

course.
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(i). pe*u — wand p. * uq — U in L2(R") as € — 0 for all a with |a] < k.
(i). pexu € C(R™) and 0% (pe * u) = pe * u, for all a with |a| < k.
(iii). p(0)p(ex)pe * u € C=(R™) converges to u in H*(R").

(i) is proved using an integral version of the Minkowski inequality as follows.

lpe * u(x) = u(x) | Lz m)
=[] pe(y) (u(x —y) —u(x)) dy| L2z

Rn

< [ putx = 3) = u)lzgee dy
_ / P = y) = )z

u € L?(R™) has the property that for any o > 0 there exists ¢ > 0 such that
|u(x —y) — u(x)| r2@ny < o for all ||y|| < e < €. Using this and nyIISe pe(y)dy =1
we conclude (i).

The first statement of (ii) is a standard property of convolution. For the second
part, in the defining property for u, we replace ¢(x) by ¢(x —y), y is any vector in
R™. After a change of variables this leads to

[ walx=ypodx = (<17 [ ulx—y) o200 dx
Since p. x u € C*°(R™), we have

(=1 85 (pe * u(x)) 6(x) dx

]Rn

/ (pe * u(x)) 926(x) dx

= [ [ pute-y)ogom) axdy

el [ / ey ualox — ¥)6() dx dy
(-0 [ v o) dx

In the above the integrals in both x and y are done in a compact set over which the
integrands are absolutely integrable so the interchange of integrals is justified. Since
this holds for all ¢ € C°(R"), it follows that 0% (pe * u(X)) = pe * Uq.
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For (iii), we first note that
10(0) ™ plex) pe * u — ul| L2y
<19(0) " p(ex) (pe = 1) L2 qany + 1| (9(0) " p(e%) — 1) 2
<o = ullgaey + 1 (9(0)p(ex) = 1) ull oy

Using ||pe * u — ul| 2@@n) — 0 as € — 0 and

1/2
(201 <x]| <!

as € — 0, it follows that [|p(0)~! p(ex)pe * u — ul| 2(rny — 0 as € — 0. The convergence

in L?(R™) of the derivatives follows in a similar fashion. O

Note that by the Plancherel Theorem for Fourier Transforms,

0%l @ny = 2m)"10gullL2@ny = (27)"I€TE) L2 (an),

SO
1/2

k
lullseey = (22 | [ 37 I | ate) g
" lal=0
which is equivalent to ||(1+[€])*a(€)|| r2n). If k > n/2, using |[(1+[€])7*||p2gn) < 00
and (ii) of Theorem 2.9, we see that for any u € C2°(R"),

(2.39)

(2.39) continues to hold for any v € H*(R™). This is part of Sobolev imbedding
Theorem.

In fact, even for non-integer s € R, ||(1 + [£])*uU(€)||L2(rn) defines a norm on
C®(R™). The completion of C2°(R"™) in this norm is denoted as H*(R™). (2.39)

continues to hold if k there is replaced by a non-integer s as long as s > n/2.

Theorem 2.13. For any s > n/2, and any uw € H*(R™), u must be bounded and
continuous in R"™, and (2.39) holds. This is expressed as H*(R") C Cy(R™). Fur-
thermore, if s —n/2 > m € N, then any u € H*(R™) has bounded and continuous
derivatives for orders up to m in R", and for each a with |a| < m,

sup |Ou(x)| < Cn, 8)[ul] s @n). (2.40)

A version of (2.40) holds for functions W*?(D) when kp > n under suitable regularity
assumption on D.
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We remark that the norm on H*(R") is induced by an inner product defined as

(u,0) = - (1 +[€)*u€)o(€) de  for u,v € H*(R").

Using the inequality

[ wereu|< ([ 0eermore)” ([ oo )

and the relation [, u(x)v(x) dx = (2m)" [, u(€)v(—€) d€ for u,v € C*(R") (based
on (iv) of Theorem 2.9), we can use the right hand side to extend the definition
of [on u(x)v(x)dx to u € H*(R"),v € H *(R"), which gives a well-defined bilinear
pairing between H*(R"™) and H*(R") defined by

(u, v) := (2m)" - (1 + )" u€) (1 + [§))v(—€) d§  for u € H*(R"),v € H*(R"),
such that, for each v € H™*(R"), u — (u,v) defines a continuous linear functional on
u € H*(R™). This notion of pairing will become clearer after we introduce tempered
distribution later.

Noting that HY(R") Cc HY(R") whenever ¢t > t, we see that if s +¢ > 0,
then [, u(x)v(x)dx extends to a well-defined pairing between v € H*(R") and
v € H(R"). Finally v € H*(R") — Oxu € H*'(R") is naturally defined, which
allows us to discuss linear partial differential operators (with appropriately smooth
coefficients) in the framework of H*(R").

Example 2.2. We now construct solutions to the Schrédinger equation (1.27), nor-
malized in the form (i0; + 0*)u(x,t) = 0 for (z,t) € R x R. If we use separation
of variables to look for a solution of the form T'(t)e®® for some ¢ € R, we find
iT'(t) — €2T(t) = 0, from which we get T(t) = T(0)e %, Thus for every ¢ € R,
u(x,t) = e'€*=€ ig a solution. This is equivalent to taking the Fourier transform in
the z-variable on both sides, which would give us i0,a(&,t) — £2a(€,t) = 0.

The above process gives us (€, t) = 4(€,0)e~". Thus we construct a solution in

the form of

mez/ alE,0)e &€ g,

Note that |a (&, t)| = |a(&,0)|, soifu(-,0) € H*(R), then so is u(-, t) with ||u(-, )]
[lu(, O)] s ).

To make u(x,t) a twice continuously differentiable function in x, it suffices to work
with a u(z,0) such that 4(,0) decays sufficiently fast as |{| — oo. u(z,0) € C°(R")

H3(R) =
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will certainly do. But we use the preservation of the H*(R) to produce classical
solutions for a bigger class of initial data: the Sobolev’s Theorem above says that
it suffices to work with H*(R) with s > 2 4+ 1/2. It turns out that under this
condition, the u(x,t) is also once continuously differentiable in ¢ and that it satisfies
the Schrodinger equation in the classical sense.

The sense in which this solution takes on its initial data is given by examining

» 1/2
() = (-, )l 1y = ( [+ e lae o - 1|2dg) .

Since [,,(1+[¢])%|a(€,0)[?dé < oo and e~ — 1| < 2, with [e " —1| = 0 ast — 0,
we see that ||u(-,t) —u(-,0)]
the end of Proof of Theorem 2.2 or Lebesgue’s Dominated Convergence Theorem).

For u(-,0) € H*(R) but s <2+ 1/2, we can use smooth solutions with w;(-,0) €
C(R) and w;(-,0) — u(-,0) € H*(R) to generate solutions that are converging in
the H*(R) norm and define the limit as a generalized solution in H*(R).

Formally the operator i0; + 92 arises from the operator for the heat equation,

ms®r) — 0 ast — 0 (using an argument similar to that at

—0; + 02, after substituting ¢ by it. Using this formal relation, we set

ijz—y|?

(& 4t ( ) d

\/mg Yy)ay

and can verify that it defines a solution of (i0; +0%)u(z,t) = 0 at least for g € C°(R).
It is possible to prove that u(z,0) = g(z) in L*(RR) sense, namely, [lu(-,t)—g(-)||r2®) —

u(w,t) = /RK(ZE —y,it)g(y) dy = /R

0 as t \, 0, but a direct proof using this representation is not easy; it is also much

harder to prove u(z,t) — g(x) as t N\, 0 in the point wise sense.

Exercises

Exercise 2.10.1. Provide a detailed proof for (2.40).

Exercise 2.10.2. Assume that o = s — n/2 satisfies 0 < a < 1. Show that there
exists a constant C' = C'(n,s) > 0 such that for all v € C°(R") and h € R", there
holds

u(x +h) — u(x)| < Clul

ms@n)|[h|%,

therefore proving that the above inequality continues to hold for v € H*(R™). HINT:

Use the representation

u(x+h) —u(x) = (2#)"/ u(€)e™* (eih‘f - 1) dg,

n
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break up the integral into the sum of fllﬁHSHhH” and fHEII>|IhII*1 and estimate them
separately.

Exercise 2.10.3. Assume g € L'(R). Prove that (2,t) — [, K(z —y,it)g(y) dy is
continuous in (x,t) € R x (R\ {0}), and that

9/l w)

Varlt]
2.11 More Sobolev Imbedding Theorems

|| / K(x -y, it)g(y) dyllimc <
R

Theorem 2.13 is about function spaces with L? derivatives. We summarize here a few
basic imbedding theorems of W*?(D) allowing p # 2. The proofs for these imbedding
theorems will not depend on Fourier transforms. Sections 4.2.2 and 4.3 also contain
some simple cases of Sobolev spaces in the context of applications related to the
energy method and variational method. Only case (b) of Theorem 2.15 will be used
at the end of chapter six. As will be seen from the proofs, they are based mostly on
variants of the Fundamental Theorem of Calculus to the multi-dimensional setting,
which is used to control the behavior of a function through control of its derivatives.
Instead of working only along a single one-dimensional line segment, one works with
a parametrized family of one-dimensional line segments.

We first state a basic approximation property for functions in W*?(D) without

proof—it is an analogue of Theorem 2.12.

Theorem 2.14. Suppose that D C R" is an open domain such that any point P € 0D
has an open neighborhood U in R™, a hypercube K, = {x € R" : |z;] < a}, a C*
diffeormorphism ® from K, onto U, and some m < n, such that (i). ®(0) = P;
(i) HUND)=K":={x€ K, :2; >0,i=1,---,m}. Then for any function
u € WHP(D), there exists a sequence u; € WEP(D) N C>®(D) such that u; — u in
WkP(D).

This definition is meant to model a domain like a hypercube whose boundary
has “faces” and “edges” of different dimensions. A most common domain satisfying
the assumption of Theorem 2.14 is a domain whose boundary is a C*-hypersurface,
which corresponds to the case of m = 1. A domain satisfying the assumption of
Theorem 2.14 is called a domain with piecewise C* boundary. We denote by W4 (D)
the completion of C2°(D) in the W*?(D) norm.

With Theorem 2.14, we can prove properties of W*?(D) (respectively Wi?(D))
by proving the same properties in W"?(D) N C*°(D) (respectively C>(D)).
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Another relevant geometric property of a domain is the following.

Definition. For any open subset Q C S"7 ! let Co = {x =rw : w € Q,r > 0} denote
the cone with opening Q, and Cor = {x = rw : w € ,R > r > 0} denote the
truncated cone of radius R.

A domain D is said to have the cone property if there exists ¢ > 0 such that any
point P € D has a truncated cone Cq, r such that the translated cone with vertex
at P, P+ Cq,r CD and |[Qp| > c¢,R > c.

A domain D is said to have the strong cone property if there exist ¢ > 0 and
p > 0 such that for any P,QQ € D with |P — Q| < p, there exist truncated cones
P+ Caqpr CDand Q+ Cq,r C D such that R < ¢ P — Q| and

(P + Capr) N (Q+ Cop,r)| > c|P — Q"

A bounded domain with piecewise C! boundary satisfies the cone and the strong
cone property.
Recall that for 0 < a < 1, the C*(D)-seminorm is defined by

[u(P) — u(Q)|
Ulg:p = SUp ———————.
s reep [P —Ql°
Theorem 2.15 (Morrey and Sobolev Imbedding). (a). If p > n, then there exists
C = C(p,n) > 0 such that for any u € Wy (D)

max lu| < CR*“™P||Vul|1s(py, if D has a finite diameter R, (2.41)
and
[u]a;p < C||Vul|tr(py, where oo =1 — L (2.42)
p

(b). If 1 < p < n, then there exists C' = C(p,n) > 0 such that for any u € Wy (D)
Jullir oy < UVl where =~ =~~~ (2.43)

ull o py < ul|Lr(py, where —=—— —. :

1" (D) Lr(D) > n

(c). If D satisfies the cone property and p > n, then there exists C' > 0 such that
any u € WIP(D) satisfies
sup |u(x)| < C|lullwre(p)- (2.44)
xeD
(d). If D satisfies both the cone and the strong cone property and p > n, then there
exists C > 0 such that any uw € WP(D) satisfies
n

[ula,p < Cllullwrep), =1~ > (2.45)
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Proofs for (a), (¢) and (d) rely on the following Lemma.
Lemma 2.16. There exists ¢ = ¢(n) > 0 such that

(i). if u € CY(Bg), then for any x € Bk,

()] < ¢ /B V=)l (2.46)

. [x =zt
(ii). if u € CY(D), where D = By or the truncated cone Cq g with vertex at x, then

Rr" [Vu(z)|
DIt < . 2.4
= / [ulx )l ds < D[ Jp [x —z|*! o (247)

Proof. For (i), we take any u € C}(Bg) and any w € S"™!, then

u(x) = —/Ooo d%u(x—l—rw)d

Taking absolute values on both sides and integrating over w € S*~!, we obtain

S™H Ju(x)| §/ . /0 |Vu(x + rw) drdw.
wesn—1

Setting z = x + rw and converting the integral in terms of z, we find

|Sn71’|u<x)’ < / Wu—(z)'ldz
B X —2["”

For (ii), we write out the case for D = Cq g with vertex at z. For each z € Cq g,

we write z = x + rw for some 0 < r < R and w € 2 and use

u(z)—u(x):/ d%u(x—i—sw ds-/ Vu(x + sw) - wds,
0

and integrate over z € Cq g after taking absolute values on both sides to obtain

/ |u(z) — u(x)|dz < / / |Vu(x + sw)| dsdz
z€Cq, R z€Cq R

/ / /|Vux+3w|”1dsdrdw
weN

/ / —|Vu(x + sw)| ds dw
wEQ
Vual

n Jeon |x — z|* !
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This proves (2.47).

The modification of proof needed for the case of Br only needs to make note that
for each w € S"!, the integration limit R for r may depend on w, but this does
not affect the computation in interchanging the order of integration between s and r

above, so the same conclusion follows. O

Proof of (a), (c), (d) of Theorem 2.15. For (a), if R is the diameter of D, then for
any x € D, we can apply (2.46) at x but the domain of integration can still be D,
which is contained in Br(x). Note that

1/p 1-1/p
WU—(Z)|1 dz < (/ IVu(z)|? dz) (/ Ix — Z|—(n—1)p/(p—1) dz)
p |x—z["" D Br(x)

e o 1/p
(/B » |x — g (P70 dz) = <p—_ n!S"1!> R/,
R(X

This shows (2.41).
Next, we take any x # y and set p = |x — y|, then apply (2.47) on B,(x) and
B,(y). Using |B,(x) N B,(y)| > ¢(n)|B,(x)| = ¢(n)|B,(y)|, we have

with

u(x) = u(y)|

<|B,(x) N B,(y)|™ / (lu(x) = u(z)] + u(z) — u(y)]) dz

B,(x)NB,(y)

<c(n)! (|Bp(x)\1/B( )|u(x)_u(z)ydz+|3p(y)\1/ yu(y)_u(z)\dz>

Bp(y)
o Tl [ Tl
B, (x) x — 2| B,(y) ly — 2|

Using the estimate established above

1/p
[ g ([ Vpas) e
B, (x) |X - Z|n_ By (x)

and an identical estimate for [ Br(y) % dz, (2.42) follows with a C' comparable to
()
p—n

For (c), we use

u(z)] < |Car| ™| [u(z) — u(x)| dz + [Ca.r| | |u(z)] dz

ZECQR ZECQ’R
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and apply (2.47) to the first term, then Hélder’s inequalities to the two integrals and

/ \x _ Z‘—(n—l)p/(p—l) dz < (p — ‘Qx’) Rl—n/zv7
Cox R p—n

to obtain

p— 1 1-1/p 1/p 1/p
u(x)] < ( ) R(1Cou [ wutpas) (1ol [ utapas
p—n Cﬂx,R CQX,R

For (d), for any x,y € D, if |[x —y| < p, where p > 0 is as in the strong cone

use

property, we set V = (x + Co, r) N (y + Ca,,r), where Cq, g and Cq, r are given as
in the strong cone property. Then

Vlu(x) - u(y)] < /V u(x) — u(z)|dz + / u(y) — u(z)| dz
< / u(x) - u(z)|dz + / uly) — u(z)| dz

Cay R
[Vu(z)|

x — z[*1

Vu(z)|

<c|Cq, g . ly — 2|1 %
Qy.R

dZ+C|CQy7R|

Cox,R ’

Our earlier argument gives

_ 1/p
-1 1-1/p
/ ‘W_u#dzg (%) Rl Ve / Vu(z)|? dz
CQ R X Z‘ p n CQX,R

X

and a similar one for [, V@)l 7. Using |V| > c[x — y|” and c||Cay.r| < R" <

y,R ‘y_z|n71
¢ "x — y|™, we obtain

1/p 1/p
() —u(y)| < Cln, p, ¢) x—y[I~7 ( / |Vu<z>|pdz) +< / |Vu<z>|ﬁdz>

If |x —y| > p, then

|U<X> - U( )’ n/p—1
W S 2p / maX{‘u(X)‘v |U(y)|},

and we can estimate max{|u(x)|, [u(y)|} in terms of ||u||w1.r(py as done in proving
(c). This concludes our proof of (2.45). O

Proof of (b) of Theorem 2.15. (b) was first proved for p > 1 using (2.46) and a Hardy-

Littlewood inequality generalizing Young’s inequality on convolution dealing with the
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issue that [x —y|'~" in (2.46) just fails to be in L#-1. The p = 1 case was first given
by Gagliardo and Nirenberg independently, which can also be used to derive the
1 < p < n cases.

We may take v € C}(D) and treat it as in C}(R"™). For any x = (21, -+ ,x,) and

1 <17 < n, we have

|U(X)| < / |3in(I1, X1, Y, T, 717n)| dy;.

oo

So

n 1

ee] n—1
H (/ O (1, i1, Yiy Tig, - ,xn)|dyi) .

Integrating over x; € R and applying Holder’s inequality on the last (n — 1)-factors,

we get
/ |u(x) |71 da
o L B
o n—1
< (/ |0z u(yn, 2, - - \dyl) H </ / |Op, (1, Timr, Yis Ty, -, T)| Ay d-’m) :
Repeating this for x;,7 = 2,--- ,n, we obtain

/ \u(x)|% dxy---dx,

ey
< H (/ |ax1u L1y 3 Ti—1,Yiy Tit1, " " ;$n)| dzry - - dr;dydzisq - - dffn) .

Since the integrations are effectively done in D, it then follows that

3=

HUHL%(D) < H (/D O, -+ i1, Y Tiger, -+ 5 )| dwy -+ - diydyidi - - dxn)
i=1

Applying the geometric-arithmetic mean inequality to the right hand side, we obtain

[ — Z/m ()] dx

which is the p = 1 case of (2.43).
For the case of 1 < p < n, for any u € C}(D), we consider v := |u|"'u for some
r > 1 to be determined. Then Vv = r|u|""?uVu, and the p = 1 case of (2.43) applied

to v gives

([ 1ur= ) "< ety [ il < o ([ fuler )/ (/Dmrp)w,
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n

where 1/p’ +1/p = 1. Choose r such that (r — 1)p’ = r-25 =: ¢, which gives ¢ from
1/q=1/p—1/n, and leads to

([ 1ur) " < o) ([1vur) v

In a non-Euclidean setting, both the gradient of a function and the volume integral

]

are defined in terms of a background metric, so the formulation and proof of Sobolev
type inequalities need to account for that. Also, the often used scaling argument in
the Euclidean setting is no longer available. For example, the only possible exponents
for the validity of (2.43) in the Euclidean setting is the p* and p pair. This may not
be the case in the non-Euclidean setting.

We will use the hyperbolic space H" as an example to illustrate the necessary
modifications. We will use the upper half space model for H", described as {(x,y) :
x € R"'y > 0}, where the gradient |Vu(x,y)| of a differentiable function u at
(x,y) is given by y\/Z?:_ll |0z, u(x,y)]? + |0yu(x,y)|? and the volume integral is with
respect to y~ " dx dy. We will show that

—n 1 -n
[ s axdy < — [ [Fubelyaxdy (2.48)

Hn

for any u € C}(H"). A similar estimate also holds if we replace [y, [u(x,y)|y " dx dy

n—1
by (an u(x, y)[=Ty ™" dx dy) "
Its proof uses [u(x,y)| < [} [Onu(x, z)| dz and the following Hardy type inequality

/0"" v (/Oy |h(z)’dz) < %/OOO y"h(y)| dy (2.49)

For each x, we set h(y) = O u(x,y) and r = n — 1 in (2.49), then integrate over

for any r > 0.
y € (0,00), to get
o0 o0 y
| bl ray< [T < [ 1ouutx.2) dz) dy
0 0 0
I
/ y~ " V19,u(x, y)| dy
0

<
“—n—1
/ Y Vulx, )| dy
0

1
n—1

Finally, we integrate x over R"~! to conclude (2.48).
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Remark 2.13. Another often used technique for proving (2.43) is to use co-area
formula and isoperimetric inequality. In the Euclidean setting, the isoperimetric

inequality takes the form

Vol,(D) < C(n) (Vol,_1(0D)) - (2.50)

for any domain D in R"™.
For any given u € CI(R"), let Ej,, = {x € R : [u(x)| > t}, Pg
VOln_l(ﬁE‘u‘7t) and

ul,t

1 ifxe E\u\,t
0 if X Q E\u\,t

[u(x)]
lu(x)|P dx:/ / psP~ 1 ds dx
R" nJo

psp’IXE‘u‘vs (x) ds dx

o
= /0 /n ps* X, ,(x) dxds
-,

XE\u|,t (X) =

Then

ps”'Vol, (B ) ds,

which is the so called layer cake representation for the integral [, |u(x)[? dx, and

using the monotone non-increasing property of Vol,(E}, ) in s, we find

00 t
/ ps" Vol (B ¢) ds > / ps" ' Voly(Ejuye) ds = Vol (Eju.).
0

0

1 n +
With p = -+, we find i (Vol,(Ejye)) ™ < (fRn lu(x)| =T dx) . The co-area

formula gives

]Vu(x)\dx—/ Pl dt.
Rn 0

Thus
()77 dx = —" / £ (Vol, (El,))* " dt
SM( |n1dx) / P dt
n—1 0
:M( |n1dx> < IVu(x |dx)
n—1

from which we obtain the p = 1 case of (2.43).
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2.12 Additional Problems

Problem 2.12.1. This problem deals with the construction of solutions to the Dirich-
let problem on a round disk for the Helmholtz equation, namely,

(2.51)

for some given constant ¢ and (continuous) function g on 9B,,(0).

(i). If we look for a solution of Au(z)+ cu(x) = 0 of the form u = R(r)O(f). Verify

that R(r) and ©(0) must satisfy

R R
{R"(r) + #} O(0) + %@"(9) + cR(r)©(0) =0,
from which deduce that ©(0) satisfies the same (2.13) for some A and R(r)
satisfies R \
r
R"(r)+ — * [c — ﬁ} R(r) =0.
Although the problem here only needs R(r) for 0 < r < rq, this ODE for R(r)

is a linear one, so we will consider its behavior for r € [0, 00).

Recall that (2.13) has a non-trivial solution only iff A = k? for some k € Z. If
¢ > 0, then verify that J(r) = R(r/+/c) satisfies

with a? = A (2.52) is called Bessel’s equation of order a. Many prob-
lems in mathematical physics are related to these functions so they are exten-
sively studied—separable solutions to the higher dimensional Helmholtz equa-
tion would lead to an equation similar to (2.52) in structure, and can in fact be

reduced to (2.52); see Exercises in sections 5.4 and 6.8.

(2.52) has two linearly independent solutions. Their leading behavior near r = 0
are determined by r?, where 3 is determined so that 7 is a solution of an Euler
type ODE derived from (2.52) by keeping only the leading order terms near
r=0: R'(r)+ +R'(r) — f—; (r)=0. So f = +a. For f=a >0, (2.52) has a
solution of the form

200~ (5) % e s () 720

m=0
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where I'(z) = [;° t*"'e~'dt is the Gamma function, with T'(m) = (m —1)! when
m € N. When f = —a ¢ Z, a second linearly independent solution of (2.52)
is given by J_,, which is obtained by simply replacing o by —a in the above.
When = —a = —d € Z.y, J_4 as given above is not well defined due to the
poles of " at Z; a second linearly independent solution of (2.52) can be given
in the form of

= 20 (5) -2 () S (3)

where the a,’s are given explicitly. The same conclusion holds also for a = 0.

Note that the leading order term of Yy(r) near r = 0is 21In (%).

. Verify that in the case ¢ < 0, a similar transformation leads to

This is called modified Bessel equation of order «. Its solutions are spanned by
Jo(ir) and Y, (ir) — the same J, and Y, as in the previous part; other than the
possibly multi-valued nature of (g)ia and In (g), the remaining construction of
Jo(r) and Y, (r) are given by power series of  with infinite radius of convergence,
so extends to the entire complex plane z = z + iy (with z € C extending
x =1 >0); (2.52) thus holds for z =z + iy € C\ {R<}, with the derivatives
taken in the sense for complex analytic functions. When z = ir, r € RT,
using % = 47 ‘57‘2] = —‘57‘2{, we see that, when J(r) and Y'(r) are solutions to
(2.52), J(ir) and Y (ir) are solutions to the modified Bessel’s equation. Their

*a (except for Yy (ir), which

leading behavior near r = 0 are determined by (ir)
has leading order term %ln (%)), but their behavior near » = oo is distinct
from that of J(r) and Y'(r), respectively—the leading behavior near r = oo of
solutions to the modified Bessel’s equation is determined by R"(r) — R(r) = 0,
while the leading behavior near r = oo of solutions to the Bessel’s equation is
determined by R"(r) + R(r) = 0; the precise asymptotic behavior of Bessel’s

functions are more subtle than what these two equations may suggest:

2 art T _1

Jo(1) ~ — <Cos(r . Z> + O(r )) as r — 0o,
2 . amT T 1

Yo (r) ~ p— (sm(r -5 Z) + O(r )) as r — 00.
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(iii). In constructing a solution of (2.51) in the case ¢ < 0, separation of variables

leads to consideration of a proposed solution of the form

[are™ + bre ] Ji(iv/]elr).

NE

b
Il

0

Here we do not use Y}, as it would be singular near » = 0. Note that Jk(i\/ﬂr)
has no zero for r € (0,00) for any k (this can be proved by the maximum
principle or the energy method to be introduced later). Prove that (2.51) in
this case has a solution for any give g € C'(9B,,(0)) (other methods for proving
the existence of a solution of this problem, such as the variational method, will

be introduced later).

(iv). In constructing a solution of (2.51) in the case ¢ > 0, one would work with
a proposed solution of the form )7 [akeik(’ + bke_““’] Je(y/cr). Tts boundary
value on 9B,,(0) would be given by Y77 [are™ + bre=*] Ji(\/cro).

Note that, this time, each J; has a discrete but infinite number of zeros 0 <
Tha < Tra < -+, with rp; — 00 as I — oo. If ¢ and rq are such that v/cro = g,
for some k, 1, verify that v = [aze®® + bre=*?] Ji(\/cr) is a solution of (2.51),
which is not trivial if a; and by are not all zero. A non-trivial solution of (2.51) is
called an eigenfunction of A on B,,(0) with zero Dirichlet boundary condition.
You will be asked below to prove that in such a case there will be necessary
conditions on g in order for (2.51) to have a solution—note that in such a case,
the component [aze®*® + bre=*?] J,(y/cr) in the above construction will be 0
when r = rg, so, on a heuristic level, such a construction would not be able take

on a boundary value ¢ if g has a non-zero component in [akeike + bke_ike}.

Follow the instruction below to prove that a necessary condition for (2.51) to

have a solution is that

27
/ g(roew)eﬂkedG =0 for each k such that \/cry = ry; for some .
0

(a). Verify that for any pair of C? functions u and v,
[Au(z) + cu(x)]v(z)—u(z) [Av(z) + cv(x)] = div[v(z)Vu(x) — u(z)Vo(z)].

(b). Suppose that \/cro = ry,,; for some k, . Set v(z) = Ji(y/cr)eX™*. Note that
[Av(x) + cv(x)] = 0, and v = 0 on 0B,,(0). Use the divergence structure

above and Green’s theorem to prove that if u is a solution of (2.51), then

/ g(roeia)av(x) rodd = 0.
9By, (0) r
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Note that ag(f)bgro(o) = /cJ}(v/ero)eT ™. Argue that J)(y/crg) # 0, and

use this to conclude the proof for the necessary condition.

Problem 2.12.2. This problem studies the solutions of Agnu = —Au (see Exer-
cise 1.1.11).

(a). Show that a separable solution Au(z’,y) = 0 of the form ¢™®€Y (y), where

¢ € R" ! is a vector parameter, leads to

YY" (y) + 2 —n)yY'(y) + (A= [£P]y*)Y (y) = 0.

Note that the behavior of Y (y) neat y = 0 is dictated by y*Y”(y)+(2—n)Y"(y)+
MY (y) = 0, while that at co is dictated by Y (y) — |£]*Y (y) = 0.

(b). Show that the change of variable Y (y) = y™ Y/2y(y) leads to the modified

Bessel’s equation:

v " () + 9’ (y) — (0 —1)2/4 = X+ [€]29°)o(y) = 0.

Note that the leading order term of v(y) at y = 0 is dictated by solutions of the
Cauchy-Euler ODE y%v”(y) + yv'(y) — ((n — 1)2/4 — N)v(y) = 0, which takes
the form of y*V"~1?/4=2 " Uge maximum principle on v(y) to show that, in
the case of A < (n — 1)?/4, the only solution which tends to 0 as y — 0 and
as y — oo is v(y) = 0. Conclude that the solution v(y) which is asymptotic to
e v as y — oo must have y~ VD472 a5 its leading order term as y — 0.
(n — 1)?/4 turns out to be the bottom of the continuous spectrum of —Agn,

namely,

(n—1)*/4=inf{ [ |Vul*dV : / lu|*dV = 1,supp (u) compact in H"}.
Hn

n

Problem 2.12.3. Assume the following form of the isoperimetric inequality in H"™:

n

Vol,_1(8D) > C(n)’ ( Vol,, (D)™ + Voln(D)> . (2.54)

n—1

Model on the proof of the (2.43) in the Remark at the end of the last section to prove

the following version in H"™:
[ 1vu] Vol = €y (Jall ey + lilloan) — (255)
for any u € CH(H").
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Problem 2.12.4. This problem provides a different approach to the condition on
a hyper surface across which a piecewise C? solution of a second order PDE of the
form 377", aij(2)92 , u(r) = f(r) may experience a jump discontinuity of the second
order derivatives. More precisely, let ¥ be a hyper surface, u* are C? functions on
the two sides of Y, respectively, and satisfy the above PDE in their respective region,
and u®, together with their first derivatives agree across X, but experience a jump
discontinuity of some of their second derivatives.

Suppose that ¥ is described by ¢(x) = 0 near zy € X, where ¢ is a C! function
and we may assume that 0., ¢(zg) # 0. Thus the map =z — (y,7) := (2/, ¢(x)),
' = (21, ,x,_1), defines a local diffeomorphism. Define v*(y, 7) = v (2, ¢(z)) =
u®(z). Then what is given is that v=(y, 7) agree across 7 = 0, and equal a C? function
of y: vE(y,0) = g(y). This transformation from u to v transforms the hyper surface
Y. into a piece of the flat hyper plane {(y,0)}, and is a commonly used technique in

theoretical investigations.
(1). Verify that

Uz, (2) = v (y, 7) + 0T (y, 7) s, (), 1 < i S — 1,
Uz, (1) = 07 (Y, 7)¢a, (2),
Uz, (1) = Uy (4, T) 0y (4, T) W, (2) + vy (y, 7) i, (2) + 07 (4, T) P, (),
Uz, (0) = Uy (4, T) P, () + 07 (Y, T) b () + 07 (4, T) b, (), (),
Uz, (2) = V5 (Y, ) (02, (1)) + 07 (Y, T) b0, ().

The assumption that u®, together with their first derivatives agree across X,

is equivalent to v*(y,7) and vE(y, 7) agree across T = 0. Let v(y,0) = h(y).

Then vy (y,0) = hy,(y) agree.
The above relations imply that if vE (y, 7) agree across 7 = 0, then all the second
derivatives of u would agree across . Thus a jump discontinuity of some of

the second derivatives of u across X is equivalent to a jump discontinuity of

v (y,7) across T = 0.

(ii). Verify that the PDE Y7 _| a;j(2)0? , u(x) = f(x), expressed in terms of v(y, 7)

1,j=1 TiTj

has the form

(Z aij(x)gbﬂ?igbﬂ?j ({L‘)) ’U;Er(y, T) + R = f($)7

i,j=1
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where R stands for sum of linear expressions in viT(y, T), vi for1 <i:<n—1,
and in vE. Since all these terms agree across 7 = 0, conclude that v (y, 7) may
experience a jump discontinuity across 7 = 0 only if Zf o1 i (7)Pe;@r;(x) =0
for x € X. Note that V¢(x) stands for a normal vector to ¥ at x € X, let

v(x) be a unit normal vector to ¥ at z € X, so this condition is expressed as
2 g1 @i (x)vi(w)v;(z) = 0.

Conclude that for the wave equation uy(z,t) — c*Au(z,t) = 0 in R” x R, a

piecewise C? solution may have a jump discontinuity of some of its second

derivatives across a hyper surface of the form ¢ = () only if 1 = |V (z)|*

. Conclude that for the Laplace equation Au(z) = 0 in R", a piecewise C? solution

can’t have a jump discontinuity of any of its second derivatives across any hyper

surface in its domain.
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Chapter 3

Additional Elementary Solution
Methods

3.1 Method of Characteristic Curves Applied to

the One Dimensional Wave Equation

We next explore another approach related to the method of ODEs to find a solution
formula for the one dimensional wave equation us; — c*u,, = 0 for (z,t) € R?. One
ingredient is to recognize that wuy — c*uy, = (0 — ¢0,)(0r + cOx)u. So if we set

(O + cOz)u = v(z,t), then we are to solve a system of first order equations

(O + O )u = v(x, 1), (3.1)
(0 — cOp)v = 0. (3.2)

A second ingredient is to think of the actions of the first order differential operators
in (3.1)-(3.2) at each point (z,t) as a directional derivative. Thus, for (3.2), there is
a vector-field which takes the value (—c, 1) at every (z,t), along the integral curve
of which v remains a constant. These integral curves are called the characteristic
curves for the wave equation. Here, the integral curves satisfy flj—f = —c¢, which
implies that © = —ct + xy. Thus v(—ct + x,t) is a constant of ¢ and is equal to
v(xg,0), which follows from

d
av(—ct + 29, t) = —cvg(—ct + xo,t) + vi(—ct + 20, t) = (0 — cOx)v((—ct + xo,t) = 0.

In other words, v(z,t) = v(x + ct,0). Plugging this into (3.1), and applying the same
method, we find

d
%u(ct + 21,t) = (O + cOp)u(ct + x1,t) = v(ct + x1,t) = v(2ct + x1,0).
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Thus

t x1+2ct
u(ct + x1,t) = u(xy,0) + / v(2eT + 21, 0)dT = u(x1,0) + / v(y,0) dy/2c.
0

1

On setting z = ct + x1, we see x1 = x — ct, and
x+ct

w(z,t) = u(z — ct,0) + / v(y,0)dy/2c

—ct

=u(x —ct,0) + /Hct [(Or + cOy)u(y,0)] dy/2c

—ct

= u(x — ct,0) + /%JrCIt u(y,0) dy/2¢ + [u(z + ct,0) — u(z — ct,0)] /2

—ct
x+ct

= [u(x + ct,0) + u(x — ct,0)] /2 + 216/ u(y, 0) dy.

—ct

This recovers the d’Alembert’s formula.

Remark 3.1. The derivation process here also proves that a C? solution of (2.11) is
unique, while that is not the case for the solution formula for the heat equation or
for the Poisson formula, or even the method for finding the d’Alembert’s formula in

the last section.

This method can be easily extended to solve the non-homogeneous problem

(3.3)

(3.2) now needs to be modified into
(O — cOp)v = f(x,t).
But the same method gives now

v(xg — ct,t) = v(x, 0 /fl’o—C’T’T

which can be rewritten as v(z,t) = v(z + ct,0) + fo x + ct — er,7)dr, Then the

same relation Lu(ct + xo,t) = v(ct + xo,t) gives
¢
u(ct + o, t) = u(xp, 0) + / v(xg + e, 7)dT
0
t T
= u(x,0) + / [’U(QCT + 20,0) + / f(zo + 2¢1 — cs, s)ds} dr
0 0
xo+2ct t T
= u(x,0) + / v(y,0)dy/2c + / / f(zo + 2¢T — cs, s)dsdr.
0 Jo

zo
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3.1. METHOD OF CHARACTERISTIC CURVES

On setting x = ct 4+ xg, we see xg = x — ct, and

(3.4)

Theorem 3.1. Assume that g € C*(R), h € C'(R), and f € C*(R x [0,00)). Then

t — ot 1 x—l—ct T4c(t— s)
u(x’t):g(x+c)+g(x C)—i-—/ dy+—// s) dyds

2 2c T—ct c(t—s)

provides a C*(R x [0,00)) solution of (3.3), and this solution is unique.

The process that leads to (3.4) does not seem to need differentiability of f, but
the verification that the said formula indeed provides a C?*(R X [0,00)) solution of

(3.3) would require some differentiability of f, as

</ /:Jcr;(ts)s) f(y,s dyds> / [f(x+c(t—s),s)+ flx—c(t —s),s)]ds,

and further differentiation in x would require some differentiability of f in x. In
fact, when one checks through the proof here, one only needs that the spatial partial

derivative of f in x exists and is continuous.

Corollary 3.2. Suppose that f =0 in the region |[x| > RO<t<T, andg=h=0
in the region |x| > R. Then the solution u to (3.3) is 0 in the region |x| > R+ ct.

Remark 3.2. In order to obtain a solution that is C*(R x [0,00)), f is assumed to
be C'(R x [0, 00)), which has one additional order of differentiability than the second
order derivatives of the solution u. This “loss of differentiability” of the solution with
respect to data f is a feature of the solution of the wave equation. One can check
that, with f(x,t) = |ct — || — 1], the solution as provided by the formulae above is
not in C? near (0,1/c).

Remark 3.3. The method of characteristic curves is most effect on solving first-order
PDEs; we will discuss its general theory later on. It is applicable here because the

one-dimensional wave operator 97 — ¢?9? happens to be the product of two first order
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CHAPTER 3. ADDITIONAL ELEMENTARY SOLUTION METHODS

linear differential operators. If we consider a perturbation to the wave operator of
the form 07 — 0% + ad; + b0, + d, then the method, as presented, may not apply
readily.

Remark 3.4. We now supply a proof for the uniqueness of generalized solution to
(2.10) using Holmgren’s approach. It suffices to prove that if u is a generalized solution
with u(z,0) = us(x,0) = 0, then w is identically 0. From (2.22) we have

// (g — o) dadt = 0,
Rx[0,00)

for all n € C*(R x [0,00)) with compact support in R x [0,00). If we can find 7 to
solve 1y — 1, = u, and are allowed to insert such an 7 in the above integral relation,
it would lead to u = 0. However, our solvability for such an equation requires some
regularity on u; and we would need 7 to have compact support in R x [0, 00). This
difficulty is resolved by the following approximation scheme.

We will assume that v € L*(R x (0,T)) for any T' > 0. Fix any 7' > 0, then there
exists a sequence u, € CH(R x (0,T)) such that limy_ ||u — w|| 2% (0,1)) = 0. For

each uy, we can use d’Alembert’s formula to construct a classical solution 7 to
Nt — CNee = ug, for (z,t) € R x (0,7),
n(z, T) =0,
ne(x,T) = 0.
Note that the initial data for n is placed at ¢ = T', and that n; will have compact
support in R x [0,00) — n(x,t) = 0 for t > T would make n € C?(R x [0,00)), as

uy has compact support in R x (0,7"). Thus we can use these 7, as test functions to

// uu, = 0, for each k.
Rx(0,T)

Sending k — oo, we obtain ffo(o ) u? dxdt = 0. Thus u = 0.

obtain

Exercise 3.1.1. Apply the method of characteristic curves to study the solvability

f
’ (0 + cOp)u = f(x,t)  (z,t) € RT x RT,
u(z,0) = g(z) r € RY,
u(0,t) = h(t) teRT.

(a). Assume f = 0 and ¢ > 0. Derive a solutions formula for u(z,t), and discuss

conditions on g and h to make this u a continuous, and then a C*, solution in
Rt x R*.
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(b). Repeat the discussion in (a) assuming ¢ < 0.
(c). Repeat the discussion in (a) assuming ¢ > 0 and a general f.

Exercise 3.1.2. Apply the method of characteristic curves to study the solvability

of
{(&t +cxdy)u= f(x,t)  (z,t) € R x RY,

u(z,0) = g(x) z e R.

Hint: The integral curves of the vector field (cz, 1) satisfy % = cx.

Exercise 3.1.3. Apply the method of characteristic curves to study the solvability

of
{(&t +ctd)u = f(x,t)  (z,t) e Rx RT,

u(z,0) = g(z) z € R.

3.2 The Duhamel’s Principle

We next explain the Duhamel’s principle, which gives a procedure for constructing a
solution of non-homogeneous linear PDEs based on the construction of solutions to the
corresponding homogeneous equations, assuming homogeneous boundary condition(s)
if we are solving an IBVP. We first illustrate this method in the context of solving an

IVP for the wave equation.

Theorem 3.3. Assume that f(z,t) € C(R x [0,00)) and that for each t, f(-,t) is C*

in x € R. For each parameter s, let S(x,t;s)[f] be the unique solution of

(3.5)

Then ,
u(w,t):/o S(z,t;8)[f]ds

solves
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Remark 3.5. The conclusion above was written in a schematic form. In the partic-
1 [ate(t—s)
2¢ Ja— c(t—s)

x—l—cts
t) s)dyd
oty =g [ s

This reproduces the same formula as given in Theorem 3.1.

ular case here, since S(z,t;s)[f] = f(y, s)dy, we have

We now provide a justification for the solution representation derived from the

Duhamel principle. Formally,

u(z,t) = Sz, t;t)] /Stxts dS—/StSL’tS
u(x,t) = Se(x, t;t)[f] + / Su(z,t;8)[flds = f(x,t) + / Su(z, t; s)[flds,

0 0

um(x,t):/o Sez(x,t; 8)[f]ds.

So
U (7, 1) — gy (z,t) = f(z,1).

Of course, appropriate smoothness assumptions on f(x,t) is needed to justify dif-
ferentiation under the integral signs. In the case of the wave equation continuous
differentiability of f(x,t) in = would guarantee the existence of Sy(x,t;s)[f] and
Szz(x,t;8)[f]. For some IVP, even when they exist for ¢ > s, without further regular-
ity assumption on f, terms similar to Sy (x,¢; s)[f] and S..(z,t; s)[f] may not be well
defined when t = s, for example, they may contain a negative power of ¢t — s which is
not integrable in s —we will see this in the context of the heat equation.

This Duhamel construction also works for solutions of general IVP of PDEs.

Remark 3.6. It turns out that solutions to the special homogeneous wave equation
(3.5) can be used to construct general solution to the Cauchy problem (3.3). A

solution of (3.3) can be constructed as

t
S(x,t;0)[h] + %S(x,t; 0)[g] +/0 S(x,t;s)[f]ds.
The only thing to be verified is that v(z, t) = £ S(x,t;0)[g] solves (1 10) with v(z,0) =
g(z), and v,(z,0) = 0. By construction S(z,t;0)[g] solves (1.10). £ and the wave op-
erator commute, so as long as g has appropriate regularity (C? sufﬁces), it’s clear that
v(z,t) = 25(z,t0)[g ] solves (1.10). Also by construction, v(z,0) = 45(z,0;0)[g] =
g(x), and vy(z,0) = LS (x, t;:0)[g]|im0 = 2025 (x, t;0)[g]]im0 = 0, as S(z,0;0)[g] = 0.

dt2
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3.2. THE DUHAMEL’S PRINCIPLE

In the case here as well as in cases where the differential equation is invariant
under translation in ¢, using the change of variable ¢t — s = 7 and the translation
invariance in t, one sees that S(z,t;s)[f] = S(x,t — s;0)[f(,s)]. Thus (3.5) reduces
to solving a special case of (2.10).

The Duhamel principle here has its origin in the solution to a non-homogeneous
linear system of ODEs

w/(t) — A(yw(t) = £(t), (3.7)

which is represented using solutions to the corresponding homogeneous linear system
of ODEs w'(t) — A(t)w(t) = 0. Here we assume that w(t) is an unknown vector valued
function with n components, and A(t) is a continuous n X n matrix valued function.
Suppose that W (t) is a matrix valued fundamental solution of w'(t) — A(t)w(t) = 0,
namely each column of W (t) is a solution of w'(t) — A(t)w(t) = 0, and W(0) is
non-degenerate (equals I, say). Then w(t) = f(f W (t)W~1(s)f(s)ds is a solution of
(3.7) with w(0) = 0—it’s an elementary fact that W (¢) remains invertible for all ¢.
Denote U (t; s) = W(t)W_l(s), and S(t; s)[f] = W)W 1(s)f(s) = U(¢; s)f(s), then

fo flds, and U(t; s) as a (matrix valued) function of ¢ is a solution to
U’( ) A(t)U( ) = 0 with U(s) = I, S(t;s)[f] as a function of ¢ is a solution to
u'(t) — A(t)u(t) = 0 with u(s) = f(s).

We briefly review the derivation of the ODE case using the variation of parameters
method, then give a different, heuristic, derivation, which gives a better idea on why
f(z,s) is placed in that initial condition of (3.5) and can be adapted to the PDE
setting.

Recall that any solution w(t) to w'(t) — A(t)w(t) = 0 can be expressed as W (t)C
for some column vector C. When A(t) = A is a constant matrix, we can take
W(t) = et

The variation of parameters method suggests that we can look for a solution of
(3.7) in the form of w(t) = W(t)C(t), where C(t) is a column vector of coefficient
functions to be determined; it follows routinely that W( )C'(t) = f(t), so C'(t) =
W=1(t)£(t), from which we know that C'(¢ fo s)ds is a solution, and

(/W > /W $)f(s)ds.
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We now give another heuristic derivation of the Duhamel formula, explaining how
the non-homogeneous term f(t) in (3.7) gets converted into the initial condition and
how this idea is adapted to the PDE setting®.

The key idea is that if f(¢) is 0 except for a short burst of time interval, say,
during [s, s + As|, then any solution w(t) to the non-homogeneous equation w’(t) —
A(t)w(t) = f(t) will solve the homogeneous equation w'(t) — A(t)w(t) =0 for t < s
and for t > s+ As. The condition w(0) = 0 and the homogeneous equation would
give us w(t) = 0 for 0 < t < s. We will use the data of f(t) for ¢t € [s,s + As]
to produce an initial condition for w at ¢ = s + As and use it, together with the

homogeneous equation for w(t), t > s + As, to construct w(t) for ¢t > s+ As.

More specifically, we approximate w(s + As) by f(s)As, based on the equation
w'(t) — A(t)w(t) = f(t) and w(s) = 0 providing a rate of change f(s) for w(t) at
t = s. Then we solve w(t) for ¢ > s + As using the homogeneous equation and
w(s + As) = f(s)As as initial data, which would give us S(t; s + As)f(s)As.

To deal with general data f(¢), we use partitions to decompose f as the superpo-
sition of “pulse funtions” as described above. Technically, we do a partition of [0, ]
into 0 = sp < §3 < --- < sy = t, and construct the “pulse functions” f;(7) = f(s;)
when s;_1 <7 < s;, and f;(7) = 0 elsewhere; namely, f;(7) = f(s;)x{s;j-1 <7 < s;},
where x{s;_1 <7 <s;} =11if s;_1 <7 < sj, and = 0 otherwise. If f is continuous,
then, when the partition size tends to 0, Zjvzl f;(7) provides a good approximation
to f(7) over 0 < 7 < ¢, and if we construct a solution v;(t) which solves the same
type of IVP with f; replacing f, v;(0) = 0, Zjvzl v;(7) is then expected to be a good
approximation for w(7) for 0 <7 <t.

Here, f;(7) may have jump discontinues at 7 = s;_1, s;, so v;(7) may not be C,
but there is a well defined solution v;(7) which is continuous, has a well defined left
derivative and right derivative at each point, and is piecewise C*.

Notice that, f;(7) = 0 except when s;_; < 7 < s;, and outside [s;_1,s;), v;(T)
solves the homogeneous DE v/(7) — A(7)v;(7) = 0; furthermore, using the homoge-
neous DE satisfied by v; over [0, s;_) and the initial condition v;(0) = 0, we conclude
that v;(7) = 0 when 0 < 7 < 554, and Vi(s;_1+) = f(s;); in addition, when the

partition is fine, namely, when s; — s;_; is small, using v}(s;_1+) = f(s;), we have

vi(s5) = vi(sj—1) + vi(sj1t+)(s; — sj-1) = £(s5)(s5 — 85-1),

*The discussion here is only for building some intuitive understanding, and is not strictly needed
for proving the validity of the Duhamel Principle.
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3.2. THE DUHAMEL’S PRINCIPLE
so v;(7) can be approximated by V;(7) in the range s; < 7 <, where
Viir) = AmVi(1) =0 s; <7<t Vjls;) = (s;)(s5 — 55-1).

But this implies that V;(7) = U(; s;)f(s;)(sj—sj_1) for s; <7 < t. Thus Zjvzl Vi(t) =
Z;.V:l U(t;s;)f(s;)(sj—sj—1), which is a Riemann sum for the integral fot Ul(t; s)f(s)ds.
Since we expect Zjvzl V;(t) to approach Zjvzl v;(t), which tends to w(t) when the
partition size goes to 0, we thus expect w(t) = fot U(t; s)f(s)ds.

Below we adapt the Duhamel principle to give a heuristic derivation for a solution
of the wave equation. Intuitively, we can approximate f on the interval R x [0, ¢] by

the following piecewise defined function

f(x,7) = f(x,s;), whens;_; <71 <s;,

where 0 = sy < 5, < --- < sy = t is a partition of [0,¢]. We can rewrite f(z,7) as
N
f(flf,T) = Zf(xa Sj)X{Sj—l <7< Sj}a
j=1

where x{s;_1 <7 <s;} =1ifs;_; <7 <s;, and = 0 otherwise. When s; —s;_; >0
is small, f(z,s;)x{sj—1 < 7 < s;} represents “turning on” f(z,s;) only for a short

burst of time during s;_; < 7 < s;. Let v;(z, 7) be a solution of

02vj(w,7) — (. 7) = f(x,55)x{sj-1 < T < 55},

Then, v(z,7) = 3.~

j=1Vj(z,7) is a solution of

(x,7), in R x|[0,t],

We will construct an approximation to v; using a solution of the homogeneous
wave equation—mnote that v; solves the homogeneous wave equation outside of 7 €
[sj_1,s;). First, applying the d’Alembert’s formula to v; in the range 0 < 7 < s;_4,
we obtain vj(z,s;_1) = 0, d,vj(x,s;_1) = 0, thus d?v;(z,s;_1) = 0; but the PDE
gives 0%v;(z,sj-1) = f(x,s;). When s; — s;_1 is small, v;(z,s;) ~ vj(z,sj-1) +

0;v;(z,8j-1)(s; —sj—1) = 0 (up to order s; — s;_1), and 0,v;(z, s;) = Orvj(x, s;—1) +
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CHAPTER 3. ADDITIONAL ELEMENTARY SOLUTION METHODS
02vj(x,sj-1)(sj — sj-1) = f(x,8;)(s; — sj-1). So for T > s;, v;(x, ) is approximated
by Vj(x,t), which solves

Vrr (2, 7) — c2vm(x, T)

0, fors; <7<t
0

v(z, s5)

vr (2, 85) = fl,85)(s5 — sj-1)-

Y

Vi(z,7) =v(z,7) depends on f(z,s;) linearly, so we may write

‘G(I7T) = S(va; Sj)[f](sj - Sj—l)v

where S(z,7;s;)[f] solves the same problem as Vj(z,7) = v(x,7), with the only
difference being the second initial condition 0,S(x, 7;s;)[f] }T:S_ = f(x,s;). Since

N N

> Vilw ) = S, t5)[f1(s; — 55-1)

j=1 j=1

is a Riemann sum for the integral fot S(x,t;s)[flds, we expect u(z,t) = fg S(x,t;s)[f]ds
to be a solution of (3.6), with u(z,0) = u;(x,0) = 0.

Remark 3.7. Since S(x,t;s)[f] depends on f linearly and f plays a role by its value
at s, we can adapt the idea used above to further treat f(-,s) as the superposition of
pulse-like function in the spatial variable z so that S(x,t;s)[f] is the superposition
of solutions with pulse-like function as initial data, which motivates the notion of a
fundamental solution to the IVP.

This is done by using the approximation f(x,s) ~ > f(y;, s)x.(x — y;), where y;
is a point in the j-th box (or ball) of a partition of the domain of f(x,s) of size e,
and x.(z — y;) is the characteristic function of this j-th box, equal to 1 on this box,
and 0 elsewhere—namely, using spatial “pulse functions” to approximate f(y, s), then
S(x,t;s)[f] will be approximated by > f(y;, s)S(x, t;5)[xc(x — y;)]. Namely, we can
reduce the construction of a solution to a non-homogeneous IVP to one of solutions
to the corresponding homogenous PDE with a special kind of initial data: temporaly
and spatially localized near a point.

Since «;(e) o [ Xe(z —y;) de — 0 and the support of x.(z — y;) shrinks to
y; as € = 0, aj(e) 'xe(xr — y;) — d(z — y;) in the distribution sense as € — 0,
and in favorable cases, S(z,t;s)[a;(€) 'x.(z — y;)] has a limit as e — 0, labeled as

S(x,t;s)[6(- — y;)]. Furthermore, it is reasonable to expect
S, ts)[f) = 1im Y Fys,5)S (2, t:8)[a; ()~ xelw—yy)lay(€) = /U(fc,t; Y, )y, s)dy,
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3.2. THE DUHAMEL’S PRINCIPLE

where U(x,t;y,s) = S(x,t;s)[0(- — y)] as a function of (z,t) solves the same problem
as Vj(x,t) = v(z,t) in the heuristic discussion, with the only difference being the
second initial condition

OU (139, 5)|,_, = 6(z —y).

So the solution u(x,t) = fg S(z,t;s)[f]lds can also be expressed as

/Ot/U(“"’t?i‘/a s)f(y, s)dyds.

Here U(z,t;y, s) is a so called fundamental solution.
In the case of the wave equation, since it is defined as the limit of S(z, ¢; s)[a(€) "ty (z—
y)] as € — 0, and

z+c(t—s)
Sz, t:)ol) " xe(r — 9)] = — / a(€) xela’ — y) da',

2c x—c(t—s)
it can be worked out easily as

5> fz—ct—s)<y<a+c(t—s)andt>s,

Uz, t;y,s) = 2
0

otherwise,

if —c(t—s)<z—y<c(t—s)andt>s,

1
2
0 otherwise.

The advantage of introducing U (z, ¢; y, s) is that it depends only on the wave equation,
not on f; the price to be paid is that it has jump discontinuities along x —y = +e¢(t —
s),t > s. But [U(z,t;y,s)f(y,s)dy = f;tctt ss) f(y, s)dy regains differentiability in
x and t if f is continuous.

Exercises

Exercise 3.2.1. This problem deals with the Duhamel principle applied to the non-
homogeneous version of IBVP (2.1), replacing 0 on the right hand side of the equation
by f(z,t). Note that the Fourier series solution of (2.1) can be expressed as an

nmE )

integral involving the initial data g as follows. Using cn =7 fo ) sin( dzr in

u(w,t) =307 | cpsin(2E)e (7 ’t prove that for t > 0, u(x,t) fo G(z,y,t)dy,

where

2 s
G(ZL’, Y, t) = 7 Z sin(#) Sin(nlﬂ)e_(T) t
n=1
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Denote fol 9(y)G(z,y,t)dy by H[g](x,t). Derive that

¢ I t gl
g+ [ 1N t=s)ds = [ oGy tydre [ [ Glapt=s)1(0.5) dus
is a (formal) solution of

Uy — Ugy = f(z,t),  for (x,t) € (0,1) x RY,
u(0,t) = u(l,t) =0, for t > 0,
u(z,0) = g(z), for x € (0,1).

Exercise 3.2.2. This problem deals with the Duhamel principle applied to the
Cauchy problem for the heat equation:

(3.8)

Note that U(z,7;s) = [, K(x —y,7 — s)f(y, s) dy is a solution of

U,— U =0, for (z,7) € R x (s,00),
U(z,s;s) = f(x,s), forxeR.

Prove that, if f is C*! in its variables, bounded, and with bounded first derivative in

x, then

t
(1) = / / K(z -yt —5)f(y,s)dyds € C(R x BF) N C2}(R x RY)
0 R
is a solution of (3.8), where
C2} (R x RT) = {u(z,t) : 970/u € C(R x RT) for all a + 2b < 2},

and K (z,t) is the heat kernel to the heat equation as introduced in (2.18). (Remark:
Differentiation under the integral sign can not be justified if one merely assumes f to

be continuous, as the best one can get under this assumption is |Uy(z,t; s)| < Cn:%’;m,

which is not sufficient to justify % f(f Uz, t;s)ds = fot Ui(z,t;s)ds. (HINT: Justify

Ui(z,t;s) = /Kt z—y,t—s)f(y,s /VK —y,t—35)-V,f(y,s)dy

and use it to get an improved bound on |Uy(x,t;s)|. As we will discuss later, some

Hélder continuity on f is enough to justify differentiation under the integral sign.)
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3.3. REFLECTION METHOD AND COMPATIBILITY CONDITIONS

3.3 Reflection Method and Compatibility Condi-
tions: Applied to One Dimensional Wave Equa-
tion on the Half Line

We use the one dimensional wave equation on the half line to illustrate the reflection
method and discuss the issue of compatibility conditions. Consider

(

(3.9)

\

We want to use the d’Alembert’s formula for the Cauchy problem on the entire axis
to construct a solution of the above problem on the half axis. In order to satisfy the
boundary condition u(0,t) = 0, for ¢t > 0, it is natural to do an odd extension of the

initial data and the right hand side of the equation:

_ g(z), x>0
g(x) = ,
—g(—z), ifz<0.
h(z) = h(z), if © > 0;
—h(—z), ifx<0.
f(m,t) _ f(z,t), if x> 0;

—f(==x,t), ifz<O.

Then

(3.10)
is the solution formula provided by the d’Alembert’s formula—it is a smooth solution
of the wave equation provided §(z), h(x) and f(z,t) have sufficient smoothness. Due
to the odd symmetry, @(0,¢) = 0 for all ¢ > 0. In the region x > ct, u(x,t) is expressed

in terms of the given initial data and f(z,t) on z > 0:

1 z+ct 1 t x+c(t—T)
o) = o+ c) gl + 5 [ wdy+g [dr [ gy
2 2c 2c Jo -

x—ct —c(t—)
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In the region x < ct, we can convert the integral f +Ct h(y) dy to f Tty y)dy to
obtain
1 1 ac—l—ct ztc(t— ’T)
(z,t) = = [g(z +ct) — g(ct —x)] + — / y) dy + —/ dT/ 7) dy
2 2c ct—x z—c(t—T)

where the last integral can also be expressed in terms of integrals of f(y, t) in intervals
of y > 0. Note that when 0 < z < ct, the characteristic curve through (z,t) is a
straight line which intersects the t-axis at (0,2—?), and it gets reflected into a straight
line which intersects the x-axis at ct — .

From Theorem 3.1, in order for a(z, ) to be a C? solution for all (z,t), a sufficient

condition is to assume § to be C2, and h, f to be C'. This amounts to

g € C?[0,00),9(0) =0,  4"(0) =0;
h € C*0,0), h(0) = 0;
f € CH]0,00) x [0,00)), f(0,t) =0, for all ¢ > 0.

But these conditions are too restrictive. Assuming only that ¢ € C?[0,00), h €
C10,00), and f € C*(]0,00) x [0,00)), the formula in (3.10) provides a function
which is C? in (z,t) € [0,00) x [0,00) with possibly the exception along = = ct.

In order for @ to be continuous at the corner point (0,0), a necessary condition is
that lim, o, @(z,0) = lim; oy u(0,t), i.e., g(0) = 0. In order for @ to be C! at the
corner point (0,0), a necessary condition is that lim, o4 %(x,0) = limy o4 @(0, 1),
i.e., h(0) = 0. In order for @ to be C? at the corner point (0,0), a necessary condition
is that lim, ,o; Uz (2,0) = lmy oy U (0,¢). Since lim, o1 @ (2,0) = ¢”(0), but

limy o4 U, (0,¢) can be calculated through the equation as
Jim [ (0.8) — F(0.0)] /¢ =~ £(0.0)/¢*

we have ¢”(0) = —£(0,0)/c?

g(0) = 0,h(0) = 0, and ¢"(0) = —f(0,0)/c* are the compatibility conditions
of up to second order derivatives for (3.9) at (0,0). Note that these compatibility
conditions are obtained by examining the boundary/initial conditions, as well as the
PDE at the corner point (0,0)—all these conditions are supposed to hold on the
closure of the domain, in particular, at the corner point (0,0) for a solution which
is C% in [0,00) x [0,00). It turns out that these compatibility conditions are also

sufficient conditions for @ to be a C? solution in (z,t) € [0,00) x [0, 00).

Remark 3.8. From both physical and mathematical points of view, it is too restric-

tive to demand to deal only with C? solutions. Examination of the above discussion
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shows that if we assume ¢(0) = 0, then @(z,t) will be continuous in [0, 00) x [0, 00);
and if we we assume h(0) = 0, in addition to g(0) = 0, then @(z,t) will be C! in
[0,00) x [0,00). In both cases the formula (3.10) should be regarded as providing a
generalized solution—we will discuss later (in section 3.5) on the appropriate rules in

defining generalized solutions; but first see Exercise 3.3.3 below.

Remark 3.9. The compatibility issue also arises in the initial-boundary value prob-
lem (2.1) for the heat equation. Theorem 2.2 provides solutions that are smooth in
[0,1] x (0,00) without necessarily requiring g(z) = u(x,0) to be compatible at x = 0
or [ with the boundary conditions u(0,¢) = u(l,t) = 0 for ¢t > 0; but the resulting
solution may not be in C([0,[] x [0,00)). In order to obtain a solution that is in
C(]0,1] x [0,00)), we need to assume ¢(0) = g(I) = 0; and in order to obtain a solu-
tion that is in C?([0,1] x [0,00)), we need to assume further that ¢”(0) = ¢"(I) = 0,
as the equation in this case u;(x,t) — uz(x,t) = 0 would need to be satisfied at (0, 0)
and ((,0).

Exercise 3.3.1. Apply the reflection method to study the IBVP

U — Uge = f(z,1), for (x,t) € RT x [0, 00),
uw(z,0) =g(x), for x>0,
u(0,t) = h(t), for t>0.
(a). Assume h = 0. Use the method of this section to establish a solution formula for
u(z,t) in terms of g(z) and f(z,t). Then discuss compatibility of the boundary

and initial conditions at (x,t) = (0,0), and the sense in which the solution

u(x,t) takes on the initial value g(x).

(b). Repeat the same discussion for a general hA(t). (You may assume h(t) to be

continuously differentiable and carry out the substitution v(z,t) = u(x,t) —
h(t).)
Exercise 3.3.2. Adapt the reflection method to study the IBVP
Uy — Uge = f(z,1), for (x,t) € RT x [0,00),
u(z,0) =g(z), for x>0,
uz(0,t) =0, for ¢>0.

Exercise 3.3.3. This Exercise provides some details for the justification that under
the assumption that ¢ € C?[0,00) with g(0) = 0, h € C'[0,00) with h(0) = 0,
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and f € C([0,00) x [0,00)) with ¢”(0) = —f(0,0)/c?, then (3.10) provides a C?
solution in (z,t) € [0,00) x [0,00) to (3.9). Note that the odd extension h(z) of
h(z) is CY(R), so V(z,t) = & [*7 h(y) dy provides a C%([0,00) X [0,00)) solution

2c Jx—ct
of the homogeneous version of (3.9) with V(z,0) = 0, V}(:L‘ t) = h(x) for x € RT.
Let U(z,t) = 1[§(z + ct) + gz — ct)], and W(z,t) = fo dr fﬁcctt TT Fly, 7) dy.

We will see that both U(z,t) and W (x,t) are C'([0,00) X [0,00)), but thelr second
derivatives may experience a jump discontinuity across = ct; however, U(z,t) +
W(z,t) is C*([0,00) x [0, 00))!

(a). Prove that
2¢)” fo x+ct—s) s)— flz —c(t—s),s)]ds if x> ct,

(
Wo(z,t) =< (2¢)” fo fle+c(t—s),s)+ fle(t—s) —x,s)]ds
+(2¢)” ft [f(x+c(t—s),8)— flx—c(t—s),8)]ds if0<az<ct;

271 [U[f w+ct—s) s)+ flx —c(t —s),8)]ds if x> ct,
Wy(z,t) = lfo flx+c(t—s),s)— flc(t —s) —x,5)]ds
+27 1ftf% flx+ct—s),s)+ flx —c(t—s),s)]ds if0<z<ct

and that they are continuous over [0, 00) x [0, 00).

(b). Prove that

-1 fot [felx 4+ c(t —5s),8) — fulx —c(t —s),s)]ds if x> ct,
Wea(2,1) = § (2¢)71 fot [fo(z 4+ c(t —s),8) — folc(t —s) — x|, s)]ds
—c?f(0,t—2) f0<z<d,

%fot [folx +c(t —5),8) = fulx —c(t —s),s)]ds + f(x,t) if x> ct,
Wi(x,t) = € £ [0 [fole + c(t — 5),8) = fulle(t — s) — |, 8)] ds + f(z,t)
—f(0,t—2) H0<w <l

Thus both W, (z,t) and Wy (z, t) experience a jump discontinuity across x = ct,

if £(0,0) £ 0.

(c). Prove that

17/ N " )
Upa(2,t) = ¢ 2 [g"(x —ct) + g"(x +ct)] x>,
% [_g//(ct — 1‘) + g//(x + ct)] if0<z<ect,
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Clg"(x—ct)+ ¢ (x+ct)] if x>,
Uy(z,t) = 22 ., ) ‘
Sl=9"(ct —x)+g"(x+ct)] if0<z<ct

Thus both Uy, (z,t) and Uy (z,t) experience a jump discontinuity across x = ct,
if ¢”(0) # 0.

(d). Using the condition that g”(0) = —f(0,0)/c* to prove that U(z,t) + W (x,t) is
C?((0,00) x [0, 00)).

3.4 The Method of Eigenfunction Expansion

For non-homogeneous linear PDEs, in addition to the Duhamel principle, we can also
use the outcome of the separation of variables method as applied to the corresponding
homogeneous PDE and adapt the idea of variation of parameters method in the theory

of ODEs to form the method of eigenfunction expansions.

More specifically, when the n x n matrix A is diagonalized by the set of vectors
{¥, - ,U,}, then not only can we use them to generate all solutions to the homoge-
neous system o' (t) = Aw(t), we can also construct solutions to the non-homogeneous
system @'(t) = Aw(t) + f(t) in the form of Yo ci(t)y;. Since {0y, ,4,} forms
a basis for R", we can also write f(t) = >, [i()0;. Then each ¢;(t) would satisfy
ci(t) = Nici(t) + fi(t), where ); is the eigenvalue of A associated with ¢;. For the wave
or heat equation, we can regard ¢ (or sin(™*) in the case of homogeneous Dirichlet
boundary condition on [0, (]) as generalized eigenfunctions of A that “diagonalize” A

and “form a basis for appropriate function space”.

We illustrate this method via (2.11) with a non-homogeneous right hand side
f(z,t). Note that the boundary conditions u(0,¢) = u(l,t) = 0 are homogeneous,

and the associated eigenfunctions {sin(“7*)} have incorporated these homogeneous

boundary conditions in solving the homogeneous equation.

Since any L?[0,] function can be expanded as a series in {sin(27%)} which is con-

vergent in L2[0, [], we may look for a solution u(x,t) such that at any ¢, u(-,t), wuy(-, 1),
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and u,, (-, t) € L*[0,1]:

Uga (1) = ; Ba(t) sm(”lﬂ)
We also assume that .
Fet) = 3 falt)sin(=)
n=1
Thus
an(t) — 2B, (t) = fo(t), for all n.
But l
an(t) = % / (e, 1) sin("T0) dr = (1),

0

and

nmx

!
Bn(t) = %/0 Uz (T, 1) sin(T)dx

2 2 (!
= Tl (2, 1) sm(mlm)\x:f) - 7/ %ux(x,t) Cos(nlﬂ)dx
0

2 2 [ ’
BT o (PR~ /0 ("7) e 1) sin("5) da

nm\ 2 . -
=— (T) un(t)  (using the condition u(0,t) = u(l,t) = 0.)

Thus u,(t) satisfies
nm 2

u(t) + (T> Un(t) = fult).

This can also be obtained formally from

o - {30 sin<%} .
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the above steps provide a mechanism for justifying the interchange of differentiation
and summation.

We can use the initial conditions to obtain

2 [ 2 [
un(0) = = / g(@)sin("y dw, ol (0) = 2 / hz) sin(22L) da.
L Jo l L Jo l
Thus our problem has been reduced to solving an infinite system of (decoupled) ODEs.
To complete the construction of a solution, the central issue is again the conver-
gence of the series > > | u,(t)sin(®®) and its differentiability. Instead of trying to

prove directly the convergence of this infinite series, we will examine the truncated

finite sums as an approximate solution: define
al nmwT
=3 wa(t)sin(“T),
j=1
al nwr
)= 2 S sin(E)
N) z, t Zgn Sln mm

t) = Z P, sin(g).
j=1

Then )
Ofuny — EPuny = fon (2,1, on (x,t) € 0,1] x RT,
uny(0,t) = uny(l,t) =0, for ¢t >0
uny (2, 0) = gy (), for x € [0, ],
Oyu(ny(z,0) = hiny (), for z € [0,1].

We then need to study the convergence of {u(y)(z,?)} in an appropriate sense. The
most elementary notion of convergence is that of uniform convergence of {u(y)(z,t)}
and the sequences consisting of its derivatives of order up to two. This can be done
if we impose sufficient differentiability of f, g, and h.

In a later section we will apply the energy estimates to be developed there to
u(ny — u(nvy to prove that {uny(z,t)}, {0y (2, t)} and {O;uny(x,t)} are Cauchy in
C([0,T], L?[0,1]) for any T > 0, so each has a limit in C([0,T], L?[0,[])—the energy
estimates are fairly easy to obtain and are quite robust so as to be extendible to

variable coefficient wave equations or even certain nonlinear wave equations.
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Let u(-,t) denote the limit of {u(n(z,t)} in C([0,T], L*[0,1]), then the limits of
{0y (z,t)} and {D,uny(x,t)} in C([0,T], L?[0,1]) are respectively the 9, and 0,
derivatives of u(-,t) in an appropriate sense, and one can define u(-,t) to satisfy the

wave equation in an appropriate integral sense.

Remark 3.10. The eigenfunction expansion method can also be applied to the initial-
boundary value problem with non-homogeneous boundary conditions. For instance,
consider the IBVP of the heat equation

(3.11)

The usual strategy is to reduce (3.11) into several sub-problems of similar type,
where parts of the boundary conditions (or source terms) are homogeneous. For
example, we can first find an extension h(z,t) on [0,1] x [0,00) of go(t) and g;(%)
with sufficient regularity — let’s assume that we can find b € C([0,1] x [0,00)) N
C2/((0,1) x R*) such that h(0,t) = go(t) and h(l,t) = gi(t) for ¢ € [0,00) (this may
require some regularity on go(t) and g;(t), especially if we require derivatives of h(z, t)
up to certain order to be continuous in the closed region [0, ] x [0, 00)). Then we look
for u(z,t) in the form of u(x,t) = h(z,t) + v(z,t), where v(z,t) would solve

(3.12)

We can now apply the eigenfunction expansion method to (3.12).

The key to the eigenfunction expansion method is that the PDE fits into the
pattern u; — L{u] = f, where L]u] is a differential operator in the space variable z with
its coefficients independent of ¢, and the domain of definition of L may incorporate the
boundary conditions for u; then when one first looks for separable solutions T'(¢) X (z)
to the homogeneous version of the PDE u; — L[u] = 0, one is faced with the eigenvalue
problem L[X] = AX, and T"(t) = A\T'(t); and finally, if L is “diagonalizable” in the
sense that it has a complete set of eigenfunctions X, (z) : L[X,] = A\, X, namely,
any function in an appropriate function space can be expanded as a “Fourier series”
in terms of these eigenfunctions, then we can expand f(x,t) = > f.(t)X,(z), and
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construct a solution of u; — L[u] = f in the form of > T,,(¢) X, (x), which would lead
to the system of ODEs T (t) — N, T,,(t) = fu(?).

This scheme extends to PDEs that are higher order in ¢, such as the wave equation.
For many IBVP’s which involve a compact spatial region, the corresponding operator
L can often be related to a compact self-adjoint operator, for which there is a standard
theory of “diagonalizability”.

Specific examples of such operators include the Schrédinger type operators —A +
V(z) on a bounded domain acting on functions with zero boundary value, and their
variable coefficient versions such as the spherical Laplace operator Agz = ﬁ % (sin 9%) +
Sle 98‘% on the round sphere, or a domain on the round sphere—acting on functions
with zero boundary value.

For instance, if we consider an “annulus region” on the round sphere defined
by {(0,0) : 6y < 0 < 61,0 < ¢ < 27}, and consider either the heat operator or
wave operator associated with Ag2, with homogeneous boundary condition, we would
need to understand whether Ag2 has a “complete” set of eigenfunctions under this
boundary condition.

If X(0,¢) is an eigenfunction on the annulus region: Ag:X(0,¢) = —AX (6, ¢),
then we can first do an eigenfunction expansion in the ¢ variable at each 6, as we

know that any function of ¢ (square integrable in ¢ over [0,27]) can be expanded in
terms of {€™},.cz: X(0,0) =500 0,(0)e™?, then ©,,(0) would satisfy

n=—oo

2

(sin O, () — —% 504(0) +20,(0) = 0,

sin 6 sin

with appropriate boundary condition at 8 = 6y, and #,. If 0 < 6y < 6; < 7, then the
eigenvalue problem we need to solve (with homogeneous Dirichlet boundary condition)

is

(3.13)

This is an example of a regular Sturm-Liouville eigenvalue problem

(3.14)

where p(z), ¢(x), and w(z) are real valued, continuous on [a, b], with p(x),w(z) > 0 on
[a,b], and (aq, az) # (0,0), (B1, B2) # (0,0). The continuity assumptions in p(x), ¢(z),
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and w(z) are not as essential as the positive lower bound conditions implied by the
positivity assumptions on p(z) and w(z): there exists m > 0 such that p(x), w(zx) > m
on [a,b]. We will assume that p(z), ¢(x) and w(z) are bounded: there exists some
M > 0 such that p(z),|q(x)|,w(z) < M for all x € [a,b]. The eigenvalue problem
associated with Exercise 1.5.1 is an example where the p(x) is discontinuous.

In the eigenvalue problem for the spherical Laplace operator, if 8y = 0 or ¢, =
7, then the coefficient in front of ©(0) as well 6,(0) become singular, and one
no longer prescribes a homogeneous boundary condition at the corresponding end;
instead, one requires O,,(#) remain bounded in a neighborhood of that end. The
corresponding eigenvalue problem is an example of a singular Sturm-Liouville
eigenvalue problem.

Sturm and Liouville first studied these problems in the 1830’s when they extended
Fourier’s method to variable coefficient PDE problems. It turns out that for a regular

Sturm-Liouville eigenvalue problem,

(a). All its eigenvalues are real, and they are distributed discretely on the real axis;

(b). Tts eigenfunctions associated with distinct eigenvalues are orthogonal in L*(a, b)
with w(x) as a weight, namely, fabX(a:)Y(a:)w(x) dr =0 if X(z) and Y (z) are
eigenfunctions of (3.14) associated with distinct eigenvalues—for this reason it’s
more meaningful to work with L2 (a,b), the set of functions square integrable

with w as a weight; and

(c). Tt has a complete set of eigenfunctions which span L2 (a,b), namely, any func-
tion in L2 (a,b) can be approximated in the mean square sense by a linear
combination of the eigenfunctions. As a consequence, any L2 (a,b) function can
be expanded in a “Fourier series” in terms of the eigenfunctions, and there is a
Parseval type identity. In other words, (i) and (ii) of Theorem 2.1 hold in this
general context—the integrals there and in the Parseval identity need to use

the w-weighted integrals.

(a) and (b) are elementary, and will be left as an exercise; we will provide a proof for
(c) later.

The regular Sturm-Liouville problem in the examples of this section has the ad-
ditional property that the eigenspace corresponding to any eigenvalue is one dimen-
sional. This follows from the uniqueness of IVP for the ODE: the solution space to the
seconder order ODE without any boundary or initial condition is two dimensional; if
the eigenspace were two dimensional, it would mean that all solutions to the ODE

would satisfy the two homogeneous boundary conditions, which is not true.
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When solving an IVP on R™ x (0,71], the corresponding operator is no longer
directly related to a compact self-adjoint operator, but we have used informally that
e€ for ¢ € R™ can be regarded as “generalized eigenfunction” of A on R", and that
any L?(R™) function can be expanded in terms of /¢ via the Fourier transform. We
can adapt the eigenfunction expansion method to this setting as well. Here is an

example to illustrate this adaptation.

Example 3.1. We will find an integral representation for a solution of

(3.15)

At each t > 0, we expand f(z,t) = [, f F(€, 1) e d€ and u(z,t) = [p a(&, t)e ™ dg; then
treating 4(&,t)e™® = T(t)e™ as the component corresponding to the Fourier mode

e’ we obtain, for each £ as a parameter, an ODE in a(¢, ¢):

da(et) .. .
WED | eagen) = fie)
(&, 0) = 9(¢),
where §(§) is given in terms of g(z) = [, §(£)e™*d¢. Note that the procedure is

essentially the method of variation of parameters, with @(€, t) serving as the coefficient

function in front of e®¢,

Many treatments derive the above ODE by taking Fourier transforms; but setting
up appropriate framework in which Fourier transforms (in partial variables) can be
taken and interchanged with differential operators would take considerable techni-
cal preparation, we have found this informal eigenfunction expansion approach very
efficient—either approach would usually require some additional justifications, and
since our main aim is to discover possible integral representation for a solution, we

are happy to take this efficient approach.
The solution of the above IVP of ODE is given by

~

a(e,t) = g(e)e P /0 9 f (¢, 5)ds

Note that the part given by f (&, s) fits the pattern as given by the Duhamel principle.
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We can now obtain u(x,t) as

u(z,t) :/R [§(§)€_§|Qt + /t e_|§|2(t_s)f(§,s)ds] et de

0

1 . 2 t 9 ,
E——— {/ g(y)el(l‘—y)f—lf\ t dy +/ /e—ﬂ (t—8)+%(x—y)£f(y’ s) dy ds} d¢
R /R o JR

:i i(z—y)E—[€*t ) t ( — € (t=s)+i(z—y)¢ ) ]
o | Lot ([ a)are [ [([e ) (0. ) dy s

Since % Iz el eIl e — K(x —y,t) is the heat kernel, we have now obtained

U(w,t)z/Rg(y)K(w—y,t)dwa/o /RK(w—y,t—S)f(y,S)dyds,

which agrees with the solution as given by the Duhamel principle.

Exercises

Exercise 3.4.1. Obtain formal series solutions to (3.12); then use the corresponding
energy estimates to prove that the series converges in C([0,T]; L?[0,1]) under the
assumption that § € L?[0,1] and f € L([0,1] x [0, T7).

Exercise 3.4.2. Use the eigenfunction expansion method to find formal series solu-

tions Y7, up(t) sin(%F=) to

(Utt(l‘,t> — Vge(,t) = f(x,t)  for (x,t) € (0,1) x RY,
v(0,¢) =v(l,t) =0 for t € RT,
v(z,0) = g(x) for x € (0,1),

\ v (2z,0) = h(x) for x € (0,1) .

Then use the corresponding energy estimates to prove that, if u¥) = 22[21 Uy (t) sin( %),
then {u®™} converges in C([0,1]x[0,T]), and {u\™} and {ul"} converge in C([0, T}, L2[0,])
under the assumption that g is absolutely continuous over [0, ] with g(0) = g(I) = 0,

g, h € L?[0,1] and f € L*([0,1] x [0,T]). (Review Remark 2.4 to understand the need

for the conditions on g; you may also find (1.30) helpful.)

Exercise 3.4.3. Set up an eigenfunction expansion scheme for constructing solutions

to

up(x,t) — Uge (2, 1) — yue(z,t) = f(x,t), 0<x<m,
u(0,t) = u(m,t) =

0
u(z,0) =g(z), 0<z<m,



where 7y is some non-zero constant. What are the eigenfunctions and their associated
Sturm-Liouville BVPs written in a standard form as (3.14)7

Exercise 3.4.4. Prove that any eigenvalue of (3.14) must be real valued. (HINT:

Multiple the equation of X (x) by X (z), and integrate over (a, b), using the boundary

conditions. )

Exercise 3.4.5. Suppose that X (z) and Y (x) are eigenfunctions of (3.14) associated
with distinct eigenvalues A and p, respectively. Based on the previous exercise, one
may assume that X (z) and Y (z) are real valued. Prove that fab X(2)Y (z)w(z)dx = 0.
(HINT: Multiple the equation of X (z) by Y(x) and the equation of Y (x) by X (x),
subtract the resulting equations, and integrate by parts over (a, b), using the boundary

conditions.)

3.5 Some Remarks on Generalized Solutions

We now add a few more words on the concept of generalized solutions. Here are the

guiding principles for the concept of generalized solutions:
(A). Classical solutions must be generalized solutions;

(B). Reasonable limits of classical solutions (in appropriate norms) should be gener-

alized solutions;

(C). Uniqueness should hold for the generalized solutions, and there should be some
kind of continuous dependence (in appropriate norms) of the generalized solu-

tions on data.

Generalized solutions may allow the solutions to have some singularities (discontinu-
ity of the solutions or their derivatives, or the size of the solutions or their derivatives
become infinite on some part of the region). Depending on the problem, there may
be different kinds of singularities that are relevant. For instance, there may be sit-
uations where discontinuity in the solutions need to be considered; while in other
situations, one may need to consider solutions that are continuous, but have discon-
tinuous derivatives. For problems coming from physical background, one often goes
back to the physical principles to find the appropriate notion of generalized solutions.

Earlier, we have already introduced a notion of a generalized solution for the one
dimensional homogeneous wave equation. It’s straightforward to extend that notion

to the corresponding non-homogeneous wave equation.
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Definition. Given two integrable (or L*(R) ) functions g(z) and h(x). We say u €
L2

local

(R x [0,00)) is a generalized solution to (3.3) if

//Rx[ooo) x, )¢ (x, t) dedt
—[@ﬂ@[@tCQQMMtLéW@«LW—MﬂMLWMI

for all ¢ € C*(R x [0, 00)) with compact support.

In the first section of this chapter, we have already given an argument for the
uniqueness of generalized solution of (3.3). Below is an L? type estimate on general-

ized solutions.

Lemma 3.4. Suppose that u is a (generalized) solution of (3.3) with a non-homogeneous
right hand side f(x,t) € L*(R x (0,T)) for any T > 0, then there is a constant
M = M(T) > 0 such that

el 2oy < M {11 Bagniomy + 180, 0oy + il O)lZaqey + llta (-, 0)lEacey |

The proof for this Lemma will be left as an exercise. With the help of Lemma 3.4,
we can give an argument for the existence of a generalized solution to (3.3) when
f € LR x [0,00)), g,9', and h € L*(R).

For any T' > 0, we can take a sequence f,, € C(R x [0,7]) approximating f in
L*(R x [0,77]), and a sequence g¢,, h, € C>°(R) such that g, — g — 0,9, — ¢ — 0,
and h, —h — 0 in L?*(R). Then we can use d’Alembert’s formula to construct a
classical solution w,(z,t) on R x [0,7T] to (3.3) with f,, gn, h, substituing for f, g, h,
respectively. Then Lemma 3.4 and the energy estimates imply that {u,}, {Owu,}
and {0,u,} are Cauchy in L*(R x [0,7]). So there is a limit v € L*[R x [0,77]),
v € L*(R x [0,T]), and w € L*(R x [0,T]) such that

Up — u, O, — v, and Jyu, — w in L*(R x [0,T]).

For u,,, we have

// (x,t)((x,t) dedt
RX[OOO

_//R ’ )[Un(gtt ()] dadt — /[3tun(x,O)C(x,O) — up(z,0)¢ (2, 0)] de,

R

and

/ /RX[O’OO) U (2, )G (2, 1) dadt = — / /R o Opun(, t)((, t) dudt— /R up (,0)¢(x,0) dz,
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// Un (2, 1) (2, t) dedt = — // Oty (z,t)( (2, t) dzdt,
Rx[0,00) Rx[0,00)

for all ¢ € C*(R x [0, 00)) with compact support. Taking limit as n — oo, we obtain

that
/ / f(x, t)¢(x, t) dedt
Rx[0,00)

= // [u(Cy — Coe)] dadt — /[h(:)j){(:z:, 0) — g(z)((2,0)] de
Rx[0,00)

R

and

//Rx[o,oo) u(z, t)((z, t) dedt = _//Rx[o,oo) v(x, t)((z,t) dedt — /Rg(x)g(x,()) dz,

//Rx[o,oo) u(z,t)(x, t) dedt = —//RX[O’OO)w(x,t)C(m,t) drdt.

The first equality shows that u is a generalized solution of (3.3); the remaining two
equalities show that we can identify v and w to be the generalized L?*(R?) derivatives
Owu, and O,u, respectively. Thus this construction shows that we have obtained a
generalized solution which has a notion of generalized first derivatives, not merely an
L?(R?) generalized solution.

Note that it’s difficult to get a good sense in which this notion of generalized
solution takes on the initial data—we expect some sense of continuity in ¢ of the
generalized solution, and it’s not easy to make sense of such a continuity in this
notion of generalized solution.

As will be seen later on, having generalized L?(R?) first derivatives in the integral
sense defined above will provide some sense of continuity for the function. It thus
makes sense to incorporate the notion of generalized derivatives in the notion of a
generalized solution. For instance, we may require a generalized solution to have
generalized L?(R?) first derivatives in the integral sense defined above (in particular,

u(z,t) takes on initial value g(x) through the integral relation above) and satisfy

//Rx[ooo x,t)((z,t) dedt = //RX[OM) [u Gy — PupCy] dadt — /Rh(x)C(:B,O) dr

for all ¢ € C}(R x [0, 00)).
Generalized solutions are also called weak solutions. Further study of the notion

of generalized derivatives and generalized solutions will be undertaken later on.

CONCLUDING REMARKS

Here are a few key features that have emerged.
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(i).

It is natural and fruitful to approach a PDE by first finding formal, exploratory
prototype solutions, and then try to build more general solutions. When the
equation has a nice structure (for instance, with constant coefficients, and is
homogeneous), and the domain has appropriate geometry, separation of vari-
ables is often effective. This method often reduces the problem to an eigenvalue
boundary value problem for an ODE. The key for building a general solution for

a linear PDE through superposition is to find the right notion of convergence.

. The convergence of the (prototype or later approximate) solutions can be es-

tablished if we have appropriate a priori estimates for smooth solutions such as
the energy estimates for solutions of the wave equation. Note that we don’t
have to have an explicit formula for the solution of derive a useful estimate.
We also learned that it is not fruitful to always insist on point-wise or uniform
convergence, that convergence in other (often integral) norms are often forced

upon us by the structure of the problem.

As we move forward, here are a few questions that we should keep in mind.

We have been able to solve the three prototype equations when the domain
has special geometry. How to deal with the situation when the domain has no

special geometry?

We have been been able to obtain solvability for these prototype equations with
non-homogeneous right hand side when it is sufficiently nice. Can we reduce

the smoothness assumptions on it?

How do we solve problems which are variations of the prototype equations (with

some additional terms added, or with variable coefficients)?

Given a general PDE which does not bear much resemblance to any of our
prototype equations, how do we go about investigating whether it is reasonable
(well-posed?) to study the boundary value or initial value problem for it? How
do we go about investigating whether its solution is behaving like those of the

heat equation or wave equation, or something completely different?

3.6 Additional Problems

Problem 3.6.1. It is known that, for each n € Z, (3.13) has a sequence of eigenvalues

Al — 00 as | — oo, such that for each ), the eigenspace is one dimensional and

spanned by ©,,(6), say.
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3.6. ADDITIONAL PROBLEMS

(i). Make the change of variables z = cosf and Z(cosf) = O(0). Verify that Z(z)
satisfies the following general Legendre ODE

2
(1—222"(2) —2:2'(2) + ()‘l,n — %) Z(z) =0,co86; < z < cosb.

(ii). Suppose that ©1(0) and ©y(0) are two eigenfunctions of (3.13) corresponding
to distinct eigenvalues A\; # Ag. Verify that feil ©1(0)O4(0) sinfdfd = 0. Set
Zy1(cos ) = ©1(0) and Zy(cosf) = Oy(0). Verify that fcosal Z1(2)Zy(z) dz = 0.

cos g

(iii). When n € Z, 6y = 0 and 6; = 7, look up ODE texts to confirm that the above

ODE has a non-trivial, bounded solution iff \;,, = (I 4+ 1) for some [ € N with

[ > |n|, and that we can identify Z(x) to be an associated Legendre (generalized)
polynomial

(-1 G

P& = g ="

(2 — 1)

(iv). Write down a formal eigenfunction expansion in terms of {0;,(0)e™?} for a
solution u(6, ¢,t) to (Oy — As2)u(0, ¢, t) = f(0,¢,t) for fy < 0 < 61,0 < ¢ < 27,
t > 0, and with u(6y, ¢,t) = u(by,¢,t) =0forall 0 < ¢ < 2w, ¢t > 0, u(f,9,0) =
g(0, @) given.

Problem 3.6.2. Verify that a general Legendre type differential equation

b—2

can be transformed, with the change of variables S(z) = (1 — z%) 7 Q(xz), to

This relation can be used to construct Q(z) in terms of S(x).

Review ODE texts on the behavior of linear ODEs near a regular singular point

to confirm that the leading order behavior of Q(z) near x = +1 are determined by

(1 x2)_b—2i\/(z—2)w,

and that (3.16) has a solution of the form
Q) = (1—at) =

iff there exists some k € Zsq such that d = (0 + k)(c + b+ k — 1), where 0 =
 b=24/(-2)*+4c
—

- (a polynomial in )
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CHAPTER 3. ADDITIONAL ELEMENTARY SOLUTION METHODS

Problem 3.6.3. Assume that the Laplace operator on the unit n-dimensional round

sphere S™ is given by

(Sinn_1 0 'LLQ) 0 Agn-11

sin" 14 sin?6 "’

Agnu =

where 6 is the angle between the point and the North Pole (namely, the geodesic dis-

tance between them), so the metric on S™ can be expressed as gs» = d6?+sin” 6 dw?,_,.

(i).

(iii).

Verify that in looking for separable solution u = O(0)Q(w) to Agnu = —Au, if
we assume Agn-1Q(w) = —pd(w), then we will be led to

i). Setting x = cosf and X (cosf) = O(0), verify that

©'(#) = —sinf X'(z), ©"(h) =sin” X" (x) — cos X'(x),

so we arrive at

This is a general Legendre type differential equation.

Use the information from the previous exercise to confirm that if p = m(m +
n—2)and A = [({l +n — 1) for some | = m + k, k € Z>(, then (3.19) has a
bounded solution on (—1,1) of the form (1 —22)™/2. (a polynomial in z). Using

induction, this gives A = [(l +n — 1), | € Z>¢ as eigenvalues of Agn.
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Chapter 4

First Study of the Maximum
Principle, Energy Method, and
Variational Method

4.1 The Maximum Principle and Applications to

Uniqueness and Estimation of Solutions

The maximum principle is a powerful tool in the study of heat and Laplace equations
and their generalizations: it is used in proving uniqueness, in bounding the solution
in terms of data, and in proving geometric properties (such as monotonicity and
symmetry) of solutions. What makes it so useful is that it is often proved using
elementary means without using any representation formula for a solution. Here is

the maximum principle in its simplest form.

Theorem 4.1. Suppose that U C R™ is bounded and v € C*(U) N C(U) satisfies

Au(z) >0 in U. Then maxgu = maxay .

Corollary 4.2. Suppose that U C R"™ is bounded. Then there is at most one solution
in the class C*(U) N C(U) to the Dirichlet problem

(4.1)

Proof of Corollary. Let uy(z),us(z) € C?(U) N C(U) be solutions to (4.1). Then
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v(x) = up(z) — uz(x) € C2(U) N C(U) satisfies

v(x) for x € OU.

Applying the maximum principle to v(x), we conclude that maxg v = 0; then applying

{—Av(:p) =0 forx e U,
0

the maximum principle to —v(z), we conclude that max;(—v) = 0. Thus v =0 in U
and uy(x) = ug(x) in U. O

The proof for Theorem 4.1 is also elementary.

Proof for Theorem 4.1. First, suppose that Au(x) > 0in U. Since U is compact and
u € C(U), maxgu must be attained at some xq € U and x ¢ U; for, if 2y € U, then
Au(zg) = D1 | Use (z0) < 0, contradicting our hypothesis. Since zy € OU, we now
have maxgu = u(xy) < maxgy u. Since maxyy u < maxgu trivially, we conclude
that maxg u = maxyy v in this case.

Now for any € > 0, the function u, = u(x)+ex? satisfies Au.(x) > 0 in U, therefore
maxp U, = Maxgy Ue. Since maxg U, — maxg u and maxgy u. — maxgy u as € — 0,

we see that maxy u = maxsy u. O

Maximum principle can also be used to estimate the size of the solution.

Theorem 4.3. Suppose U C R"™ is bounded and u € C*(U) N C(U) satisfies

{Au(x) = f(z) nU,
u(z) =g(x) ondU.

Then there exists a constant C' > 0 depending on U only such that

max [u| < max |g| + C'sup | f(z)].
U ou U

Proof. The key is to construct a function v > 0 in U satisfying Av(z) < —1 in U—
v(z) = (d* — 2%)/2 will do here, if we assume U C {z € R" : 0 < x; < d}. Then
w = (supy |f(z)]) v(z) + supyy |g] £ u(z) satisfies

Aw(z) < —sup|f(z)| + f(z) <0 in U,
U

and on OU, w > supyy |g|£g(z) > 0, so we can apply Theorem 4.1 to —w to conclude

that w(x) > 0 in U, from which follows our claimed bound on wu. O
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4.1. MAXIMUM PRINCIPLE AND APPLICATIONS

Remark 4.1. Maximum principle works out the properties of solutions directly from
the equations, instead of relying on a representation formula. Most of the more
robust methods we will develop later on also have this feature. This section presents
the maximum principle in its simplest form; we will extend it to more general settings,

obtain stronger results, and discuss more applications later on.
Here is a simple version of the maximum principle for the heat equation.

Theorem 4.4. Suppose that U C R™ is bounded. Denote Ur = U x (0,T] and 0'Ur =
{(2,0) : 2 € U} U{(x,t) : 2 € OU,0 < t < T}. Suppose that u € Cg:}(UT) NCUr)
satisfies
Ouu(z,t) — Au(z,t) <0 in Uy,
{ u(x,t) <0 on d'Ur.
Then v <0 in Ur.

Theorem 4.5. Suppose U and Ur are the same as in Theorem /.4 and u € C’i’tl(UT)ﬂ
C(Ur) satisfies

Owu(z,t) — Au(z,t) =0 in Ur,
u(z,t) =0 on d'Ur.

Then u =0 in Ur.

Proof for Theorem 4.5. We can apply Theorem 4.4 to w and —u to conclude that
u=01in Urp. O

Proof for Theorem j.4. Again, if dyu(z,t) — Au(z,t) < 0 in Ur, then maxg, v must
be attained at some point (g, o) € &'Ur; for if (2q,t9) € Uz \ &'Ur, then we would
have o € U and t, > 0, which would imply u:(xo,to) > 0 and g, (xo,to) < 0
and then Odyu(xg,to) — Au(zo,tp) > 0. Now that (z¢,ty) € d'Ur, we conclude that
maxg, u = u(Zo, to) < 0.

Now for any € > 0, uc(z,t) = u(z,t) — et satisfies (0y — A) uc(x,t) < 0 in Ur, and
ue(z,t) < 0 on &'Ur, so we can conclude that u(z,t) = u(z,t) — et < 0. Sending
€ — 0, we conclude that v <0 in Ur.

O

Estimation on the solution of the heat equation also follows routinely.

Theorem 4.6. Suppose U C R" is bounded and u € C=y (Ur) N C(Ur) satisfies

Owu(z,t) — Au(x,t) = f(x,t) in Ur,
u(z,t) = g(z,t) on d'Ur.
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Proof. Note that (9, —A)[u—tsupy,. |f|—maxsy, [g]] < 0in Ur, and u—tsupy,. |f|—
maxy . |g] < 0 on &'Up. Thus by the maximum principle,

Then

u(z,t) <tsup|f| +max|g|, in Up.
Ur o'Ur

Similarly
—u(x,t) < tsup|f| +max|g|, in Ur.
Ur O'Ur

Thus (4.2) holds. O

Remark 4.2. It was not easy to use the Fourier series solution directly to produce a
solution of (2.1) that is continuous over [0, ] x [0, c0) if we only assume g € C0, ] with
g(0) = g(I) = 0. The maximum principle provides a tool which would allow us to pro-
duce such a solution assuming only g € C0,[] with g(0) = g(I) = 0. Even though the
Fourier (sine) series > > | g, sin (“2%) of g(x) may not converge to g(x) point-wise un-
der this assumption, the Fejér theorem in the theory of Fourier series implies that there
is a finite Fourier sine series of the form g™ (z) = S g sin (%72) which converges
to () uniformly over [0,1] as N — oo. Let u™(z,t) = SN | g{Ve () sin (2
be the finite series solution of the heat equation (2.1) with initial data ¢/¥)(x). Then
the maximum principle applied to u™ (z,t) — u™)(z,t) implies that {u™(z,t)}y
is Cauchy in C([0,1] x [0,77), so there is a limit function w(z,t) in C([0,1] x [0,77])
such that u™)(z,t) — u(z,t) uniformly in C([0,1] x [0, T]). Therefore, u(z,0) = g(x)
for z € [0,1]. To prove that u € C?([0,1] x (0,T]) and satisfies the equation in (2.1),
we use the following estimate: for any 0 < 7 < T, there exists a constant C' > 0

depending on 7 such that

Vel M (2, ) < C f 28] < 2.
[oﬂi?ffﬂ (z,1)] r%aglxlg )(z)| for |a| +2|8| <

The same estimate also applies to u™)(z,t) — u™')(z,t). Thus {Vﬂ u™ (2, 1)} is
Cauchy in C([0,{] x [r,T]) for each |a| + 2|5| < 2, which implies that the limit
u(z,t) € C’i’tl([o,l] x [r,T]) and satisfies the heat equation there. Since 7 > 0 is
arbitrary, this proves that u(x,t) is in C’i’; ([0,1]x (0, T]) and satisfies the heat equation
there.
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The estimate above is proved by using the exponential decay of e~ (')’ in n when
t>1>0:

lal+218]  _ nx
Ve u xt|<2|gn (5F)" e

N
nay 128l ars
< 2 (N) ( > (T) T
rf(l)é}xw )| E

<C (V)
max g (@),

where C' =23 ("’T)WHQW| ~(7)’T < 50 depends only on 7 (and 1).

Remark 4.3. The above derivative estimate on «")(z,t) was done using its explicit
form, but we will later introduce Bernstein’s method, which proves a similar esti-
mate for any sufficiently smooth solution of (2.1) in more general contexts using the
maximum principle only.

Generalization of the maximum principle (and uniqueness) for both the Laplace
equation and heat equation on unbounded (spatial) domains are available, but they
require appropriate growth restrictions on the solutions. For example, u(z) = x,, is
harmonic on R} = {z = (2/,2,) : z, > 0}, and u(z) = 0 when z = (2/,z,) € OR?,

yet u(z) is not identically zero on R}.

Here is an example of how to adapt the maximum principle to solutions on un-

bounded domains.

Example 4.1. Let u be a bounded harmonic function on U = {z = (2/,z,) : 0 <
x, < h} such that u(2’, z,) = 0 when z,, = 0 or h. We will prove that u(z’, z,) = 0 in
U. The boundedness assumption on u here is needed, as the conclusion does not hold
for the family of unbounded harmonic functions exp(%*)sin(%=). For simplicity of
notation, we will assume n = 2.

Let M > 0 be such that |u(z1,z2)] < M for all (z,22) € U. We will use the
positive harmonic function cosh(zi/h) cos(xs/h). For any € > 0, we will apply the
usual maximum principle to v = +u — e cosh(x/h) cos(xe/h) on Ug = {x = (z1, x2) :
|z1] < R,0 < xy < h} for R > 0 large enough so that ecosh(zy/h) cos(za/h) > M
when |z1] = R. Then the harmonic function v < 0 on 0Ug, and therefore v < 0 in
Ug. This implies that |u| < ecosh(xy/h)cos(zy/h) in Ug.

The choice for R > 0 depends on ¢, but for any x € U and for any ¢ > 0, x
will be in Ug as long as R > |z|, so |u(z)| < ecosh(zy/h) cos(z,/h) for all € > 0,

which leads to u(z) = 0. From the proof one can see that one can modify it so that
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the same conclusion continues to hold as long as there exists some h’ > h such that

lim supy,, o0 €Xp(—

the Phragmén—Lindelof type theorems in complex analysis.

7r|x1|

)|u(x1, x2)| = 0 uniformly over 0 < xo < h. This is similar to

For general dimension, we can modify cosh(z;/h) cos(x, /h) into
cosh(axy/h) - - - cosh(ax,_1/h)cos(z,/h)
with (n — 1)a? = 1.

Remark 4.4. The Fourier series solution of (2.1) can also be expressed as an integral

’Vlﬂ'l‘)

involving the initial data ¢ as follows. Using ¢, = 2 fo ) sin dr in u(z,t) =

S ey sin(™22)e~ (T, we obtain for ¢ > 0

u(z,t) =7 Z/ ) sin( )sin(nlﬂ)e_(%ﬂ)% dy

where we have used the uniform convergence of

nmwxr

I o
G(x,y,t) = 7 Zsin(@) Sin(T)e_(T)2t
n=1

over t > 7 > 0 for any given 7 > 0. Thus the solution u(z,t) to (2.1) can be

represented as
!
u(et) = [ g)Glo.v.t)dy
0

Using the exponentially fast decay of e~ in n over t > 7 > 0, one can see easily

that G(z,y,t) is a smooth function of (z,y,t) over t > 0, and

Gt(%%ﬂ - Gm’(x Y, )
Gi(z,y,t) — ny(x,y, t)
G(x,y,t)

This G(x,y,t) is called the Green’s function for (2.1). It turns out that G(z,y,t) >

0 for x,y € (0,1) and ¢t > 0, which is not entirely clear from its series representation.

over t > 0;

0,
0, overt > 0;
0,

if t > 0 and either x or y = 0 or [.

We would like to apply the Maximum Principle to u(z,t) to obtain information
on G(z,y,t), but our Maximum Principle is established for solutions in the class
C([0,1]x[0,T1]), while the solution constructed here is known to be in C'([0, T, L?[0, {])
when g € C|0,1]. However, when ¢ further satisfies ¢(0) = g(I) = 0, the argument in
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4.1. MAXIMUM PRINCIPLE AND APPLICATIONS

Remark 4.2 proves the existence of solution in the class C([0,1] x [0,T]) N C?%([0,] x
(0,T]), which is obviously in the class C([0,T1], L?[0,1]); since we have proved the
uniqueness of solution to (2.1) in this class via the energy method, we conclude
that these two solutions must be identical, and that the Fourier series solution is in
C(]0,1] x[0,T7]). Thus we can apply the the Maximum Principle to u(z, t) to conclude

that

It follows from this property that

but it is not clear at all from the summation for G(z,y,t) that this property holds

If one carries out the computation for (a) of Exerc1se 2.7.4, one would find that

fR t)g(y) dy, where g is obtained from ¢ by first extending it to

an odd functlon on [ l ,1), then extendmg this odd function as a 2l-periodic function

on R. Thus, breaking the integral [, K(z —y,t)g(y)dy into the sum over the non-
overlapping intervals [—1 + 2kl, 2kl] U [le, 2kl + 1],

It follows now that for ¢ > 0

(4.6)
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As a consequence, for any fixed x € (0,1), G(x,y,t) is continuous in (y,t) € ([0,1] x
[0,00)) \ {(2,0)}, and G(z,y,0) = 0 for y # x. In appropriate sense G(z,y,t) —
Sz —y)ast 0.

(4.6) is related to the Jacobi identify for J-functions. A more familiar form of the
Jacobi identify can be derived from solving the heat equation with periodic boundary
conditions by using the Fourier series method and by using the heat kernel, and by
equating the solution obtained by these two methods, as done above. Taking the

[ =1/2 case, one would arrive at the more familiar Jacobi identify

Exercise 4.1.1. Suppose that U is a bounded domain in R", ¢(z) > 0 in U.

(a). Prove the following extension of Theorem 4.1: suppose that u € C2(U) N C(U)
satisfies

Au(z) — ¢(z)u(z) >0 in U,
u(z) <0 on U,

then u(x) <0in U.
(b). Suppose that u € C2(U) N C(U) satisfies

{Au(x) —c(z)u(z) >0 in U,
u(z) = g(x) on U,

where g € C'(0U). Prove that maxg u < max{0, maxsy ¢}; and that it’s possible
for maxg u > maxgy g (Think of the 1-D case).

(c). Prove that the Dirichlet problem

{Au(x) —c(z)u(z) = f(x) inU,
u(r) = g(x) on U,

has at most one solution in C*(U) N C(U).

Exercise 4.1.2. Prove that, for a« > 0, the solution .J,(ir) to the modified Bessel
equation, (2.53), has no zero in {r : r > 0}. Prove, in addition, that J,(ir) — oo as
r — 00. Is the conclusion valid for any solution of (2.53) on R*? (Note that, up to

180



multiplication by a constant, .J,(ir) can be made into real valued. When a =k € N,
u = Ju(ir) cos(kf) is a solution of (2.51) with ¢ = —1, and one can use the maximum
principle to complete a proof. When « is not a positive integer, try to adapt the
argument for the maximum principle to (2.53), or adapt the energy method of the

next section. )

Exercise 4.1.3. Suppose that U is a bounded domain in R™, ¢(z) > 0 in U. Prove
that there exists C' > 0 depending on U such that for any u € C?(U)NC(U) satisfying

Au(z) — c(x)u(z) = f(z) in U,
u(z) =0 on U,
where f(z) is bounded over U, then there holds maxy |u(x)| < C'supy | f(2)].

Exercise 4.1.4. Suppose U is a bounded domain in R" with n > 2, and g € OU. Let
u € C(U\ {xo}) be a bounded harmonic function in U such that v = 0 on U \ {z¢}.
Prove that u =0 in U.

Exercise 4.1.5. Prove that if u(z’,z,) is a bounded harmonic function on R? =
{z = (2/,2,) : ¥, > 0} in the class C(R%), and u(z’,0) = 0 for all 2’ € R""!, then

u(a’,z,) =0 in R%.
Exercise 4.1.6. Suppose U C R™ is bounded and u € C’E(UT) N C(Ur) satisfies
Owu(z,t) — Au(z,t) = f(z) in Ur,
{ u(z,t) = g(z,t) on d'Ur.
Suppose, further, that f(z) > 0 in U. Prove that u,(z,t) > 0 in Uyp.

Exercise 4.1.7. Using (4.3) to prove (4.4). Also prove that, if g € C[0,[], then for
any 0 < zg < I, folg(y)G(x,y,t) dy — g(xo) as (x,t) — (x0,0), ¢ > 0. What happens

if o =0or?

4.2 The Energy Method and Applications to Unique-

ness and Existence of Solutions

The energy method is related to the variational characterization of solutions. It can
often be used to prove uniqueness of solutions — so far, with the exception of the
maximum principle and the characteristic curves method in finding solutions to the
one-dimensional wave equation, other solution methods (separation of variables and

Fourier expansion) have not provided uniqueness.
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4.2.1 The Simplest Cases of the Energy Method

Earlier we proved the uniqueness for (2.1) by using the energy method. We now recall
the derivation and point out further consequences of the estimate.

Multiplying both sides of the first equation in (2.1) by u(z,t) and integrating over
x € [0,1], we find that for t >0

0= /Olu(:c,t) (ur(,t) = Upe (2, 1)) d = /Ol K@)t - u(yc,t)um(:c,t)] dx

_ld /l 2(z,t)d +/l 2(z,t)d
=57 Ou x, T Ouxx, x,

where we have used integration by parts and the homogeneous boundary conditions
u(0,t) = u(l,t) = 0; the computation also assumes that u(z,t), u,(x,t), uz.(z,t) €
C0,1] for t > 0 and u(x,t) and u.(z,t) are jointly continuous for (z,t) € [0,] x (0, 00)

in applying Lemma A.1. It now follows by integrating in ¢ the above relation

The derivation here has assumed that ¢ — fol u?(x,t)dr is in C[0,T] and t
Olu2(x,t) dzr is in C(0,T) for some T" > t > 0 (suffice for it to be in L(0,7)),

T

which is the case for the solution constructed by the Fourier series, or assuming the
solution to be in C%/([0,1] x (0,00)) N C([0,1] x [0,00)).

Remark 4.5. (4.8) is useful not only for proving uniqueness, but also for constructing
solutions by using the bounds fol w?(z,t) da and | Ol u?(z,T) dedr for the solution u

in terms of f(f u?(z,0) dr, and it is also a form of stability estimate for the solution.

This method trivially generalizes to the initial-boundary value problems for the

heat equation in higher spatial dimensions. Let u(z,t) in C’i:tl (2% (0,00))NC([0, 00), L2(£2))

or in C2; (92 x (0,00)) N C( x [0,00)) be a solution of

Then
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In fact, even if we allow the PDE in (2.1) to include a non-homogenous term
flzt): w(z,t) — ug(x,t) = f(x,t), we can adapt the method above to obtain a

corresponding energy estimate for u as follows.

Proposition 4.7. Suppose that u € C([0,T], L0, T])NC2; ([0,1]x (0, T]) is a solution

of
U — Uz = f(x,t), for (x,t) € (0,1) x (0,00),
u(0,t) =u(l,t) =0, for t>0,
u(z,0) =g(z) for xe€]l0,l].
Then

(4.11)

Proof. First, we multiply both sides of the first equation above by wu(z,t), integrate

in z € [0,], and integrate by parts as above to obtain

(4.12)

Next, we set G(t) = 0lu2(:17,t) dz, H(t) = Ol u?(x,t)dz, and F(t fo fP(x,t)d
Then G € C*(0,7) N C[0,T7], and

@) +210) <60 + 0. 13

(4.13) is often referred to as a Gronwall type inequality: it relates the growth rate
of G(t) with G(t) in this fashion. It follows now that G(t) + th STH(T)dr <

et [G(O) + fot G_TF(T)dT], namely

! t gl ! t gl
/ u?(z,t) dac—|—2/ / el (x, 7) dzdr < € {/ u*(z,0) dr —I—/ / e T f(x, T) dvdr|
0 0 Jo 0 0 Jo

from which (4.11) follows. O
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Remark 4.6. A previous variational characterization of solutions to the (homoge-

neous) heat equation (with homogeneous Dirichlet boundary condition) examined

I I
di/ Uy (z,1)|? do = 2/ Uz (2, t) - uge(x, t) de
tJo 0
I
= —2/ Uz (2, )y (2, 1) do
0
!
_ —2/ gz, £)[2 d < 0,
0

which also provides uniqueness to (2.1), albeit with some higher regularity assump-
tions on the solution u to justify the differentiation under the integral sign and inte-
gration by parts above; in particular, this argument would require t — fol |ug(z,t)|? dx
be continuous in ¢ € [0, 00), which may not be the case even if u(z,0) is smooth in
(0,1) (need to watch out for the matching, or its failure, of «(0,0) and u(l,0) with

the boundary condition u(0orl,t) = 0; examine the case u(z,0) = 1).

There are versions of the energy estimates for solutions defined on Q2 x (0, co) where
() is unbounded; but some decay assumptions on the solution is needed, as there are
non-trivial smooth solutions to the heat equation u; — A u = 0 on R™ x [0, 00) with
u(z,0) = 0, which were first discovered by Tychonoff.

The energy method can be easily applied to the Poisson equation —Au(z) = f(z)

to prove the uniqueness for the Dirichlet problem

(4.14)

Theorem 4.8. Suppose that §2 is a bounded domain in R™ whose boundary OS2 is
piecewise C'. Then there is at most one solution of (4.14) in the class C*(Q)NC*(Q).

The proof boils down to proving that

—Au(x)=0 forxeQ
u(z) =0 for z € 00.

has u = 0 as the only solution in the class C?(2) N C'(©2). But that follows from
multiplying both sides of the equation and integrating by parts:

0=— [ ul@)Au(z)dr = | |Vu(z)]*dz — u(x)az(z) do(z) = [ |Vu(z)? dz,
J J f gy o= |
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which implies that [, [Vu(x)[*dz = 0. This, together with the boundary condition
u(z) = 0 on 01, implies that u(x) = 0 in Q. Note that this proof requires slightly
more regularity on the solution: u in C2(2) N C*(Q) instead of C%(Q) N C(Q).

Next we introduce the energy method for the wave equation. Based on physical

considerations for solutions to (2.11), we define

1

!
Elu(-,t)] = 5/0 (uf (2, t) + ul(z, b)) do

to be the energy of the solution u at time ¢. Then for ¢ > 0

dE[u(-,t !
M = / (Ututt + CQ’U,E'U,M) dx
di ;

1
= / (ututt — 02umut) dx
0
_ ; 2 _
=0, ifuy— cuz =0.

The integration by parts can be justified if we consider C?([0,1] x (0, 00)) solutions
to (2.11); Efu(-,t)] € C[0,T] if we assume the solution in C*([0,1] x [0, c0)).

Theorem 4.9. Let u € C?([0,1] x (0,00)) NC([0,1] x [0,00)) be a solution of (2.11).
Then

In particular, if u(x,0) = 0 and u(z,0) = 0 for x € [0,1], then u(z,t) = 0 for
(x,t) €10,1] x [0,00).

Another consequence of the energy estimates is the continuous dependence in L?
norm of the (derivatives of) solution on initial data.

Such energy estimates on the solutions can also be used to prove the existence of
generalized solutions with L? derivatives. We provide here some details of that notion

in the one dimensional setting.

Definition. A function g(z) defined on (a,b) is said to have L? derivative for some
p > 1 over (a,b), if there exists some f(z) € LP(a,b) and some ¢ € (a,b) such that
g(z) = g(c) + [ f(y) dy holds for all z € (a,b).

A theorem in real variable implies that if g(z) = g(c) + [ f(y)dy holds for
all z € (a,b), and f € L(a,b), then the derivative ¢’'(x) of g(x) is defined almost
everywhere and equals f(z) over (a,b). We will identify f(x) with ¢’(z) and use the

notation ¢’ € LP(a,b) to mean that g has an LP derivative over (a,b).
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Remark 4.7. The property g(z) c)+ f f(y) dy holds for all x € (a,b), and some
f € L(a,b), is equivalent to g(x) belng absolutely continuous on [a, b], namely, for
any € > 0, there exists 4 > 0 such that, for any finite disjoint union of intervals
I; = [a;,b;] in [a,b], if Y. |1;| <0, then > . |g(b;) — g(ai)| < e.

A function that is absolutely continuous over any compact subinterval [a/, ] in
(a,b) may fail to be continuous over [a,b], or fail to be extended as a continuous
function over [a,b], as shown by the function 1/x on (0,1); but a function having an
LP derivative for some p > 1 over (a,b) can be extended to [a b] as an absolutely
continuous function on [a, b], as the integral representation g(x )+ f

can be extended to include x = a or b, when ¢’ € LP(a,b).

Note also that the condition that g(x) having an L?(a, b) derivative is not quite the
same as the point-wise existence of the derivative ¢'(x) in (a,b), with the exception
of a finite number of points, and that |¢'(z)[? is integrable on (a,b). For example,
for any step function s.(z) defined to be =1 for a <z < ¢, and = 0 for ¢ < z < b,
s'(x) exists and equals 0 for every x except at x = ¢, but it is not considered to have

LP(a,b) derivative, as it fails to be absolutely continuous on [a, b].

When ¢'(z) exists with the exception of a finite number of points and is piecewise
continuous in [a,b], and in addition, g(x) is continuous everywhere in [a,b], then

g'(x) € LPla,b] for any 1 < p < oo in the sense just defined.

An equivalent way to define ¢’'(x) € LP(a,b) is that there exists a sequence of
{gr(z)} C C'a,b] such that ||gx(z) — g(2)||Lr(apy — 0 as k — oo and {g}(z)} is
Cauchy in LP(a,b). This follows by first noting that { f gr(x)dz} is a Cauchy se-
quence therefore has a limit, and 1ntegrat1ng both sides of gx(z) = gr(zo)+ fro 9r(y) dy
over € [a,b], and noting that f y) dy is a Cauchy sequence in C|a, b], so its in-
tegral over x € [a,b] has a limit, Wthh shows that gk(xo) has a hrnlt In fact, let
g € L?(a,b) such that g; () — g € LP(a,b), then [ g,(y)dy — [ g(y) dy, so we can
pass to the limit to obtain g(z) = g(x¢) + fwo g(y) dy, from which it follows that g(x)
has LP(a,b) derivative ¢’(x) = g(z). The latter way of defining a function having L”

derivative will be used in higher dimensional settings.

We now discuss the existence of generalized solutions of (2.11) with L? derivatives.
When the initial data g(z) and h(x) are trigonometric sine polynomials, the Fourier
series method readily provides a genuine solution of (2.11). For more general initial
data, suppose that g(z) and h(z) are such that we can use trigonometric sine poly-

nomials g,(x) and h,(x) to approximate g(x) and h(z), respectively, in the following
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L? norm:
1/2
llgn — 9llL2 = {/ lgn () — |2da:] — 0 and {¢/,(v)} is Cauchy in L*[0,];
and
1/2
1B — B[ 12 = [/ o (2) — h(2)[2dz| =0,

as n — oco. The assumption here means that g has L? derivative.

It follows that there is some ¢ € L?[0, (] such that g/, — ¢ in L?[0,]. This g is the

L?0,1] derivative of g; for, each g, satisfies gn( ) = [V g (y)dy, and since ¢/, — ¢ in

L2[0,1], {fy 94 (y) dy}y is converging to fo y) dy un?formly in z € [0,1], thus g,(z)
converges umformly to g(z) in [0,1] and g(x fo y) dy. This implies that g(z) is
absolutely continuous in [0, ], with ¢'(z) = g( ) almost everywhere in [0, [].

Let u,(z,t) denote the corresponding unique solution of (2.11) with w,(z,0) =
gn(z) and Owun(x,0) = h,(z), then the energy estimate above says {Oyun(z,t)}
and {0,u,(x,t)} are Cauchy sequences in the above L? norm, more precisely, in
C([0,T], L?[0,1]), so we expect to find an appropriate limit, which should satisfy the
equation in some form.

To obtain the convergence of {u,(z,t)} itself, we make use of the inequalities
(1.30). (1.30) applied to (-, t) —um(-, t), together with the energy estimates, implies
that {u,(x,t)} is also Cauchy in the C([0,1] x [0,7]) norm. So there exists u €
C([0,1] x [0,T]) such that u, — u uniformly in [0,1] x [0, T].

If g and h are such that we can take the approximating sine polynomials g, and
h, with the further property that {d,h,} and {9%g,} are also Cauchy in L?[0,],
then we can apply the energy estimates to dyu,(z,t), which solves the homogeneous
wave equation, to obtain that {0?u,}, {0%u,}, and that {9?u,} are also Cauchy in
C([0,T], L?[0,1]). In such cases, we expect the limit to have some notion of second
derivatives. This approach will lead to the L? weak derivatives and weak solutions.
The sacrifice is that we may not get a C? limit as a solution. But many natural
properties for the wave equation suggest that L? space is a more natural space to
work with for the wave equation. We will explore the ideas here in more detail later
on.

The energy estimates above can be modified to deal with solutions to non-homogeneous

equations by modifying our earlier derivation.
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Theorem 4.10. Let u(x,t) € C*([0,1] x (0,00)) N C*([0,1] x [0,00)) be a solution of

(

(4.16)

Proof. We have

then

w _ /0 (s )t () + Prta (o, i, 1)]
= /O l up(w,t) [un(2,t) — Puge(w,t)] do
_ Olut(x,t) Fat) da
< Blut 01+ [ e,

from which it follows that

Elu( 1) < ¢ (E[u(-,O)] + /O t /O | 7 f(x,T)dedT)

<e <E[u(,0)] + /Ot /Ol dedT) :

O

4.2.2 Using the Energy Estimates to Construct Solutions of
the Wave Equation

We now apply the above energy estimates (4.17) to complete the construction of a
solution of

(02u(z,t) — P0%u(x,t) = flx, 1), on (z,t) € [0,1] x RY,
u(0,t) = u(l, t) =0, for t >0,
u(z,0) = g(z), for x € [0, 1],
Owu(z,0) = h(x), for x € [0,1].
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using eigenfunction expansion. Recall that
al nmwx
uwy(z,t) = Zun(t) sin(T),
j=1

N
foo(a.1) = 3 fult) sin(5).

N
T
g(N)<:E, t) = Zgn SlIl(—),
j=1
al nwx
hvy(z,t) = Z hy, sin( ),
j=1

solve

Then (4.17) applied to u(n) — u(n+y implies that {Ouwy(x, )} and {O,uwy(x,t)} are
Cauchy in C([0,T], L?[0,1]) for any T > 0, as

/OT /Ol |f(z,8)| deds = /DT;iléfs(S)ds = %;il/oT fals)ds < oo,

so for N > N/,

T pl T N
l
| [ 10ws) = fon(w )P duds = [ 37 Sis)ds >0 as N oc,
0 0 0

j=N'+1

Therefore {dyu(n)(z,t)} and {d,un)(x,t)} have limits in C([0, T, L*[0,1]).
{uny(x,t)} is also Cauchy in the space C([0,1] x [0,T7]) based on the elementary
inequality (1.30) and the energy estimate (4.17) applied to wu(n) — u(n.
Let u(z,t) = Umpy_ oo unvy (2, ), v(z, ) = Iimy_yoo Qpuny (2, t) (in C([0, T, L2[0,1])),
and w(z,t) = Imy_,e Opuwy(z,t) (in C([0,T], L?[0,1]). Then v(z,t) will be the gen-
eralized 0; derivative of u(z,t), w(x,t) will be the generalized 0, derivative of u(z,1),

and u(z,t) will be a generalized solution of (4.16) — we will elaborate on this later.
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4.2.3 Some Improvements and Modifications of the Energy
Method

In both (4.11) and (4.17), the exponential factor e’ is an undesirable feature. It came
about from simple algebraic manipulation such as in (4.12). Both (4.11) and (4.17)
are good enough for proving uniqueness and finite time stability of solutions; if we
desire better estimates than those provided for by (4.11) or (4.17), there are ways

to exploit the algebra more carefully; in fact, we will see that using dimensionally
consistent estimates would lead to improved estimates®.

First modification to (4.11). Our earlier derivation didn’t exploit the term fol u?(z,t)dr
on the left hand side of (4.12). Making use of (1.30), we use a modified arithmetic

mean to estimate

I
/u(x,t)fxtdx<2—l2/|uxt\2dx+ /fzxt
0

S§AWNWWW+§Aﬂ@ﬁW

Then (4.12) can be modified into
G'(t)+ H(t) < PF(t),
so it follows that

(4.18)
Below is a further modification if we use G(¢) < [*H(t), which is a consequence
of (1.30). (4.12) can be modified into

360+ 5600 < VGOV,

from which it follows that

(VGO) + /G < VFD,

and further that

Ve <ot (Vo + [ ef i),

*Section 1.3.3 has discussions on dimensional analysis.
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namely,

(/Ol\u(x,m?dx)%geé [(/Olru<x,0)\2dx)5+/ (/ |f:c¢\2dx) dT],

This approach would not work for a problem on an unbounded domain, as we

would not have an estimate as given in (1.30); but we can still estimate

l )\ ! ) 1 l )
/Ou(x,t)f(x,t)deE/O lu(z, )| dx+ﬁ/0 £(2,1) do

for appropriately chosen A > 0 (it can even depend on t; allowing [ = 00). In fact,
the earlier inequality u(z,t)f(z,t) < t|u(z,t)|* + 5/2(z,t) we used was not dimen-
sionally consistent, as f should take the dimension of [u]/[T], so u(x,t)f(z,t) has the
dimension of [u)?/[T], but |u(z,t)|* and f?(x,¢) don’t have the same dimensions. The
inequality u(z,t) f(z,t) < 5|u(z,t)|*+ 55 f*(2,t) would have consistent dimensionality
if A takes the dimension of [T~

We don’t currently know how to choose such a A > 0 but can treat it as a constant
to be chosen later to have the dimension of [T]7!. Using this inequality and applying
the Gronwall type inequality, we would get

! t gl
/\u(x,t)]de—i-Q/ / A2 (2, 1) dadr
)‘tl/ \ux0|2dx+//

We try to choose a A > 0 which would give a more favorable estimate: for a given

(x,7)dxdr

t > 0, if we choose A = ¢t~!, then we would get

! t ol
/|u(x,t)|2da?+2/ / e M (x, 7) dadr
0 0 Jo
I t ol
<e [/ |u(x,0)\2dx+/ / te” ™ f2 (2, 1) dadr | |
0 0 Jo

which would imply the cleaner estimate, which is also valid for [ = oo case”.

*In our first modification, we used u(x,t)f(z,t) < siz|u(x, t)* + §f2(x,t), which doesn’t seem
to be dimensionally consistent either. The reason there was because the equation u; — uz, = f has
set a dimensional constant 7 in front of u,, to be 1; the dimensional consistent equation should be

— YUz, = f, with 7 taking the dimension of [L]?/[T]. If we keep the 7 in the equation, then we
should have used u(z,t)f(z,t) < gz |u(z,t)]* + %fQ(x, t), which would result in replacing the % in
the RHS of (4.18) by y~1/? and inserting v in front of u2 on the LHS.
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(4.19)

Below is another variant of the energy method.

If we exploit | fol u(z,t) f(z,t)de] < \/G(t)\/F(t), in the absence of G(t) < I*H(t)

(when | = co for example), we still have
_G/ \/_\/_
from which it follows that /G(t) < \/G(0) + fot VF(7)dr, and

I t ol
/ u?(z,t) dx + 2/ / u?(z, 7) dadr
0 0 Jo
I t ol
:/ u?(z,0) dr + 2/ / u(z, ) f(z,7)dedr
0 0 Jo

S/Olu2(m,0)dx+2m/o \/deJr(/O \/de)

< [/Olu2(x,o)dx+ (/Ot{/olfz(@T)dx}édT)z] .

The technique for getting these estimates seems somewhat ad hoc; below we introduce
a more systematic approach: scaling.
Second modification to (4.11). To obtain an estimate for f(f \u(z, T)|* dz, we in-

troduce the normalizing scaling t = T's for 0 < s < 1 and consider v(zx, s) = u(z,T's).
Then

vs(x,8) = Tuy(x, Ts) =T [ty (2, Ts) + f(x,T5)] = Tvpe(x,8) + Tf(x,Ts).

(4.11) can be slightly modified to be applicable to v(z, s), which gives, at s = 1,

l 1 pl
/Iv(:c,l)lzda:wT/ /vg(x,T)dxdT
0 o Jo
l 1 pl
<e U |'v(x,0)|2dx+/ /TZfQ(x,TT)dxdT .
0 0o Jo
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I I
[ npde = [ fute )P s
L R
T/ /vi(xﬂ') dde:/ /ui(x,r) dxdr,
o Jo o Jo

/ /T2f2 x,T1)dedr =T /T/Ol (z, ) dedr,

so we arrive at (4.19) for t =T

But

A similar modification can be done to remove the e’ factor in (4.17).

4.2.4 Energy Estimates for Solutions to the Cauchy Problem
of the Wave Equation

We next extend the above energy estimates to solutions to the Cauchy problem (3.3).
The standard approach so far relies on carrying out integration-by-parts on finite
intervals, which can be justified if the solution satisfies appropriate boundary condi-
tions, or has compact support in x for each t. We will prove below that the solution
will remain compactly in z if we assume u(z, 0) and u.(z,0) to have compact support.
We modify the energy estimate in the following way to prove this. Notice that our

earlier integration-by-parts argument for the energy estimate was based on

1 c?
§uf + Eui)t — (Pugty)y

So for a solution u to the homogeneous wave equation, the vector-field

1 2
2uf + iui)

is divergence free. For any given (X,T'), we form the triangle with vertices (X, T),
(X —¢T,0), and (X + ¢T,0), and also consider the trapezoid

ut(utt - C2u1‘1‘) - (

(P, Q) = (—Cuguy,

DiX,T)={(z,t):0<t <7z —X|<c(T—-1)}
for any 0 < 7 < T. Integrating the above divergence free vector-field (P, ) on
D{(X,T), we obtain
0= [ (PQ) (s
aDF (X,T)

On the t = 7 portion of DJ(X,T), X —c¢(T —7) <o < X +¢(T —7), and

1 c?
(P7 Q) ’ (nxant) = 5”?(‘%‘77—) + Eui<x77)7
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while on the ¢ = 0 portion of 0D§(X,T), X — T <z < X + T,
2

(P,Q) - (name) = — [ udw,0) + S, 0)]

On the lateral portion of ODJ(X,T), (z,t) = (X £ (T — t),t), so ds = V1 + 2dt,

(ng,ny) = %, and

(P,Q) - (ng,n) = [u (X £ (T —t),1) T cug(X £ (T —1t),1)]°.

c
2V +1
The key feature is that (P, Q) - (ng,n:) > 0 along 0Dj(X,T), as long as we take

ng > 0, so

X+ce(T—1) 1 2
/ [—uf(x, )+ —u(z, 7')} dx
X—c(T-7) 2 2

; / X elT 1), 1) — eun(X 4 ofT 1), 1) i

+/T Elus(X = (T — £),8) + cup(X — (T — 1), )] dt

2
X+cT 1 C2
:/ [iuf(az,O) + 5ui(m,0)} dx.
X—cT

Thus we have the local version of the energy estimate

As a consequence, if

X—‘rCT 1 02
/ {iuf(m, 0) + Eui(x, O)} dr =0,

X—cT
then
X+e(T=7) 11 2
/ |:§U?(CL', T) + Eui(m, T)] dr =0,

X—c(T-71)
for all 0 < 7 < T, which then implies that u(x,t) = 0 for (z,t) € DI(X,T). A
direct consequence of the energy estimate is the uniqueness property: if u(z,0) =
u(z,0) = 0, then u(z,t) = 0—one simply applies the above energy estimate on any

finite trapezoid as in the proof above.

Exercises
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Exercise 4.2.1. Let u(z, t) be a solution of (2.10) such that u(z,0) = 0 and u:(x,0) =
0 for x < a or x > b. Prove that u(z,t) =0 for z > b+ ct or x < a — ct. This is
a statement that the speed of propagation is not faster than c. (Hint: modify the
above local energy estimate in appropriately chosen triangles/trapezoids. While the
conclusion can be read off from the solution formula given in Theorem 3.1, the energy

estimate approach can be extended to higher dimensions.)

Exercise 4.2.2. Suppose that g(z) is continuous and piecewise differentiable over
0, 7]. Let Y °>° | g, sin(na) be the Fourier sine series of g(x) over (0,7) and u(z,t) =
S | gne "' sin(nx) be the Fourier series solution of (2.1) for (z,t) € (0,7) x (0, 00).
Prove that

(a). t — [ |0,u(x,t)|? dz is non-decreasing in ¢ € (0, 00); and
(b). limy_y [ |0pu(z, t)|* do < oo iff g(0) = g(7) = 0.
Exercise 4.2.3. Here is a version of the energy estimates for solutions to the non-
homogeneous heat equation with homogeneous Dirichlet boundary condition: Let
U C R” be a bounded domain with piecewise C' boundary and v(x,t) € CY(U x
0,7]) N Ci’tl(U x (0,7]) be a solution of
ve(z,t) — Av(z,t) = f(x,t) for (z,t) € U x RT,

v(z,t) =0 for (z,t) € OU x RY,

v(x,0) = g(x) forz e U.
Then there exists a constant C' > 0 depending on U, T such that

ma (/Uv2(x,t) dm>+/0T/U\Vv(x,t)|2dxdt§C(/OT/U|f(x,t)|2dxdt+/ng(x) dm).

Exercise 4.2.4. Here is a version of the energy estimates for solutions to the wave
equation (3.3) on R x R, with non-homogeneous right hand side. Let v € C?*(R x
(0,7)NCYR x [0,T]) be a solution of (3.3) such that g(x) = u(x,0), h(x) = w(z,0),
and f(z,1) satisfy [; (lg'(2)* + [h(2)?) dz < oo, and [ [5 0  f(2,7)d2dr < cc.
Prove that there exists M = M(T') > 0 such that for any 0 <t < T,

/R (2 ) + (e, 1)] de < M {/R [l (@) + 12 (2)] de + //RXM 2z, 7) da:dT} |

and

/ /MO,T] [u2(,t) + Pul(x,1)] de dt
=i {/R [C2|g’(x)|2 + h2(x)] dz + //Rx[o,:r] [Pz, 7) dxdr} .
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(HINT: carry out the energy estimate on the trapezoid DI (0,7) for 7 — o00.)

Exercise 4.2.5. Prove the following improved version of (4.17) for solutions of (4.16)

EBlu(-,t)] <e (E[u(-,())] +t/0t /OZMCMT).

HINT: Set t =T and apply (4.17) to v(y,s) = w(Ty,Ts) at s = 1.

Exercise 4.2.6. Let {g.(z)} C C'a,b] be a sequence such that both {gi(z)} and
{9,.()} are Cauchy in L”(a, b). Prove that {gx(x)} is Cauchy in Cla, b], and that there
exists an absolutely continuous function g over [a, b] such that || gk( )—g(x )|| Lp(ap) T
|gi(x) — ' (x)||r@apy — 0 as k — oo; furthermore, g(x) = g(a) + [ ¢'(y) dy for
all x € [a,b]. HINT: First prove that { f gr(x)dx} is Cauchy, then use gk( ) =

(b—a)” [f gk (2 dz—i—ff dydz]

4.3 Variational Method

We have so far discussed how to construct solutions of

(4.20)

when (2 is a round disk or a half space. Our explicit construction is not easy to extend
to a general 2. We now discuss a variational approach for constructing a solution of
(4.20). Recall that the Dirichlet principle says that a solution u(x) to (4.20) can be

found as a minimizer to the variational problem

where Elw] = [, |Vw(z)[*dz and M, = {w € C*(Q)NC*(Q) : w = g on IN}.

To find a minimizer of E{w] over My, note that E[w] is non-negative, so inf,enr, Flw]
is well defined. A minimizing sequence for E[w] on M, namely, {u;(z)} C M, such
that Efu;] — inf,ep, Elw], is bounded in [, |Vu;(x)|* dz. However, M, is not finite
dimensional; and there is no clear mechanism that would prove that such a minimiz-
ing sequence {u;} is convergent (in C* norm), or at least has a subsequence which is
convergent.

We note that E[w] is (strictly) convex over M,. More specifically, note that
Yt e M, and
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4.3. VARIATIONAL METHOD

Uj + U 1
Elu)) + Elue] = 2E[=——] + 71|V (t; = ) [
so we have
1 Elu;] + Elu] Uyt Uk
gHV(U]’ - Uk)”%?(ﬂ) =— 92 ~ E[= 2 ]
Bl Blud e gy o,
2 u€ My

when j,k — oo, as Elu;], E|u] — inf,en, Efu] when j, k — oo. This proves that a
minimizing sequence is Cauchy in the semi-norm ||Vw||r2q) ([[Vw — Vv|[12(q) is in
fact a metric on M,)! What remains is to identify this limit and its properties.

The early difficulties of the variational approach lie mostly with trying to work di-
rectly with convergence in M, in the traditional C? norm or its minor variations. The
computations above suggest strongly that it’s much more natural and advantageous

to work with convergence in the metric ||Vw — Vv||12(q).

Definition. For a bounded domain Q in R", define H;(2) to be the completion® in
the norm ||Vul||12(q) of the space C}(2). For a domain  in R" with piecewise C*

boundary, define H'(2) to be the completion in the norm ||Vul|r2q) + ||u|12@) of
the space C(Q).

Remark 4.8. One could use |[Vw — Vv||r2q) as a metric on M, and discuss its
completion. The main technical issue is to discuss the sense in which the functions
in the completion take on the boundary value g. Our discussion later in this section
will give a sense of the boundary value of functions in the completion on codimension
one boundary components, but see Exercise 4.3.3 for an example where the bound-
ary value on a codimension two component of the boundary is not preserved in the

completion.

The definition for H}(€2) only includes the semi-norm [|Vul|;2(q). The fact that a
sequence which is complete in this norm is also complete in the norm ||u||;2(q) follows

from the following Poincaré inequality.

*We are using a basic fact that ||Vu||r2(q) is a norm on C}(f2), and that LP(Q) is complete
in the sense that any Cauchy sequence {ux} of LP(2) has a limit function v € LP(Q2) such that
lur — ul|Lo(2) — 0 as k — oo. In this context, a sequence {uy} in C2(Q) such that each {9quz},
a=1,---,n,is Cauchy in L?(Q) has a limit function U] in L?(Q) such that ||0nug —Ua)|l2) — 0

as k — o0o. These uy)’s will be the partial derivatives of u in an integral sense.
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Poincaré inequality: For any bounded domain €2 in R”, there is a con-

stant C' > 0 depending on 2, such that for any function u in C!(Q), we

Remark 4.9. H}(Q) and H'(Q2) are defined in terms of completion of the space of
appropriate C! functions in the L? norms of their derivatives. When inequalities such
as (1.30) or (4.22) are valid for the C''(£2) functions, for which the completion is to be

taken, these inequalities continue to hold for functions in the completion. Let’s take

have

Q = (0,1) to carry out the analysis. A sequence of functions {u;} C C}(0,) which
is Cauchy in the norm |[[u}(z)||z2(0.) is also Cauchy in |[u;(z)||cp,y due to (1.30), so
it has a limit v € C[0,1] and {u}} has a limit v in L?[0,1], and this v is the L* weak

derivative of u. Furthermore, based on the following stronger inequality for functions

in C[0,1],

(4.23) continues to hold for functions in H'(0,1), where «/(z) represents the weak L?
derivative of u. This kind of argument identifies elements in H'(Q2) with functions
having some traditional regularity. When 2 is a higher dimensional domain, we may
no longer have (1.30) or (4.23), but there will be variations of this kind of argument.
By definition for H}(2), (4.22) is valid for functions in H}(Q) as well.

Proof of Poincaré inequality. We may suppose that @ C {xr € R" : 0 < 27 < L}.
Then for any function u in C}(Q), we may treat it as in C}({z € R": 0 < z; < L}),

and it follows from u(z) = foxl Uz, (Y, T2, -+, ) dy that |u(x)] < fOL [ty (Y, T2, - -+, )| dy.

Squaring both sides and applying the Cauchy-Schwarz inequality on the right hand

w1 < ([t i) ([C1ay).

Integrating both sides over x € €2, we obtain

/Qlu(x)Fdx <12 (/Q|ux1(:7c)|2dx) <12 (/Q|Vu(9:)|2dx).

side, we obtain
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Remark 4.10. Note that if C(D,h) ={z € R" :a <z <a+ h,(z2,--- ,2,) € D}
is a cylinder with D as base, then for any a < a; < as < a + h, similar to (4.23), for
any u € C'(C(D, h)), we have

/|u ay, To, -+, x,) — u(ag, Ta, - - )|2dx2 - dx,

<(az —ay) (// (2 |2dx) (a5 — ar (// V(e |2dm>.

This inequality also holds for H*(C(D, h)) functions and shows that z; — u(zy,-) €
L*(D) is Holder continuous for an H'(C(D, h)) function, and implies that H' func-
tions have well defined restrictions as L? functions to hypersurfaces in its domain; in
particular, they have well defined boundary values as functions in L*(99) when the

domain has piecewise C'! (codimension 1) boundary.

An element u in H}(Q) or H'(Q2) has weak L? derivatives in the following sense:
there exist upy € L*(Q2) for each a =1,--- ,n, such that for any n € C}(Q)

This is true because there exists {v;} € C}H(Q) (or C*(Q) in the case u € H'(Q)) such
that v; — w in L*(Q) and {Vu;} is Cauchy in L*(Q), so there exists uy € L*(Q2) for
each @ =1,--- ,n, such that d,v; = up in L*(Q) as j — oo. Since, for each j,

/Q 03(2) 0 () dz = — /Q Dv; (2)1() d
< ([ 1@ - dx) (/ Bun(a |2dx) "

and a similar estimate for | [, 9a [v;(2) — ujq(2)] n(x) dz|, we see that

using

/Q [03(2) — u(2)) Bu(z) de

[ u@unteyde = im [ v(@0un()da

j—00
= — lim /8 UJ
j—o0
= —/Qu[a](x)n(x) dx.

upe)(z) is called the weak L*(Q2) partial z,, derivative of u and is denoted as dyu(z) or

uq(z). The discussion in Remark 4.10 can be extended to define the restriction of a
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function u in H'() to any piece-wise continuously differentiable hypersurface of Q,

and for any n € C1(), we have

where v, (x) is the ath component of the unit exterior normal vector v(x) at x € 9€.
This is also obtained from the corresponding equalities for v;(z) when v;(z) — u(z)

in H'(Q) and passing to the limit.

Remark 4.11. Many textbooks take (4.24) as the definition of weak derivatives, and
then prove that each element with the properties as in (4.24) can be approximated
in the H'(Q) norm by elements in C'(Q2) (or in C}(2) in the case of an element in
H}(Q). But that approach takes considerable more effort.

Also, in order to get approximations by functions in C'(2), certain regularity
assumptions on J€) are needed. There are complications when 0f2 has pieces which
have codimension higher than 1, or have codimension 1 pieces with both sides lying in
Q) such as when € is the unit disk with a line segment inside deleted; such boundary
components create difficulties for approximations by functions in C*(Q). Approxi-

mation by functions in C'(€) holds without requiring assumptions on regularity of
o0.

We return to our discussion of finding a minimizer for Efu] in M,. Since M, C
C'(Q2), we should consider the closure M, of M, in H'(2). Because H'(f) is the
completion in the norm ||Vu||r2(0) + ||u||r2(0), and Eu;] is a Cauchy sequence when-
ever {u;} is a Cauchy sequence in the norm above in M,, E[u] extends to M, and
is a continuous functional on ﬁg. We can repeat our earlier argument on finding a
minimizer for E[u] on M, by showing that a minimizing sequence in M, is a Cauchy
sequence in M, in the H'(Q)) norm; the only difference is that the minimizer u € M,
is only known to have weak L? derivatives in €2, and takes on the prescribed boundary
value g only on codimension-one boundary component and in the generalized L? sense
as discussed in Remark 4.10.

Below is an alternative approach that also works for the Poisson equation (4.26)
below. Assume that g is the restriction to 9 of a C2?(Q) function §. (Although
we already discussed that an H' function on a domain with piecewise C!' boundary
has well defined boundary value as an L? function, it is not easy at this stage to
characterize those functions on the boundary which are boundary values of an H*

function in the domain (not every L?(9€2) or C(99) function can be the boundary
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value of an H' function; some fractional order differentiability is needed.) We look
for a solution of (4.20) in the form of u = g + v for some v € Hj (1), then

(4.26)

(4.26) has a variational structure too. A solution v to (4.26) is a minimizer to the

where I[w] = [, {3|Vw(z)|? — f(z)w(z)} dz; and we can look for a minimizer to

variational problem

Iw] as a mechamsm to ﬁnd a solution of (4.26).

First we need to show that inf,,¢ g1 () I{w] is well defined, namely, I[w] is bounded
from below on H}(€2). This can be verified with the help of Poincaré’s inequality.

It follows from (4.22) that

(4.28)

I[w] differs from E[w] only by a linear term, so I[w] carries the same convexity
property as F[w]. In particular, a minimizing sequence {w;} C H}(Q) for I[w] is
Cauchy in the Hj(Q) norm, therefore there exists v € Hg(f2) such that w; — v
in Hg(Q). Furthermore, I[v] < lim; o I{w;] = inf,epiq) I{w]; and is the unique
minimizer due to the strict convexity of I[w].

Since v attains inf, ¢ (o) [[w], we have, for any w € Hg(Q), that

d
% tzo[[v + tw] = /Q [Vo(z) - Vw(z) — f(2)w(x)] de =0,

which is the weak form of the equation to —Aw(z) = f(x). It remains to prove that
v, satisfying the weak form of the equation above, is in fact sufficiently regular to
satisfy —Awv(xz) = f(z) in the classical sense.

The same approach works if we change [w] into

M= | E (Z i ()1, ()0, (2) + c<x>w2<x>) - f(fv)w(w)] .

1,j=1
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where the a;;(x)’s satisfy

for some 0 < m < M, and we may assume for now 0 < ¢(z) < M for z € . Such kind
of a;j(x)’s arise naturally in dealing with a medium which is anisotropic (the energy
density may vary depending on the orientation of Vw) or non-homogeneous (the

energy density may vary depending on the location ), or both. Simplest examples

I B R PYCO I Mlz) - 0
(a;j(x)) = [0 )\2] or [ 0 )\(3:)] or [ 0 )\2(3;)],

where m < \j, A(z), and \j(xz) < M (they need not be continuous in z).

include

Under these assumptions, I[w] is still well defined on H'(Q), is continuous with
respect to the H'(2) metric and strictly convex, and I[w] has a unique minimizer v
in H}(Q2). This v satisfies

C;i tZOI[v + tw] = /Q [Z %(aij(l’) + ai(2)) Vg, (2)wy, (z) + (c(x)v(z) — f(x))w(x)] dr

i,j=1

=0,
for any w € Hg(Q). We may as well assume a;;(z) = aj;(x) for all z € Q—this will
not affect I[w]. Thus v satisfies

(4.30)

for any w € H} ().

If the terms a;;(x)v,, (z) are in C1(£2), or have L*(Q) derivatives, we would have

/Q {— > (aij(x)v,, (2)),, +c(z)v(z) - f(x)} w(z)dz =0,

ij=1

for any w € H} (). We say that v is an H}(Q) weak solution of

when it satisfies the integral form (4.30).
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(4.29) is called ellipticity condition for (4.31), and in such a case (4.31) is called
a second order elliptic equation. Thus the variational approach has provided a mech-
anism to produce a weak solution of (4.31); what remains is to prove that, when the
a;;(z), c(z), and f(z) have additional regularity, the weak solution v(z) has improved
regularity than being in Hg(£2); in particular, it will be shown that when the a;;(z),
c(x), and f(z) are sufficiently regular, the v(z) becomes a classical C?(Q2) N C()

solution.

Remark 4.12. Although the variational method is quite robust, there are some subtle
issues which are not revealed in a conspicuous way by this approach. For instance,
for certain domains €2 and certain boundary value g € C'(092), (4.20) does not have a
solution. Q = B1(0)\ {0} with g(z) = 0 for |z| = 1 and ¢g(0) = 1 is one such example.
How is this reflected in the variational approach? In seeking a minimizer in M, or
its appropriate completion, of Elw] = % [, |Vw(z)|*dz, a minimizing sequence {u;}
in M, is still a Cauchy sequence under the metric ||Vu; — Vug||12(q). Why isn’t the
limit a solution to (4.20) here? It turns out that completion of M, under this metric
can maintain the property of w(z) = 0 for |x| = 1 in appropriate sense*, but can’t
maintain the property that w(0) = 1 in the case here. In other words, boundary
properties of functions in M, may not be all preserved in the completion when the
boundary of the domain has a component that is not a hypersurface. In order for
the completion to maintain the boundary value at x = 0, there must be a constant
C' > 0 such that for a minimizing sequence w;(x), [y, 1 |w;(rw) — w;(0)|do(w) <
C||Vwj]|p2(q)—this would be an analogue of (1.30) in the one dimensional case. But

such an inequality is impossible, even for radially symmetric functions.

Exercises

Exercise 4.3.1. Define I[w] as on the line above (4.29) and assume (4.29). In ad-
dition, assume that c¢(z) > m for all z € Q. Prove that inf{I[w] : w € H*(Q)} is
attained by a unique v € H'(Q), and that v satisfies (4.31). Assume further that
00 € C! and that for each j = 1,---,n, > a;j(x)v,, (x) € H'(Q), prove that
> i je1 @ij(2) vy, (2)vj(z) = 0 at each x € 9, where v(x) stands for the unit exterior
normal to 02 at x € 9N).

def

Exercise 4.3.2. Verify that the infimum of I[u] = f_ll 2?|[u/ (z)|?dz over X = {u €

“E.g., one can easily establish [, _, |w(z)[?do(z) < C(1 — r) |Vw(x)|?dx for 0 < r < 1

and w € M,, and use this in the completion process to describe the sense in which w(z) = 0 on

z|>r

|z| = 1 for any limit function w(x) in the completion.
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H'Y(—1,1) : u(—=1) = —1,u(1) = 1} is equal to 0 and is not attained by any u € X.
This example is based on Weierstrass’ example pointing out a defect in Riemann’s
application of the Dirichlet principle. The same conclusion holds if the condition
u € H'(—1,1) in X above is replaced by u € C1[-1,1].

Let Y denote the completion of C'[—1,1] under the norm |u(—1)| + |u(1)| +
<f L2 ( 2da:> 2 and Y = {ueY :u(-1) = —1,u(1) = 1} (Note that if u € Y,
then for any 0 < ¢ < 1, u € AC[—1, —c] N AC|c, 1], so u(z) is point-wise well defined
over [—1,0) U (0, 1]). Verify that the function

-1 ifz e [-1,0),
u () =
1 ifxe(0,1],
is in Y7 and that the infimum of the same I[u] over Y] is attained by u;. Note that,
unlike H'(—1, 1), which is also obtained by a completion procedure, and whose mem-
bers are in AC[—1,1], Y and Y; admit functions which are not absolutely continuous

(not even continuous) over [—1, 1].

Exercise 4.3.3. Define X to be the completion of the space M, of C'[0, 1] functions
with u(0) = g(0) = 1 and u(1) = g(1) = 0 with respect to the metric induced by

the semi-norm ||u|| = < fo |u/ (7 rdr) v (This is actually an H! norm of radial
functions in the two dlmensmnal unit disc with boundary value 0). Verify that the
infimum of I[u] := fo |u/(r)|?r dr over X is equal to 0 by constructing a sequence
uy, in C10,1] functlons w1th ur(0) = 1 and wuk(1l) = 0 such that [[ug] — 0 and
|u|[zrp) = 0 as & — oo, where 1 < p < oo is arbitrary. This example shows
that the completion may not keep the boundary value of functions in M,. Note,

however, that the boundary value u(1) = 0 is preserved in X in the sense that, for
we X, [u(s) < Vins~t (fsl W/ (1) [ dr) v holds for 0 < s < 1. HINT: Since two-
dimensional harmonic functions are related to making I[u] the least possible, one
should make use of two-dimensional radial harmonic functions (perhaps on appropri-
ate annulus region) in the construction of wy.

u(z)

Exercise 4.3.4. Prove that if u € H}(0,1), then —= — 0 as x — 0.

NG

Exercise 4.3.5. Note that (4.23) shows that any function in H'(0, 1) is Holder con-
tinuous with exponent i 5> and in particular, is in C'[0,1]. Prove that if u € H'Y(0,1)
and u(0) = u(1) = 0, then u € HJ(0,1).
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Exercise 4.3.6. Suppose that u € H'(0, 1) satisfies

1
/ a(z)u' (z)n'(z) de =0
0
for all n € H}(0,1), where M > a(z) > m > 0 for z € (0,1).

(a). Show that «'(x) needs not be continuous. (Study the case where a(z) is piece-

wise constant.)
(b). Show that, if, in addition, a(x) € C*(0,1), then u(z) € C?(0,1).

Exercise 4.3.7. Adapt the inequality in Remark 4.10 to show that there exists some
constant C' = C'(n) such that for any u € Hg(B(0,1)), where B(0,1) is the unit ball
in R™ centered at 0, there holds

/ u?(z) dS(x) < C(n)(1 — 7“)/ IV u(z)|? do

8B(0,r) B(0,1)

for 0 < r <1, s0 ulop,1) = 0 in the sense that [, ,u*(z)dS(z) = 0 asr — L
Also prove that H}(B(0,1)) = H}(B(0,1) \ {0}), which implies that a function u
in H}(B(0,1) \ {0}) may not take the suggested boundary value 0 at its (higher-

codimensional) boundary point {0}.

Exercise 4.3.8. For any ¢ € (0, 1), prove that v € Hj(0,1) — v(c) is a continuous
linear functional on H}(0,1): this is clearly linear in v; to prove that it is a continuous
linear functional, it remains to prove the existence of some C' > 0 such that |v(c)| <

C||V'||r2(0,) for any v € Hj(0,1). In addition, prove that

] = %/O W (2)[2d — v(c)

has a unique minimizer v € H}(0, 1), that u(z) is piecewise C' on (0, 1), and u'(c+) —
u'(c—) = —1, where v/(ct) are the right and left limits of «/(z) at ¢. Finally determine

u(z) explicitly.

Exercise 4.3.9. This exercise provides a mechanism to prove the existence of a weak

solution to a modified (4.31) which includes first derivative terms of v, (x):

(4.32)
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where we may assume b;(x) to be bounded measurable, say, |b;(x)| < M for all z € €,
and f € L*(Q). First, we set up a bilinear form B[v,w] on Hj(Q) as

Blv,w] = /Q (Z aij (7) Vg, (T)w,, (v Zb L)V, (x (x)v(x)] w(x)) dx.

ij=1

If v € Hj(Q) is such that Blv,w] = [, f( x)dx for all w € H}(), then we say v

is a weak solution of (4.32).

(a)

(b)

Prove that there exists C' > 0 such that |Blv, w]| < C||v|[g1(q)l|[w]| 1) for any
v,w e Hi(Q).

Blv, w] is said to be coercive if there exists a > 0 such that Blv,v] > al|v] |§{S(Q)
for all v € HJ(Q). Prove that if ¢(z) > nM?/(2m) for all x € Q, then Blv, w]
defined above is coercive. Note that B[v,w] is in general not symmetric in v
and w; otherwise, one could have used the variational method of this section to
prove the existence of a Weak solution of (4.32), namely, some u € Hj () such
that Blu,w] = [, f( x)dx for all w € H}(Q).

The following abstract formulation, due to Lax and Milgram, will be used to

prove the existence of a weak solution of (4.32), under appropriate conditions.

Suppose that H is a Hilbert space and Blv, w] is a bilinear form on H
satisfying (i). there exists some C' > 0 such that | B[v, w]| < C||v||||w]|
for all v,w € H, and (ii). there exists some a > 0 such that Blv,v] >
al|v||? for all v € H. Then for any bounded linear functional [ of H,
there is a unique v € H such that Blu,w] = ([, w) for all w € H.

Follow the instruction to prove this Lax-Milgram theorem. First, prove that
for any v € H, there is a unique T'(v) € H such that Blv,w] = (T'(v),w) for
all w € H. Here (T'(v),w) is the inner product of H. Second, prove that T
is a linear operator and al|v|| < [|T'(v)|| < C||v|| for all v € H. Third, prove
that T : H — H is onto by showing that T'(H) is closed in H, and that if
w is such that (T'(v),w) = 0 for all v € H, then w = 0. Lastly, prove that
for any bounded linear functional [ of H, there is a unique u € H such that
Blu,w] = (T(u),w) = (l,w) for all w € H.

Prove that under our assumptions, including those made in (b), there exists a

unique weak solution to (4.32).
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Chapter 5

Laplace and Poisson Equations

Overview. In this chapter, we aim to develop methods to solve boundary value
problem of the kind

(5.1)

In the first chapter, we discussed the separation of variables method to solve (5.1)
in the case U is a round disk in R? and f = 0 in U. The same method can also be
made to work on higher dimensional round balls. Eigenfunction expansion method
can be used to solve (5.1) on such domains when f is not identically 0. However these
methods leave us no clue as for how to approach (5.1) on general domains.

We will first do some reductions and try to understand the solvability of the

reduced problems. The first is to try to construct solutions to

Bu=f wmU, 62

for reasonably behaved f without worrying whether the boundary values of u equals

g, or to construct solutions to
(5.3)

for reasonably behaved ¢; we will first carry this out for a round ball or a half space

@© 2025, by Zheng-Chao Han. Please do not distribute these notes at this point, as they have
not been thoroughly revised.
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CHAPTER 5. LAPLACE AND POISSON EQUATIONS

in general dimensions. Next we will try to construct solutions to
(5.4)

for well behaved f.

Once we understand how to solve (5.3) and (5.4), a solution of (5.1) can be
constructed as u(x) +ug(x), where u () is a solution of (5.3) and us(x) is a solution
of (5.4). If we also know how to construct solutions to (5.2), then (5.3) and (5.4) are
essentially equivalent. For example, let v(x) be a solution of (5.2) such that v € C(U),
then a solution of (5.4) can be constructed as v(z) + w(x), where w is a solution of
(5.3) with boundary value g(z) — v(z).

After we have some understanding for solving (5.2), (5.3) and (5.4) for a class
of data (source term or boundary value) and domain, we move on to tackle their
solvability in general cases. One main focus will be to develop tools to understand
how solutions converge when the data or domains converge. We should also keep an
eye on properties and methods which may hold for solutions to equations that are
modifications of (5.2), such as the Helmholtz equation Au(x) + c(z)u(x) = 0, or its
variable coefficients variants.

We already saw several applications of the maximum principle for solutions to
(5.1). An immediate consequence of the maximum principle is the uniqueness of
solution of (5.1) in the class C%(U) N C°(U): suppose that U is a bounded domain
and that u,v € C*(U) N C°(U) are solutions to (5.1), then u —v € C2(U) N C°(U) is
harmonic in U with (v — v)|sy = 0, therefore w —v =0 in U. A consequence of the
uniqueness of solution of (5.1) is that one can’t prescribe both the boundary value
u(z) on QU and its normal derivative 2% on OU.

Another consequence of the maximum principle is the estimate on the size of
|[u| oy in terms of |u[cory and |Aulcogy: for a bounded domain U, there exists a

constant C' > 0 depending only on the domain U such that

ey < sy + oy 55

A further consequence of the maximum principle is the following convergence
property: suppose that u, € C2(U)NC%(U) is the unique solution to (5.1) with fy, gx
replacing f, g, respectively, and suppose that there exist f € C°(U) and g € C°(9U)
such that f, — f in C°(U) and g, — g in C°(OU), then we see through (5.5) applied
to up — u; that {u;} is Cauchy in C°(U), therefore, there exists a limit u € C°(U)
with u = g on OU.
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In order for u to solve (5.1) in the classical sense, we need to find conditions
which guarantee that u;, — u not only in C°(U), but also in C2_,,(U), at least after
extracting a subsequence. This can be achieved if we could obtain versions of (5.5)
where the left hand side is replaced by appropriate norms of derivatives of order two
or higher of the solution; then we could prove that derivatives up to order two of the
solutions wuy is Cauchy in appropriate space, or argue via Arzela-Ascoli theorem that
derivatives of u; up to second order are equicontinuous on any compact subset of U.
Finding and proving such appropriate derivative estimates will be a main focus.

Such estimates can be proved relatively easily for solutions to (5.1) when f =0 in
U, namely, for harmonic functions. See Theorem 5.8 below. The precise statements
on the convergence of solutions to (5.1) are given in Theorems 5.10 and 5.20 below.

The equicontinuity of the second derivatives of solutions of (5.1) for general f
requires some control on the modulus of continuity of f and can be developed using
potential representation. There is a theory, called the Schauder theory, that general-
izes such estimates to solutions of elliptic equations with Holder continuous variable
coefficients. We may only have time to touch on some rudimentary aspect of this
theory and leave the full development of this theory to a subsequent course.

Our main immediate focus in this course will be to find conditions on U and g such
that we have a reasonably complete result on the solvability of (5.1) for the case f = 0.
Although the convergence result in Theorem 5.20 looks like a plausible approach, a
complete result would require the solvability of (5.1) for a dense set of data. This
can be provided by Poincaré’s method of balayage. An alternative approach is to use
Perron’s method which involves the concept of subharmonic functions.

In order to develop the derivatives estimates for harmonic functions in Theo-
rem 5.8, we first discuss Green’s representation and some of its consequences, includ-
ing the regularity properties of harmonic functions, the concept of Green’s functions,
and the construction of Green’s function on round balls and half spaces in any di-

mension.

5.1 Elementary Examples of Harmonic Functions
First let’s work out some sample solutions to Au = 0.

(i) The real and imaginary parts of complex analytic functions on domains in C

are harmonic functions.
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(i)

(iii)

CHAPTER 5. LAPLACE AND POISSON EQUATIONS

aijzixi 4+ Y biw; + c satisfies

Au = 0 iff Z?zl a;; = 0. This is a vector space of dimension @ +n. In

Polynomial solutions of degree 2 or less: > i1
fact, using an essentially linear algebra argument, one can see that the linear
map A : P — HP_s is onto and has non-trivial kernel whose dimension is
dim &, —dim &),_5 = ("ﬁ;l) — ("ﬁ;‘g) Here &7 is the space of homogeneous
polynomials of degree k in R"™. Polynomials p(z) in & satisfying Ap(z) = 0

are called homogeneous harmonic polynomials of degree k.

Separable solutions of the form ®(z)¥(y) on R? where z,y € R and for some
constant \, ®”(x) + A®(z) = 0 and ¥"(y) — A\¥(y) = 0. When A = &2, we
find solutions of the form e**¢*€l¥. This also works in higher dimensions, with

r €RF = (&, ,&) replacing x and € above, and z - € replacing x€.

Superpositions of known solutions. In the case of (iii) above, we can form

Z (A(g)eiw-ﬁﬂsly + B(g)eizvff\ﬁly) _

When we would like to form superposition with infinitely many terms, in par-
ticular when allowing the parameter ¢ — oo, we should be concerned about
the exponential growth in || of el for y > 0 (and that of e~ € for y < 0).
If we consider constructing solutions to (5.3) on R} = {(z,y) € R" : y > 0},
then it’s reasonable to work with [, , B(£)e™*71¥Wd¢, and hope to use B(¢)
to achieve the desired boundary value. Formally B(¢) should be chosen so that
Jgna B(&)e™tde = g(x) for € R"'. Based on knowledge of Fourier trans-
forms, B(§) = (2m)'™™" [, 1 9(2)e ¢ dz. Thus we can formally represent the

solution in terms of g as

(2%)1_” /Rnl (/Rnl g(z)e_iz'g dz) eix'§_|§|yd§
= 1-n i(x—z)-€~[€ly
(2m) /Rnl g(2) (/Rnl e dﬁ) dz

_ /  ge)P -2 y)ds

where P(x — z,y) = (2m)™" fRnﬂ eile=2) &= lEly g

Py While for n > 2, it

would take some effort by Fourier transform to find an explicit expression for

When n = 2, we find easily P(x — z,y) =

P(x—z,y); but we will encounter and find P(z—z,y) by another method below.
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5.1. ELEMENTARY EXAMPLES OF HARMONIC FUNCTIONS

(v) Separable solutions of the form ®(r)¥(f) in the sector Xy, = {z € C : 0 <

arg(z) < 6y} of C, where, for some constant A,

(5.6)

and

) ()< 200) =0 o >0, 57

Here we have used the fact that the Laplace operator A = 92 + r=19, + r 293

in polar coordinates in dimension 2 and have also imposed the homogeneous

Dirichlet boundary condition on 0%,. We know that (5.6) has non-trivial so-

kr

2
lutions only when A\ = (90> for k € N, with solutions being scalar multiples of

0o
to (5.7) are ®y(r) = r¥21 Thus both r#v* sin (ko—?) and 7~V gin (%—7;9)

are harmonic functions in ¥y, with vanishing boundary value on 0%,, which

2
U (0) = sin (W> Setting \; = (%) , we see that the corresponding solutions

are non-trivial and exhibit some growth either at oo or near 0

This approach generalizes to higher dimensions as well. When 6 runs over
the entire S*~!, there will be no boundary condition in the generalization
to (5.6), the corresponding solutions ¥(#) to Ag¥(#) + \¥(F) = 0 on S* !
will be called (surface) spherical harmonics. Harmonic polynomials in (ii)
appear in this approach, for, if p(z) € £ is a degree k harmonic poly-
nomial, then p(z) = |2z[*¥(0), with § = fap» for some U(f) on S* !, and
Ap(z) = |z|* 2 [k(k +n —2)¥(0) + Ag¥(0)], which implies that k(k + n —
2)U(0) + Ay (0) = 0; the converse direction also holds.

Next we state the solvability of (5.2) and (5.4) when f is a polynomial, and U
is a round ball in the case of (5.4). This is based on (ii) above. Consider the map
Py = P plx) = Al(Jz]? — 1)p()], where Py, is the space of polynomials of
degree < k. We claim that this map is an isomorphism. First, it has a trivial kernel,
for, if A[(|x]* — 1)p(x)] = 0, then u(x) := (Jz|* — 1)p(z) is a harmonic function on R"
with u(z) = 0 on |z| = 1, and by the maximum principle, u(z) = 0 for all z € B;(0),
so p(z) = 0 for all x € B;(0); but p(x) is a polynomial of degree at most k, so
p(z) =0 on R™. Since P« is finite dimensional, it follows that the above map is an
isomorphism, and (5.4) has a (polynomial) solution when f is a polynomial and U is
a round ball in the case of (5.4)
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It further follows from the above that |z|>Z?_5 is a subspace of & and A :
|2|? Py o — P is an isomorphism. Take any ¢ € Z,_,, it follows from the solution
of (5.4) described above that there is some p(x) € P<j_» such that A [(|z]* — 1)p(x)] =
q(z). Writing out p(z) = Z?;g p;(z), where p;(z) € &;, we see that

A (G = Dp)] = 3 (A [lePrs(e)] ~ Ap,(a)} = a(e).

Allz*p;(z)] € P; and Apj(x) € P; o for j =0,k —2, 50 Al|z*pr_2(z)] = q(z)
and
A[|zPpr—2—i(z)] =0 forallodd 1 <1<k —2, and
Al pr-2-i(z)] = Alpe—i(x)] =0 forall even 2 <1<k —2.

The solvability of A [|z*pr_a(x)] = q(z) shows that A : |[z[?P),_5 — P, is onto.
Since &j_ is finite dimensional, this map must be injective as well, thus it is an
isomorphism. Furthermore, we also have from the above that py_o_;(z) = 0 for all
odd 1 <1< k-2, and that hy_; := pp_i(z) — |2*pr_o_i(x) € P,_; is harmonic on R™,
for all even 2 <[ < k — 2. Using the isomorphism A : |z|>Z},_ — PP)_,, we see that
for any py € Py, there exists some py_s € Pj,_5 such that A [|z|*py_2(z)] = Apy. This
shows that py — |z|*pr_2(x) is a harmonic polynomial and establishes the direct sum
decomposition &, = |z|>P),_o® 4, where H, = Ker(A) is the space of homogeneous
harmonic polynomials of degree k. An iteration of this decomposition further gives

Py =, S 2P Hs ® |2 Hoa + -
Exercises

Exercise 5.1.1. Suppose that u € C*(Bg(0)) is harmonic in Bg(0). Let T;(u)(x)
be the degree [ Taylor expansion of v at x = 0, for [ = 0,1,--- k. Show that
Ti(u)(x) € Ai.

Exercise 5.1.2. Verify that if h € 74, and [ € N, then
Aflz)*h(z)] = 2020 + 2k +n — 2)|z[**h(z).

Use this and the decomposition &, = 4, @ |z|*#6,_o ® |z|* 74,4 + - -+ to produce
an algorithm to compute p(x) € P9 solving Ap(x) = q(x) € Z.

Exercise 5.1.3. Note that A : &, — 2.5 is nilpotent; in fact, A™ = 0 for
m > k/2. Use the information in the precious exercise to produce a basis in 74, with

respect to which the representation of A is a Jordan canonical form. Also prove that
|z|2A : Py — Py is diagonalized.
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5.2. MAXIMUM PRINCIPLE FOR SUBHARMONIC FUNCTIONS AND APPLICATIONS

5.2 Maximum Principle for Subharmonic Functions

and Applications

To further develop properties of solutions to (5.2), (5.3) and (5.4), we will use the
Green’s identities for the Laplace operator. We first state the Green’s identity.

Proposition 5.1. Suppose that U is a bounded domain with piecewise C' boundary,
and u,v € C*(U). Then

here n(x) denotes the unit exterior normal to OU at x € OU.

(5.8) follows from the divergence theorem by noting that
uw(x)Av(z) + Vu(z) - Vo(z) = V [u(z)Vo(z)];

while (5.9) from taking the difference between (5.8) and a corresponding version by

interchanging v and v.

Remark 5.1. (5.9) continues to hold when u and v satisfy the weaker condition that
u,v € CL(U) N C?(U) as long as Au and Av are in L'(U). Also, we often only need

to apply (5.9) on subdomains V' CC U with piecewise C* boundary, such as balls
B,(zy) CC U. Here, the notation V CC U means that the closure V of V' is contained

in U. In such a situation, we way that V' is a proper subdomain of U.

We now proceed to prove the maximum principle and strong maximum principle

for the so called subharmonic (superhamonic) functions, using (5.9).

Definition. A C?*(U) function is called subharmonic (superhamonic) in U, if Au >
(<)0in U.

Proposition 5.2. (i). If U is a bounded domain and u € C*(U)NC(U) is subhar-

monic (superhamonic) in U, then

maxu = maxu <minu =S Iglinu for the superharmoinc case) .
U U U

Furthermore, if U is connected, uw can not attain maxg v (ming u for the super-

harmonic case) in U unless u is a constant in U.
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(ii). Given u € C2(U)NC(U), then
max |u| < max |u| + C sup |Aul,
U ou U

where C' is a constant depending only on the diameter of U.

We proved the maximum principle for harmonic functions earlier by more ele-
mentary means. This is a stronger form of the maximum principle, called the strong

maximum principle, and has important applications. A first application is

Corollary 5.3. Suppose that U is connected and u € C*(U)NC(U) satisfies Au < 0
in U and uw >0 but not =0 on OU, then u(zx) >0 in U.

We first prove the mean value property of (sub/super) harmonic functions using
(5.9).

Proposition 5.4. Suppose that u € C*(U) is subharmonic in Br(zg) C U. Then for
any 0 <r < R,

1 1

u(ry) < w5 u(@o + 1w)dw = o
(o) (o ) 0B, (w0)| Jop, (o)

9B, (0)] Jo,o ulw) do(e),

and

1

u(zg) < (w0l - u(z) dx.

x0)
If u € C*(U) is harmonic in Br(xo) C U, then the above two inequalities are equali-

ties.

Proof. Suppose that u € C?*(U) is subharmonic in Bg(zy) C U, then applying (5.9)

to w and v =1 on B,(xg) for any 0 < r < R, we obtain
0< / dulz) do(x)
OB (w0) on(x)

0
_ 7“"_1/ U(ﬁo + Tw)dw using dO’(ZE) — " Ydwin T = To + TW
dB1(0) or

av
=l u(xg + rw dw),
or ( 0B1(0) ( ° )

from which it follows that [, ©) u(zo + rw)dw is a non-decreasing function of r for
0 <7 < R. Since [, o w(o+1w)dw — [0B1(0)[u(zo) as r — 0, we conclude that
faBl(O) u(zo +rw)dw > [0B1(0)|u(z) for all 0 < r < R, where |0B;(0)| stands for the
volume of 0B;(0). This proves the first equality.
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5.2. MAXIMUM PRINCIPLE FOR SUBHARMONIC FUNCTIONS

Next, for any 0 < r < R, we apply the first inequality for 0 < s < r, multiply

both sides by 5"~ !, and integrate in s from 0 to 7, to get

/ u(z) dx
Br(l'o

// u(zo + sw)s" ! dwds
0B (0

> /o |8Bl(0)|u(x0)s”_1 ds

B
_OB O )
n
B
=|B,(x¢)|u(xo) using |B,(zo)| = w n
This concludes the proof. -

Proof of Proposition 5.2. For (i), it suffices to prove that if there exists xy € U such
that u(z¢) = maxg u, then the set {x € U : u(z) = maxgu} is open in U. For any
x € U with u(z) = maxgu = M, let B,(x) CC U, then the mean value property of
w in B,.(z) implies that

1
M=u®) < B Jow W% = B / Mdy =M

from which it follows that u(y) = M for all y € B,(x).

For (ii) set v = maxpy |u| + 5(d* — 2%)sup, |Au|, where we may assume that
UcC{r:0<uz <d}, then Alv+u) <0in U and (v +u) > 0 on OU, then apply
(i). O

An immediate corollary of the maximum principle is the uniqueness of the Dirichlet

problem.

Corollary 5.5. Suppose that U is a bounded domain and that uy,us € C2(U)NC(U)
are both solutions to

Au=f inU,
u=g ondU.

Then uy = us in U.

Remark 5.2. A corollary of the uniqueness of the Dirichlet problem is that the
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following Cauchy problem in U

(5.10)

is not well-posed, as a solution would be determined by f and g alone and one can

not prescribe h arbitrarily.

Exercises

Exercise 5.2.1. Suppose that U is a bounded domain in R"™ such that —x € U
whenever x € U, and that g € C(9U) satisfies g(—z) = g(z). Prove that any solution
u € CHU)NC(U) to (5.3) satisfies u(—x) = u(x).

Exercise 5.2.2. Let ¥y, = {z € C : 0 < arg(z) < 6y} of C. Suppose that u €
C(Xg,) N C?(2y,) is harmonic in Xy, and satisfies, for 0 < v < 7. and some M, C' > 0,

u(z) < M on 0%, and u(x) < Clz|” for x € Xy, .

Then u(z) < M for z € Xy,. (HINT: For sufficiently small € > 0 and v <+ < %,

apply the maximum principle to the harmonic function u(z) — €|z|" sin(y/0 + ¢€) in

Yg, on the intersection of ¥y, with a sufficiently large disc, where 6 is the polar angle
of z.)

Exercise 5.2.3. Suppose that u € C(3p,) N C?(Xg,) is harmonic in ¥y, and satisfies
for some M
u(z) < M on 0%4,, and limsup |u(|xﬂ) < 0 uniformly for 0 < 6 < 6.
|z|—o00 |x| %
Then u(x) < M for x € 3y,. (HINT: For sufficiently small € > 0, show that
r 0
M. := sup {u(r cos B, rsinf) — erdo sin (g—)}

0=00,/2,r>0 0

is attained at some r. > 0, and use the method of the previous problem to show that
u(z) < max{M, M.} in ¥y,; then show that M, < M using the strong maximum
principle.)
Exercise 5.2.4. Let S, = {z = (z1,...,2,) : 0 < x, < h,(21,...,2,_1) € R"1}.
Suppose that v € C(S),) N C?(S}) is harmonic in S, and satisfies for some M

u(z) < M on 0Sp,, and limsup Lff) < 0 uniformly for 0 < z,, < h.

Then u(z) < M for z € S),.
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5.3. FUNDAMENTAL SOLUTION OF THE LAPLACE OPERATOR

5.3 Fundamental Solution of the Laplace Operator

A function ®(z) is called a fundamental solution of the Laplace operator if it satisfies

—58() = 50), 511

where §(x) refers to the Dirac delta distribution at 0.
A more formal way to define (5.11) is to make sense of it in the distributional

sense: ®(x) is integrable on any compact subset of R", and

Here is a heuristic discussion on why we are interested in a fundamental solution.
When discussing Duhamel’s principle, we already saw that in order to solve a non-
homogeneous linear PDE;, it is helpful to regard the source term as a superposition
of functions which equals 0 except on (vanishingly) small boxes, and construct a
solution to the PDE with this localized source term. Namely, for any z, and a family
of functions f.(z) whose support is shrinking to z, as e — 0+, say, supported in the
ball B(x,,€), and with [ f.(z)dx =1, we look for a solution to

_AzEe('r; $a) = fe(m)

and examine its limit E(x;z,) = lim 0, Ec(x;2,), which will be our fundamental
solution with source at x,. Since AE.(z;z,) = 0 outside B(z,,€), so we expect
AL E(z;x,) =0 for © # x,. The family f.(x) in the limit of € — 0+ is the unit source
at x,, namely, 6(x — xz,), in the following sense: integrate against a test function
n € CX(R™):

n(z,) =lim [ n(x)f(x)de = / n(x)d(x — x,)dx (taken as definition).

e—0 Rn

n

The defining property (5.12) of E(x;z,) follows from this limiting process as
follows. Suppose that we apply (5.9) to n(z) and E.(x;z,),

[ n@fw)ds
__ / @) A 5,) do
__ / [An(a)] Edws za) do,
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and that E.(x;z,) has a limit E(x;z,) as € — 0+ in the sense that

lim [Axn(:v)]EE(:c;xa)cm:/ [A.n(x)] E(x; z,) dz,

e—0+ Rn n

then

0(za) = / [Ben(a)] B ) d

We are choosing ®(z) to be a fundamental solution of —A, instead of A, because
it turns out that such a ®(x) would have a limiting behavior of ®(z) — 400 as z — 0.

Because A is a constant coefficient differential operator, ®(z — y) would satisfy
—A;®(z —y) = d(x —y),

so we expect E(x;&) = ®(x — &) in such a case, and for a function f(z) under

appropriate conditions,

at least formally at this point. In other words, integration against ®(x — y) provides
a right inverse operator for —A. Of course the validity of this needs some regularity
assumptions on f and needs to be carefully justified.

We first discuss how to construct a fundamental solution for —A and return to
this issue and other applications of the fundamental solution.

Note that if ®(z) is a fundamental solution and h(z) is a smooth solution on R"
to Ah(z) = 0, then ®(z) + h(x) is also a fundamental solution. So some kind of
normalizing condition would be picked to narrow down the choice for a fundamental

solution. Also, ® can’t be a smooth harmonic function across 0 itself, as (5.11) implies

that
AW =0 Breso, 510

for all » > 0, and a smooth harmonic function across 0 can’t satisfy (5.15).

and

(5.14) follows from (5.12) by choosing test functions 7 in (5.12) such that support
of nN {0} = 0, which shows that ® is a harmonic function in the distributional sense
in R™\ {0}, so should be a smooth harmonic function there — we will see later that

a harmonic function in the distributional sense is in fact smooth.
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5.3. FUNDAMENTAL SOLUTION OF THE LAPLACE OPERATOR

(5.15) follows from (5.9), with u(z) = ®(x) and v € C*(R") such that v(z) = 1
over B,.(0),

1=— /n Ayv(x)®(x) dx
= _/||> Av(z)®(x) do
L ) 0 (x) o
a /BBT(O) On(x) do(z)

Here we assumed that ®(z) € C?(B,(0)°) so that the Green’s identity (5.9) can be

applied—this can be justified once we have developed some properties, but we are

doing only a heuristic derivation to under properties which characterize a fundamental
solution. (5.15) can also be seen by first applying (5.9), with u(x) = E.(x;0) and
v=11in B,(0) when 0 < € < r to obtain

_ Z2ACHU ADVE (2:0) d b
/6&(0) (@) do(x) /BT(O)Ax()Ee(,O)d +/BT(0) (2)fo(z)dz = 1,

OF(z;0)
on(x)

OE(z)

and passing to the limit, assuming that (o)

x € 0B,(0).
Changing variable of integration © = rw, w € 9B1(0) in (5.15), the integral can

—

as € — 0 uniformly for

be simplified as

(5.16)

for all > 0. In particular, this implies that O, ( faBl(O) @(rw)dw) = —rt=" for all
r > 0, therefore

(5.17)

for some constant c.

Since both A and §(x) are rotationally invariant, it is reasonable to look for a
®(z) which is rotationally invariant, namely ®(z) = ®(|z|). Such a ® would then
satisfy

(5.18)
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for some constant c. Of course, one needs to verify directly that the ® as given indeed
satisfies both (5.14) and (5.15).

Remark 5.3. The characterization (5.11) of a fundamental solution in fact includes
some growth control of the form |®(z)| < Clx|*™™ near x = 0, in addition to (5.14)
and (5.15), as there are functions ®(z), such as |z|>="/[(n —2)|S" || + z;/|x|", which
satisfy (5.14) and (5.15), but not (5.12) or (5.13).

A function ® satisfying (5.14), (5.15), and the growth bounds |®(z)| < Clz|*™
and |[V®(z)| < Clx|'" would satisfy (5.12)—We will soon show that the latter bound
follows from (5.14) and the first bound. This follows from

/n O (z)An(z) dx
=lim O (z)An(x) d

L on(z) 0P (x)
- lg% . ((ID(x) o n(z) o do(x)

L et on(ew) 0P (ew)
= — lg% - € (CID(ew) —n(ew) 7 ) dw.

Using |®(z)| < Clz|*> ™ and the boundedness of |2X%)| for (e,w) € (0,1] x ", we
see that
dw = 0.

lim " 1P (ew) On(ew)
=0 Jgn—1 or

Using (5.15), the bound |[V®(x)| < Clz|'™", and the continuity of n(z) at z = 0, we
see that

iy [ et 5w = ~(0)

Below, we discuss several alternative ways of constructing a fundamental solution,
some of which can be applied to variants of this operator. First, we show how to use
a scaling argument to obtain some scaling property of a fundamental solution of —A.

Replacing n(z) in (5.12) by n(Az), where A > 0 is a parameter, we find that

0(0) = / X)) dr = / () An(y) dy.

This argument is essentially a reflection of the property that “A"d6(Az) = §(x)”. So
A?7"®(%) would also be a fundamental solution for any A > 0 and we could try

to find a fundamental solution which is invariant under this transformation, namely
NT"O(%) = O(x) for any A > 0. Such a ® would satisfy ®(z) = |z*""®(w), where
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5.3. FUNDAMENTAL SOLUTION OF THE LAPLACE OPERATOR

w = z/|z| € S*7'. This is possible when n > 3 as seen above. In general what we

can say is that

/ [)\2_”@(%) — CIJ(y)] An(y)dy =0 for any test function n € C?(R"),
from which we see that \* "® (%) — ®(y) is a harmonic function in R" in the distribu-
tional sense. So A*"®(%) — ®(y) would be an entire harmonic function in R”, and if
we impose some normalizing condition as © — 0o, we would see that \> " ® (%) — ®(y)
would be a constant, which may depend on A, by the Liouville theorem for entire har-
monic function in R™, soon to be discussed. We can try to see whether we can find a
solution for which this constant is 0 independent of A. It works out when n > 3, as
seen above; when n = 2, the fundamental solution we have found ®(z) = (27)"!In ﬁ

satisfies ®(§) — ®(z) = (2m) ' In A

Remark 5.4. Another way to find a fundamental solution is to find general solutions
to (5.14) and then choose the one(s) that also satisfies (5.15) and the growth control
|®(x)| < Clz[*™ near z = 0.

We can find separable solutions to A®(z) = 0 for x # 0 by setting P(rw) =
() (w), then

) 1= Dr0) ~300) =0 o o comtant X all 750,55 1
and
A+ =0 Brala s -

Solutions to (5.19) are spanned by solutions of the form ¢(r) = r?, where 3(8 +n —
2) — XA = 0—when this indicial equation has only simple zeros; otherwise, a Inr factor
needs to be put in.

Although we know very little at this stage about the existence of non-trivial so-

lutions to (5.20), we can see the following two facts easily:

(5.20) has non-trivial solution only when A > 0; (5.21)

For X\ # 0, any solution of (5.20) satisfies (w)dw = 0. (5.22)
S§n—1

(5.21) follows by multiplying both sides of (5.19) by 1 (w) and integrating over S"~!,
while (5.22) follows by simply integrating both sides of (5.19) over S*~! and using
that A, (w) is the divergence of V,¢(w), so its integral over the closed manifold
S"~1 is zero. Note that if py(z) is a harmonic homogeneous polynomial of degree
k, then if we define ¢(w) = pr(w), we will have py(x) = |z|*d(w) and A,py(x) =
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|z|*2[k(k +n — 2)p(w) + Aw(b(w)], so pr(z) gives rise to a non-trivial solution ¢(w)
to k(k+n—2)g(w) + Ayod(w) =
Note that for )\ > 0, P(rw) = ( ) (w) wouldn’t be able to satisfy A®(z) = 0 for

v#0and [, o SHE do(x) = —Lforr > 0,88 [5, o Go8 do(x) = r"¢/(r) fgu (w)dw =

0 for such cases. Thus ® must include a term correspondmg to A = 0, in which case
Y (w) would be a constant over S""! and we can set it to be 1. Now J satisfies
B(B+n—2)=0. When n > 2, we have to take § = 2 — n, and when n = 2, we
need to re-examine the solutions to r2¢"(r) +r¢’(r) = 0 and find that we should take
o(r) =1Inr.

One may want to examine whether one can add to the fundamental solution in
(5.18) additional terms of the form ¢(r)y(w), where ¥ solves (5.20) for some A > 0.
If one chooses the positive root 5 from B(8 +n —2) — A = 0, then it turns out that
¢(r)1(w) would be a harmonic polynomial, so adding such a term would be admissible.
If, however, one chooses the negative root from the above equation, it turns out that
8 < 2 —mn, so one wouldn’t be able to satisfy the bound |®(x)| < C|x|>~™ near z = 0.

One way to make sense of (5.13) is to take f € C2(R"), then [p, f(y)®(z—y)dy =
Jn (@ = y)(y) dy, so

N ( [ e -y) dy)
=—A, ( s flz —y)2(y) dy)
__ / Apf(z —y)@(y) dy
. / Ay f( — g)®(y) dy = ()

as derived above. We will see later that the same property holds if one assumes only

that f is locally Holder continuous.

Exercises
Exercise 5.3.1. Construct a fundamental solution ®(z) to —®”(z) = d(z) in R.

Exercise 5.3.2. Adapt the methods of this section to construct a fundamental solu-
tion E(z) to (—A + ¢)E(z) = 0(z), where c¢ is a constant. (HINT: Try to construct
E(z) as a function depending only on |z|, so as to reduce the construction to an
appropriate solution of a (singular) linear ODE related to Bessel’s equation; use an

analog of (5.15) to establish an asymptotic boundary condition for E'(|x|) as |x| — 0.)

222



5.4. INITIAL APPLICATIONS OF THE FUNDAMENTAL SOLUTION OF —A

5.4 Initial Applications of the Fundamental Solu-
tion of —A

We will use ®(z) to denote the (radial) fundamental solution of —A as determined
from the previous section. We can now use ®(z) to write down a Green’s representa-

tion for the Laplace operator and discuss some initial applications.

Proposition 5.6. Suppose that U is a bounded domain in R™ with piecewise C*
boundary and u € C*(U), then for any x € U,

(5.23)
If u is harmonic in U, then (5.23) holds for € C*(U) N C%(U).

This is obtained from applying (5.9) to u(y) and ®(x — y) on U \ {B(z)} for
small € > 0 and sending ¢ — 0, noting that A,®(z —y) = 0in U \ {B.(z)} and
|®(r)|r"t — 0, faBr(o) 99(r) — _1 asr — 0. As a consequence (5.23), we have

or

Corollary 5.7. If u € C*(U) is harmonic, then it is smooth in U.

Proof. 1t suffices to prove that for any ball V' = Bg(z¢) CC U and any 0 < r < R,

u(z) is smooth in B,(zp). Use the Green’s representation (5.23) on V' to express

u(z), x €V as
du(y) 02 —y)\ .
[, (o =05 —uw T ) ot

Since the integrand is a smooth function of z € V for y € 9V, with any of its

derivatives uniformly bounded for y € 0V as long as x € B, (), this shows that u is
smooth in B, (z). O

Theorem 5.8. If u € C*(Bg(xy)) N C(Bgr(xo)) is harmonic in Br(xy), then, for
some C' = C(n) > 0,

(Ch)" max_|ul
Rk Bp(zo)'

C
|Vu(zg)| < }—%Bmax) lul, and fork>1, |[V%u(zy)| <

r(zo

for all = (g, g, - -+ ,ap) with |a| = a1 +ag+ -+ a, = k.

Remark 5.5. The higher derivative estimates imply the analyticity of u(z). There
are also versions of the gradient estimates where the factor maxg, (4, |u| on the right

hand side is replaced by R™"||u||11(By(z0))- Our proof below will give this version.
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Proof. First it suffices to reduce the proof to that for a harmonic function on a unit
ball. For, if we set v(y) = u(zo + Ry), then v(y) is harmonic on B1(0), ||v|[L1(B,(0)) =
R7ul 21 (Br(an)), and Vyv(0) = R (z).

Next we will derive a variant of the Green’s representation without involving Vv
in the boundary integral. Choose a smooth cut-off function 7 such that n(y) = 1 for
ly| < 1/2 and is supported in B;(0). For any z with |z] < 1/4 and 0 < € < 1/4, we
apply the Green’s identity to v(y) and ®(y — 2)n(y) over B1(0) \ Bc(z) to obtain

)

here we have used that 7(y) = 0 in a neighborhood of dB;(0) and expressed the

/ o)A, (B(y — 2)ny)) dy
B1(0)\Be(2)

S /Sn1 el <v(z + ew) 0[®(rw)n(z + rw) _ D)z + ew)w

87’ r=e€ 87‘

integrals on dB,(z) using spherical polar coordinates y = z + ew with w € S" 1.

Since

Ay [®(y — 2)n(y)] =2V, @(y — 2) - Vyn(y) + (y — 2)Ayn(y),

and V,n(y) = 0, Ayn(y) = 0 for |y| < 1/2, as well as n(z+ew) = 1 and Vn(z+ew) = 0

for |z|,e < 1/4, we can send € to 0 to obtain

o(z) = /B P RT,8 =) Fyn) + 80— 2)n(0)] dy

_’

using
—/ "oz + ew)a [2(rw)n(z +rw)] ‘ _dw — v(2),
Sn—1 81” r=e
and
dan(z+a) L)y
as € — 0.

Let (y, 2) = 2V, ®(y — 2) - Vyn(y) + B(y — 2)Ayn(y), then $(y, z) € C=(B1(0) \
B%(O) X Bi(O)), so for z € Bi(O),
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5.4. FUNDAMENTAL SOLUTION OF —A
It’s easy to see that, with m = (n —2)/2, a = (ay, a9, - ,ay,), and k = |al, we have
ViR(z —y) = (=DFIS" T m+ 1)(m +2) -+ (m+ k= Dz =y pu(z —y),

where p;, is a homogeneous polynomial of degree k. Using induction, it is easy to see
that each of the coefficients of p; is bounded in absolute values by 3~!. Using this
and the observation that p; has at most ("_]1““) terms , we see that for z € Bi(())

and y € By(0)\ B,(0),

e n—1+k\_ i1,
R IR G E i

[VED(z — y)| < [e(n)k]",

and
VEb(y, 2)| < [e(n)k]*

with k = |a| and some ¢(n). It now follows that [Vev(0)| < [e(n)k]*||v]|L1 (5, (0))-

In fact, one can directly work with (5.23) for v(y) and ®(y—z) over B (0) to obtain
estimates of |[V*v(0)| in terms of maxyp, (o) |v| and maxsg, (o) |Vv|; then use the first
derivative estimate on |Vv| to estimate maxpp, (o) |Vv| in terms of ||v||z1(5,(0)). The
technique of working with the fundamental solution multiplied by a smooth cut-off

function (to avoid boundary integral terms) will be useful in other contexts.
O

Corollary 5.9 (Liouville). A bounded harmonic function on R™ must be a constant.

This is proved by the gradient estimate: R|Vu(zo)| < C'maxpy () |u| holds for
all R > 0; sending R — oo implies that |Vu(xg)| = 0 at any xo, which proves that u

must be a constant.

Remark 5.6. Liouville type theorems do not necessarily hold for bounded entire
solutions to certain modifications of the Laplace equation, such as the Helmholtz
equation: Au(x) 4+ Au(x) = 0 on R", as u(x) = sin(kx) and its higher dimensional
analogues are bounded entire solutions to such equations. There are still gradient
estimates for solutions to equations such as the Helmholtz equation, but those esti-
mates have a different scaling from that for harmonic functions and do not lead to
a version which would imply the conclusion in the Liouville Theorem here. We will
explore in the exercises which properties of harmonic functions can be generalized to

solutions of the Helmholtz equation.
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The more powerful consequences of the gradient estimates are the convergence

theorems.

Theorem 5.10. (7). Uniform limit of a sequence of harmonic functions is harmonic.
(ii). A bounded sequence of harmonic functions on U must have a subsequence that

converges on any compact subset of U to a harmonic function.

Proof. The proof follows from the derivative estimates in Theorem (5.8) and Arzela-
Ascoli theorem. For (i), it suffices to prove the conclusions for any ball Bg such that
Bap C U. Suppose that {u(r)} is a sequence of harmonic functions in U converging
uniformly to u(z) over Byp as k — co. Then ug(z) — wy(x) is a Cauchy sequence in
C(Bsg). The higher derivatives estimates, applied to ug(x) — w(2) on Bsyg, implies
that up to two derivatives of ug(x) — w(z) is a Cauchy sequence in C(Bg), as a
consequence, Auy(x) converges to Au(z) uniformly over Bg, which implies that u(z)
is harmonic in Bpg.

For (ii), we first show that, for any ball By such that Bop C U, {u;} has a
subsequence converging uniformly to a harmonic function in Bg. We use the in-
formation that maxg, . [ux(z)| remains bounded independent of k. Then the higher
derivatives estimates for {ux(z)} implies that up to three derivatives of ug(z) are
uniformly bounded in Bg. So by Arzela-Ascoli theorem a subsequence of {uy(7)} has
the property that it, together with sequences consisting of the derivatives of up to
second order, converges uniformly in Bg, which shows that the limit function u(z) is
harmonic in Bg.

Next, we define U,, = {z € U : |z| < m,and dist(z,0U) > L}, Then U,, C U
and U = U¥_,U,,. Each U,, is compact in U so can be covered by a finite number of
balls Bg(x;) such that Byg(z;) C U. We can select a subsequence of {u;(z)} through
Cantor’s diagonal process such that it converges uniformly to a harmonic function
hm(x) on U, for each m and that h,,(z) = hy1(z) for x € U,,. This allows us to
define a harmonic function h(z) on U such that h(z) = h,,(z) when x € U, and that,
for each U,,, the selected subsequence converges uniformly to h(x) on U,,.

O

Corollary 5.11. If u € C*(U) is harmonic, then it is real analytic in U.

Proof. This follows from the same representation formula, using the analytic expan-
sion of ®(z —y) at any zo € U for y € OU: fix any xy € U, then there exists 1y > 0
such that

Oz —y) =Y aalzo — y)(z — 70)",

«
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with uniform convergence for |x — x| < rg and y € OU (we should have chosen a
subdomain V with C!' boundary such that zy € V CC U, for example V = By, (o,
as done in the proof of the previous corollary, to apply the Green’s representation on

V so as to avoid the need for u € C%(U), but will assume that this reduction has been

done and will write U for V). In the above, the notation z* stands for z{" 292 - . zo»
if 2 = (21,22, - ,2,) and a = (o, a9, -+, ), With a; € Z>,. We will also denote

a; +as+ -+ + ap, = |a]. The above expansion can be obtained by noting that

. (2-n)/2
|z —y* " = [|v — o + 20 — y/*]

2—n)/2
— (|2 — wo|? + 2(z — o) - (w0 — y) + o — y?]*™

(2—n)/2

)

|z — zo* + 2(x — x0) - (x0 — ¥)

2—n
=|Tg — Y 1+
7o | |z — y|?

and using that d > |xg —y| > 0 > 0 for some d > § > 0 and for all y € U, so for
|z — x| sufficiently small, we can do a binomial expansion of the above power to get
a power series in terms of x — x(, with coefficients in terms of xq — y.

Thus for any € > 0, there is N such that

@z —y) = D aalwo —y)(z — ) < e,

lal<N

uniformly for |x — xo| < rg and y € OU. Multiplying by g% and integrating over
y € OU, we obtain

[ o605 o) - Y Auteole )l < [ 1590 doy).

In(y) et ou Only)

with Aq(z0) = [o @alzo —¥) gzg; do(y). Similarly, the other integral is also analytic

in z € U, showing that u is analytic in U. [

|*”™ is a harmonic function for = €

Remark 5.7. Since for each fixed y, |z — vy
R™(n > 3),z # y, we may try to use the superposition principle to construct harmonic

functions by an integral
[ Je =y s dy
E

over some set F. The proofs of the above two corollaries already use this idea and
indicate that it works when E is taken to be OU, which is assumed to be a piecewise

C' hyper-surface*. When E is taken to be an open domain U, however, fU |z —

*When E has a component I' with codimension > 1, then [, |z — y|*~" f(y) dy may tend to oo
as r — 4 € ', as demonstrated when I' is an isolated point of E.
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y[*7" f(y) dy is in general not a harmonic function of z € U. This is because 0,4, |z —
y|>~™ is no longer an integrable function of y € U when z € U, so we can’t differentiate
twice in x on the integral and pass the differentiation inside the integral to conclude
that [, |z — y[*7" f(y) dy is harmonic for = € U.

This is also a good place to insert a comment on (5.23). It was derived under
the assumption that v € C*(U). However, we will see that, for f € C(U), [, ®(x —
y)f(y) dy may not be a C? function of x € U; and with given g,h € C(9U), the
function

0% (z — y)
on(y)

may not be a C?(U) solution of (5.10), as already commented earlier. We do have

u(r) = /U —fy) ®(x —y) dy + /8 l‘b(ﬂc —y)h(y) — g(v) do(y),

U

Proposition 5.12. Suppose that U is a bounded domain. If f € CY(U), then Jo ®(z—
y)f(y)dy is a C* function of v € U and

A, / B(x —y)f(y)dy = f(x), forzeU.

Remark 5.8. A proof for Proposition 5.12 will be provided below. With mere
continuity of f in U (in fact just with f € L*°(U)), the Newton potential of f,
Jy ®(x —y) f(y) dy, is in C*(U), but may not be C? function of z € U. However, in
order for the Newton potential of f to be a C? function of x, the regularity require-
ment of f can be weakened to the following: for some 0 < o <1 and C' > 0,

)~ Sel Sl Bralmpet. oo

Functions satisfying (5.24) in U (therefore in U) with 0 < a < 1 are said to be
Holder continuous in U with exponent «, and the set of such functions is denoted as
C(U); those functions satisfying (5.24) in U (therefore in U) with a = 1 are said
to be Lipschitz continuous in U, and the set of such functions is denoted as Lip(U).
C*(U) (respectively Lip(U)) usually denotes the set of functions satisfying (5.24) on
any compact subsets of U (the constant C' may depend on the compact subset).

Proof. * We will prove that, if f € L>*(U), then

*May be omitted on a first reading.
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and if f € CY(U), then

for any x € U and a = (4, j) with |a| = 2, where n;(y) are the coordinate components
of the exterior unit normal vector n(y) to OU at y € OU. It then follows that

N / Zny (1), Bz 1) (1) do(y)

yi
~ im — 9[®(x —y)] Of (y . i
= lim U\Be(z); m ayz / Z j —y)f(y) do(y)
lim — P[0(x —y)] 0[®(z — y)] ”
_LO{/U\Be(x); Oy; W dy+/age(z) In(y) fl)d (y)}
=~ [(2),
using [op o) % do(y) = —1.

The key difficulty in proving (5.25) and (5.26) is that the ®(z —y) in the integrand
is singular at y = x; more precisely, 0,P(z — y) f(y) is still integrable in y € U, but
02®(x — y) f(y) is not integrable for y € U due to the strength of the singularity in
020(x —y) ~ |z —y[ ™

First assume f € C}(U), then

[ o=-nrway= [ oG-z

O, /U@(x —y)f(y)dy

= /n O(2)0,, f(x — 2)dz

= —lim O(2)0,, f(x — 2)dz

e—0 |Z|2€

~ lim {/|z|>e 0. B(2)f(z — 2)d= + /M_ (2)®(2) f(z — 2) da(z)}

/n 0,P(2)f(x — 2)dz
— / 00, ®(z — y) f(y) dy.

and
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Furthermore
Oris, [ Bz = 0)f) dy
U

=0, 0., P(2)f(x — z)dz

R

= (9 P(2)0p, f(2 — 2)dz
/ 0, — )0, £ () dy
/U 0, [0 (x — )10, f(y) dy

Next, for any f € CY(U) and z¢ € U, we can split f(z) = fi(z) + fo(x), where
fi € CY(U), but fi(x) = f(x) in a neighborhood of zy and has compact support in
U. Thus fy(z) = 0 in a neighborhood of xg, but fo(z) = f(x) for  near OU. Then

/U D — y)fly)dy = / Oz — y)fuly) dy + / Bz — y)fuly) dy.

U U
where fU (z—y) f2(y) dy is smooth in x near xo, therefore 03, [, ®(x—y) fo(y) dy =
Jiy 2.0, ®(x—y) f2(y) dy holds for any a. We can apply the above argument to [, ®

y) f1(y) dy to conclude that it is a C? function of x near x and

am/ (w - y) fi(y) dy

/a )10y, f2(y) dy

Since fo(z) = 0 in a neighborhood of z(, we also have, for x near x,

/ y)f2(y) dy

- /U 0,10(a ~ )10, fo0)dy + [ 0,0z~ y)lny(v) foly) dy

ou

- / 00w~ )10, )y + [ 0,0 — )y (o)) dy

ouU
Putting these together we have proved (5.26) O

Remark 5.9. If we note that in (5.26)
[ oulata =)o, ) dy
= [ ulete =10, 1) ~ 1@ dy
- / 0%, %00 =) = F@dy+ [ 0,106 =)l ()IF) = F@) doly).
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we can rewrite (5.26) as

5 / B(r—y)f(y) dy = / )~ @) dy+ (@) | 0, [@(—y)n;(y) do(y).

oU

The right hand side is defined as long as f € C*(U) for some 0 < o < 1, and as a
function of x, it converges uniformly if fi(z) — f(x) in C*(U), so this equality also
holds for f € C*(U).

Remark 5.10. To solve the Dirichlet problem (5.3) on U, one can still try to take
some E disjoint from U and use [ » ®(x —y)g(y) dy to construct harmonic functions

in U. The question becomes:
(i) whether such harmonic functions extends continuously to U?

(ii) whether one can achieve all (continuous) boundary value functions on 0U by
choosing g € C(E)?

Such harmonic functions indeed extend continuously to U when E = 9U, U is a
piecewise C' hypersurface, and g € C(9U). However, even in this case, for 7 € dU,

in general,

lim [ &z —y)g(y)do(y) # g(z).

zelU, z—2 U

So even though we can construct a harmonic function = — [, ®(x — y)g(y) dy for
x € U, this harmonic function may not solve (5.1) with a prescribed boundary value
for the case f = 0. In fact the map g € C(OU) — [, ®(x—y)g(y) do(y) € C(dU) is a
compact linear map*, so [, ®(x—y)g(y) do(y) can not possibly take on all continuous

boundary value functions when ¢ runs through C'(9U). It turns out a modification

B@x y)

i) 9 )do(y), one can

of this idea, using the so called double layer potential, [ U
solve the Dirichlet problem (5.1) this way.

Exercises
Exercise 5.4.1. Provide detailed proofs for Theorem 5.10.

Exercise 5.4.2. Suppose that A®(z) = 0 for z € B1(0) \ {0} and that |®(z)| <
Clz|™™ x € B1(0) \ {0}. Prove that there exists some C’" depending on C,m and the
dimension such that |®(z)| < Clz|™™! for x € By(0) \ {0}

*This means that for any bounded sequence g; € C(9U), [, ®(x — y)g;(y) do(y) has a subse-
quence converging in C(0U).
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Exercise 5.4.3. Prove that following improved gradient estimates for non-negative
harmonic functions. Suppose that u(x) is harmonic in U C R™ and is non-negative.
Then for any z and R > 0 such that Bg(z) C U, we have |Vu(z)| < nu(z)/R.

Compare this with the version in Theorem 5.8.

Exercise 5.4.4. Use (5.23) and (5.26) to prove that if Au(z) = Au(z) in U, where A

is a constant. Then

(i). w € C*(U). (HINT: This involves a bootstrap process: first prove u € C3(U)
by an extension of (5.26), using u € C*(U); then prove u € C*(U), using the
knowledge that u € C?(U)—one technique is to use Aug, (z) = Auy, (z); repeat

this process.)

(ii). Suppose that Br(zo) C U. Prove that there exists ¢ = ¢(n) > 0 such that

R _max |Vu| < c(1+ R*|A|) max |u]
Bpry2(zo) Br(zo)

R? max |V?u| < ¢(1+4 R*\|)? max |u]
Bpy2(z0) Br(zo)

R® max |V?u| < c(1+ R*\|)® max |u]

Brya(xo) Br(=o)

(iii). Suppose that {u} is a sequence of solutions to Au(x) = Au(z) in U and con-
verges uniformly to u(x) on compact subset of U. Prove that u(x) satisfies the

same equation in U.

5.5 Green’s Function and Poisson’s Formula

We continue to explore the consequences of (5.23). Let ¢(y) be a C2(U) N CY(U)

harmonic function in U, then applying the Green’s theorem to ¢ and u on U, we have

_ [ _au Ouly) 9PN o
0= [ ~aumotnar+ [ (o580 - un 300 dotw)

Combining this with (5.23), we have

u(z) = / ~Auly) [z — y) — ()] dy

du(y)
t [ ot - o g - un HEEZH =D, o)
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5.5. GREEN’S FUNCTION AND POISSON’S FORMULA

If, for each x € U, we can choose a harmonic function ¢(y) = ¢*(y) € C*(U), which
depends on z, such that ®(z —y) — ¢*(y) =0 for all y € U, then we have

Y ) — & 212 —y) — ¢ (y)]
) = [ =) [0a =9) =57 dy— [ uln TS

That is, we can represent u in U by its Dirichlet data. When this is possible, we call

do(y).

G(z,y) = ®(x — y) — ¢*(y) the Green’s function (for the Laplace operator with
Dirichlet boundary condition) for the region U. We summarize the above discussion

as

Proposition 5.13. Suppose that, for each x € U, there exists ¢*(y) € C*(U)NCHU)

such that
Ayo*(y) =0, fory e U,
{ " (y) = ¢(x —y), fory € oU.
Let G(z,y) = ®(x —y) — ¢"(y). Then, forn >3,
' AG(,y) =0, fory € U\ {a},
G(z,y) =0, foryedU,

1
1. i n—2 __
y1_1>1;: |z —y|" "Gz, y) (n—2)[S 1|’
1
. . |n—2 _ . = —
\;1,1—135 |z —y[" " (z —y) - V,G(z,y) Sn-1)

and for any u € C*(U), there holds

For the n = 2 case, the last two conditions on G(x,y) as y — = need to be modified

appropriately.

For some special domains, we can write out G(x,y) explicitly. First, when U = R,
for each # € R, we define ¢*(y) = ®(z* — y), where z* is the mirror image of x in
OR" . Then

Pz —y) —P(a" —y) =0 fory € ORY,

and we identify G(z,y) = ®(x — y) — ®(z* — y); furthermore, we define
_0G(z,y) _ O0G(z,y) _ 2,

on(y) — Oyn S -y
for x € R} and y € OR"}. K(xz,y) is called the Poisson kernel for R’}. Even though

our earlier discussion was for a compact domain, and the argument may not directly

= K(z,y),

carry over to a non-compact domain such as R’} , we still have
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Theorem 5.14. Assume g € C(OR%}) N L®(0RY). Define u(x) for x € R by

(i). uw € C(R™) N L=(R?),

Then

(ii). Agu(z) =0, inz € RY,

(i1i). limgzeorn, vern u(z) = g(T).
And there is only one solution u satisfying (i)—(iii) above.

The last part of the above theorem is proved by maximum principle and is left
as an exercise. Notice that, although the Green’s representation was derived under
stricter requirement on u: u € C?(U), we can apply the representation (5.28) for any
continuous boundary data, which produces a solution which may not be C? up to
the boundary but is C? in the interior of the domain and is continuous up to the
boundary. It’s also true that any bounded harmonic function on R” (and continuous
on R%) has a representation in the form of (5.28). The key properties used in proving
(iii) above are that the family {/K(z,y)} when x € R} and y € IR’} satisfies

(a). faR’i K(z,y) dy =1 for all z € R'};
(b). K(z,y) = 0;

(c). For any § > 0, fy K(z,y) dy — 0 as x — 0 in R}

€OR™ |y|>5
(d). A;K(z,y) =0for x € R} and y € OR’.

Next, when U = Bg(0) in R™. It turns out that for each x # 0 € Bg(0), if we

define z* = S—Zx, then ¢*(y) = @(%(m* — 1)) would work, because |y — x|/|y — x*| is

independent of y € 0Bg(0), and equals |z|/R, so ®(z —y) — @(%(x* —y)) =0 for all

y € OBg(0). It works out that for any y # 0 in Bg(0), ¢*(y) = @(%(z*—y)) — ®(R)

as  — 0, so the construction of ¢*(y) continues to work in the case x = 0 and

0@ —y -] R . .
on(y) T RISz —ylr K(z,y), f € Br(0) and y € 9Bg(0).

K (z,y) is called the Poisson kernel for Br(0) and shares similar properties as (a)—(d)
above. This generalizes our Poisson kernel on two dimensional discs, which was found

based on separation of variables.
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Theorem 5.15. Assume g € C(0Bg(0)). Define u(x) for x € Br(0) by

(1). u € C=(Bgr(0)),

(i1). Ayu(x) =0, in x € Bg(0),

Then

(ii). limy,5¢0B,(0),0€ Br(0) u(r) = g(z).
And there is only one solution u satisfying (i)-(iii) above.

Remark 5.11. Although the Poisson kernel

K(.’E,y) = _aﬁ%z;;y)

is defined asymmetrically: x in the interior of the domain, and y on the boundary,
the Green’s function G(x,y) is defined for both x and y inside the domain, « # y and

is a harmonic function in .
A useful property for G(x,y) is

Proposition 5.16. For all x,y € U, x # y, we have

G(z,y) = G(y, ).

Thus G(z,y) is also a smooth function in U x U \ {(z,2) : z € U}, estends to a
continuous function in U x U\ {(z,2) : z € U}, and is harmonic in x € U for x # y:
A,G(z,y) =0.

Proof. For any = # y in U, choose € > 0 such that B.(z), B.(y) are non-overlapping
proper subdomains of U, and apply the Green’s identity to u(z) = G(z, z) and v(z) =
G(y, z) on the domain U \ {B.(x) U B.(y)}. Since A,G(z, z) = A,G(y, z) = 0 in this
domain and G(z, z) = G(y,z) = 0 for z on OU, we obtain

0G(y,2) B 0G(x, z) (s
/635@ {G“’Z) o)~ Y }d =)

= ZM— xZ@G(y,z) o(z
o 60 - G G ot
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We note that

/ (9G(x,z)d
— o do(2)
9B () on(z)
9B () on(z) OB () on(z)

_ +/ A7 (z) d
Be(z)
S

and similarly, [, ) %G;Eyzz do(z) = —1. Using these and that fact that |8G(yz | and

€"2G(z, 2) are bounded on OB.(x), independent of ¢ > 0 when it is small, and

|8gné/zz | and €"2G(y, z) are bounded on 9B.(y), it follows by sending ¢ — 0 that

G(z,y) = G(y, ). O

Proposition 5.17. A C° function u in U which satisfies the mean value property for

any balls B C U s a smooth harmonic function.

Proof. Let u be such a C° function. For any ball B CcC U, by Theorem 5.15, there is
a harmonic function v € C(B) N C?(B) such that v = u on dB. Since both u and v
satisfy the maximum principle, we conclude now that v = u in B, i.e., u is harmonic
in B. Since this holds for any ball B CC U, we conclude that u is harmonic in U. [

Exercises

Exercise 5.5.1. Verify properties (a)—(d) of the Poisson Kernel K (z,y) for both the

upper half space and the round ball case.

Exercise 5.5.2. (SCHWARZ REFLECTION PRINCIPLE) Suppose that u € O(B_jg) N
C?*(B}) is harmonic in B}, where B}, = {z € Bg(0) : z,, > 0}, and that u(z’,0) =0
for (2/,0) € B},. Extend u to By = {x € Bg(0) : z, < 0} by u(z’,z,) = —u(z’, —z,)

when (2, z,) € Bp. Prove that this extension is a harmonic function on Bg(0).

Exercise 5.5.3. (KELVIN TRANSFORM) The transformation y = I(x) = e is called

the inversion with respect to the unit sphere S~ .

(i). Prove that [ o I(z) = x for all z, and that I maps {(2/,z,) : x, > h > 0} onto
the ball B (5).

(i1). Set v(x) = |z|* "u(:%;). Prove that Av(z) = |z| > "Au(25). (HINT: Com-

=/ z|

puting in polar coordinates may be easier.)
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5.5. GREEN’S FUNCTION AND POISSON’S FORMULA

Note that this transformation allows us to transform a question of boundary value
problem for the Laplace equation on a ball into a question of the boundary value
problem for the same equation on a half space, and vice versa. Can one say the same

thing on the Helmholtz equation?

Exercise 5.5.4. This exercise works out the justification that any bounded harmonic

function u on R? (and continuous on R%) has a representation in the form of (5.28).

n
+5

the sequence of compact regions Br(0) N R’} exhausting R" and establish a Green’s

Fix any x € R", one would like to apply Green’s identity to u(X) and G(z, X) on
representation for u(z) in terms of data on the boundary of this sequence of regions.
However, the Green’s identify would involve boundary integrals of u(X)d,G(z, X) —
G(z, X)0,u(X), and we don’t have good enough estimates on |0,u(X)|, especially
when X is near OR?,
integral approaching oo is tending to 0. We bypass this difficulty in one of two ways.

which would demonstrate that the portion of the boundary

(i). Use g = ulory and the right hand side of (5.28) to construct a solution, and use

the maximum principle to prove that wu is identical to this solution.

(ii). Fix a standard cut-off function 7 such that it is supported in |z| < 2 and
n = 1in By(0). Then for R >> 1 large, use the Green’s identity to u(X)
and G(z, X)n(X/R) over Bog(0) NR" to establish a Green’s representation for
u(z) on such domains and sending R — oo to justify (5.28). Here one needs
to use the improved decay rate of G(x, X) when |X| is large: for any x € R,
there exist C' > 0 and R > 0 depending on z such that |G(x, X)| < C|X|'™"
and |VxG(z, X)| < C|X|™ when |X| > R. Note that this second approach

involves considerably more technical arguments.

Exercise 5.5.5. Consider the Helmholtz equation ug, + uy, — m*u = 0 on R? with

the Dirichlet condition on 8Ri, where m > 0 is a real parameter.

(i). Use the method of image as above for the Laplace operator on the upper
half plane to construct the Green’s function for the above Helmholtz equation,
namely, G(&,n; 2, y) such that Guu (&, m52,y) + Gy (&m0, y) —mP*G (& m3 2, y) =
—0(z — &y —n) for (z,y), (& n) € RY, and G(&,n;2,0) = 0.

(ii). Then use the Green’s function to establish a Green’s representation for a solu-
tion in terms of its boundary value (assuming necessary decay condition for the

solution; identify the decay conditions needed).
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(iii). Compare the result with that obtained by Fourier’s method. Is the Green’s
function positive for (z,y) € R1? Is there uniqueness in the class of bounded

solutions?
(iv). Does this approach work when the domain is a round disk?
(v). Also carry out the analysis for solutions of g, + u,, + m?u = 0.

HiNT: Review the relevant exercises in section 5.3 and some basic properties of
Bessel’s functions; try separable solutions in studying the uniqueness of w,, + Uy, +

m2u = 0.

5.6 Harnack Estimates for Harmonic Functions

Another consequence of the Poisson representation formula on Bg(0) is the Harnack

estimates.

Theorem 5.18 (Harnack inequality). (Local Version) If u is a nonnegative harmonic
function in Bg(0), then

(1 —|z|/R)
(1 + [2|/R)"

(1 + ||/ R)
(1 = [a]/R)m

u(0) < u(x) < uw(0), for all x € Br(xo).  (5.30)

In particular, for any x € B (0),

2n—2
3n—1

u(0) < u(z) < 2" 23u(0). (5.31)

(Global Version) For each connected open set V- CC U, there exists a positive constant
C depending on V' and U, such that

supu < C'inf u
v 14

for all nonnegative harmonic function u in U.

Proof. The local version follows from (5.15) as follows. Since R—|z| < |[z—y| < R+|z|
when y € 0Bg(0) and = € C, the Poisson kernel K (z,y) for the ball Bg(0) has the

property

2 2 2 2

f 11y € 0Br(0).
RS R+ ) = S BE R Jae oy € 9Ba(0)
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It then follows that

u(x) = /8 o Kt doty)

R? — |z? ,
= /833(0) RIS™ (R — le)"u(y) do(y) (using u(y) 2 0)
_RH(R? — J2]?) (1+ |z|/R)

@) O G RO

where we used the mean value property for u at = 0; and

u(z) = /8 o K@) doty)

R% — |z|?
> [ o T 070
CRHRE ) (1 Jel/R)

w7 W eyae

The global version follows from a covering argument. There exists a finite cover of
V by balls {B,(z;)}Y, such that each Bs.(x;) C U. Further, the connectedness of
V' implies that we can choose these balls such that for each i,1 < i < N, there
exist y1, -+ ,Ym € {21, , 2N}, such that m < N, y; = 21, Y, = 24, and B,(y;) N
B.(yj11) # 0, for 1 < j < m — 1. In other words, each B,(z;) is on a string of balls
from this finite number of covering balls such that the consecutive ones have non-
empty overlap, and the first one is B,(x1). This guarantees that one can apply the
local version of the Harnack estimate on each Bs,(y;) to get a fixed upper and lower
bound, depending only on the dimension n, for the ratio u(y;)/u(y;4+1) for any non-
negative harmonic function on Bs,(y;). Now for any non-negative harmonic function
in U and any P, € V, each P, € B,(x;,) for some i, k = 1,2, then we can
compare u(Fy) with u(z;, ), and compare u(z;,) with u(x;,) via the connected path
of segments between the centers of the balls { B,(z;)}¥, and apply the local Harnack
estimates to u at any two consecutive vertices. The number of steps m involved is
upper bounded in terms of N. Therefore, we obtain a constant C' depending only on
m and n such that u(P;) < Cu(P,) holds for any non-negative harmonic function u

in U and any Py, P, € V, which concludes the global Harnack estimate. O]
With Harnack estimate, we obtain a strengthened version of Liouville Theorem.

Corollary 5.19. A harmonic function on R™ bounded from below (or above) must be

a constant.
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Proof. The Harnack estimate implies that a harmonic function u(x) on R™ bounded
from below, say u(x) > —c, gives rise to a non-negative harmonic function u(x) + c.
For any x € R™, one can then apply the Harnack inequality on Bg(0) with R > |z|,
to imply that u(z) + ¢ < C(u(0) + ¢), where C' = C(n) > 0 is the constant in the
local Harnack estimate such as 2”723 given in (5.31). We can now apply the usual
Liouville Theorem to conclude that u(x) + ¢ is a constant. One can also apply (5.30)
directly and note that the constants in the two inequalities in (5.30) approaches 1 as
R — . O]

Exercises

Exercise 5.6.1. Suppose that {uy} is a sequence of harmonic functions in a connected
domain U such that ug(z) < wugyi(z) for any o € U. Suppose also that for some
xg € U, ug(zg) converges. Prove that there exists a harmonic function u(z) on U

such that {ux} converges to u uniformly on any compact subdomain of U.

Exercise 5.6.2. Suppose that u € C*(B;(0)) is harmonic in B} (0), where B (0) =
{xz € Bg(0) : &, > 0}, and that u(a’,0) = 0 for (a/,0) € B} (0). Establish the Poisson
representation
RQ . 2

() = I_lil { u(y) u(y)
RIS JoBro)
for x = (2/,z,) € B£(0), where & Br(0) = {z = (2/,2,) € 0Bg(0) : z, > 0} and
Y= yn)-

Assume, in addition, that u(z/,z,) > 0 in B (0). Use the above representation

to prove that there exists ¢(n) > 0 such that
c(n)'u(0, R/2)x, /R < u(z’, x,) < e(n)u(0, R/2)z,/R forall z € B§/2(0).

Exercise 5.6.3. Suppose that u € C(R) is a non-negative harmonic function on

R", and that u(2’,0) = 0 for all (2/,0) € OR"}. Prove that there exists ¢ > 0 such

that u(a’, x,) = cx, for all (2/,z,) € R’}. Does the same conclusion necessarily hold

if the non-negativity of u is dropped?

5.7 Limit Theorems for Harmonic Functions and

Applications

We now discuss applications of the convergence theorems of harmonic functions. First,

as a consequence of Theorem 5.10, we already have
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5.7. LIMIT THEOREMS FOR HARMONIC FUNCTIONS AND APPLICATIONS

Theorem 5.20. If, for a sequence g, € C(OU), there exists a (unique) solution wy,

to
{Auk =0, in U,

Uk = Gk, on aU,

and g, — g uniformly on OU, then the Dirichlet problem with g as boundary value

has a unique solution.

Next we discuss how to use the convergence theorems above to solve the Dirichlet
problem on a ball without using the Poisson kernel. This consists of three steps. Let

P<i, denote polynomials of degree < k.

Step 1. For any polynomial p € P<;_o, there exists a unique solution v € Py, satistying

Av =p, in Bg(0),
v=0, on dBg(0),

This follows from considering the linear map 7' : P<j_o — P<p—2 by T(u) =
A[(R? — |z[*)u(z)]. The maximum principle implies that 7" has trivial kernel,

so must be an isomorphism from P<j_s to P<j_s.

Step 2. For any p € P<;_2 and g € P<y, there exists u € P< such that

(5.32)

This follows from Step 1. Since Ag € P<jy_o, by Step 1, there exists v € P<y
solving
AU:p—Agv in BR(O)J
v =0, on 0Bg(0),

The u = v + ¢ is the solution.

Step 3. For any g € C(0Bg(0)), take a sequence of polynomials gy such that g — ¢
uniformly over 0Bg(0) as k — oo, and let uy be the unique harmonic function
in Br(0) whose boundary value on 0Bg(0) equals g;. Then the maximum
principle and convergence theorems provide a limit in C(Bg(0)) N C?(Bg(0))

which is a harmonic function with g as boundary value.

We can attempt to solve (5.32) for more general right hand side, as we can already

solve it for polynomials. Take f to be continuous on Br(0) for instance. We can take
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polynomials p;, and g such that p, — f uniformly in B(0), and g, — ¢ uniformly
on 0Bg(0) as k — oo. Let uy denote the corresponding (polynomial) solution. By
Proposition 5.2, we have uniform bound on |[ug||cz, ) In fact, {uy} is Cauchy in
C(Br(0)). But to prove the convergence of {uy } to a solution of (5.32), we need higher
derivative estimates for {uy}. This can be done using the Green’s representations,

under appropriate smoothness assumptions on f.

Remark 5.12. For any p > n, there exist a constant C'(p,n) > 0 such that for any

u € C%*(Bg(xy)),

(5.33)

For any v € C?(B;(0)), we already established the following variant of Green’s

representation on v(z), z € By2(0):

v(z) = /B [P, (@ n) — (3,06 90 — 2)a(0) o

Here 7(y) is a smooth cut-off function such that 7(y) = 1 in By/2(0) and z € By /2(0).
This can be further used to establish

V.u(z) = /B )-8 (@ = 2)0(0) ~ (3,0(0) V=200 — )] d

for z € By /2(0), which can be used to establish gradient estimate on v(z) (either point-
wise or integral), using A, (®(y — 2)n(y)) = 2V, @(y — 2) - Vyn(y) + (y — 2) Ayn(y).
For example, using |V,| = Ayn(y) = 0 for |y| < 1/2, we see that [V ®(y)||V,n(y)| +
+V,@(y)||An(y)| < C(n) for all |y| <1, so it follows that

V) < [ (el (Vw7 + V.20 300)

B1(0)

AV, @)l ()] dy
<C(n) / o @+ 18] dy

We can estimate | B1(0) |Ayv(y)|ly|'*™ dy under various conditions on A,v(y). For
example,

A I=n qu| < A I=n g, < |SP1 A :
)I L)y yl_gi%l sy [yl " dy < | |g1§g§| UIE

|
B1(0 B1(0)
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while if we assume a bound on [|Ayv(y)||rr(Bi0)) for p > n, then using Holder’s

inequality, with % + z% =1,

=

/ P
1Al dyl < 180 2o, 0 (/B e dy)

B1(0) 1(0)

< Clp, ) [[Ayv ()]l 510)),

since fBl(O) |y|(1—n)p’ dy = |Sn—1| fol pA=n)p'+n—11. |Sn—1| fol r:ﬁbdr < 00 when p >
n.
Finally note that Ayjv(y) = R*Au(xo + Ry), the gradient estimate above turns

into the dimensionless form (5.33).

We could obtain second derivative estimates of v(z) in By, in terms of ||Av||c1(p,)
using the Green’s representation, but we take this opportunity to introduce Bern-

stein’s Gradient Estimates.

Theorem 5.21. Let u € C*(B,) and denote Au by f. Then for any r € (0,1), there
is a constant N = N(n,r) such that in B,

lu| + |Vu| + |V2u] < N (max\f| + max |V f| + max |V2f| + max|u|)
B B B 0B,

The idea of Bernstein is to verify that some auxiliary function involving u and its
derivatives satisfies an appropriate differential inequality (subharmonic, for instance)
thus satisfies the maximum principle. The advantage of this method is that it is very
flexible and applies even to some nonlinear equations; the drawback is the requirement
on the higher derivatives of f.

We will illustrate the method by verifying that for any smooth cut-off function ¢
supported in B; and identically equal to 1 on B,, the function w = ¢*|Vul|* + Cu?
satisfies in By, for C' large depending on r,

for some N depending on C. A generalization of Proposition 5.2 applied to (5.34)

then implies that
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for some N > 0. Note that maxyg, w = C (maxpp, |u|)>. Then using Proposition 5.2
again to estimate maxg, |u|? in terms of maxp, |f|* and maxpp, |u|?, it follows from
(5.35) by estimating the left hand side on B, that

max |Vu|® < maxw < N (max |fI? 4+ max |V f|* + max |u|2> .
B B1 B1 B1 0B,
(5.34) follows by noting that

AlVul? =2 Z uz; + QZUZ (Au);

i,5=1
and

Au? = 2|Vul|? + 2uAu.

In order to obtain estimates for [Vu|* not dependent on the boundary behavior of ,

we work with

A(C|Vul?) =2¢%( Z u + Zul (Au);)

i,j=1
+ (ACH)|Vul> — 8¢ Z V¢V, uVju
ij=1
Using
=8¢ Y VilVjuViu > = (Y ud) — 16|V¢ Vul,
i,j=1 4,j=1

and 2> u;i(Au);) > —|Vul? — [V f]?, we have

A@ITUP) = (Y ) — (22— AC + 16/V¢P)Vul? — IV P
i,j=1
Thus we can choose C' > 0 depending on r and n to satisfy (5.34)—mnote that the
bound on the right hand side now does not involve Vu or V;u.
A similar construction proves the second derivative estimate.
As a consequence of the derivative estimates obtained through Bernstein’s method,

we have

Corollary 5.22. Suppose that f € C(Bg) N C?(Bg) and g € C(0Bg). Then there
exists a unique u € C(Bg) N C?(Bg) solving

(5.36)
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Remark 5.13. The corollary above can be obtained under the weaker assumption of
[ € L*>(Br)NC*(Bg) with the help of Proposition 5.12. The advantage of Bernstein’s
method is its flexibility and robustness.

The idea of constructing solution through an approximation procedure can be
applied in many other different contexts. The key is to obtain appropriate estimates
for sufficiently smooth solutions, the so called a priori estimates. For instance, we

already obtained the following estimate for any u € C*(Bpg):

(5.37) and (ii) of Proposition 5.2 imply that if {Au;} is Cauchy in C'(U) and {u;|sv}

is Cauchy in C(0U), then {u;} is Cauchy in C(U) and {Vu;} is Cauchy in C(V) in
any subdomain V' CC U. Soif U is a bounded domain such that (5.36) has a (unique)

solution for any sufficiently smooth f and g, then for any f € C(U) and g € C(9U),
we can use smooth f; and g; to approximate f and g in C(U) and C(dU), respectively.
Let u; be the corresponding solution, then there is a limit u, € C(U) N C*(U) such

that u; — o uniformly on U. s = g on OU obviously. us satisfies Aus = f in U

in the following sense:

One question to be addressed is the issue of regularity: whether a function sat-
isfying the above integral relation has appropriate improved regularity (higher dif-
ferentiability) if f has some appropriate additional regularity assumptions. Another
issue is the uniqueness. It is equivalent to the following: suppose u € C(U) satisfies
Sy u(x)An(x)de = 0 for all n € C2(U), and v = 0 on U, then u = 0 in U.

This can be settled with the help of the following Weyl Lemma.

Lemma 5.23 (Weyl). Suppose that u € C(U) satisfies [, u(z)An(z)dx =0 for all
n € C3U), thenu € C°(U) and Au(z) =0 in U.

Proof. Let p(x) be a smooth, non-negative, even, cut-off function on R™ such that
supp(p) C By and [ p(x) dv = 1. Define p.(x) = ¢ "p(z/e). For any compact
subdomain V' CC U, there exists another compact subdomain W such that V' CC
W cc U. It suffices to take V' = Bg(xo) and W = Bag(xo) C U here. Define

. u(z) forxzeW
i(r) =
0 otherwise
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and u. = u * p., where x is the convolution operation. Then . is smooth in W, and
e — u uniformly in V' as € — 0.

Next, we show that, in fact, . is harmonic in V', thus it follows from the conver-
gence theorems that u is C? and harmonic in V. Since V is an arbitrary compact
subdomain of U, this will prove that u is harmonic in U.

For any n € C*(V) and € > 0 small, p. x n € C°(W), we have

/U () An(x) dz

_ /U ( /U i) pelx —y) dy) An(z) dz
_ /U ay) ( /U Pl — y)An(a) dx) dy
:/Ua(y) (/U Agpe(z —y)n(x) dfﬂ) dy
= /U i(y) ( /U Aype(r —y)n(z) dﬂf) dy
_ /U i(y)A, ( /U pelz — y)n(z) dfff) dy

- / a)A, (o % 1(y)) dy.

Since p x 1 € C°(W), the last integral above is equal to [, u(y)A, (pe * n(y)) dy,
which is 0 by the assumption on u. Thus
/Axﬂe(x)n(:v) dx = / Ue(x)Agn(z)dx =0
U U

for all n € C?(V'), which implies that @(z) is a smooth harmonic function in V.

This argument will also work if one replaces the assumption that u € C(U) by
w € LL_,(U). Instead of getting @, — wu uniformly in V as € — 0, we will first
get @ — w in L'(V), which, together with the mean value property for harmonic
functions, as applied to ., will imply the C°(V) bound of @; in fact it implies that
e is Cauchy in C°(V), thus implying C°(V') convergence of @, — w, which then
implies that u € C>*(V). O

Remark 5.14. Another possible way to define a generalized solution of (5.36) is to
formulate an integral equation using the Green’s representation (5.27) in terms of the
Green’s function G(z,y) of the corresponding homogeneous problem: a C?(U)NC(U)
solution u(z) of (5.36) would satisfy

u(r) = —/UG(:v,y)f(y) dy+/aUg(y)%g)y> do(y),

246



5.7. LIMIT THEOREMS FOR HARMONIC FUNCTIONS AND APPLICATIONS

and we may simply use this representation as a generalized solution of (5.36). Recall
that if f € C(U) or simply L>=(U), we know that the right hand side above is at least
in C*(U); we just don’t know that it is in C%(U). We can even use such a formulation
to set up a possible scheme to construction a solution which is a perturbation of
(5.36):

Au(z) + Z bi(@)uq, () + c(r)u(r) = f(x) = e,

(5.38)
u(z) =g(x) € IU.
We can try to set up an iteration scheme ug(x) — ugi1(z), where
_ () Ve () — 0G(.y)
up () = /UG(x,y) [Zl bi(y) (ur)e, (y) + c(y)ux(y) — f(y) dy+/w I 5,0 W)

and try to show that it has a fixed point. Based on our discussion, if b;(x),c(x) €
L>(U), then any uy € CY(U) would certainly give uy1 € CH(U). When ||b;|| )
and ||c|| o) are small, we can easily prove that the map defined by the right hand
side is a contraction in C(U), thus has a fixed point. We will discuss later situations
where the smallness condition can be removed.

If one tries to extend this perturbative approach to allow perturbation to the
highest order derivatives terms, say, replacing Au(x) by szzl Qij (T)Ug,q; (), Where
(a;;(x)) is close to (d;;) in appropriate sense, then one encounters the difficulty
that for v € C?(U), it is not known that [, G(x,y) (0;; — aij(y)) te,s, (y) dy is in
C?(U), so we can’t set up an appropriate map in C?(U). As mentioned earlier, if
(0i5 — ai5(y)) a2, (y) has some Holder continuity, then the integral operator would
return a function whose second derivatives have the same Hoélder continuity. This
discussion indicates that to solve a similar BVP for a more general equation of the
kind > 77 @i (2) g, (7) + D01, bi(2)ug, (7) + c(z)u(x) = f(2), there is a need to
work in the class where the solutions u,,.;(7) and the coefficients a;(x), bi(z), c(x),

have some Holder continuity.

Exercises

Exercise 5.7.1. Provide details for a proof of the upper bound for |[V?u| in Theorem
0.21.

Exercise 5.7.2. Prove that if \ is an eigenvalue of A,, on the round unit sphere S" 1,
namely, there exists ¢(w), not identically 0 on S*!, such that A,¢(w) + A\p(w) = 0
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on S"1 then A = k(k +n — 2) for some k € Z>o. (HINT: Using A > 0, one can find
a k € Rsq such that A = k(k + n — 2). Then prove |z|*¢(z/|x|) is harmonic on R
appealing to Weyl’s Lemma, and use this to prove that k € Z>.)

5.8 Poincaré’s Balayage Method

Next we will use the maximum principle and the convergence theorems to find a har-
monic function with prescribed (continuous) Dirichlet data on fairly general domains.
I will describe Poincaré’s balayage method, which can be considered as a precursor
of the Perron method. The latter is presented in most modern treatment.
Poincaré’s method, as well as Perron’s, depends on the maximum principle, the
convergence theorems, and the solvability of Dirichlet problem on balls. The last we
obtained by Poisson’s kernel or the approximation method. We need to extend the

notion of subharmonic functions to C? class.

Definition. A C°(U) function u is called subharmonic (superharmonic ) in U, if for
every ball B CC U and every harmonic function h in B satisfying u < (>)h on 0B,
we also have u < (>)h inside B.

The maximum principle extends to these functions in the following way:

(). Suppose U is a bounded domain. If v is subharmonic in U and is continuous up
to the boundary of U, then maxzu < maxgy u. In fact, the strong maximum
principle also holds. If v is superharmonic in U, and u < v on 9U, then in any

connected component of U either u < v, or u = v.

(ii). If w is subharmonic in U and B is a ball strictly contained in U, then the
harmonic lifting hp(u) of w in B is subharmonic in U, where hg(u) is defined
as

u(z), forx € B,

hBU =
) u(z), forz € U\ B,

with @(z) being the harmonic function in B satisfying u(x) = u(z) on 0B.

(iii). If w and v are subharmonic in U, then so is u + v; if u is superharmonic in U

and v is subharmonic in U, then v — u is subharmonic in U.
(iv) If w and v are subharmonic in U, then so is max{u, v}.
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Poincaré’s method consists of several steps. Given a domain U and a continuous

boundary function g.

Step 1. Assume first that there exists a subharmonic ug € C(U) such that ug|sy = g.

Step 2. Cover U by a countable number of balls { By, By, - - - } such that each B; CC U.
Starting from wy, we will replace each with its harmonic lifting on successive
balls to obtain a sequence of monotone increasing subharmonic functions that
are bounded from above. Thus a limiting function u exists. We will prove that

this u is harmonic in U and will study its boundary behavior.

First let B(Y) = B; and define u; = hga)(ug). Then

uy () > up(z), for all z € U.

)
b) w; is harmonic in BW,
(¢) ui(z) < maxgy g, and uy(z) = g(x) on OU.
(d) wuy is still subharmonic in U.

Order the balls in the following way

B — By ¢«
— B —» By —» By ¢«
—~ B —- By — B3 — By ¢«
SN

Define inductively, for each i > 2, u;(x) on U by u; = hge)(u;—1). Then

)
)
(¢) wi(z) < maxgy g, and u;(z) = g(z) on OU.
) w; is still subharmonic in U.

Therefore {u;} is a sequence of monotone increasing, subharmonic, continuous
functions in U, and is bounded from above. Thus u(x) = lim;_,o u;(x) is well
defined for all x € U. To prove u is harmonic in U, notice that for each x € U,
there is a ball By, such that x € B;(,). Notice also that because of the ordering
of the balls, a subsequence of {u;}, called {h;(x)}, is actually harmonic in B,
and monotone in j. u(zx) is defined as a point-wise limit. But at this stage, one
can prove, using Harnack estimate, that on any smaller B CC By, hj = u
uniformly on B; one could also use the convergence theorem to prove that a

subsequence of {h;(x)} converges uniformly on B. Thus w is harmonic in Bjy).
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Step 4.
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The continuity in U of the solution u in the above step is handled by the concept

of barriers.

Definition. w € C(U) is called a barrier function at ¢ € OU for the Dirichlet
problem on U if

a). w is superharmonic in U.

b). w(€) =0, and w(z) > 0 for x € U \ {¢}.

Suppose a barrier function w at £ € OU exists. For any given ¢ > 0, by the
continuity of ¢ at £, we can find ry > 0 such that g(x) < g(§) + € for all z € OU
with |z — &] < rg. There also exists M > 0 depending on 1y, w and g such that
g(x) — g(§) < Mw(zx) for all z € OU with |z — &| > ro. Thus

g(x) < g(&) + e+ Mw(z), forallzedU.

Note that g(¢) + € + Mw(x) is a superharmonic function on U. So in the steps
above, we also have uy < u; < g(&)+e-+Mw on U by (iii). By the continuity of
w and ug at &, we can find 0 < r; < ry such that when z € U and |z — &| < ry,
Muw(z) < € and ug(z) > g(§) — €. Thus

g(&) — e <up(xr) <ulx) < g(&) +2¢ forall z € U with |[x —&| <,
proving the continuity of u at &.

To remove that assumption in Step 1, we first argue that for any polynomial g
given, g; = g + Ax? and g = Az? are subharmonic in U for A > 0 sufficiently
large. Thus the first three steps can be applied to show that the Dirichlet
problem has solutions with g; and g, as boundary values, thus it also has one
with g1 — g2 = ¢ as boundary value. Finally the convergence theorems can be
used to prove the existence of solution of the Dirichlet problem with any given
continuous boundary value, provided the barrier argument in Step 3 can be

carried out. That turns out to depend only on the geometry of the domain U.

An easily verified criterion for the existence of a barrier at £ € JU is the existence
of some exterior ball, i.e., there exists a ball B such that BNU = {¢}. Let x
be the center of this ball and r be its radius, then w(z) = r*™" — |z — zo|*™

defines a barrier at &.

Definition. A boundary point £ is called regular with respect to the Laplacian if

there exists a barrier at that point.
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We can now summarize our discussion as

Theorem 5.24. The classical Dirichlet problem for the Laplacian in a bounded do-
main is solvable for arbitrary continuous boundary values if and only if all the bound-

ary points are reqular.

Points on components of the boundary with codimension 2 or higher are not
regular. For instance, we can’t solve the Dirichlet boundary value on the domain
B\ {0} with prescribed value everywhere on 0{ B\ {0}} = 0B U {0}, as the following

theorem shows

Theorem 5.25 (Removable Singularity Theorem). Suppose u is harmonic in B\ {0},
and satisfies |u(z)| = o(|x]* ") as x — 0 (assumen > 3). Then u extends to a smooth

harmonic function over B.

Proof. We may assume that u is continuous up to 0B. Let v be the unique solution
in B to

Av =0, in B,
v=u, ondB.
Then w = w — v is still harmonic in B\ {0}, and satisfies w(z)| = o(|z[*™) as

x — 0. Furthermore w(z) = 0 on B. We prove w = 0 in B in the following
way: for any € > 0, we can find r > 0 such that B, CC B, and on 0B,, |w(z)| <
e(|z|>™™ —18™™) (1o is the radius of B). Then +w(z) + e(|z|>™™ — r5~") is a harmonic
function on B\ B,, and is nonnegative on d(B\ B,). Thus by the maximum principle
+w(x)+e(jz[> " —ry ") > 0in B\ B,, i.e., w(z)| < e(|z|> " —ri™") for all z € B\ B,.
For any fixed z € B\ {0}, Z is in B\ B, for all sufficiently small ¢ > 0. Thus
lw(z)| < e(|z|*™ — 727™), and by sending ¢ — 0, we conclude that w(z) = 0. In

conclusion, w = 0 in B, and so u = v, a smooth harmonic function in B. O

Remark 5.15. If one examines Poincare’s method, one finds that it would work in
a setting where the following can be verified: maximum principle in the form of (i)—
(iii) above; solvability of the Dirichlet problem on small domains; the convergence
properties in Theorem 6 (part (ii) depends on Harnack estimates while the other
parts depend only on gradient estimates); and regularity of the boundary. Perron
made a modification of Poincare’” method so that one does not have to start with
Step 1 above and needs not to have Harnack estimate; instead, the argument relies
on the strong maximum principle to the difference of two solutions. The method

gives a prospective solution for a boundary function that needs not be continuous
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and isolates the continuity of the constructed solution near a continuity point of

the boundary function as a local problem. Gilbarg and Trudinger give a complete

presentation of Perron’s method in their monograph [7]. Below is a sketch of the main

steps in Perron’s method. Let

S, ={v € C(U) : v subharmonic in U and v < g on U},

and define u(z) = sup,¢g, v(7).

().

Prove that u(x) is well defined and is harmonic in U. This is done by picking any
y € U and a ball B,(y) such that B,(y) C U, picking a sequence v; € Sy such
that v;(y) — u(y) as j — oo, then replacing v; by hp, (y)(v;) and showing that
) (05) € Sy h ) (0) (&) = () in Bu(y), with Ah(a) = 0, h(a) < u(x), in
B, (y) and h(y) = u(y), and finally proving that u(z) = h(x) in B,(y), therefore
harmonic in B, (y). The last step is proved by showing that, if h(z) < u(z) for
some z € B,(y), there would be a sequence ¥y, in S, such that 0;(z) — u(z),
and then hp, () (max{hp, y)(vx), 0x}) would still be in S, and converges to u(z)
at z, which in the limit would produce a harmonic function h(z) in B, (y) such
that h(z) > h(z) in B.(y), h(y) = h(y), but h(z) = u(z) > h(z), which would

be a contradiction to the strong maximum principle.

. If g is continuous at y € QU and there exists a barrier function w(z) at y, then

for any € > 0 one can choose k such that

g(y) — e —kw(z) < g(x) < g(y) + € + kw(y) for x € OU,
and the u(x) constructed in the previous step would satisfy

9(y) — e — kw(z) < u(z) < g(y) + e+ kw(y) for z € U.

Now sending x — y and using the continuity of w at y shows the continuity of

u(zx) at y.

The notion of local barrier is sometimes useful.

Definition. w is called a local barrier function at £ € QU for the Dirichlet problem
on U if there is a ball B centered at ¢ such that w € C(U N B) and

a).

w is superharmonic in U N B.

b). w(§) =0, and w(z) > 0 for x € (UN B) \ {¢}.
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If a local barrier w at & € QU exists on UNDB, it is easy to see that we can apply the
barrier argument in Step 3 on U N B; or alternatively we can define m = mingpny w
and

min(w(zx), m), forzr e UNB,
w(xr) =
m, forxeU\ B,

then w is a (global) barrier function at £ € OU.

We now describe briefly how a variant idea involving subsolutions applies to a
subclass of (5.38).

Definition. A function v € C*(U) N C(U) is called a subsolution of (5.38), if

Av(z) + Z bi(x)vg, (x) + c(z)v(z) > f(z) zeU,
v(x) < g(z) x€dl.

Likewise, a function w € C?(U) N C(U) is called a supersolution of (5.38), if

n

Aw(z) + 3 bi(@)ws, (z) + e(x)w(z) < f(z) z €T,

w(z) > g(x) z € dU.

The method we discuss now deals with (5.38) in the case b;(x) = 0, and is called
the method of sub-and-super solutions. We will first discuss the case of b;(z) = 0 and
c(x) > 0, and assume that there exists a subsolution v to (5.38) in this case, then we

examine the iteration scheme with u; = v, and

{Auk+1(x) = —c(x)ux(z) + f(x) zel,
upy1(z) = g(z) z € oU.

Note that the right hand side is a decreasing function of u; under our assumption.
Assuming appropriate regularity of f(x) and ¢(x), and boundary regularity of oU,
upy1 can be constructed from correcting the Newton potential of —c(z)ug(z) + f(2)
in U by an appropriate harmonic function. Other possible approaches include using
the framework of the variational method to construct a generalized solution, or using
(5.27) to construct a generalized solution.

What is crucial here is that the maximum principle applies, even for generalized
solutions, and is used to prove wugii(x) > ug(x)! First us(x) > ui(x) in U as a

consequence of Aus(z) < Auy(z) for x € U, and uz(x) = g(x) > uy(x) for x € OU.
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Next, using Afugi1(x) — uk(z)] = —c(x)[up(x) — up—1(x)] < 0 together with the
assumption c¢(x) > 0 and the induction hypothesis uy(x) — ux_1(x) > 0 in U, it
follows that that ug1(2) —ug(z) > 0in U, and that Augyi(z) = —c(z)ug(x)+ f(z) >
—c(x)ug1(x) + f(z) in U, namely, u41 continues to be a subsolution.

In order to get a convergence sequence {ux(z)}, we need some upper bound on
ug(x). This is guaranteed if we assume that there exists a supersolution w(z) such
that w(z) > v(z) in U. Then Auy(z) > —c(z)w(z) + f(z) > Aw(x) in U, again
using the sign of ¢(x). Thus u;(z) < w(z) in U. The same argument works for each
ug(z) inductively to deduce that ug(z) < w(z) in U for all k. Thus we conclude that
{ug(x)} converges in U. What remains is to use the derivative estimates to conclude
that the limit satisfies the equation and the boundary condition.

Our description of this method relies on our ability to solve the Dirichlet problem
for the Laplace operator. The variational approach can be adapted to solve the
Dirichlet problem for A — X for any A > 0. Using this, we can adapt the approach to
solve the Dirichlet problem for Au(z) = —c(x)u(x) + f(z) without any assumptions
on the sign of ¢(x) or even for nonlinear f(x,u(x)), provided that there exists a pair
of subsolution v(x) and supersolution w(z) such that v(z) < w(z) in U. We just need
to choose A > 0 large enough such that f(x,u) — Au is non-increasing for (x,u) such

that v(z) < u < w(zx), and modify our scheme into

{Auk+1(x) — Mg (2) = [, up(2)) — Aug(z) 2 €U,
upy1(z) = g(x) = € dU.
Example 5.1. We illustrate this method by showing that the Dirichlet problem
Au(r) = u(z)? xeU,
{ u(z) = g(x) x € U,
has a solution for any g € C'(9U), where we also assume that all boundary points of
OU are regular with respect to the Dirichlet problem for the Laplacian.

According to our discussion, the method is applicable if we are able to con-
struct a subsolution v(x) and supersolution w(z) such that v(z) < w(x) in U,
and v(z) < g(x) < w(z) on OU. The simplest possible candidates for subsolu-
tions or supersolutions are constants. If we take w(x) = max{0, maxyy g}, we
see that Aw(z) < w(z)® in U, and w(x) > g(x) on U. Likewise, if we take
v(z) = min{0, mingy g}, we see that Av(z) > v(x)® in U, and v(z) < g(x) on
OU. Furthermore, v(z) < w(z) in U, so we can apply the method of subsolu-
tions and supersolutions to conclude that there exists a solution u(z), which satisfies

min{0, mingy ¢} < u(z) < max{0, maxgy g} in U.
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Exercises

Exercise 5.8.1. Suppose u is bounded, harmonic in B\ K, where

K ={z =(0,0,23,-+ ,2,) € B:a}+ -+ a2 < 3} (assume n > 3). Then u
extends to a smooth harmonic function over B. The same conclusion holds when
K is a compact submanifold of B with codimension 2 or higher; one could use the
Newtonian potential of unit density of K to play the role of |z|>~™ in the proof of

Removable Singularity Theorem above.

Exercise 5.8.2. Prove that the w(z) constructed above is a (global) barrier function

at £ € OU.

Exercise 5.8.3. In this exercise, you are asked to construct a barrier at the vertex
of a cone Ky, of opening angle 6 for the Dirichlet problem on Ky, where Ky, = {z €
R3 : 23 = |2|cosf,0 < 0 < 6y}, and 0 < 6y < 7. You may construct a barrier in
the form of u(z) = ||*©(0) for appropriate choice of a > 0, ©(6) : ©(F) > 0 for
0 <0 < 6y, and ©(y) = 0. Note that the condition

0> A(|2|*0(0)) = [a(a + 1)O(0) + Ag20(0)] |]*

turns into

Ag20(0) = sin () (sin(9)0'(9)) < —a(a + 1)0(0)

for some o > 0. A positive eigenfunction of Age on Ky, N S? with zero Dirichlet
boundary value would do, the existence of which can be obtained by solving the

one-dimensional variational problem:
90 6'0
min{/ 1©/(6)[2sin 6 db / O(6)sin6 db = 1,0(6p) = 0}.
0 0

Explain how the argument and conclusion breaks down when 6y = .

Exercise 5.8.4. Assume that all boundary points of QU are regular with respect
to the Dirichlet problem for the Laplacian. Given any g € C(0U). Construct a

subsolution v(z) and a supersolution w(x) to

{Au(m) = sin(|z|) + cosu(x) in U,
u(z) = g(x) on U,

such that v(z) < w(x) in U and prove that this problem has a solution.
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We now provide an indirect argument that, in dimension 2 or higher, there are

f € C(U) for which there is no C?(U) solution of Au(x) = f(z) in U! We work
with U so as to use the Banach space structure of X = {u € C?(U) : u = 0 on U},

and work with the bounded linear map 7' : X +— C(U), where T'(u) = Au. The
norm for f € C(U) is the standard | flo,y := maxg | f|, while the norm for u € X is
|uly 0.0 = Z|2a|:o |0%ulo.y. Note that ker(7') = {0} by the uniqueness theorem. If

for every f € C(U), there is a solution u € X to Au = f in U, then by the Banach

theorem, there exists a constant C' > 0 such that

Wl €Ol ol v X. a0

But we can verify that such an inequality cannot hold for all u € X by simply testing

on a family of functions which are appropriate cut off of some harmonic functions.

Exercise 5.8.5. (i) Assume 0 € U, and take p(x) = 22 — z2. Construct a family of
cut-off functions n € X to show that n(x)p(z) can not satisfy (5.39).

(ii) Take U = B;(0), and define X,.q = {u € C?(U) : u(x) is radial in z, and v = 0 on U }.
Prove that (5.39) holds for all u € X,.q.

5.9 Additional Problems

Problem 5.9.1. Prove that under the assumption ¢(z) < 0 for z € U and «a(z) > 0

for x € OU, there exists at most one solution u to
Au+c(x)u=f, inU,
— + a(z)u(x) = g(x), on U,
in the class C*(U)NC(U), unless c(z) = 0 and a(x) = 0, in which case the uniqueness

is up to a constant. Give an example of the failure of the uniqueness when the

condition on ¢(x) or « is not satisfied.

Problem 5.9.2 (Bocher Theorem). Suppose that 0 is an interior point of the domain
Uin R", n > 3, and u(z) is a nonnegative harmonic function on U \ {0}. Prove that

there exists a constant A > 0 and a smooth harmonic function h(z) in U such that
u(z) = Alz[* " + h(z), forallz € U.

(Hint: Let u(r) denote the average of u over the sphere |z| = r. First establish that
a'(r) + “=Lu'(r) = 0 for small r > 0. Thus u(r) = Ar*™" + B for some A > 0
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5.9. ADDITIONAL PROBLEMS

and B. Next try to use Harnack inequality and Green’s representation or Maximum

principle.)

Problem 5.9.3. Suppose U is a bounded domain and zy € OU. Let u € C(U \ {x0})
be a bounded harmonic function in U such that v = 0 on OU \ {z(}). Prove that
u=0inU.

Problem 5.9.4. Let u be a bounded harmonic function on U = {z = (2/,z,) : 0 <

r,, < h} and continuous on U. Prove that

sup |u| = sup |ul.
T U
Problem 5.9.5. (i). Prove that for a bounded domain U with its boundary being
a piecewise C’1 hypersurface and any bounded measurable f defined on 0U,

Jou ©( )f(y) do(y) defines a C2(U) N C°(U) harmonic function.

(ii). Prove that for any bounded measurable f defined in a bounded domain U,
Jo ®( (y) dy defines a C**(U)NC*(U) function for every 0 < o < 1, and

D, [ B —y)f(y)dy = / D, 0z — y)f(y) dy.
U U

Problem 5.9.6. For x,y € 0U, x # y, define K(z,y) = aé(:;z )y) Prove that, if OU is

assumed to be a piecewise C? surface, then for any continuous function f defined on

oU, [, M(;nx(y)y (y)do(y), x € U, extends continuously to U, and for any & € dU,

. 0P(x —y) 1, _
lim ——fly)do(y) = = f(z) + K(z,y)f(y)do(y).
[ Sy daty) = 35@) + | K@) f) dot
Problem 5.9.7. Here is a concrete construction of a C?(B) function f for which there
is no C? solution of Au = f in any neighborhood of (0,0). Let 1 be a radial smooth
cut-off function in C§°({(z,y) € R? : |(z,y)| < 2}) with n = 1 when |(z,y)] < 1. Let
¢k — 0as k — oo and Y, ¢ divergent, with S0 ¢ = 0(2V), and let P(z,y) =

2 2
r- =y,

N
= a2z, 28y) P, y).
k=1

Prove that f(z,y) = limy_. Auy(z,y) is in C(B), that @(z,y) = limy e un(z,y)
is in CY(B), with @(z,y) = 0 on B, but not in C?*(B), and that there is no C?
solution of Au = f for such an f in any neighborhood of (0, 0).
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CHAPTER 5. LAPLACE AND POISSON EQUATIONS

Problem 5.9.8. Consider the Dirichlet problem

(i).

(ii).

Au(z) —mPu(z) =0 for x € RY,
u(z) = g(a') for x = (2',0) € IR’

Use Fourier’s method to derive that a solution w(z) with appropriate behavior

at oo has the representation
uw) = [ gPE’ =) dn
OR™

where

P2 x,) = ;/ i EmVIEPFmRan ge
Rn—1

(2m)n—1

. Use the method of descent to derive that a solution u(x) with appropriate

behavior at oo has the alternative representation

wa) = [ aP@ —na)an

i
where
Bla'.a,) = 2, Lngs (ma/[2'[2 + 22)
o S"f (Ja']2 +22)z
and

L (5) = / _cos(sz)
: R (1+ 2%

The ]nT-H(S) is related to the Fourier transform of (1 + |2|2)~"2 . For odd n’s,
this can be done using the calculus of residues; but in general it is a non-trivial
task. Prove that J(s) = s*"/2InT+1 (s) satisfies the modified Bessel’s equation of
order 2: s2J"(s) + sJ'(s) + [—s* — (%)?] J(s) = 0. Use this relation to identify
L1221 (s). Comparison with (5.28) (which corresponds to the m = 0 case) reveals

that . -
: R (1425 5

. Use the method of image to derive an alternative representation for a solu-

tion u(z) in terms of the Green’s function for this problem, which, in turn, is

expressed in terms of solutions to the the modified Bessel’s equation.
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Part 11

Some More General Methods and
Results for BVPs, IVPs, or IBVPs

259






Chapter 6

Adjoint /Transpose Operators and

Fundamental Solutions

6.1 Green’s Identities and the Fundamental Solu-
tion of the Heat Equation

We have used the fundamental solutions of the Laplace and heat equations on several
occasions. We now introduce two other concepts that will play important roles in
the study of PDEs: (i) adjoint/transpose operators and Green’s identities, and (ii)
fundamental solutions of more general linear differential operators. We will first

introduce these concepts in the context of the study of heat equations.

Green’s identities are based on the Green/Stokes/Divergence theorems applied to
certain bilinear expressions associated to a differential operator. In the case of the

heat equation, we have

—0; — A, is called the adjoint /transpose operator of 9; — A,. Based on the divergence
structure of the right hand side above, if u(z,t) and v(z,t) are in C’i:tl (U x [0,T)),
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CHAPTER 6. ADJOINT/TRANSPOSE OPERATORS AND FUNDAMENTAL SOLUTIONS

and U is a bounded domain, we can use Green’s identities to derive

(6.2)

We can get useful information by judicious choices of the pair u(z,t) and v(x,t).

For instance, if (9, — A,)u(z,t) = f(x,t) € C(U x [0,T]), and we are interested in

representing v in terms of f and the initial/boundary values of u, we take v(z,t) =
K(X —x,T + ¢ —t) for some ¢ > 0 in (6.2), where

e At s
K t) = { Gy 11220
0 if ¢ <0

is the fundamental solution of the heat equation which we encountered earlier. Note
that
(=0 — Ap)v(z,t) = (Or —Ax)K(X —2,T+e—1t) =0

for (x,t) € Ux|0,T], and € > 0 is inserted so as to make sure that K (X —z,T+e—t) €
C%(U x [0,T)); then (6.2) with to = 0 and t; = T" would imply

/Uu(x,T)-K(X—x,e)dx

T
:/u(:c,O)-K(X—a:,T+e)dx—l—/ /f(:c,t)-K(X—a:,T+e—t)dxdt
U o Ju

_:AiéU(u@J)f”“x°gzg+€_tf_K@X—xﬂﬂ+e—ﬂ-%%%?)da@yw

Sending € \, 0, and noting that [ u(z,T) - K(X — z,€) dz — u(X,T), we obtain

(6.3)
This representation can be used to read off the regularity of u in terms of that of f—

the integral term [,; u(z,0)- K (X —x, T) dz and the other two boundary integral terms
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6.1. FUNDAMENTAL SOLUTION OF THE HEAT EQUATION

provide C'*° functions of (X,T') for X € U and T > 0 using the smooth dependence
of K(X —z,T—t)on (X,T), X €U, T >0, when (z,t) = (2,0), or x € OU.
Remark 6.1. If u(x,t) satisfies (0 — A;)u(z,t) < 0 for z € R" and 0 < t < T,
and has some growth control as |z| — oo, say, u(z,t) bounded uniformly, then we
apply (6.2) to u(z,t) and v(z,t) = K(X —z,T+e€—t)n(z/R) on Bg X [to, t1] for any
0 <ty < t; < T, where n is a non-negative cut-off function with compact support
such that n(y) = 1 for |y| < 1/2. Using

(—0i—A)v(z,t) = —2R'VK (X —2, T+e—t)-Vn(z/R)—R ?K (X —x, T+e—t)An(z/R)

and the assumed bounds on u(x,t), by sending R — oo, then € — 0+, we get

/ u(x,tl)K(X—x,T—tl)de/ u(z, to) K(X — 2, T — tg) dz.

Namely, t — [o, u(z,t)K(X — 2, T —t)dz is monotone non-increasing for 0 < t <
T. Such kind of properties are crucial for analyzing behavior of solutions of many

nonlinear problems.

If u has compact support in R"*! then we can apply (6.3) to obtain

u(X,T) / flz,t)-K(X—z,T—t)dzxdt = / / (0 — z,t)-K(X—x,T—t) dzdt,
Rn+1 n

thus the integral operator f — ffRn+1 f(z,t) - K(X —x,T — t)dzdt provides a left
inverse to the operator 0, — A, on C° (R"*l).
As we will see, if f has Holder continuity in z, then the same integral operator

also provides a right inverse to the operator 9, — A, in the sense that
(Or — Ax) / P ) K(X — 2,7 — 1) dedt = f(X,T).
Rn+1

We can also use (6.2) to reduce a proof for uniqueness to an IBVP to the existence
of solutions to an adjoint IBVP. Suppose that U is a bounded domain in R", and
ueC(U x1[0,T))N C’i’tl(U x (0,T7]) satisfies

(O — Ap)u(z,t) =0 (x,t) € U x (0,77,
u(z,t) =0 (z,t) € OU x (0,7,
u(z,0) =0
0 in

xeU,
U x [0,T]. If we can solve for v(z,t)
(=0 — Ap)v(x, t) =0 (z,t) € U x [0,7),
0
9

)
(x,t) € OU x [0,7),
vz, 7)=g(z) xze€l,
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for any 0 < 7 < T and any g € C(U), then we use this v(x,t) with u(z,t) in (6.2)
with tg =0, t; = 7, to get
u(z,7) - g(x)dr = 0.
U
Since g € C(U) is arbitrary, this leads to u(x,7) = 0 for all 0 < 7 < T. Note that
the adjoint IBVP takes 7 as its initial time, and solves for 0 < t < 7. A change of

variable w(z, s) = v(x, 7 — s) shows that the adjoint IBVP is equivalent to

(0s — Ap)w(x,s) =0 (z,s) € U x (0,7],
w(z,s) =0 (x,8) €U x (0,7],
gx) xeU,

This technique of reducing a uniqueness question to a question on the existence of an
adjoint problem is called Holmgren’s method. When U is a one dimensional interval
we have proved that this IBVP always has a solution for any g € C(U), thus we have
proved uniqueness to the IBVP for the heat equation by the Holmgren’s method for
this case.

(6.2) can also be used to prove uniqueness of solution of the Cauchy problem for

the heat equation on R" x (0, 7] among the class of functions with controlled growth.

Theorem 6.1. Suppose that (0; — Ay)u(z,t) = 0 on R™ x (0,7, and there exists
C > 0 such that |u(z,t)| + |Vu(z,t)| < C’ea:p(%) for some 0 < a < 1 and all

(x,t) € R" x (0,T]. Then for all X € R" and 0 <7 < T,

In particular, if u(z,0) =0, then u(x,t) =0 in R™ x (0,T].

This is proved by applying (6.2) with v(z,t) = K(X —x,7+€—1t) for € > 0 small,
on increasingly large domains of the form Bg x [0,7], and by sending € \, 0. This
representation and its consequence of uniqueness do not necessarily hold if we do not
impose the growth restrictions; the first example of non-uniqueness was due to A. N.
Tychonoff.

Exercises

Exercise 6.1.1. Supply details for the proof outlined above. Also, modify v(z,t) =
K(X —x,7 4+ ¢ — t) in the suggested proof into v(z,t) = K(X — 2,7 + € — t)ng(z),
where () is a smooth cut-off function supported in Bg and ng(z) = 1 in Bgjs.

This will remove the restriction on the growth of |Vu(x,t)|.
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Exercise 6.1.2. Suppose that f(z,t) is bounded and measurable on R" x [0, T']. Prove
that fOT Jon [, ) K(X — 2, T + € — t) dodt — fOT Jon @, ) K(X — 2, T — t) dedt as
€\ 0.
Exercise 6.1.3. This exercise uses (6.1) to establish a mean value property for any
solution u(z,t) to (0; — Az)u(z,t) = 0. For any a > 0, consider the set

Exryia = {(z,1) : K(X =2, T —t) > a},

which includes (X, T’) as a boundary point. Integrate (6.1), with v(z,t) = K(X —
x,T —t) —a over Exry,, N{t <T — €} for € > 0 small, then let ¢ — 0 to establish

w(X,T)

:—/ [uvn, +un, - Vo —on, - Vou] do(z,t),
OE (X T);a

where (n,(x,t),ng(x,t)) is the exterior unit normal to 0Ex 1), at (x,t), thus is the
unit vector in the direction of —(K3(X —x,T—t), V. K (X —z,T—t)). Using v(x,t) =0
for (x,t) € OE(x1).0, and

V. K(X —z, T —t)?
VE(X —2,T—t)?+ |V, K(X —2,T —t)|

Bl K (X — 2, T —1)?

T 4/E (X —aT 12+ VoKX —2,T 1)

to prove the mean value property

—ng(z,t)Vyo(z,t) =

[X—af? 2
=12

u(X,T) :/ u(z,t)
OE(x,T);a 4\/Kt(X_CE7T_t) |VwK(X_$aT_t)|2
This can be used easily to prove the strong maximum principle for a solution of
0y — Ap)u(z,t) = 0, namely, if u(X,T) > wu(x,t) for all (z,t) € OE(x 1), then
w(X,T) = u(x,t) for all (x,t) € OE(x1)q- Since E(x 1), can be foliated by the level

sets OE(x 1), for a’ > a, using the co-area formula to the foliation by the level sets

do(z,t).

{K(X — =, T —t) =d'}, we get a cleaner form of the mean value property

X — 2
// u(z, t)ﬁ dx dt
E(X,T);a,
|X—af?

/ / ul@?) e do(z,t) dd
Ex,ryat \/Kt —x, T —t)2+ |V.K(X —x,T —t)]?

= / 4u(X,T)/a"* da’

a

=4u(X,T)/a.
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6.2 Definition of Adjoint/Transpose Operators

I hope that the above discussions illustrate the usefulness of the notion of adjoint /transpose
operator and fundamental solutions. We now extend these notions to more general
linear differential operators. A linear differential operator P(0,) is defined in terms
of a polynomial of degree m whose coefficients are (sufficiently regular) functions of

X

= Z o ()0

=0

where we assume that at any x there exists some a, with || = m such that a,, (x) #
0. m is called the order of the operator P(0,).

To establish a relation for P(0,) similar to (6.2), we would like to find a lin-
ear differential operator P'(0,), called transpose of P(0,), such that for any pair
of sufficiently smooth functions u(z) and v(z), [P(0,)u(x)] v(x) — u(x)P'(0;)v(x) is
the divergence of a vector field which is built in terms of u(z) and v(x) and their

derivatives up to order m — 1, and bilinear in v and v:

It turns out that P'(0;)v(x) = 321 _o(— D92 (ag(x)v(z)).

Example 6.1. For P, =A, =%"_ 02 P =3 " 07 =P, and

Agu(z) - v(x) = u(@) - Ago(x) =Y O, (U, (2)0(2) — u(@)vg, (2)) .
For Py = Ay + >0 bo(2)0n,, Py = Ay — > 0 O, (ba(2)-), and
[Pou(x)] - v(z) — u(z) - Po(x Z O, [z, (2)0(2) — u(T)Vs, (7) + ba () ()0 ()] -

For Py = 0, — A, P, = —0, — A, and (6.1) holds.
For Py = 0?7 + a(x,t)0; + b(z, )07, — 92, we have

Pj[v] = 02v(z,t) — Ofa(z, t)v(x,t)] + 02 [b(z, t)v(xz,t)] — O*v(x,t).
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This follows from

v(x,t) 82- at[v(x,t)é?t- ov(z,t) 8t-
—8t[v(3:,t)8t- O Opv(x, 1) -] + 8311(3:,15)-,
v(z, t)a(z,t) 8,:_ =0]a(z, t)v(x,t) -] v(x t)]-,
b(x,t) 82- =0, [v(z,t)b(x, 1) 8t- b(x t)]@t-
Ou v, )b, 1)0 -1 - at{ax[v z, 0)b(, 1)) )}
+ Optv(z, t)b(x,t ]-
v(a, ) O] =0. v (x, t)0.[ulEt)] — 0. v (x, 1)) + [EH 02 (x, ),

so we see that

:at[v(x, t)(?t- — dy(x,t - +a(z, tyo(z, ) EE)] — 0:[v(z, t)b(x, t) fulEsE)]
+ Ou[v(, )b(x, 1) O, @) — v(x, )0, @) + ) 0. v (x, 1)].

The bilinear form Blu,v] here looks complicated, but as we will see later, we often

pay attention to the terms in B|u,v] which do not involve differentiation in u(x,t).

Remark 6.2. We have confined ourselves to differential operators with real coeffi-
cients acting on real valued functions and considered the transpose of a differential
operator in the context of treating the linear paring [ Plu]vdz as a linear functional
on u (or v). In some context, there is a need to use a specific inner product (or

Hermitian product) structure of the function space (using complex valued functions

in the latter context). In such a setting the transpose should be modified to satisfy

where P*v(z) = P'(v(x)) and P* is called the adjoint of P. For operators with real
coefficients they are the same.

For example, for Py = Ay +>""_, by(x)0s,, where b,(x) may be complex valued,

[Pyu(2)] - v(@) - u(z) {Aw(w) DA GEG) }
=3 O [, (2)0(2) = (@), (@) + ba(w)ulz)o(w)|
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So Pyv(x) = Ayv(z) = >0, 0n, <ba(x)v(x)> is the adjoint of P, while the transpose
of P is simply given by Pyu(z) := Ayv(x) — Y 0, Oy, (ba(x)v(2)), which satisfies

{Pa(0,)u()} v(x) — u(@)Py(Or)v(x) = Y s, (Balu,v]).

_d
For Ps =i,

Kz%) u(x)} o(@) — u(z) (i%) v(z) = z% (u(@)(@)).

so P = idd = P, while the transpose of P; will be —i%.

L

The purpose of (6.5) is to establish its integral consequence, namely,

/n [P(0;)u(x)]v(z) de = /n u(z) P (0,)v(x) dx

when at least one of u(x) or v(z) has compact support.
The notion of transpose and adjoint operator is not limited to differential opera-

tors. For the Fourier transform operator Flu](§) = (2m)™"/? [., u(z)e™"¢ dz, using

/n (/n u(z)e™ " dx) v(€) d¢ = R"u(x) </n V(E)e i dg) d

we see that F' = F, while

Ful(€) = (2m) " / ul(x)e™ d,

n

which is the inverse Fourier transform of .
A proper discussion of the spectrum theory of a linear operator would need to
work with a Hermitian product of the function space involving complex scaler field

and complex conjugate.

We already discussed the notion of fundamental solutions for the Laplace and heat
operators. The same consideration applies to a general linear differential operator.

There are often two perspectives:

(I). Represent u(x) in terms of an integral operator of the form [ F(y; z)P(9,)[u(y)] dy
and some boundary integrals—for u(x) € C°(R™), the boundary integrals will
be absent so we expect u(x) = [g. F(y; )P (d,)[u(y)] dy.

This is usually used to study the regularity of u(z) in terms of that of P(9,)[u(y)].
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(IT). Find a function (more properly a distribution) F(z;y) such that
P(am)/ E(z;y)f(y)dy = f(x), at any z, at least for f € C°(R"™).

In other words u(x) := [, E(x;y)f(y) dy provides a solution to P(9,)u(x) =
f(@).

The proper formulation of (I) also involves the notion of distribution. The idea is
that if for any « € U, one can find a family v.(y) € C™(U) such that P'(9,)v.(y) =
Ne(y), where the family 7.(y) € C>°(U) is an approximation of identity (at x) in the
sense that

lim | w(y)n.(y)dy = u(x) for any u € C(U),

e—0 U
and if one assumes that the family v.(y) — F(y;x) in appropriate sense, then inte-
grating (6.5) for u € C*(U),v,:

/ P8, )u(y)] vely) dy = / u(y) P'(9,)ue(y) dy.
U U

and taking the limit as € — 0, one obtains the representation in (I). Here, we assumed
u € C°(U) for convenience of discussion to avoid dealing with the boundary integrals.
We next give a brief description of the language of distribution to put our discus-

sion on a firmer ground.

6.3 A Brief Introduction of Distribution®

We have used an approximation of identity in several instances, where a family of C*>°
(or C(U)) functions 7.(y) converges to a limiting object not in a norm, but considered
as a continuous linear functional on C.(U) 2 u — [u(y)n.dy — u(z) € R as e — 0.
This notion of convergence produces objects that form the space of distributions.

6.3.1 Definition of Distribution

The spaces C°(U), or C>®(U), or C(U) are test function spaces. We often choose
to work with &(U) := C>®°(U) or 2(U) := C>*(U). &(U) is a complete metric space

with the metric
=1 plo—v)
Z:: 201+ pi(dp — )’

*The material of this section is only used in a limited fashion in the remaining sections of this

chapter; a student can work through the remaining part of these notes without a systematic mastery

of the material of this section.
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where we choose a sequence of increasing compact subdomains Ky C Ky C --- C U

exhausting U: U = U2, K, and for any m € Z>( and compact K C U,

P (0) = D sup|0°6(@); puld) = P ()-

la|<m zeK

For any € > 0 and ¢ € &(U), Ne(¢) :== {¢ € EWU) : pew)(¢,v¥) < €} defines a
neighborhood of ¢. Noting that p;(¢) < pn(¢) if | < m, we find that, if we choose
L such that 271 < €/2, then any ¢ in Ny 2(¢) == {¢p € EU) : pr(p — ) < €/2}
satisfies

L e’}
psan(@ ) <3 2 POV s L et <o

I — ]
l:121+pL<¢ ) l:L+12

which means that N7 .2(¢) C Ne(¢). Thus, a sequence ¢y in &(U) converges to ¢
iff for any [, p/(¢pr — @) — 0 as k — oo; namely, for any open set V' with compact
closure V in U and any order m, ¢ — ¢ in C™(V).

A linear functional [ on &(U) is continuous if the set {¢ € &(U) : |(l,¢)| < 1}
contains an open neighborhood of 0 in &(U) of the form {¢ € &(U) : ppx(¢) < 6} for
some m € Zsg, compact K C U, and § > 0. Then for any ¢ in &(U) with p,, x(¢) # 0,
and 0 < ¢’ < 4, the function g = ¢/pn.x(¢) € {¢p € EU) : pm i (P) < 0}, so

[(I,9)] < 1, which then implies (I, ¢)| < (8') ' Pp.rc (@)
Sending §' — § and denoting C' = (§)~!, we obtain

|<l7 ¢>| S Cpm,K((b)'

If prx(¢) = 0, then for any M > 0, p,x(M¢p) = 0, so [([, M¢)| < 1 for any
M > 0, which implies that [{l,¢)| = 0 for such a ¢. Thus we obtain the following

characterization of a continuous linear functional [ on &(U).

Theorem 6.2. Suppose that | is a continuous linear functional | on &(U). Then
there exist some m € Zxq, compact K C U, and C > 0 such that for all ¢ € &(U),

(1, 9)| < Cpim,rc (@) (6.6)

The set of all continuous linear functionals on &(U) is denoted as &”'(U).
A sequence of continuous linear functionals {/;} on &(U) is said to converge if for
any ¢ € &(U), limg_o0(lg, ¢) exists. Namely, the convergence in &”(U) is the notion

of weak-* convergence.
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6.3. A BRIEF INTRODUCTION OF DISTRIBUTION

Using the completeness of &(U) under the metric pg(y and uniform boundedness
principle, one can prove that if {l;} converges, then there exist m € Z>(, compact
K Cc U, and C > 0, independent of k, such that (6.6) holds for [ = [ for all k; as a
result,

(1,6) = lim (I, 9)
defines an element in &”(U).

There is a need to consider continuous linear functionals on Z(U) C &(U). Here
we don’t use the topology induced by pewy on Z(U), as Z(U) is not complete in
this metric. Instead, we use the following notion of sequential convergence in Z(U).
For any compact subdomain K C U, denote by Z(K) the subspace of functions ¢ in
2(U) whose support is a subset of K.

A sequence of functions {¢x} C Z(U) is said to converge in Z(U) if there exists
some compact set i C U such that ¢, € Z(K) and converges in the metric pe(x).

A linear functional | on Z(U) is said to be continuous if for any sequence of
functions {¢} converging to ¢ in Z(U), we have (I,¢x) — ([,¢) as k — oco. A
continuous linear functional on Z(U) is called a distribution on U. The set of all
continuous linear functionals on Z(U) is denoted as Z'(U). Note that &"(U) C Z'(U).

Similar to Theorem 6.2, we have

Theorem 6.3. Given any continuous linear functional | € 2'(U), then for any com-
pact set K C U, there exists m = m(l,K) € Zsy and C = C(l, K) such that (6.6)
holds for all ¢ € P(K).

Note that, here, K is not an attribute of [ but needs to be chosen as a compact
subset of U first, the inequality (6.6) is for ¢ € Z(K), and the constants m and C
generally depend on K.

A sequence of distributions {l,} C 2'(U) is said to converge if for any ¢ € Z(U),
limy o0 (I, @) exists. In such a case, for any compact K C U, there exist m = m(K) €
Z>p, and C' = C(K) > 0, independent of k, such that (6.6) holds for [ = I}, for all k
and all ¢ € Z(K), and

{l;¢) == lim (I, §)
k—o0
defines an element in 2'(U).
Any function f € L{_,(U) defines an element of 2'(U) by

U@%zéﬂwwww.

This definition does not place any growth restriction on f. For example, e defines

a distribution on R by (¢*”, ¢) = Jz e ¢(x) dz for ¢ € D(R).
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CHAPTER 6. ADJOINT/TRANSPOSE OPERATORS AND FUNDAMENTAL SOLUTIONS
The inclusion relations

2(U) c (U) € C(U) C Ligea(U)

are not just set-theoretic; convergence in each implies convergence in the subsequent

one—here, convergence in C(U) and L{._,(U) means convergence in their respective

local
norm when restricted to any compact subset of U. Using these relations, any func-
tion in the above function spaces naturally defines an element of 2'(U); and if { fi}
converges in one of the spaces, {fx} also converges as elements of 2'(U). Note, how-
ever, a sequence of functions in any of these function spaces may not converge in
these function spaces but converge in 2'(U) to a limit! Note also that a function in
Lhew

In fact, any Radon measure p on U defines an element of 2'(U) by

(U) may not define an element in & (U).

(1, 6) = / o) dyu(z) for ¢ € D(U).

The simplest such a distribution is the Dirac distribution 6(x — a) for any a € U
defined by

(0(x — a),¢) = ¢(a), for ¢ € 2(U).

Another simple example of such a distribution is the arclength measure along any
differential curve I' C U whose length in any compact subset of U is finite.

Since many of the distributions that we commonly encounter arise from an element
in L;

beal(U) or a Radon measure p on U, we often abuse notation and write the pairing

between a distribution (f, ®) or (i, ¢) in the form of an integral.

The notion of support of a function extends to a distribution naturally. A dis-
tribution [ € 2'(U) is equal to 0 on an open subset V' C U, if (I,¢) = 0 for any
¢ € 2(V). Using partition of unity it is routine to prove that if [ = 0 on a collection
of V, C U of open subsets of U, then [ = 0 on U,V,. This leads to the notion of

support of [ as the complement of the open set in which [ = 0:
supp [ := U \ U,V,, where I =01in V, C U.

The support of §(z — a) is simply {a}. For any | € &'(U), using (6.6) in Theo-
rem 6.2 for any ¢ € Z(U \ K), we see that [ =0 on U \ K. Thus

Corollary 6.4. Every | € &' (U) has a compact support. In other words, &' (U)

consists of those distributions in 2'(U) with compact support.
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6.3. A BRIEF INTRODUCTION OF DISTRIBUTION

The notion of singular support of a distribution is defined as the complement of
the union of open sets V,, in which its restriction as an element of 2'(V,) can be
identified as a distribution induced by some element in &(V,), namely, there exists
some ¢, € & (V,) such that for any ¢ € &(V,), (I,4) = [;, dal2)i(z) dz.

The Heaviside function H, defined as

1 itz >0,

H(x) =
0 ifxz<0,

is a locally integrable function; as a distribution, its support is [0, c0) and its singular

support is {0}.

6.3.2 Operations On and Between Distributions

A most basic operation on distributions is differentiation. For any [ € 2'(U) and any
1,1 <14 <n, we define a distribution 0,,! by

(Ol &) = —(1,0,,0) for ¢ € D(U). (6.7)

When [ is given by a continuously differentiable function in U, this equality holds
in the traditional sense by integration-by-parts, but ¢ having compact support in U
plays a role here. This is part of the reason it is easier to work with Z(U) as the
space of test functions.

A most convenient feature of this operation is that any distribution can be differen-
tiated any number of times. Thus for any distribution | € 2’(U) and any multi-index
«, 0°1 is defined. Note that if a sequence of distributions I, — [ in 2'(U), then for
any multi-index «, 0%l — 0%l in 2'(U).

Example 6.2. In|z| defines a distribution in Z(R). Its derivative satisfies

A@mmmwm:—émmnwﬂw

We can integrate by parts in the second integral. However, due to the behavior of
In |z| near x = 0, only specific handling of the boundary terms from the integration
by parts can those terms be properly accounted for. More specifically, if we take

symmetric approximation in the improper integral [, In|z|¢/(x) dz as follows,

(Qmmwwwﬁm <mmwmm:@&wﬂ—me—/ %mw}

eNO |z|>e NO |z|>e L
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CHAPTER 6. ADJOINT/TRANSPOSE OPERATORS AND FUNDAMENTAL SOLUTIONS

we would get

/R Ol |z]) d(a) dz = tim | o) dr.

eNO |z|>e L

This limit is called the principal value of the integral of Z¢(x) over R, and is usually
denoted as PV [, 1¢(z) dx.

In addition to the vector space structure of 2’(U), there is also multiplication
between any n € &(U) and any distribution [ € 2'(U) by

(nl, @) = (I, ¢n) for ¢ € Z(U).

For any | € 2'(U) and any compact subset K of U, (6.6) involves only the pp, x
norm of functions n € Z(K), which allows (l, ¢) to extend to C"(K). Then for any
n € C™(K), nl also is well defined as a distribution on K. If [ € &'(U), then the m
and K are attributes of [, which allow ([, ¢) to extend to C7*(U) and allow 7l to be
defined for any n € C™(U).

Ifl,L € 2'(U) are such that L = nl for some n € &(U) and 1 never vanishes, then
[ = n~'L. This no longer holds if  vanishes somewhere. For example, zd(z) = 0 in
7' (R), yet 6 # 0 in Z'(R).

The product rule of differentiation holds for the multiplication between an n €
&(U) and a distribution [ € 2'(U). However, there is no multiplication between two
arbitrary distributions in 2'(U).

In fact, the above two operations are examples of a more general operation. Sup-
pose that T': Z(U) — Z(U) is linear and continuous in the sense that if {¢} C Z(U)
converges in Z(U), then {T'(¢y)} also converges in Z(U); furthermore, that 7" has an
transpose 7" : Z(U) — Z(U) defined via

/ () da = / ST(w) dx for all 6,0 € D(U),
U U
and that 7" is also continuous in the same sense. Then for any [ € 2'(U), we define

(T'(1), ¢) = (1,T'($)) any ¢ € Z(U).

We verify easily that this T'(l) € 2'(U). This T : 2'(U) — 2'(U) is considered an
extension of T : 2(U) — 2(U).

Example 6.3. (i) When we take T'(¢) = 0¢, we find that 7"(¢) = —0¢ = —T'(¢),
which gives rise to the operation 0l on Z'(U).

(ii) For any n € &(U), we take T(¢) = n¢, then T"(¢) = né = T(¢), which gives
rise to the operation nl on 2'(U).

274



6.3. A BRIEF INTRODUCTION OF DISTRIBUTION

(iii)

When U = R"™, and A is an invertible n x n matrix, Tx(¢)(x) = /| det A|¢(Ax),
then T% = Tx-1, so we can define T4[l] for any | € Z'(R") via
(Tall], ¢) = (I, Ta-19).

For example, when A = X for some A > 0, T4(¢) = \"/2¢(A\x), so for | = §(x),
we get Tx(86) = A"/25(Ax) = A™/2§(x), which implies A"5(\x) = §(x).

When U = R", and a € R", T'(¢)(x) = ¢(x—a), then T'(¢)(x) = ¢(x+a), and
T(l) is then well defined, and is usually denoted as I(x — a). ({(x —a), #(x)) =
(I(x), o(x + a)).

For any n € 2(R"), the convolution with 7

T(9)(x) = | o(x—ynly)dy = . o(y)n(x —y)dy

Rn
defines a continuous linear map from Z(R") to Z(R"), with a continuous linear

transpose
T@)x) = | oy)ly —x)dy.

namely, T"(¢) is convolution with x — n(—x). This T'(¢) is usually denoted as
n * ¢. We denote T"(¢) here by 7 % ¢. Thus we can define, for any [ € 2'(R"),

<77 * 1 ¢> = <l7T/(¢)> = <l777 * gb)
Note that using the continuity of {/, we have
{l,71%¢) = (L, . o(y)nly —x)dy) = . o(y){ln(y —x)) dy,
and \(y) := ([, n(y — x)) is in &(R"), with

Oy Aly) = (1 Oyn(y —x)) = (I, =0a, [n(y —x)]) = (Ou.l,n(y —x)),

so we can identify 7 * [ with the C*°(R") function (I, n(y — x)).

If we choose a family of approximation of identity n. € Z(R™), we find that
Ne*l — [ in Z'(R™). Thus any distribution | € 2'(R") can be approximated in
the sense of distribution by C*°(R") functions.

Exercise 6.3.1. Prove that for any | € 2'(U),n € 2(U), Ay) := ([,n(y — x)) is in
&(R™). HINT: Fixany y and 1 < j < n, prove that (n(y + he; —x) —n(y — x)) /h —

0,

My —x)in Z(U) as h — 0.
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Exercise 6.3.2. For any ¢ € Z(R"), suppose that the support of ¢ is contained in the
compact box U and that {U;} is a partition of U, y; € U;. Prove that > _; ¢(y;)n(y; —
x) vol(U;) = [ ¢(y)n(y—x) dy in Z(R"), therefore 3= d(y;) (I, n(y;—x)) vol(U;) —
{, Jon S(¥)n(y — x) dy).

Exercise 6.3.3. Suppose that [ € Z'(R) satisfies 9,/ = 0. Prove that there exists
some constant ¢ such that (I,¢) = [; co(z) du.

Exercise 6.3.4. Prove that

lim :
eNO Jr T + 1€

6(x)dx = P. V. /R égb(m) dz — 7ig(0)

for any ¢ € Z(R). This limit in 2'(R) is usually denoted as 0 Define
T4
1 1
=i dz.
(=9 lim Rx_kqﬁ(m) x
1
Identify — in terms of P. V. (—) and 0(z).
r—i T

Exercise 6.3.5. Define

{1, 6) —/R 9% 1 for all 6 € 2(RM).

n |X’n—2
Show that, for n > 3, Al = —(n — 2)|S"!|4(x), and

Bx) = (I~ x).0) = | %dy

R [X —

satisfies A®(x) = —(n — 2)|S"!|¢(x) in the sense of distribution, namely,

(B(x), Ah(x)) = —(n —2)|S" | - o(x)(x) dx for all ¢, € Z(R").

6.4 Definition and Construction of A Fundamental
Solution

We now give the formal definition of a fundamental solution.

Definition. A distribution F(x;£) in x parametrized by £ is called a fundamental
solution of the differential operator P(dx) with pole at § if P(0x)E(x;€) = d(x — &)

in the sense of distribution, namely, for any n € C2°(R"),

n(§) = (E(x;§), P'(0x)n(x)).
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When we can identify F(x;€) as a locally integrable function in x, we can write

Note that (6.8) represents a smooth function n (with compact support) in terms
of an integral operator acting on P’(0x)n(x), and the integral operator plays the role
of a left inverse to P’(0x). Likewise, if one would like to represent a smooth function

u(x) (with compact support) in terms of an integral operator acting on P(0x)u(x) in

for some distribution £’(x;£) (may think of it for now as locally integrable in x € R™),

the form

then E'(x;€) is a fundamental solution of P’ in the sense defined above.

In other words, a left inverse for P(0y) is constructed using an integral operator
involving a fundamental solution of P’; while a left inverse for P’(0x) is constructed
using an integral operator involving a fundamental solution of P.

The original motivation for defining a fundamental solution is to use it to produce
a right inverse to P in the sense that, under appropriate conditions on a given function

€), [ E(x;€) f(€)dé—when it makes sense—would satisfy P(dx) [ [ E(x;€)f(€)d€] =
f(x). On a formal level, this appears to be always valid if P(c‘?x)E( &) =d(x —&);
but its actual verification in the classical sense often requires additional work, and
appropriate regularity condition on f(&)—even if one can justify passing the differ-
ential operator P(9y) into the integral [ E(x;&)f(€)d€, (6.8) asks for a function f of
x, not £.

First, a brief discussion on the meaning of [ E(x;£)f(£)d€. It is meant as the
limit in the distribution sense of a finite Riemann sum of distributions. Take any
n € 2(U), then for any finite number of §;, v;,

ZE FE)vim) =D (E(GE),n) f(E)v;

J
makes sense. If the integral [(E(x;£),n)f(€) d€ is defined for any n € 2(U), we say
that [ E(x;€)f(€)d€ is defined, and

( / E(x:€)(€) dé, ) = / (E(:€),m) £(€) de.

In such a situation we can verify that P(0x) [ [ E(x;€)f(€)dé] = f(x) holds in the
sense of distribution as follows. Take f,n € 2(U),
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@0 | [ B €| 0
~([ Bxs)f€)de. P00
~ [(Bexs). P@n) ey
— [P B 1€

- [neree.
from which it follows that P(dx) [ [ E(x €)d€] = f(x) in the sense of distribution.

Note also that when constructlng a rlght inverse to P(0x), we construct an in-
tegral operator using F(x;€) and doing superposition (integration) against the pole
parameter &, while when constructing a left inverse to P(0y), we construct an integral
operator using E'(x;€) (a fundamental solution of P’(0x)) and doing superposition
(integration) against x in the sense of (6.9).

Note that if P(0x) is an mth order differential operator and w is a C™(R™) solution
of P(0x)u =0, and n € C*(R™), then by (6.5)

/n u(x)P'(0x)n(x) dx = 0,

o (6.8) can’t hold if we use such a u(x) as E(x;€) in (6.8). Thus a fundamental
solution of P can’t be in C"™, and that if E(x;&) is a fundamental solution for P(0y),
satisfying (6.8), so will E(x;&) + u(x). So when P(0x) has a fundamental solution,
it may not be unique. Additional considerations in choosing a fundamental solution
may include causality for evolution equations—this would be reflected in the support
of a fundamental solution.

We now relate the notion of fundamental solution to the setting of (I) and (II)
on page 268. Any F(§;x) for (I) satisfies P'(0¢)F(§;x) = 0 for € in any open set
not containing x in the sense of distribution and usually has some kind of singu-
larity at & = x. Take any £€* # x and ¢ > 0 small so that x ¢ B.(£*), then if
we apply (6.5) with v(§) = F(&x) and u(§) € C(B(&")), we get 0 = u(x) =
fB P' (O)F(&;x)u(€) d€, which implies that P'(0¢)F(§;x) = 0 for £ € B.(£*) in
the sense of distribution. Note that if F'(§;x) is smooth in £ for € in some neighbor-
hood of £ # x, then it satisfies P'(0¢)F(§;x) = 0 in the classical sense for £ in this
neighborhood.

Next, suppose that F'(€;x) is smooth in § for £ € R™\ B.(x) for some small € > 0,
then, if we apply (6.5) with v(§) = F(€;x) and u(§) € C2°(R") over R™ \ B(x), then
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we should get

/ o (POOWEN Flx) -~ P00 PlE)

-/ N (Z (Balu(€), F(€&:x))) ua<s>> G

a=1

From this we can see that to accomplish (I), we should choose F'(§;x) such that
P(OF(EX) =0 for€ £x,
and

e—0

lim o500 (Z (Ba[u(§)7F(£;X)]>Va(€)> do(§) = —u(x)

a=1
for any u € C2°(R™).

The bilinear form B,[u(§), F'(€;x)] involves u(€) and F(§;x) such that each term
in the summand has their total order of derivatives at most m — 1. The consideration
above implies that any boundary integral terms on dB,(x) containing derivatives of
u(&) would have 0 as their limits as € — 0, and by taking u(§) such that u(§) =1 in
a neighborhood of x, we see that faBF(x) O or_ (Bo[l, F(&:x)]) ve(€)) do(§) = —1—
these give conditions on the kind of singular behavior F'(§;x) is allowed to have as
& — x, just as we did for the Laplace operator.

For (II), for any fixed x, if we take any f such that its support separates from
x, then f(x) =0, and we get P(x) [p. E(x;€)f(€) d€ = 0 for such f. This suggests
that P(0x)E(x;€) = 0 for x # &.

So in the general situation we need to find F(§;x) such that P'(0¢)F(§;x) = 0
for x # & for (I), and E(x;&) such that P(0x)E(x;€) = 0 for x # & for (II), both
with some prescribed singular behavior at x = &. But when P(0x) has constant
coefficients, we may consider F'(§;x) and F(x;&) in the form of H(x —&). Then we
note that

PO H(x — €) = PO H(x — £),

and can try to construct such an H(x — &) for both (I) and (II).

The construction of fundamental solutions to a general constant coefficient linear
operator was carried out in the 1950’s using the tool of Fourier transforms. But that
construction does not necessarily give an explicit form of a fundamental solution; and
it would still take considerable effort to extract properties of a fundamental solution
from that construction. We will first illustrate how to construct fundamental solutions

to one dimensional equations, and to our prototype PDEs: the Laplace, the heat, and
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the wave equations — we will make use of the scaling and symmetry of the operators
involved for these situations.

Recall that a fundamental solution E(x;§) satisfies P(0x)F(x;€) = 0 away from
the pole & in the sense that

/ E(c€)P (Gn(x)dx =0 if € ¢ support (1).

In any region of R™\ {£} where E(x;&) is C™ in x, this would imply P(0x)E(x;€) =0
in the classical sense there, as Green’s identity would imply [ P(0x)E(x;€)n(x)dx =0
for any n € C2° supported in that region. This is often used in constructing a
fundamental solution.

Let

Qp ={x e R": E(x;£) can be identified as a C™ function in a neighborhood of x}.

Then R™ \ Qg is called the singular support of E(x;£). As will be seen, for the
Laplace and heat equations, the singular support of their fundamental solutions con-
sist of only their pole; while for the wave equation, the singular support of its funda-
mental solutions consists of a cone with the pole as its vertex.

The behavior of E(x;£) can be characterized as follows when E(x;&) is known
to be C™ away from £ and is locally integrable: we split the integral in n(§) =
Jan E(x;€)P'(0x)n(x)dx as flx—£|>e E(x;&)P'(0x)n(x)dx, plus the integral over B.(§),
which — 0 as € — 0 due to the local integrability assumption of F(x;£). The first
integral can be treated by Green’s identify, using P(0x)F(x;£) = 0 for x # &, and we

get
| B P @i =~ [ S BB <)oo,
—&[>¢ X—§|=€ a=1
where B[, | is the bilinear form associated with P, as in (6.5). Thus, in such a

situation, we expect that for any n € C"(R"),

n

= —lim Vo Bo|E(x;€),n(x)]|do(x).

0€) =ty [ 3 B8 00kt
We can often use this property on test functions (such as n € CI*(R") with n =1
near ) to extract information on E(x;€) near €. It should be cautioned, though,
that a fundamental solution may not be everywhere C" away from its pole, as will

be seen by the fundamental solutions of the wave equation.
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Example 6.4. A fundamental solution F(z;€) to the one dimensional operator d——)\
would satisfy dE(wg — AE(z;€) = 0 for = # £ in the sense of distribution. It is to
be proved in the exercises that such an E(z;&) can be identified with the classical
solution Ce* for x > ¢ and for x < ¢ with different choices of C; and the condition
dE( “ —AE(x;€) = §(x — &) at = £ implies that E(z;&) has a jump of size 1 across

r = f E(+40;8) —E(E -0 =1. If E(§ —0;¢) = C, then the solution is

(C+ 18 x> ¢

E(x;6) =
(#:8) =3 poreg e

If we choose C' = 0, we get a fundamental solution E(x;&) supported in {x > &},
which can be written as H(z—&)e*®¢) | with H(-) being the Heaviside function; while
if we choose C' = —1, we get a fundamental solution E(z;¢) supported in {x < £},
written as —H (& — z)eM*=9),

Recall that the transpose of % — \is —% — A

@)z = o) = o6o) (—41 = A) ulo) = S lute(o)), )

E(z;€) can be used to construct a left inverse of —& — X: for any u € C}(R),

@) = (5 =) B €ute)) = (B@). (-1 ute))
- [ B (-2 )

For C = 0, the integral reduces to fg (@=8) (—% — /\) w(z)dz. If A > 0, then

eM*=8) orows exponentially in z, and it seems more convenient to choose C' = —1 to

get u(§) = — ffoo =8 (=L — X\) u(z) da.

This can also been seen from exploiting (6.5), and it would allow u not in C}(R )
Let’s say we would like to express u(&) in terms of an integral operator on (—— — )
First take the case that u € C}(R). If we choose v = v(z; ) such that (£ —\)v(z;§) =
0 for z < &, then integrating (*) from [—o0, £], we get

wer© = [ oo (~ -2 utwyae

—0o0

Now if we choose v(x; &) such that v(£;€) = —1, then we get

—00

u(g):/é o(: €) <—%—>\> wz)dzr for u e CL(R).
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The v(x; €) is a fundamental solution of (< — \), characterized by (- — v (z;£) =0
for x < £, and with the additional property v(&;&) = —1 (and implicitly v(z; &) = 0
for z > & so [pu(x)---de = fiov(x) ---dz). The jump discontinuity of v(z;¢) at
z = ¢ is due to (L — Nv(z) = 0(z — €).

Such a fundamental solution, with appropriate boundary /initial condition adapted
to the particular BVP/IVP at hand, is usually called a Green’s function.

Suppose that u is not necessarily in C!'(R) and we would like to express u(¢) in
terms of an integral operator on (—i — )\) u(z) and the initial data of u at 0. Redo

dx
the integration above from, say [0, ], we get

wO©) = u0)(0) - [ () (-4~ 2) ulorar

To construct a left inverse for % — A, we use a fundamental solution E’(z;¢) for

its transpose —-& — X, which is given by E(&;z) = —H (z — )e **~9). Here we have

chosen one supported in z > . We then get, for u € C}(R),

u(€) = /]R E'(z:€) <% — A) u(z) de = — /g T A0 (d% — )\) u(z) d.

On the other hand, the fundamental solution E(z;&) = H(z — §)e*®=%) of 4 — )
gives rise to a right inverse [, E(x;&)f(£) d¢ in the sense that

<% - A) /R%;g)f@) dg = (% - A) / " O f() de = fa)

for any f € C}(R) (in fact it suffices here for f € C.(R)). If we choose to work with
E(z;€) = —H((—x)e*™9)  we get — [ €78 £(€£) d€, which, for A > 0, would allow
f to have some growth at co.
Example 6.5. The last approach in the previous example can be used in formulating
conditions on a fundamental solution to a Cauchy problem. Let’s use a special case of
Py = 07 + a(z,t)0, — 02 to illustrate this process. We will start with an even simpler
case: L[u] = 0?u(t) + a(t)0u(t) on a function u(t) of one variable. Then the Green’s
identity takes the form
v(t)L[u] — w(t)L'[o(t)] = v(t)[0Fu(t) + a(t)dpu(t)] — u(t)[0fv(t) — O (a(t)v(t))]
= Ofv(t)0pu(t) — u(t)Oyu(t) + a(t)u(t)v(t)].
To construct a solution to the Cauchy problem
Llu(®)] = f(t),t >0,
u(0) = uo,

u'(0) = up,
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we integrate the above Green’s identity from 0 < ¢ < 7 to get

[v(t)Opu(t) — u(t)O(t) + a(t)u(t)v(t)]

t=1

=v(0)0u(0) — u(0)0,v(0) + a(0)u(0)v(0) + /OT [v(t)Lu(t)] — uL'[v(¢t)]] dt.

We see now that if we choose v = v(t;7) such that —9v(t;7)|i=r = 1, v(7;7) = 0,
and L'[v(t;7)] = 0 for 0 < t < 7, we would get

w(t) = v(0;7)u'(0) — w(0)9w(0; 7) + a(0)u(0)v(0; 7) + /OT v(t; 7)L[u(t)] dt.

In summary, we have reduced the construction of a solution to a (non-homogeneous)
Cauchy problem to the construction of a fundamental solution to the transpose oper-
ator, which solves a homogeneous Cauchy problem with a special initial data —this
is consistent with the the Duhamel principle, as we will see that, treating v(t;7) as a
function of 7, we have L(0;)[v(t;7)] = 0 for 7 > t, and 0, v(t; 7)|,—+ = 1.

When we generalize this consideration to the Cauchy problem for the partial
differential operator Py = 0? + a(z,t)0; — 0%, we integrate the Green’s identity
v(x,t)Plu(z,t)] — u(z, t)P'lv(x,t)] for 0 <t < 7 and € R (assuming the boundary
terms in x will vanish, which is the case when we work with u(x,¢) which vanishes

for large |x|), we would get
dx

e R vt G+ o R,
— /R (e, 0) BRI o — 9vv () o JHEEION] + a(,0) (v, ) RO
+ /0 ' /R [v(x,t)P[-] —-P’[v(x,t)]] dz dt.

We should choose v = v(z,t; &, 7) such that P'lv(z,t;¢,7)] =0, v(x,7;&,7) = 0, and
Jp —Ow(z,t;€,7) |t:7—- dx = - But no regular function —0yv(z, t; &, 7)|i=r
can satisfy [, —9v(x,t;&, T)|t:T- dr = - for all functions - The

way we handle this is to note that we can construct a family of functions ¢.(x; ) such

that [, ¢c(x; {)- dr — -, as € = 0. We then construct v.(z,t; &, 7) such

that

P'lv(x,t;¢,7)] =0, fort<r,
/Ué(x7 T; 57 T) = 07

8tve($>t;§a7-)’ - _¢e($;€)'

t=1
What remains is to prove that v (x,t;&, 7) has a limit v(x,t;&,7) as € — 0, then this

v(z,t; &, 7) will be a fundamental solution to the transpose operator.
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Remark 6.3. If we are interested in solving a boundary value problem involving
Llu(t)] = 0%u(t) + a(t)dyu(t), say,

Liu(t)] = f(t),l >t >0,
u(0) = given,

u(l) = given,

we would like to choose a fundamental solution which is more adapted to the boundary
value problem here, namely, which would eliminate the dependence on «'(0) and «’'({)
in the integral representation for u(7) in terms of L[u(t)]. First, we carry out a similar
analysis on [0, 7], and instead of forcing v(7;7) = 0, we should choose v(0;7) = 0,

which would leave us with

[v(t; T)Ou(t) — u(t)Opw(t; 7) + a(t)u(t)v(t; )]

t=7—

=~ w0 (057) + [ (e ) Llute)at

If we repeat a similar computation on [7,[], and make sure that L'[v(¢;7)] = 0 for
T <t<l,and v(l;7) = 0, we would get

—u(l)Oww(l; ) — [v(t; 7)0u(t) — u(t)Opv(t; T) + a(t)u(t)v(t; 7)]

t=7+

:/ v(t; 7)Llu(t)] dt.

If we can make v(¢; 7) be continuous as a function of ¢, but dyv(r+; 7)—w(T—; 1) = 1,

then by adding the two equalities, we get
!
u(r) = u(l)ow(l; 7) — u(0)0w(0; 7) —i—/ v(t; 7)Llu(t)] dt.
0

In summary, we need some v(t; 7) such that L'[v(t; 7)] = 0 for t # 7, v(¢; 7) continuous
in t, Ow(t;7)|i=ry — Ov(t;7)]i=r— = 1, and v(0;7) = v(l;7) = 0. This gives us a
Green’s function for this boundary value problem. The jump discontinuity in dyv(t; 7)
at t = 7 implies that L'[v(¢;7)] = 6(t — 7). The existence of such a Green’s function is
not automatically guaranteed, even when a fundamental solution without additional

conditions is known to exist.

Example 6.6. When P = 9? — ¢?0? is the wave operator in 1-spatial dimension, and
u(x,t) € C*(R?), we have, by the d’Alembert’s formula with initial time chosen such
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that both v and wu; vanish at the initial time

u(zx,t) = 1 L (02 — 202] u(y, s) dyds
) - 2¢ 0 . s Y Y, yas,

—c(t—s)

which can be written as [[ H(z —y,t — s) [0 — 292 u(y, s) dyds, where

Hr -yt —s) = 5 ift>sand |y — x| <c(t—s),
0  otherwise.

So this identifies E'(y, s;x,t) = H(x — y,t — s) defined above as a fundamental
solution of the transpose of one dimensional wave operator. Note that this fundamen-
tal solution E'(y,s;z,t) = H(x — y,t — s) is supported in the “backward light cone”
{(y,s) : |y — x| <c(t—s),s <t} and has a jump discontinuity along its boundary;
while, considered as a function of (x,t), H(x — y,t — s) is supported in the “forward
light cone” {(x,t) : |y — x| < c(t — s),t > s}.

H(z —y,t —s) can also be found as a limit of solutions u.(z,t) to

( [0} — 0] ue(z,t) =0 t>s,
ue(z,s) =0,
Ouc(w,s) = de(),
| ue(z,t) =0, t<s,

where ¢.(z) — d(z — y) as € — 0 in the sense of distribution. This is based on the
Duhamel principle for constructing solutions to IVP for [0? — ¢?0%| u(z,t) = é(x —
y,t —s). Since for t > s, u(z,t) = % Ixjcc((t:s)) bc(2)dz, if we take ¢.(z) to be
supported in [y — €,y + €] with fyy_te ¢e(z)dz = 1, it is now clear that u.(x,t) = 0 if
cither 2 —c(t —s) > y+eora+c(t—s) <y—e and u(z,t) = o if —c(t —s)+e<
z—y < c(t—s)—e Thus for any —c(t —s) <z —y < c(t — s), u(z,t) = 5, as
e — 0, and for any x <y —c(t —s) or x >y + c(t — s), ue(x,t) - 0 as e — 0. This
at least identifies
Ele.tiy.s) = = t>s,—ct—s)<z—y<c(t—s),
0 z<y—clt—s)orx>y+c(t—s)ort<s.
What remains is to determine whether E(z,t;y,s) has any singular behavior as
a distribution along |z — y| = ¢(t — s),t > s. Since E(z,t;y,s) is constructed as the
limit of w.(x,t), which are uniformly bounded in (z,t¢) and €, and converges point
wise to E(x,t;y, s), except not known along |x —y| = ¢(t —s),t > s, we conclude that

E(x,t;y, s), as a distribution, is defined by the locally integrable function above.
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Remark 6.4. When we work with a fundamental solution of a differential operator
P which has a (well-posed) IVP, we can often construct or identify a fundamental
solution as the limit of solutions to the IVP, in which the highest order Cauchy data
approaches the unit source d(x — ) in the limit, while the lower order Cauchy data

are taken to be zero, as was done above.

Exercises

Exercise 6.4.1. Suppose that £ E(x;&) — AE(z;€) = §(z — £). Show that the dis-
tribution F(x;€) := e A9 E(x; ) satisfies -L F(z;€) = §(z — £), and that F(z;€) =
H(xz — &)+ C for some constant C', where H(-) is the Heaviside function. Use this to
show that F(z;¢) = @8 (H(z — &) + C).

Exercise 6.4.2. Suppose that A(z) is an n X n-matrix valued smooth function of

x € R. Let S(z) be the n x n-matrix valued solution to

Note that S(z) remains invertible for all z. Consider R™-valued distribution u(z),
namely, u(z) = (ui(z), -+ ,u,(z))", where each u;(x) is a distribution in x. Suppose
that u'(z) — A(x)u(z) = (6(z),---,d(x))T. Define an R"-valued distribution v(z) by
the equation u(x) = S(x)v(x). Show that v/(z) = (§(z), -+ ,d(x))" and use this to

show that u(z) = S(z) (¢ + H(z)(1,---,1)T), where c is some constant vector.

Exercise 6.4.3. Suppose that a;(x), j = 0,--- ,k — 1, are smooth functions of x.
Show that a fundamental solution E(x) of

dk dkz—l

— E(z) + ak,l(x)m

o E(x)+ -+ ap(z)E(x) = d(x)

can be constructed as S(z)H (x), where S(x) is the solution to

dk dk—l

@S(x) + ak_l(m)WS(x) + -+ ap(x)S(x) =0,

dj dkfl

Exercise 6.4.4. Construct a fundamental solution E(z;¢&) to % +m? on R which

lies in .#’(R). Here m is a real parameter. Is such an E(z;¢) uniquely determined?

Exercise 6.4.5. Construct a fundamental solution E(z;¢) to the operator % + m?
on R which is supported on {x : z > {}. Is such an E(x;¢§) in ./ (R)?
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Exercise 6.4.6. Consider the differential operator Plu] = u”(z) + (b(x)u(z))" on
R, and its transpose P'[v] = v"(z) — b(x)v'(x). Follow the instructions to work out

fundamental solutions of P and P’.

(). Derive that
B~ (x) [ B(s)ds, ifz>¢,

E(x;¢) = -
0, if v <&,

is a fundamental solutions of P, where B(x) = exp([” b(s)ds). Furthermore,
verify that, if f € C.(R), then
ule) = [ B o
R
is a solution of Plu](z) = f(z).
(ii). Verify that
-1 13 .
, §) [, B(s)ds, ifx <&,
E'(x;¢) = J _
0, if x > €&,

is a fundamental solutions of P’, where B(x) = exp( [ b(s)ds). Furthermore,

verify that
u(z) = / E'(y:2) Plu(y) dy

HINT: you could also try setting Plu](z) = f(x) and deriving u(z) in terms of
an integral operator of f, and then identifying E'(y; x).

Exercise 6.4.7. This exercise discusses the relation between a fundamental solution
E of P and a fundamental solution E’ of P’. Let Fj[u,v] be defined through

Plu](x)v(x) = u(x) P'[o](x Zé’xa {Falu(x),v(x)]}-

Let E(x;y) be a fundamental solution of P with pole at y, and E’(x;z) be a funda-
mental solution of P’ with pole at z. Suppose that both are given by functions that

are smooth except at their poles.

(i). Prove that if € is a domain with piecewise C' boundary, and y,z € 2, then
for any v and v which are sufficiently smooth in a domain which contains the

closure of €2, we have

(6.10)
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(6.11)

(ii). Giveny # z € Q. Take u(x) = E(x;y), and apply (6.10) with B(z,r) replacing
Q, for r > 0 small enough such that B(y,r) N B(z,r) = 0, prove that

n

Blay) == [ S wGR[Eey), ) dolx)

-1
Note also that the integral above is independent of r > 0 for sufficiently small
r. Next, take v(x) = E'(x;z), and apply (6.11) with B(y,r) replacing €2, for
sufficiently small r» > 0, prove that

n

By = [ S weREey), ) dox)

(iii). Prove that if [, > " | va(x)Fu[E(x;y), E'(x;2)] do(x) = 0 for y # z € €, then
E(zy) = E'(y;2).

Exercise 6.4.8. Verify that

/1= : B
=) (= D)FT ifn>4orn=3,
E(x) = loillg?]‘*l ifn =4,
Ix[? log x| o
e itn =2,

provides a fundamental solution for the bi-Laplace operator A? on R".

Exercise 6.4.9. Follow the guidance to find a fundamental solution of

Lu=330, aij(?gimju(x) = —J(x), where A = (a;;) forms a positive definite matrix.

(i). Prove that if a linear change of variables y, = >, Tyx; is made, where T =
(Tht) is non-singular, and v(y) = u(x), then Lu = Y70, and;, ,v(y) = Lv,
where ay; = Z? =1 ThiaijTi;. In terms of matrix operation, with A = (a;;) and
A = (ay), this amounts to A = TAT’. If A is positive definite, choose T' such
that TAT" is the identity matrix, then Lu = Av(y).

(ii) Prove that under the change of variables y = T'x, the integral relation [ E(x)Lu(x)dx =
u(0) turns into [ E(T~'y)Lo(y)|det T|~* dy = v(0). Thusif L = —A and ®(y)
is a fundamental solution of —A, then E(x) = |det T'|®(Tx) is a fundamental

solution of L.
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(ii).

Since ®(Tx) depends on Tx through |Tx|, using the relation |Tx|? = x'T'Tx,
and TAT" = I to derive that |Tx|? = x’A7'x, and that |detT| = 1/v/det A.
Thus E(x) = &(vVx'A-1x)/vdet A.

Exercise 6.4.10. Follow the guidance below to construct a fundamental solution of
the Helmholtz equation (A + ¢)E(z) = —d(x), where ¢ is a constant. Note that A

and ¢ have different scaling, so we can’t rely on scaling-invariance to find a funda-

mental solution; but we can still use the rotational invariance of A + ¢ to look for a

fundamental solution F = E(|x|).

().

(iii).

It is known that E(r) is smooth for r > 0, so E”(r)+"LE'(r)+cE(r) = 0 for r >
0. Recall that when n = 2 and ¢ = 1, solutions to this ODE are called Bessel’s
functions (of order 0). A separable solution R(r)0(6) to Au(z)+ cu(x) =0 (on
R™\ {0}) leads to

and AgO(0) + \O() = 0 for § € S"', where Ay is the Laplace-Beltrami
operator on the round sphere S"~! (when n = 2, Ay = 92 and O(0) = "™ for
m € Z, so A =m? when n >3, A\ = m(m +n — 2) for m € Zy).

. Suppose that R(r) is a solution of (6.12). Let R(r) = r"= R(r). Verify that

R"(r) + Er) +

r r2

c— L%Q)Q] R(r) = 0.

If ¢ >0, set J(r) = }/%(\/LE), verify that J(r) satisfies (2.52), Bessel equation of

order a with a? = \ + (”7_2)2

Prove that, when ¢ > 0, E(r) = —1Y;(y/cr) is a fundamental solution of (A +
¢)E(x) = —6(x) on R* (HINT: use E'(r) = —5— as r — 0); for n > 3, a
fundamental solution can be constructed in the form of ar =" J_ n2 (y/cr) for n
odd, and a P2 Yoo (v/cr) for n even, where a is chosen appropriately depending

n—<
2

onn and ¢. When ¢ < 0, (6.12) can be reduced to the modified Bessel’s equation
(2.53).

Note also that for ¢ > 0, R(r) = T%TanT—z(\/ET’) provides an entire solution
on R" to (A 4 ¢)E(z) = 0, which decays to 0 at a rate of 72" as r — o0;
furthermore, for any y = (v, y,) € R}, E(x) = |z—y\%TanT4(\/E|x—y|) — |z —
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2—n

Il Janz(\/am —9]), where g = (v, —y,) and z = (2/, z,,), defines a solution
of (A +c)E(x) =0 on R, such that E(z)|orr = 0, and E(z) — 0 as z — o0

in R% (sin(y/cz,) is also a solution equal to 0 on JR’, but it does not decay

to 0 as © — oo in R%}). These provide additional examples for the failure of

uniqueness to the Dirichlet problem for A + ¢ on R} .

Exercise 6.4.11. This exercise continues to explore solutions E(r) := E, .(r) to
E"(r)+2LE'(r) + cE(r) = 0.

(i).

(ii).

(ii).

Verify that when E! (r) + 2LE) () 4+ cEnc(r) = 0 for r > 0, then w(r) =
E], (r)/r satisfies w” (r) + 2w/ (r) + cw(r) = 0 for r > 0. Conversely, for any
solution w(r) of the latter, rw'(r) +mnw(r) is a solution of the former. So we can
determine E, 5.(r) in terms of E, .(r) in the form of E, s.(r) = AE; (r)/r

for some constant A.

Note that, if E,.(r) is a fundamental solution to (A + ¢)E = —d(x), then for
¢ € C2(R"), we have —¢(0) = [ Enc(®)(A+c)d(z) dx, and if ¢ = 1 in B,(0),

we would have

1= =6(0) = [ Eueo)(@ +0)o(a) da

= lim E,o(2)(A+c)o(x) da
O Jrm\B.(0)
— i 00(2) _ 4y OEnel®)
= 11{% . [Enc(x) o o(z) B do(z)
= lim 8En—’c(x)da(:v),

N0 9B.(0) or

so we expect 1" E} (r)[S"TH = [yp 0 OrEpe(r) do(z) — —1 asr — 0. Use
this and (i) to determine E, .(r) for n = 1,2,3,4. What role does the sign of ¢
play?

Use the recursive relations and the previous exercise to establish relations be-

tween J.1 (r) with % and <%, respectively.

r

6.5 More on Fundamental Solutions

Notice that for a constant coefficient operator P(dx) of order m, if E is a fundamental

solution with pole 0, then F(x — &) is a fundamental solution of P(dx) at pole &,

n(§) = (E(x — &), P'(0x)n(x)) .
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Furthermore, for any v € C*(R"™), if we set n(x) = u(é — x), we find that, using
O2u(€ —x)] = (—1)|a|8gu(§ — x), we have

m

P'(0x)n(x) = P'(0x = > (=Dladgn(x Zaoﬁg P(0g)u(§—x%).

|a|=0 |a|=0

So

u(§) = n(0) = (E(x), P'(0x)n(x))
= (E(x), P(9g)u(€ —x) )

e )u
= (B —y), P(Oy)uly) )-

In other words, if E(x — &) is a fundamental solution for P(0x), then E'(x;€) :=
E(§ — x) is a fundamental solution for P’'(0x). Put in a different way, E(x — &),
regarded as a distribution in £, is a fundamental solution of the transpose P'(0¢) of

P(0¢) with pole at x.

Theorem 6.5. For a given linear differential operator with constant coefficients
P(0y), if E is a fundamental solution with pole 0, then for any distributions u and f

with compact support, we have

(6.14)

PO =1, 13
B (PO =

Proof. (6.13) is established as follows when f € C2°(R"). Using E'* f = (E(z), f(x—
z)),

P(3x)(E * [)(x) = P(0x)((E(2), f(x — 2))
= (E(2), P(0x) f(x — 2))
= (E(2), P'(0.) [f(x = 2)])
= f(x—2)|,_, using (6.8) at £ =0 with 7(¢) = f(x —¢)
= ().

For (6.14), for u € C°(R"), we have

B+ (P(0x)u) =(E(z), P(0x)u(x — z)) = (E(2), P'(0,)[u(x — 2)])
=(P(0,)F(z),u(x — z)) = u(x).
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(6.13) gives us a way of constructing a solution of (6.13) for a given f (with
sufficient regularity and compact support), and (6.14) gives us a way of reconstructing
u (with compact support) in terms of P(dx)u, and can be used to establish regularity
and estimates on solutions as below and in the following sections.

Suppose (2 is a subdomain of U and f = P(0x)u is known to be smooth in .
For any subdomain V' of €2, choose a smooth cut off function n such that n = 1 on
V' and is compactly supported in Q. Then un = E x [P(0x)(un)]. But P(0x)(un) =
(P(0x)u))n+ g, where g represents the sum of terms involving derivatives of 1, which
vanish in V. Thus for x € V', u = unp = Ex[(P(0x)u)n]+ E x g, where (P(0x)u)n is a
smooth distribution with compact support in €2, and g is zero in V. So Ex[(P(0x)u) 1)
is a smooth function using (P(0x)u)n being smooth with compact support, while if
E is known to be smooth except at 0, then for x € V| Exg(x) = fQ\V E(x—y)g(y)dy

is also smooth in x € V', proving that u is smooth in V. This argument gives

Theorem 6.6. If a linear differential operator with constant coefficients P(0x) has
a fundamental solution E with pole 0 such that it is smooth except at 0, then for any

distributional solution u to P(Ox)u = f, if f is smooth in Q, so is u.

Exercises

Exercise 6.5.1. Establish a Green’s representation for solutions to the Helmholtz
equation Au(z) + cu(z) = 0 similar to (5.23), and use it to prove that any C?
solution of this equation is C'*°. Also formulate and establish gradient estimates for
its solutions; analyze the dependence of the estimates on the radius R of the ball
on which the gradient estimates are to be proved. (HINT: although one can use the
newly established Green’s representation for solutions to the Helmholtz equation to
prove their gradient estimates, it’s easier to prove them using (5.23) directly, treating
u(z) as a solution of —Au(x) = f(x), with f(z) = cu(x) assumed having control on

its C° norm.)

6.6 Additional Applications of the Fundamental
Solution of the Heat Equation

We now carry out another construction of fundamental solutions to 9, — Ax. The
approach here is different from earlier ones using Fourier’s method. Based on an

argument similar to that for the Duhamel principle, the condition (0; — Ax) E(x,t) =
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d(x)d(t) can be satisfied if

(0 — Ax)E(x,t) =0 ifxeR" t>0,
E(x,0) = 0(x)
E(x,t)=0 ifxeR" t<0.

Note that if Ey(x,t) = \"E(\x, A\?t) for A > 0, then E\(x,t) would satisfy the same
conditions above—including the initial condition E)(x,0) = §(x); other scalings such
as A E(\x, \?t) for m # n also satisfies the equation, but fails to satisfy the initial
condition, so it is reasonable to look for F(x,t) such that E\(x,t) = F(x,t) for all
A > 0. This leads to F(x,t) = t2E(x/+/t,1) when we choose A = 1/v/t. Due to
the rotational symmetry of Ay, we may expect F(x/v/t,1) to depend on ||x||/v/t.
Thus we look for some f(p) for p > 0 such that

Lixl/vE) (”;”/Q/E) for t > 0,
0 for t <0.

E(x,t) =

Then the equation (0; — Ax)E(x,t) = 0 for ¢ > 0 turns into the following ODE for

f(p):

where we have used

nf(p) + pf'(p)
Et(xv t) - - 9fn/2+1 )
2 no10 F(p) + 221 ()
AXE(X, t) = (W + , E) E(’l“, t) = t"/2+1 .
(6.15) can be rewritten as
n—1

(P +Lr0) + == (o) +21(0)) =0,

from which it follows that
n—1 / B ! _
[p (f (p) + 2f(p))} = 0.

Thus p" ' (f'(p) + £f(p)) = C for some constant C and all p > 0. Examining the
behavior near p = 0 implies that C' = 0, which leads to f(p) = C'e ?*/*. ' is
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determined by the requirement that [, F(x,t)dx — 1 for t — 0.

[

[ES]

e 4t
/nE(X,t)dx:C”/n "z dx

2
|ES

so C' = (47)™% and E(x,t) = (4rt)"/2e~ u for t > 0, which agrees with the heat

kernel K (x,t) we found earlier.

Poisson’s representation such as (6.3) can also be used to establish derivative

estimates on solutions.

Theorem 6.7. Suppose that (0; — Ax)u(x,t) = 0 for (x,t) in a region Usg(Xo, Ty) =
Bor(Xo) x (Ty —4R?, Ty), and ||ul| 11 (wyn(xoms)) < 00. Then there exists C' = Cloj0j >
0 such that

Proof. We will scale the problem to Us(0,0) as follows. Fix a smooth cut off function
n(x,t) such that n = 1 in U;(0, 0), and is compactly supported in Us(0,0). It is easiest
to use the scale invariance to work with ug(x,t) = u(Xo + Rx, Ty + R?*t) defined on
Us(0,0). Then

(0 — Ay)ur(x,t) = R*(0; — A )u(Xo + Rx, Ty + R*) =0

in UQ(O, 0), if (6’t — AX)U,(X, t) =0in UQR(X(),T()).
In (6.3), take U = U5(0,0), (£, 7) € U1/2(0,0), u to be ur(x,t)n(x,t), v(x,t) =
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6.6. FUNDAMENTAL SOLUTION OF THE HEAT EQUATION

K —x,7—t),t; =7, 1ty = —4. Then

(6.17)

where we have applied the divergence theorem and the zero boundary condition of
Vx (n(x,t)) on 9Bs(0) x [—4, 7] to deduce

-2 T Vxugr(x,t) - Vi (n(x, CK(E—x. 7 —t)dxd
T /. /BQ(O) (Vtun(x,1) - Va1, 1)) K (€ 1) dxt
- /—4 /B 0) 2V A K(§ =%, 7 = )Vin(x, )} ug(x, t) dxdi.
Note that
K(&7i%,1) = (0 = An(x,1) - K(€ =%, 7 = 1) + 2V {K (€ = %, 7 = ) Vo (x, 1)}

is a smooth function of (£, 7;x,t) € Uy 2(0,0) x R supported for (x,t) in Us(0,0) \
U1(0,0), due to the support of n and n = 1 in U;(0,0), with K(f,T;x, 7) = 0 for
(§,7) € U12(0,0) and x € B5(0) \ B1(0). Thus, using the observation that

1 X
020" K (x,t) = ——Plaj4om(— ) K (x,1),
RO K6, 1) = e Piian( K ()

where pjqj12m is a polynomial of degree || 4 2m, we have
|0 Dlur(&,7)|
< / / 020K (€, 3%, t)||up(x, t)| dxdt
—4 BQ(O)

' a+ %)MH%K(S —x, 7 — 1)
|[7—t]
<C /_ AR g lun(x, 1)| dxd,
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where M, (x,t) = [0m(x,t)| + |Axn(x,t)| + |Vxn(x,t)|. The integration is effectively
carried out on (x,t) € U(0,0) \ U1(0,0), and when (£,7) € Uy/2(0,0) and (x,t) €
Uy(0,0) \ U1(0,0), there is Cjq42; > 0 such that

+_g-lolrz=iy 4 18X g2 £—x 7 —1) < Clogsas.
Ir =t (L D= ) < Clats
Thus
max |[Vg¢V7iug| < Clapyail[url|miw,00) < Clajro B2 [ull 1w nx -
Uy1/2(0,0)

When (X, T) = (X(] + Rg,To + R2T) S UR/Q(Xo,T(]), (6,7’) € Ul/Q(0,0), SO
REWHVEVIu(X, T)| = [VEViur(, 7)| < Clapro; B2 |[ull b wan(x.my)-
[

With the derivative estimates, we have the following version of Liouville theorem

and convergence properties.

Theorem 6.8. Suppose that u(x,t) is an ancient solution of (0y — Ax)u(x,t) =0 on
R™, namely, it is defined on R™ x (—oo,T| for some finite T. Suppose that u(x,t) is

bounded, then it must be a constant.

Proof. At any (X,7), with 7 < T, we can apply the above gradient estimates on
Ugr(X,T) for any R > 0 to obtain

RIVu(X, 7)| + R*Viu(X, 7)| < CR"?||ull prpn(x.ry) < C' s(up ] lu(x,t)|.
R X (—o0,T

Since this holds for any R > 0, we conclude that |Vyu(X,7)| = |Vu(X,7)| = 0.
Since these two equations hold for all (X,7) € R" x (—o00,T], we conclude that u

must be a constant on R" x (—oo, T1. [l
Theorem 6.9. (7). Uniform limit of a sequence of solutions to
(0 — Ax)u(x,t) =0 (6.18)

in a region Ur is a solution of (6.18).
(i1). A bounded sequence of solutions in Ur must have a subsequence that converges

on any compact subset of Ur to a solution of (6.18) in Up.
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(iii) If U is a bounded domain, and for a sequence g, € C(0'Ur), there exists a

(unique) solution uy, to

(6.19)

and g, — g uniformly on 0'Ur, then (6.19) with g as boundary value has a unique

solution.

The proof for (i) and (ii) is similar to that for the Laplace equation, relying on
the derivative estimates and Arzela-Ascoli theorem; details will be left as exercises.
We sketch here a proof for (iii). Since gy — ¢ uniformly on &'Ur, {gx} is Cauchy in
C(0'Ur). By the maximum principle, maxg- |u; —ug| < maxay, |g; — gr|, which — 0
as j,k — oo. Thus there exists u € C(Ur) such that u, — u uniformly over Ur, and
u = g on 'Ur. It remains to prove that (J; — A)u = 0 in Up. It suffices to do this for
any Br(xg) X [to — R?,to] C Ur, for which Bygr(x¢) X [to — 16R? ty] C Ur. But the
gradient estimates can be applied to {ug} over Byr(xXg) X [to — 16 R?, o], which would
then imply that there is a subsequence {uy, } such that {9,uy, } and {92uy,} converge
uniformly over Bg(xg) X [to — R?,to]. Since each wy, satisfies (9, — A)ug, = 0 in Ur,
this then implies (9, — A)u = 0 in Bgr(xq) X [to — R, to).

Exercise 6.6.1. Verify that for the heat kernel defined for (z,t) € R x R*,

" 1 x
chat K(SL’, t) = ﬁpl+2m(%)K(x’ t),

where p;io,, is a polynomial of degree [ + 2m.

Exercise 6.6.2. Verify that

x/Aflx
e 4t
Ka(x,t) = { VaetA@rn)"/?2 t>0
0 <0

is a fundamental solution of (0; — L)u = u; — 377", a0, u(x,t) = 6(0,0). Here
A = (a;) is assumed to be positive definite. HINT: Make a linear change of variables
to transform the equation to the standard heat equation, as was done in Exercise
6.4.9.

Exercise 6.6.3. Verify that e K (x + bt,t) is a fundamental solution of dyu(x,t) —
Au(x,t) = 37 bj0y,u(x,t) — cu(x,t) = 6(0,0), where b = (by,--- , by).

Exercise 6.6.4. Verify that for n > 3, [ K(x,t)dt = ®(x), where ®(x) is the

fundamental solution to —Ax®(x) = d(x) introduced earlier.
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6.7 Fourier Transform on Tempered Distributions”

Fourier’s method has been very essential in our study of PDE problems. Unfortu-
nately, the Fourier transform, as a linear functional on Z(R"), does not map Z(R")
into itself. For any ¢ € Z(R"), its Fourier transform .%[¢] is in the Schwartz space
< (R™), the function space consisting those functions in &(R™) which, together with
any of their derivatives, decay faster than any power of |x|™' as x — co. For any
¢ € .Z(R"), define the semi-norm

[¢llas = sup [x*9(x)]
xeR”

for any multi-indices «, 5. Then .#(R") is the subspace of &(R") consisting of func-
tions for which ||¢||as < oo for any multi-indices «, . Furthermore, we can define a

metric py@ny on 7 (R") by

N L6 = Yllas
pr@ny(P,1) = Z Z — .
=0 oo 2116 = Vllas

Then .(R") is a complete metric space, and a converging sequence in . (R"™) also
converges in &(R"). In addition, Z(R") C .(R"), and a converging sequence in
Z(R™) also converges in .(R™), although a sequence in Z(R™) converging in the
metric of .(R™) may not converge in Z(R").

As a consequence, any continuous linear functional of ./(R"™) is also a continuous
linear functional of Z(R™). A continuous linear functional of .’(R") is called a fem-
pered distribution. The space of tempered distributions is denoted as .'(R™).

In the following sense a tempered distribution has a finite order of differentiation
and a finite order of growth at infinity: If | € .#/(R"), then there exists some k € Z=°
and a constant C' > 0 such that

(Lo <C D ldllas (6.20)

laf+]BI<k
for all ¢ € . (R").
This is seen by noting that there is an open neighborhood & of ¢ = 0 in .(R")
such that [(l, ¢)| < 1 for all ¢ € &. But € must contain {¢ € Z(R") : py@n)(¢,0) <
e} for some € > 0. Note that there exists some k € Z=° such that

L ||$las 1
= Pl < e)2,
Z %1+ |Gllas — Z ok ¢/

lof+[B|>k o +[B|>k

*The material of this section is not used in a substantial way in the remaining notes.
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and whenever >_ 15 [|#lla,s < €/2, we have

prEn(#,0) < Y |gllas+e/2<e,
loo|+18I<k
therefore for such ¢, we have |(I[,¢)| < 1. Now for any ¢ € #(R"), if A =

> taligi<k 19lla,s > 0, then for any 0 < € < €/2, 37,11 5<k I€0/Alla,s < €/2, there-
fore |(l,€'¢/A)| < 1, which implies that

(Lo < ()™ D2 ldlas

laf+]8]<k

This leads to
(Lo <e' D Nllas

o +[B|<k
I > o<k [@lla,g = 0, then ¢ = 0, and the above inequality holds trivially. This
proves (6.20).
Any Li _,(R") function p(x) with at most polynomial growth at co defines a
tempered distribution by ¢ — [o, p(x)¢(x) dx for ¢ € S (R"). If | € #'(R"), then
Oy, ! as defined via (6.7) is an element of .”(R"). So is p(x)! for any polynomial p(x)

defined by
(p(x)l;m) = (I, p(x)n) ~ for n € L(R").
Note, however, e for k # 0 € R is in 2'(R), but not in .#'(R).

Theorem 6.10. The Fourier transform is a continuous linear function from . (R")

onto . (R™) and has a continuous inverse. Furthermore

| Fel©u©ds = [ s©Ful©d for amy o0 € S @)

Using this theorem, we can define the Fourier transform of any tempered distri-
bution [ € .#/(R") via

(F[l],¢) = (I, F|p]) for any ¢ € L (R"). (6.21)

In the above F' can be any of the alternative formulation of the Fourier transform.
Sometimes we may use the convention ¢ of Fourier transform as defined in (2.30), or
the convention ¢, and denote their respective extension to I € .%/(R") accordingly.
The different conventions may differ by a factor of a power of 27 when dealing with

the convolution or computing F o F' and F' o 9, or the Plancherel identity. In the
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following we will take F[¢p] = é to avoid carrying a factor of a power of 27 for the
first three situations.
The following two fundamental properties of Fourier transform on .(R") extend
to '(R") as well:
F[0,, 1] = i Fl], Flagl] =0, Fl], (6.22)

except that the distinction between x; and & becomes blurred in this context, as one
does not necessarily treat the distribution F[l] as a continuous linear functional on
functions of § in Z(R").

For [ € /(R™) this can be seen by taking n € .(R™) and evaluating

(Ol Fln]) = =1, 0w, Fn])

= <lv ZF[&:??]
= (F'[l],i&n)
= (i F[1],m).
Also note that
FIE*™1)€) = FIE — =), FU( —a)] = S*F)€) foracB".  (6.23)

The relation between the Fourier transform and the linear map Ta¢(x) = /| det A|p(Ax)
is given by
FOTA = T(Afl)T oF.

This property extends to [ € ./(R™). Taking the case of A = AI for A > 0, we get

FloOW)(©) = A" Flol(3). (6.24)

Another most useful property of Fourier transform on .#/(R"):
Flpx 4] = FIPIF[Y] ¢,¢ € L(R"), (6.25)

also has an extension when ¢ € . (R"), ¢ € &'(R™) or when ¢ € &' (R"), ¢ € /'(R"),
for, when ¢ € &'(R"), F[¢] € &(R") with the property that F[¢| and any of its
derivatives are bounded on R", so for any n € Z(R"), F[¢]n € ./ (R"), and

is a well defined element in ./ (R").
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Example 6.7. (i) By direct evaluation of the integral, we get

] 2
Fle™™"] = / e~ I gy — \/iefm
R a

(ii) Fle ] = gz and Flgiem] = el on .Z/(R). The first follows by an

easy evaluation of the integral in F[e~1*l], while the second one follows by using
F o Flo(x)] = 2n9(—2).

for a > 0.

(iii) F[0(x —a)] = e %2 and Fle=™?] = (27)"6(x + a) on .¥/(R"). The first one

follows from
(Flo(x —a)],¢) = (0(x — a), F[¢])
— (Sx—a). [ ooy dg

= [ ot = ().
The second one follows from using F o F[¢(x)] = (27)"¢(—x%) or

(Fle2), ) = (7, Flg])
= (e [ atge < dg)

= (2m)"¢(—a) (by the Fourier inversion formula)

= ((2m)"0(x + a), ¢).

(iv) F[(—ix)%e~™*?] = (2m)"0¢6(x +a) on ./ (R™) for any multi-index «. In partic-
ular, setting a = 0 gives F[(—ix)*] = (27)"0%(x). This follows from applying
the rule (6.22) to Fle™™2] = (21)"§(x + a).

Remark 6.5. Sometimes one needs to evaluate certain integrals involving some (tem-
pered) distributions which do not correspond to an integrable function in the tra-
ditional sense. In such a situation, one often uses some kind of regularization to
approximate the given distribution in the sense of Z'(R") or . (R").

For example, to evaluate F[H], where H is the Heaviside function

1 ifx>0,

0 ifx<0,

H(z)=
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one can’t evaluate directly [, H(2z)e " dz. One uses e~ H(z) for € \, 0 to approx-
imate H(z) in .’(R). Since

- 1
Fle ™ H(z)] = /Re“H(:c)el& dx = prd

one can use the limit

oy e o) =y

as F[H]. Here the limit is in the sense of ./(R):

lim -
O Jg €+ 1€

¢(§)ds  for ¢ € S(R);

this limit exists by noting that

/R L s(eyde = i /R 6(6) din(e +i€) = i / In(e +i€)¢/(€) de,

e+ 1€

and that In(e +i§) — In || + sign(§)% ¢ as € \, 0, resulting in

. 1
lim -
N0 Jp € + 1€

o6 de = i ( [mielorce) de - m¢<o>) |
R
We can further identify
/ In [€] /(€) de
R
Ztim [ ] #(€) de

e\0

l€|>e
. 49
i (e o0+ o0 - [ g
N0 |€]>€ g
—pv [
R §
In summary,
1
F|H| =lim — =—1 PV (= | +76(&).
=ty (3) + ot
Likewise, one can compute directly that F[x[_11]] = %n(g), but the right hand side
is not in L!'(R) directly, so one can’t directly evaluate F' [%ITH(O] = [a %n(g)e_”g d€.
Here one can use 6_652%11(5) to regularize QSITH(O as € \, 0. Since

=
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we see that

2 2
_22sin(§) e i e i
eg? _ _
e =F Flyi_ =F * YT_
¢ [ 4m] [X{ 1,1]] [ e X] 1,1]]

and

/Reefzix§231n<§> d§

§
2sin(¢)

=Fle @ 220

22

e 4e

* _
\/H X[ 1,1]]

2 ki
=27 * Y[
\/R X[-1,1]

=FoF|

Since, as € \, 0,

22

e 4de
* Y11 — Y[
\/m X[-1,1] X[-1,1]
in L'(R), and therefore in .#’'(R), we obtain

22
2sinig) sm(f)] = 27 lim ——

F
[ & eNO \/47e

* X[-1,1] = 2TX[-1,1]-

In the above we used F o F[¢](x) = 2w¢(—x) only for ¢ € .#(R), not assuming its
validity for ¢ € .#'(R).

Fourier transform is a useful tool in constructing a fundamental solution for a
constant coefficient operator P(0yx). Suppose that P(0x)E = 6(x) and E € .'(R"),
then P(i€)F[E] = F[P(0x)E] = F[é(x)] = 1. If P(i€) # 0 for any £ € R", then
we can conclude that F[E] = 1/P(i€) and E = F~'(1/P(i€)). An argument needs
to be made that 1/P(i§) € .#/(R") and it may not be easy to have more explicit
information about FE.

If there exists & € R™ such that P(i€) = 0, then one can no longer deduce directly
that F[E] = 1/P(i€); in any case, one has to make sense of 1/P(i€) as an element of
' (R™). We sketch out a solution following an argument given by Nirenberg in 1953.
One step of the argument uses Cauchy’s Theorem on contour integrals of complex
analytic functions; students without this knowledge can either assume this property
or skip this part.

First, we construct E in the form of (1—A)N Ey for some Ey € .%/(R"). This leads

to Ex = F71( . We choose N sufficiently large to help make (

s ) 1
(1+[g[)N P(i€) 1+|g[)N P(i€)
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decay sufficiently fast as & — co. Second, we assume that P is a degree k differential
operator and a rotation of axes has been made, if necessary, so that the coefficient of
Ok is 1. Thus P(i€) is a degree k polynomial in &, with coefficients of & a polynomial
of & = (&, -+, & 1) of degree < k — j.

For each fixed &, P(i(¢',()) = 0 has k roots in ( = &, +in € C. In the strip
|Im(¢)| < 1/2 of the complex plane of (, there exists a band parallel to the &,
axis of width (k + 1)~! which contains none of the roots, so there exists a line n =
c(&") whose distance to any of the roots is at least (2k + 2)~!. This implies that
|P(i(€,&, +ic(€))] > (2k +2)". Tt is also clear that

L4 + (6 ic@)] 2 5 (14 1(€.6)P)
Thus
1

(14 |2 + (& + ic(€)))" || P!, & + ic(€)))]
Then the integral

< (2k+2)7R2N (1+ 1€, &) T

2 )n/ / (€ &n+ic(€’)) 06 de’
™ n
womt S (14 €2 + (6 + ic(€)2)" P(E, €0 + ic(€)
is well defined, and we call it Ex(x). En(x) has as many desired differentiability in

x as one would like as long as one chooses N sufficiently large.
We now verify that Ey(x) satisfies P(0y)(1 — A)N Ey(x) = §(x) in the sense that

u(0) = /n En(x)(1 — AN P'(0y)u(x) dx

for any u € Z(R"™). We may suppose that u is supported in Bg(0). Then

[ Ex1 = ) Pouix) ax
'Lx (5/ §n+w(5 )) 1 A NP/ ax>u(x) ,
=(2m)” d§,, d€’ dx
\/BR \/R" 1 / 1 + |£I én + ic gl))2)N P<Z 6,7 é-n + 20(6/)) g dé-
1—

2 / // eix:(€ &ntic(€’))
w1 e JBp) (1+ €2 + (&, +ic(€))2)N P(i(€, &, + ic(€"))

But
e €& tie€)) (1 — AYN P, )u(x) dx

A)Neix'(£,7§n+ic(£,))u(x) dx

Il
m\gg\m\

(14 1€ + (&0 +ic(€))?)" P((E, &0 + ic(€'))e™ € ety (x) dx

304



6.7. FOURIER TRANSFORM ON TEMPERED DISTRIBUTIONS

SO

/ En(x )(1—A)NP’(8) (x) dx
=(2m)~

/ // €SN (x) dx e, dE
Rt Br(0)

¢ e €Oy (x) dx
Br(0)

The function

is complex analytic in ( = &, +in and decays sufficiently fast as &, — oo for |n| < 1/2.
Then Cauchy Theorem in complex analysis allows us to shift the line of integral
Jm( = ¢(¢') to Im¢ = 0 to imply that

// zx (& &ntic(€ dX dfn // zx (& §n )dX dfn,
Br(0) Br(0

which implies that

/n Exn(x)P'(0) (1-A)Vu(x) dx = (27)~ /R 1//BR<0> P80y (x) dx e d€' — u(0)

by the Fourier inversion formula applied to u.

In the case of a constant coefficient operator P(0,) of order k in one variable z,
P(i€) is a polynomial of one variable £. Any root £ of P(i§) = 0 gives rise to a solution
e of P(9,)e’® = 0. When ¢ is a real root, this solution is smooth and bounded so
lies in .’(R); this also means that P(0,) will not have a unique fundamental solution
in .#’(R). When ¢ is a non-real root, this solution grows exponentially as = — oo or
—00 so is not in .’(R).

One possible construction of a fundamental solution in this case is to adapt the
approach in Example 6.5. Namely, construct a solution G(z) such that P(9,)G = 0,
G0) =0for j =0,---,k—2, and 9*1G(0) = 1, and take E(z) = H(x)G(z),
where H (z) is the Heaviside function. An application of the Cauchy Theorem shows
that

1 eré
G(z) = o /feaDR(O P(i&)df (6.26)

is one such solution, where R > 0 is chosen such that Dg(0) contains all the roots of

P(i€) = 0. It is elementary to verify that

& ¢ > C e,
! (/geaDR (25) & /geaDR(O) P(i€) <
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1

_/ eix§ df,
27 Jeeonr(0)

G(j)(()) - 217r /geaDR (Z(i)fj) &

The evaluation of these integrals to their respective values relies on the Cauchy The-

P(0:)G(x) =

and

orem.
Another modification of the Fourier transform to deal with such exponentially
growing functions is the Laplace transform, used in the context of evolution equa-
tions, where one transform a function f defined on R™ (under some grow control) to
= fooo f(t)et dt, restricting the parameter ¢ to be complex parameter such

that Jm(¢) is sufficiently large.

Exercises
Exercise 6.7.1. Suppose that | € 2'(R) satisfies 0,1 = §(z). Prove that there exists

some constant ¢ such that [ = H(x) + ¢, where H(z) is the Heaviside function.

Exercise 6.7.2. Suppose that m # 0. Find [ € 2'(R) such that 0,l — ml = §(z). Is
it unique? For m € R, can you find one such that [ € .//(R)?

Exercise 6.7.3. Prove that
1 1
F[H(—z)] =14 PV (E) +76(¢) and F[H(z) — H(—x)] = —2i PV (E) :
Exercise 6.7.4. Suppose that [ € %/(R) satisfies 0,/ = d(z). Prove that that
i€F[l] = 1. Does it follow that F[l] = —i PV (%) and that I = [H(z) — H(—)]/2?

Exercise 6.7.5. Try to use Fourier transform to construct a fundamental solution
E(z;¢) to % +m? on R which lies in ./(R). Here m is a real parameter. Is such an
E(x; ) uniquely determined? Can the method be adapted to produce a fundamental
solution supported on {z : z > £}7

Exercise 6.7.6. If one applies the argument as given by Nirenberg to the operator

zac +cz
5 d
T o / m? — (£ + ci) ¢

where ¢ is a real parameter with |c¢| < 1/2. Can this E(x) be identified? The similarly
defined G(z) in (6.26) is infinitely times differentiable. Is this E(x) also infinitely
times differentiable? NOTE: The solution may need knowledge of the calculus of

% +m? on R, one would get

residues.
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6.8 Fundamental Solution of the Wave Equation

Here we are looking for a distribution F(x,t) such that
[0} — Ay E(x,t) = 0(x, t).

Based on an argument similar to that for the Duhamel’s principle, if we are look-
ing for an F(x,t) which is supported in {¢ > 0}, then such an F(x,t) can also be

characterized by

[0} — A E(x,t) =0 fort>0
E(x,0) =0
Ei(x,0) = d(x)
\ E(x,t)=0 fort<0.

It is possible to look for an F(x,t) with other constraints on its support. In addition,

E(x,t) has the property that a solution u(x,t) to

(6.27)

can be represented through F(x,t) and initial data, via Green’s identity, as

O (B(x—y.1),9(y)).

u(x,t) = (B(x —y, 1), h(y)) + 5

which we often write informally as

wxit) = [ Bx-ynmay+ 3 ([ Bx-yosmay).

We will find E(x, t) using one of the characterizations here depending on the approach
taken.
If we use Fourier’s method to construct a solution to (6.27), then we need to solve
u(&,t) such that
(€ t) + €, t) =0 t>0
u(€,0) =g(¢)
W(€,0) = h(g).
The solution of this IVP is given by u(€,t) = cos(c||€||t)g(€) + Sm(CHE”t)iAL(f). Thus

]
sin(c[][£) >

u(x,t) = (2m)™" cos(c g x4
) =) [ (costelelngte) + UED Ty ) e
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and we expect to be able to write

) [ IR gy oxese =m0y,

cli€ll
and
) [ cos(IENaE<a = 45 1) ).
]Rn
This amounts to requiring E({,t) = Sin{gﬁ!ﬁ”t). Since Singﬁ!ﬂ”t) is not in L'(R") or

L*(R™) when n > 2, the identification of such an F(x,t) would require the framework
of Fourier transforms on temperate distributions, and is not an easy task anyway. We
will present an approach below using more elementary means.

We can still make use the scaling invariance to look for E(x,t) such that
E\(x,t) = A" TE(Ax, \t) = E(x,t) for all A > 0 (the factor \"~! is chosen so that
O EN(x,1)| ., has the same scaling as the point source function d(x)). We will exploit
some invariance property of the wave operator 9? — A in the construction of such
an E(x,t).

The wave operator 8t2 — /Ay is invariant under the Lorentz transforms, which

are defined as linear transformations on R”t!

(6.28)

This follows from writing 87 — ¢*A in matrix form

1 0 0y
0 —c? Oy,
8t a981 aa:n] . . ’
0 —c2| |0,
and noting

Oy s
1 / ayl
0. 0. - 0| =0 0, o B, |Tana | =T |
O, Dy,
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6.8. FUNDAMENTAL SOLUTION OF THE WAVE EQUATION

(6.28) is equivalent to

A 0 : A 0
0 —1 --- 0 —1 ---
™. |\T=. . (6.29)
0 -1 0 -1
from which it follows that such transformations preserve the quadratic form c*t? —
NE
2,2 2_ 2.2 2 S1 t
c“t* — ||x[|* = ¢*s* — |ly]|* when =T :
X

The verification of these basic algebraic properties is left as an exercise for the reader.

Due to the invariance of 92 —c?A, and of ¢*t? —||x||? under the Lorentz transforms,
we can look for an F/(x,t) which is invariant under the Lorentz transforms. This leads
us to look for an E(x,t) = F(c*t* — ||x||?) for some function (or distribution) F. If
we combine this with scaling, and want E(x,t) = A" 'E(\x, At) for all A > 0, then
F will obey A" 1EF(A\2(c? — ||x]|?)) = F(c*? — ||x||?), namely, F' has homogeneity
of I_T" If E(x,t) is represented by a locally integrable function, we expect F(x,t) =
A(c*t2 — ||x]|2)"=" for some constant A.

Based on our experience with the 1-dimensional wave equation having propagation
speed < ¢, we can look for an E(x,t) such that it is supported in {(x,?) : ||x|| < ct}.
Thus we may look for an E(x,t) such that

1—n

At —|xI*) = x] <,

E(x,t) =
0 |Ix|| > «t,
for some constant A. But such an F(x,t) is not locally integrable in x when n > 3,
so we have to re-examine our analysis®, or find an alternative approach when n > 3.

When n = 1, this approach gives an answer consistent with our earlier result that

= |x| <ct,
E(z,t) = * 2
0 |z| > et

*A proper analysis along this line can be done in the theory of distribution; but it requires
considerable background preparation, including the theory of homogeneous distributions and of
pull-back of a distribution, see section 6.2 of The Analysis of Linear Partial Differential Operators
I by Lars Hormander.
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When n = 2, we get a trial solution of the form

_1
At — [Ix[*)72 x| < ct,

E(x,t) =
0 ||Ix|| > ct.

We expect

)= [ BOcy iy =4[ @ ey i) dy

x—yl|<ct

to provide a solution of (6.27) with g = 0 and u,(x,0) = h(x). Since u(x,t) =t is a
solution with g(y) =0 and h(y) = 1, we expect

= @r kvl
lx—yll<ct
But a change of variables y = x 4 ¢t z in the right hand side integral gives
t= Act/ (1-— ||z||2)_% dz = 27 Act.
llzll<1
Thus A = 1/(27¢). One can now verify directly that

- _1
(2me)~H (e — |Ix]1*) 72 x|l < e,

E(x,t) =
0 |1x|| > et,

provides a fundamental solution of the 2-dimensional wave equation (6.27).
For n > 3, we will use a recursive structure in the dimension n of radial solutions
on R" x R to [0? — 2A,]u(x,t) = 0, similar to that in Exercise 6.4.11: if E,(r,t) is

a solution of

n—1

[0} — A] Ey(r,t) = 07 B, (r,t) — ¢ {8,2, + &] E,(r,t) =0,

then E, o(r,t) := A0, E,(r,t)/r is a solution of

n+1

OB, o(r,t) — {83 + 6’T] E,o(r,t) = 0.
We apply this to our fundamental solution of the 1-dimensional wave equation to
produce a candidate for a fundamental solution of the 3-dimensional wave equation.

Since for each t, our fundamental solution of the 1-dimensional wave equation is a
step function in r, with a jump discontinuity at r = ct, so 0,FE(r,t) = —(S(TQ—_CCt),
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and we have Fs(r,t) = A@ as a candidate for a fundamental solution of the

3-dimensional wave equation. Again A can be determined by examining

A

ct Jjx—yll=ct

u(x,t) = Es(r,t) «h = h(y) do(y)

in the case u(x,t) = t, which is a solution of [0 — 2A,] u(x,t) = 0 with u(x,0) =0
and h(x) = u(x,0) = 1. We thus expect

A
t=— dy = 4mctA.
b Jixyl=et
So A = (4mc)™ L.
Note that the scaling behavior of this fundamental solution F(x,t) = %{;ﬁt) is
consistent with our earlier scaling analysis: it is supported on {(x,?) : ||x|| = ct},

and has scaling consistent with E(x,t) = \""'E(\x, M\t) for n = 3; it is just that
E(x,t) is not a locally integrable function but a distribution and its the behavior on
{(x,1) : ||x]| = ct} does not follow directly from the scaling argument.

We can now verify directly that

u(x,t) = 47T102t /X—y||:ct h(y)do(y)

provides a solution of (6.27) with u(x,0) = 0 and u;(x,0) = h(x), provided that
h € C*(R3). With y = x + ctw, w € S?, the integral can be written as u(x,t) =
+ Joo h(x + ctw) do(w). Thus

1 8 t 82
uy (X, t) = o . B! [h(x + ctw)] do(w) + g 8 pr
t [82 20

ir Jo |02 T T

[h(x + ctw)] do(w)

] h(x + ctw) do(w).

With z = rw = ctw, we note that

{aa_; + %%] h(x + ctw)
_e ;72 # 2 5] hoxe
—c? Achlx o+ 2)| et — = [h(};j = |"=“}
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So

At

Utt(X, t) = E /S2 |:Axh(X-|- th) _ Aw[h(x + TCU)]

r2

} do(w) = f /S Adh{xcetw) dofw),

using [, Ay[h(x+rw)] do(w) = 0. One key fact above that will also be useful for other

purposes is the following three dimensional case of the Euler-Poisson-Darboux

equation

Next,
Asulx,t) = - / Ach(x + ctw) do(w),
m
thus [82 — 02A ] u(x,t) = 0. Finally, u = £ Joo h(x + ctw) do(w)],_, = 0, and
u(x,0) oo h(x + ctw) do(w ){ —h( ).

Note that a C? solution u(x,t) of (6.27 ) gives rise to a C'! initial function h(x) =
us(x,0); but in general a C? function h(x) is needed to produce a C? solution u(x, t)
of (6.27). Note also that h propagates at exactly speed ¢ in the n = 3 case, and that
Es(x,t) is represented by a surface integral along ||x|| = ct, not by a locally integrable
function. The procedure for getting E5(x, t) also suggests that for n > 3 odd, E,,(x, t)
is expected to involve derivatives of the ¢ function supported on ||x|| = ct, so will be
more singular in some sense.

Using Duhamel’s principle, we obtain a solution of the non-homogeneous version
of the 3-dimensional (6.27) as

W)= o [ o)+ 5 (g [ o doty)

,5)
do(y)ds.
47“2/ /|x ~yl=e(ts) t—s

This formula is called the Kirchhoff’s formula.

The last term is an integral over a section of the cone {(y,s) € R* : [|[x —y| =

c(t —5),0 < s <t} in R* with vertex (x,t), which can be parametrized as the graph
s=1t—cYx—y| over the ball {y € R?: ||x — y|| < ct}, and allows one to rewrite
the integral as

: ¢ el
// f(y,s) do(y)ds:/ fy, - )dy'
0 Jlx—yll=c(t-s) =5 x—yl<ee X =¥l
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Note that the integral is a weighted integral of f(y,t — @) with a retarded time
¢ eyl

C
The approach we used to obtain the fundamental solution for the wave equation

may seem somewhat ad hoc. We choose this approach to illustrate the need to use
whatever approach that is effective, instead of insisting on using only one approach.
In the exercises we will explore the method of spherical means and the method of
descent to solve (6.27).

Let’s record here the Euler-Poisson-Darboux equation in R™ satisfied by the spher-

ical mean of a function h(x) defined by

L n—1|—1 x r o
BB oy o, M) ) =18 [ ) o)

The Euler-Poisson-Darboux equation is

The proof for the three dimensional case above generalizes readily. For those who

My (r;x) =

are not comfortable working with the spherical Laplace operator, here is another
proof.
Start with

// Ach(x + sw)s™ ! dwds

Sn—1

—/ Ah(x—i—z)dz—/ Ah(x + 2z) dz
lI=ll<r

llzl<r

h
= / Mr"‘l do(w) (using the divergence theorem)
Sn—1 T

:r"lg (/Snl h(x + rw) da(w)> :

Then differentiating with respect to r to obtain

! /S . Axh(x + rw) do(w) = % [r"*%} < /S . h(x + rw) do*(w)) :

This then gives

A M (r:x) = [S71! / Ach(x + rw) do(w)
gn—l

0 0
_ . 1-n
=r e [7’ 87"} My, (r; x)
# n—-109
Gﬁ+ﬁf&>m“”
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Define A, [h(rw)] through the relation

8oh(e) = (LD iy Al

then the same relation above can also be recognized as

/Snl [( > + 1= 12) h(x +rw) + Bl + rw)]] do(w)

or? r Or r2

_ /S Ah(x + 1w) do(w)

:7’1"% [wl%} < /S hlxtw) da(w))

0 0
_ 1-n 7 n—1_~
= /S"—l - [r (%] h(x + rw) do(w).

Comparing both sides gives

- Aylh(x + rw)] do(w) =0,

which is used in the derivation for the three dimensional Euler-Poisson-Darboux equa-

tion.
Exercises

Exercise 6.8.1. Prove that (6.28) is equivalent to (6.29). Furthermore, any matrix
satisfying (6.28) must have det A = 1, and

T} t,j>lori=j5=1
T = —c?T)  i=1,j>2
—C2TM ] 2,]—1

Exercise 6.8.2. Prove that in R?

/ ex€ do(x) = 47Tct—Sin(H§HCt)
=t 13—

and use this to confirm that

) _snllle)
e

Exercise 6.8.3. Suppose that F(r,t) is a solution of

OIE(r,t) — [83 + %&} E(r,t) =0.
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(). Verify that F(r,t) = 0,E(r,t)/r is a solution of
2
O2F (r,t) — {af + ﬂ@] F(r,t) = 0.
r
(i1). Verify that G(r,t) = r™ 1 E(r,t) is a solution of

—-m + 2
r

O2G(r,t) — {aﬁ + ar] G(r,t) = 0.

(iii). Use (i) and (ii) to solve radial solutions to (6.27) for the cases of n = 3,5.
ANSWER: Extend u(r,0) = ¢(r) and u:(r,0) = h(r) as even functions for r € R.
Then for n = 3,

1 r4-ct 8 1 r4ct
u(r,t) = 2_07“/ h(s)sds + 5 <%/ g(s)s ds) ;
r r—ct

—ct

and for n = 5,

1 r+ct ) 0o ) o 1 r+ct ) 5o )
u(r,t)zm t [(r —ct)+s}h(s)sds+§ el [(r* = 2t%) + %] g(s)sds ) .

Exercise 6.8.4. Given u(x,t) and h(x), define the spherical mean of h as at the end

of this section and that of u(x,t) as

1
M, (r;x,t) = ——— u(y,t) do(y :|S”_1|_1/ u(x + rw, t) do(w).
0 = 08,00 o " ) A “)
(i). Verify that if [0? — c*Ax] u(x,t) = 0, then
? n—-109
2 . 2 o . _
Oy My (r;x,t) — ¢ <8r2 + . 8r> M, (r;x,t) = 0.

(ii). Verify that M, (r;x,0) = M. 0)(r;x) and My, (.0)(r;x) = 0y M, (7; X,t)‘tzo.

(iii). Suppose that u(x,t) solves (6.27). Construct a corresponding IVP for M, (r; x,t)
in the variables (r,t), and construct its solution for n = 3,5. HINT: Use the

previous exercise.
(iv). Using u(x,t) = lim,~ o M, (r;x,t) to construct a solution of (6.27).

Exercise 6.8.5. This exercise works out the method of descent, which is a method
for solving (6.27) in dimension n — 1, if the solution formula is known in dimension n.

We will use n = 3 to illustrate how this works. For the given g and h in R?, we extend
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them to R3 by §(z1, 22, 23) = g(x1, 22), and h(z1,zs, 23) = h(z1,22), then note that
u(zy, xe,x3,t) = u(x1,xa,t) solves the wave equation in dimension 3, and use the
solution formula for the wave equation in dimension 3 and evaluate u(z1, za, x3,t) at

(x1,22,0,t) to construct a solution of (6.27) in dimension 2:

1
U(J?l, 2 ) dctt //H(xha:z,())—}’“—ct ( ) U< (471’62t // |(z1,22,0) Y||—Ct ) U( )>

Note that {y € R3: ||(z1,22,0) —y|| = ct} is given by two halves of the hemispheres
i\/ ct)? — (y1 — x1)? — (y2 — w2)?. Prove that

// // 2ct h(y1,y2) dy
||(x1,x2,0)—y||_ct (o2 +—e)2<(ct? /()2 — (g1 — 21)2 = (Y2 — 22)%

which establishes

1 h
u(ml,xQ,t) - (ylva)

2mc //(yl —21)24(y2—x2)2<(ct)? \/(Ct) (yl - lCl) (?JQ - 1‘2)2

I 9. ) )
& ZE (a2 +-a22<(et? /(et)? = (y1 — 21)% = (y2 — 2)?

Note that making the change of variables (yi,v2) = (x1,22) + r(cosf,sinf), then

dy

r = ctsin s, the second integral reduces to

// 9, v2) dY—t/ M, (ctsins;z)sin s ds,
27TC (y1—1)2+(y2—w2)2<(ct)? \/(Ct) (yl — 1;1) (y2 — 1‘2)2

where M,(ctsins; ) fo (1 + ctsinscos b, o + ctsin ssin ) db.

Exercise 6.8.6. The method of descent can also be used to solve the Cauchy problem

for the Telegraph equation

Uy — gy +MPu=0 z€ R,t € R,
u(z,0) =g(z), z€eR,
ut<x70) = h(l’), LS R7
where m € R is a real parameter. Construct u(z,t) by considering v(z,y,t) =

cos(my/c)u(z,t), which would solve a 2-dimensional wave equation. Use the method

of descent as described in the last Exercise to verify that

() =~ /m TSl e~ 2P)h(z) dz
+ 2 (5 [ V@ Pl iz,

—ct
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where Jy(s) = 2 fog cos(ssinf)df is the Bessel function of order 0, solving sJ{(s) +

p
J(s)+sdy(s) = 0, with Jy(0) = 1. Jy(s) decreases from 1 at s = 0 to about —0.4, and
then starts to oscillate around 0 as s — 0o, and has an asymptotic \/% cos(s — %) as
s — 00, so the above integral representation indicates that solutions to the Telegraph
equation still have a propagation speed < ¢, and the solution in terms of the initial

data is weighted more heavily around |z — z| = ct.

Exercise 6.8.7. A solution of the Cauchy problem for the Telegraph equation can

also be constructed using Fourier’e method. Verify that a solution with g = 0 can be

~ 3 2 2t .
) [ AT e
R V&2 +m?
Based on this construction, a fundamental solution would be given by fR sin(y/E2 m?) v§2+Wﬂt)~ei”35 dg,

Ve
sin(y/&24+m?2t)

o But a direct evaluation of this
m

inverse Fourier transform is not easy; and it would take additional efforts to see the

constructed as

namely, the inverse Fourier transform of

phenomenon of finite speed of propagation from this approach. Also use different
approaches to investigate the solution of
Uy — gy —mPu=0 xR tER,

u(z,0) =g(z), z€R,

w(x,0) = h(x), =x€R,
and compare the approaches.
Exercise 6.8.8. Solutions to the Telegraph equation ws(x, t)—c*Ayu(x, t)+Au(x, t) =
0 for (x,t) € R" x R which are invariant under the Lorentz transformations can be
expressed as u(x,t) = U(s), where s = \/c?t? — ||x]|2. Verify that U(s) would satisfy
U"(s) + 2U'(s) + 2U(s) = 0, and that, if A = m? > 0, then V (s) = snT_lU(%) would
satisfy Bessel’s equation of order “5%: s2V"(s) + sV'(s) + [52 — (”771)2} Vi(s) = 0.

2
Use this relation to establish that, for n =1,

Jo(TA/ At — |x]?) if |z| < ct,

1
B(x,t)={*
0 otherwise,

is a fundamental solution of uy — 2y, + m?u = 0.

Exercise 6.8.9. Use the method of descent to construct a solution of the boundary

value problem for the Helmholtz equation on the upper half plane
Upy + Uy —mM*u=0 (2,y) € R x RT,
u(z,0) =g(z), zeR,
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Does the method work if the equation u, + uy,, — m?u = 0 is replaced by w1y, + Uyy +

m?u = 0?7 Try also the Fourier’s method.

Exercise 6.8.10. Use a similar approach as in the text to prove that

S(I1x[[—ct) =[]0y o (Il x[| —<t)

t>0
Es(x,1) = e
0 t<0

defines a fundamental solution of the wave operator 92 — c*A in dimension 5. Here

for a test function ¢ € C?(R®), and ¢ > 0,

(E5(-,t), ) =(3c|S*) " / %) do(x) — /S4 /OOO O,0(||x|| — ct) [r*o(rw)] drdw}

x||=ct HXH3
~@es | ek + [ [T atxl = eno, o] dr]
—(3clS i) i #(x) o(x rp(rw
o / o0+ [ 0 ot |__ a0
—(3c|S1) ! | 3ct 9 ¢(ctw)dw+(ct)23r( 9 (rw) dw) r:Ct]'

Thus we expect u(x,t) = (3¢[S*]) ! [3ct Jou h(x + ctw) dw + (ct)?0, (fou h(x + 1w) dw) ‘ ]
=ct
to define a solution of (6.27) in dimension 5 with u(x,0) = 0, and u,(x,0) = h(x).
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Chapter 7

Hadamard-Petrowsky
Wellposedness Condition for
Cauchy Problems

In chapter 1, we made a preliminary discussion on the well-posedness issue. In dis-
cussing the prototype heat and wave equations, we found that the Cauchy problem
for the heat equation is well-posed for forward time, but not well-posed for backward
time; while the wave equation is well-posed for both forward and backward time. In
this chapter we study the Hadamard-Petrowsky well-posedness criteria for the Cauchy
problem of a general constant coefficient differential operator. We will only outline
the main ideas here; please refer to chapter 5 of Fritz John’s text [J] and chapter 3
of Jeffrey Rauch’s text [R] for full details.

7.1 Hadamard-Petrowsky Wellposedness Condition

We will discuss the Cauchy problem of a general constant coefficient differential op-
erator such that the initial value is posed on a hypersurface of the type ¥ = {(x,1) :
x € R"t = ty}. Here ¢ is singled out as a distinguished variable, and we then write
the m-th order differential operator P = . Hal<m cjaé?fj@g in descending order of
differentiation in ¢:
!
P =3¢ (003,
j=0
where ¢;(0x) is a differential operator of order m; in x such that m; + j < m.

If I = m, then ¢,, is a constant; if we further assume that c¢,, # 0, then the
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CHAPTER 7. HADAMARD-PETROWSKY WELLPOSEDNESS CONDITION

hyperplane ¥ is said to be non-characteristic with respect to the operator P. In
general we will assume that the leading term ¢;(i€) # 0 for all £ € R™ (recall that
c1(0y)e™ e = ¢(i€)e™*); in fact, we will assume that ¢(i€) is a non-zero constant,
normalized to be 1, so that

-1
P=0,+) ¢(0x)0].
=0

The Cauchy problem for P with ¥ as the hypersurface for initial data is formulated
as

(7.1)

where to € [t1,12], and g;(x) are prescribed functions with sufficient regularity (and
compact support or fast enough decay at spatial infinity, if needed); we will also
assume f(x,t) to have sufficient regularity, and compact support or fast enough decay
at spatial infinity, if needed. We will often take t, = 0 and [t;,%s] to be [0,T7], or
[—T,0], or [-T,T] for some T" > 0.

Example 7.1. The Cauchy problem for 92 — A, with {t = 0} as initial surface
would be the same as (3.3); {¢ = 0} is non-characteristic with respect to 9? — c?A,.

{t = 0} as an initial surface for the Cauchy problem of J; — Ay is characteristic,
as the highest order differentiation in ¢ is 1, while this operator is second order.

The Cauchy problem for 97 + 9; with {y = 0} as an initial surface is

Uz (2, Y) + uyy(z,y) =0 2 € Ry e [-T,T],
u(z,0) =g(z) z€R,
uy(x,0) = h(z) zeR.

{y = 0} is non-characteristic for this Cauchy problem. Note the difference between

this Cauchy problem and the boundary value problem

U (T, Y) + uyy(z,y) =0 z € R,y € (0,00),
u(z,0) = g(z) @R,

which has a bounded continuous solution for any bounded continuous g on R. This
indicates that the Cauchy problem for the Laplace equation is not well-posed, as there

would be no freedom to prescribe u,(x,0).
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7.1. HADAMARD-PETROWSKY WELLPOSEDNESS CONDITION

We now formulate a more definite form of the well-posedness for (7.1). Recall that
for the wave equation—when P = 07 — ¢*9?, we proved that for any g; € C=(R),
j=0,1, f € C®(R?), there is a unique solution u(x,t) defined on R x [t,t,], which
depends on g;’s and f in a continuous fashion. In this case we can keep track of the
differentiability of v in relation to that of f and g;’s, but we decide not to keep an
exact account here, as we would like to leave some flexibility when dealing with more
general operators.

Continuity in C*(R X [t1,t2]) or C*°(R) can not be measured in terms of a single
norm. However, either of the above spaces carries a countable number of natural
norms of the form max {|0* & u(z,t)| : k < m,j < 1} or maxg{|0¥g(x)| : k < m},
where K is compact, and these can be used to define a metric on these spaces so that
they are complete metric spaces.

Furthermore, in the case of wave equation, we know that for any compact set K
of R x [ty,1s], there is a compact set V' such that the value of w on K is determined
by that of f on V and of g;’s on V' N (R™ x {tc}). In addition, using the metric on
C>®(R™ x [t1, t5]) the continuous dependence of solution on data in the well-posedness

of (7.1) can be formulated as follows:

For any compact K C R™ x [t1,t5], for any l;,m; € Zs, there exist a

compact set V' C R™ X [ty, 3], lo,ma, m3 € Z>¢, and a constant C' > 0
depending on P, K, l;, and my such that for any u € C*°(R" x [ty,t5]),

we have

(7.2) says that the map

u = (Pu,u(x,to), Ou(x,to), -, 0 u(x, t))
as a map from C®(R" x [t1,ts]) — C(R"™ X [t1,t2]) X Hé;loOoo(R”)

has a continuous inverse.

For the Cauchy problem of the heat equation, we learned that in order to have
a well-posed Cauchy problem, some growth restriction on ¢, f, and wu is needed; in
addition, solutions to the heat equation have infinite speed of propagation, so using
(7.2) as well-posedness for the Cauchy problem for equations such as the heat equation

would not be appropriate, as (7.2) would imply a finite speed of propagation. One
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CHAPTER 7. HADAMARD-PETROWSKY WELLPOSEDNESS CONDITION

way to deal with these issues is to work in the space .#(R") of Schwartz functions.
which are defined as smooth functions in R™ For simplicity, we will not provide details
of the well-posedness formulation in this framework. We will instead use an L? based
framework.

We now reformulate the well-posedness of (7.1) on [0,7] in the L? framework as
follows. Define X, = {u € C([0,T], H*(R™)) : &u € C([0,T], H*7(R")),1 < j < k},

with [Ju[x, = 35 maxoci<r [[0/u(:, )] s (gn)-

(7.1) is well-posed on [0, 77, if there exist k > m, ki, ks € Z>q such that
for any f € X, g; € H"J(R"), there is a unique solution u € X}, to
(7.1). Furthermore, there exists C' > 0 depending only on P, T, and on
k, k1, ko, such that

for all f € Xy,, g; € H=79(R").

This is a first attempt to formulate the well-posedness in the L? framework, as we
are not being careful in differentiating the possibly different orders of differentiability
in ¢ and x, such as appeared in the heat equation; but that can be accommodated
easily by modifying the above formulation accordingly.

Formulation (7.2) is easier to work with. We will first use (7.2) to derive a neces-
sary condition for the well-posedness of (7.1). We take to = 0, T > 0, K to be the set
of a single point {(0,7)} € R"x[0,7], I, = m; = 0, and apply it to u(x,t) = '€+,
where £ € R”, and 7 is chosen so that Pe!®€+7) — Z;:o ¢;(i€)(iT)? = 0, then, since
P[e!™®¢+™)] = 0, the condition (7.2) becomes

(7.4)

Since 7 is determined through Zé’:o ¢;(i€)(i)? = 0, and we have normalized

¢ = 1, we see that there exists C' > 0 depending on P such that any root 7 of this

= e, =
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(7.5) follows from

7=0
-1
<> oCn+ [y P
7=0
-1 ) )
<O drl + e+ )
j=0

and by choosing € > 0 sufficiently small, we obtain the inequality

-1 y
' <207 30 e ) < gt
=0
for some C’ > 0, from which (7.5) follows. (7.4) and (7.5) then imply that any root
7 of Zé’:o ¢;(i€)(iT)? = 0 would satisfy

< G forsome 050,020, and A E R 11

(7.6) is a condition on the roots of the polynomial associated with the operator
P, and is a necessary condition for the well-posedness of (7.1) on R"™ x [0,7]. It
is referred to as the Hadamard-Petrowsky well-posedness condition; and in some
sources it is also referred to as the Garding’s condition.

(7.6) is equivalent to
—Jm(7) <V In(1+ €]) + ¢ for some b’ > 0, ¢, and all £ € R".

Based on a theorem of Seidenberg-Taski on the roots of polynomials, the above con-

dition is equivalent to

(e M forsome M, and all § <R )

If we use the formulation (7.3), we can still arrive at (7.6) and (7.7) as follows. We
would take u(x,t) = ¢/®€+™)p(x), where £ € R”, 7 is still chosen so that Pe!*¢+70) —
Zi‘:o c;(i€)(it)! = 0, n € C*(R") is a cut-off function such that n = 1 in B, and
support(u) C Bs, for r large, with |V*n| < Cy/R* for some C; > 0 independent of
R. Note that

s [[uCe, )Ly 2 Ty 2 € "7 | B2,
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CHAPTER 7. HADAMARD-PETROWSKY WELLPOSEDNESS CONDITION

while
P[ei(x{—l-’rt),rl(x)] _ n(X)P[ei(x-f—I—Tt)] + 62(61'(*{4-7'15)7 axn) _ Cz(ei(x-{-i-ﬂt)7 ax,r})

where Q(e!®4+7) 9, 1) represents certain differential operator acting on e!*4+7) and
Oxn, is bilinear in !4+ and 0,7, and contains derivatives of 7 of order 1 or higher,
sofor 0 <t<T,

107 P, )| gy
<N, D)l s ey
<C(L+ )" |7/ e ™ DT Byg(0) \ Br(0)]"?/R.
Similarly

107 (e 7n(x)) | _ollmra-sqeny < C(1+ €] |71| Bar (0)| 2.

Putting these in (7.3), and noting that |Bg(0)|, |B2r(0) \ Bgr(0)|, and |Byg(0)| are
comparable — all a constant multiple of R", so after dividing through by R" and
noting the additional R~! factor in front of the first term on the right hand side, by
sending R — oo, we arrive at (7.4) again.

The main theorem of this chapter is the following

Theorem 7.1. Let P = Zé‘:o ¢;(0x)0] be a constant coefficient differential operator
of order m such that ¢;(i€) # 0 for all§ € R™. Then (7.1) is well-posed on [0,T] for
some T > 0 iff (7.7) is satisfied.

(7.1) is well-posed on [—T,0] for some T > 0 iff

(7.8)
As a consequence, (7.1) is well-posed on [=T,T] for some T > 0 iff there exists some
M > 0 such that for all€ € R™, and all roots T ofzzzo ¢;(i€)(iT)? = 0, |Jm(7)| < M.

Definition. When {t = ¢;} is non-characteristic with respect to P, and both (7.7)
and (7.8) are satisfied, we say that P is hyperbolic with respect to t.

Remark 7.1. If {t = ¢y} is non-characteristic with respect to P, then (7.7) and (7.8)
imply each other. This is because the sum of the roots 7 is a degree 1 polynomial in
¢ by Vieta’s theorem for roots of polynomials. Either (7.7) or (7.8) would imply that

the imaginary part of this degree 1 polynomial must be a constant.
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In checking (7.7) or (7.8), what matters is the behavior of Jm(7) when [£] is large,
or more importantly, whether all solutions of the form !¢+ for & € R™ have
bounded or at most polynomial growth in || at some relevant ¢ # 0. If this is the
case, we can at least choose initial data to be in the Schwartz class so that g;(§)
decays faster than any negative power of |£| as & — oo, and construct solutions to the
homogeneous case of (7.1) in the form of linear combination of [;,, a;(§)e'®¢F7@" g¢.

Counting multiplicity, Z;:o ¢;(i€)(iT)? = 0 has [ solutions for each & € R"; and we
need all [ solutions to satisfy (7.7) or (7.8) so as to use all of them in the construction
of solutions to (7.1) to satisfy the [ initial conditions in (7.1). For boundary value
problems on the half space or R™ x [t1, t5], such as the one for the Laplace equation, we
only need some of the roots of Z;:o ¢;(i€)(iT)? = 0 to behave in a favorable way, such
as in (7.7), so as to be used in constructing solutions. This is a heuristic explanation
for the difference between the well-posedness for a Cauchy problem and that for a
boundary value problem—we will not have space to discuss general boundary value
problems and their well-posedness—the most studied boundary value problems are
elliptic boundary value problems, and the boundary conditions that correspond to
well-posedness are referred to as the Shapiro-Lopatinski conditions; we just mention
that, although the technical results on these boundary value problems may look very
different, their analysis is rooted in similar considerations as sketched here using
Fourier analysis and information on the roots to Zé‘:o ¢;(i€)(iT)? = 0 to construct
solutions to the boundary value problem with the prescribed boundary conditions.

When {t =t} is non-characteristic with respect to P, the behavior of the roots
to 324, ¢;(i€)(iT)? = 0 is reflected in the behavior of the roots to the principal part

J=0

P =Y 11 jajem Cia020] of P.

Proposition 7.2. Suppose that {t = to} is non-characteristic with respect to P, and
(7.7) or (7.8) are satisfied, then all roots to 3, 1_, jo(i€)®(iT)? = 0 must be real.

Definition. If {t = ¢} is non-characteristic with respect to P, and for any £ # 0 €
R™, the roots 7 to the principal part of P, P,,(i,i7) = 0 are real and distinct, then
we say P is strictly hyperbolic with respect to {t = to}.

Proposition 7.3. Suppose that P is strictly hyperbolic with respect to {t = ty}, then
P satisfies (7.7) and (7.8).

Example 7.2. For P, = 07 — c?A,, we need to examine the growth in £ of solutions
of the form e!™*¢+™) for t # 0, which are determined by the roots to (i7)%+ c%|€|? = 0.
The roots are 7 = +c|¢| € R, so Jm(7) = 0, [e!*¢T™)| = 1, and both (7.7) and (7.8)
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are satisfied. By Theorem 7.1, the Cauchy problem for P, = 0? — c?A, with t = t; as
hypersurface for initial data is well-posed for both forward and backward evolution.

P is strictly hyperbolic with respect to {t = ¢y}.

For P, = 0; — Ay, we need to examine the growth in £ € R"™ of solutions of
the form €€+ for ¢ # 0, which are determined by the roots to it + [£|> = 0.
T = i|€|%. (7.7) is satisfied, but (7.8) is not satisfied: |e!*¢+7)| = "€t 5o the
Cauchy problem for P, = 0, — Ay with t = tq as hypersurface for initial data is well-
posed for forward evolution, but not well-posed for backward evolution. However, if
we choose {(x,t) : x = 0} as the surface for initial data (assuming x € R), then we
need to examine the growth in 7 € R of solutions of the form €@+ for 7 € R: we
still have it + &2 = 0, from which we have ¢ = +v/—i7t, and |¢/@+7)| = eizm,
one of which would grow exponentially with |7| for z # 0. So the Cauchy problem

for P, with {(z,t) : # = 0} as the surface for initial data is not well-posed.

For Py = 0? + A (the Laplace operator in R"™!), we need to examine the the
growth in & € R™ of solutions of the form e!®*4+7) for ¢ £ 0, which are determined
by the roots to (i7)% — [€]* = 0. 7 = +i|€|. So neither (7.7) nor (7.8) is satisfied:

i€+7t)| = HElt, at any ¢ # 0, one solution grows exponentially in |£|. The Cauchy

e
problem for P3 = 0?4+ A, with t = t, as hypersurface for initial data is not well-posed
for either forward or backward evolution. However, we can use the well behaved root
to establish the well-posedness of a boundary value problem (