Remarks and Notes on the Handout “Perturbation Techniques”

Basic concepts of perturbation techniques

In the context of differential equations, often the equation, or the boundary/initial conditions,
contain a small parameter, sayand the equation is not easily solved directly. The solutiawill
depend on the independent variable, sags well as ore. We write this dependence a$t; ¢).

One expects that the solutiarit; ¢) can be approximated by the corresponding solution of the
limiting problem.,i.e., the problem by setting= 0. To find higher order approximation, one often
expandsc(t; €) in terms ofe, say

z(t;€) = zo(t) + exy (t) + O(€?).

Here O(€?) is said to be of orde¢* ase — 0, which means that there exi$f > 0 ande, > 0,
which may depend oty such that

|0(?)| < Me*, aslongas) < € < «.
To keep finding higher order expansions, one may suppose that
w(ty€) = zo(t) + exy(t) + Exo(t) + -+ Nan(t) + - -

and proceed to find each of these term@), z»(t), - - - . Even though the above looks like a series
expansion, when we discuss the right hand side as an approximation of the solution on the left
hand side, we takefixedV, (often N = 2 or 3), and use

zo(t) + exy(t) + Exa(t) + -+ Nay(t) = Z €', (t)

n=0
as an approximation far(t; €) in the sense that
N
z(tie) — Y "z, (t) = O ). (1)
n=0

In other words, the right hand sidgiv:o e"x,(t) depends om, N, ande; and we are not asking to
keep adding more and more terms for fixeande (i.e. by sendingV — o0), but rather asking
to examine, for a fixedV, whether (1) holds as — 0. The precise meaning of (1) is as follows:
there existM > 0 ande¢, >, possibly depending ansuch that

N

x(t;€) — Z €"x,(t)

n=0

< MMVt aslong a® < e < «. (2)

If the choice of M ande¢, can be made independentioin other words, (2) holds simultanuously

for all ¢ in its domain with a uniform choice a¥/ ande¢, > , then we say we haveragular pertur-
bation problem; otherwise, we are dealing witkiagular perturbation problem. The explanation

of regular perturbation in the middle of p. 502 of the handout gives the impression that the uniform
convergence in (25.6) of the handout is in the sense of takirg oo, instead of taking a fixed

and takinge — 0. That is misleading.



Remark 1. In the simplest expansion as we are doing here, the approximation is in terms of integer
powers of. But this is not always the case. In other words, one may have to substitoyesome
appropriate functionp,,(¢), as long as each subsequent term is of higher order in the sense that

|pns1(€)/dn(e)] — 0 ase — 0.

Remark 2. Singular perturbation problems occur frequently. Typical singular perturbation prob-
lems arise from one of the following

(i) sources of nonuniformities in relation to an infinite domain.
(i) a small parameter multiplies the highest order deritive term in the differential equation.
(i) the presence, or occurence, of singularities.

We will only have time to discuss an example as in item (i) above.

Straightforward expansion

Example 25.1 illustrates the method of straightforward expansien,assume the solution
y(x; €) to have a form

y(x;e) = yo() + eyr(@) + pala) + -,
and plug this into the equation and initial conditions, then collect terms of the same power of

obtain thereduced equationfr eachy;(x). Notice that the reduced equation {g(z) is obtained
by simply settinge = 0 in the original equation and initial condition. In this example, one finds

yo(x) = e~®andy,(z) = —e 2+ 2. Ifone setSJg%y: Yo(x)+eyi(z) = e “+e(—e 4 %)
and pIotszz/g%yagainsry(x; €), the issue of uniform convergence is to ask whetfiere) — ygéy(x)
is of orderO(¢?) for ¢ — 0 uniformly in 0 < z < co. This turns out to be the case here.

Singular perturbations: straining methods
If one applies the same straightforward expansion
w(ty€) = zo(t) + exy () + Ewa(t) + -+ -, (25.10)
to Example 25.2:
2" (t) 4+ x(t) + ex®(t) = 0, z(0) = A, 2'(0) = 0, (25.9)

one findszy(t) = Acost, and

zy (1) + xy(t) = —xd(t) = —%3(3 cost + cos 3t), 21(0) = z,(0) = 0. (25.14)

Here the reason one writed(t) = A° cos® t = 4°(3 cos t+cos 3t) is because it is easier to read off
the behavior of the solution (¢) if the right hand side above is expressed as a linear combination
of basic modes of different frequency. (Do you remember how to write down a solution for (25.14)
for a general forcing term?) The solution in (25.14) is found by recognizing

x1(t) = Ajtcost + Astsint + By cos 3t + By sin 3t + Cy cost + Cysint,



and plug this form into (25.14) to find the coefficients. The specific forttos t + ast sint is due
to the resonance termwst on the right hand side of (25.14). In this case, the zeroth order term
A cost is not asymptoti¢o the real solutiorx(¢; €) uniformly fort > 0, because:(t;€) — Acost
IS supposed to be approximately
A3 A3

3
ey (t) =€ [3—2(— cost + cos 3t) — 775 sint| ,

which, whent is so large as to make4®t comparable ta4, will not be an error of higher or-
der in comparison toA cost. So the reason for the nonuniformity here is because the domain
for ¢ is an infinite interval. If one restricts to a finite interval < ¢t < T, then we get a
good approximation as long &%’ is small. If one incorporates the next term to gbetost +

A3

€ [ﬁ(_ cost + cos 3t) — %tsin t], it wouldn’t be a good approximation either to the solution

x(t; €) uniformly over allt > 0.
There is physical reason why this happens. (25.9) has a conserved quantity:

So any solution will be a bounded one, in fact, a periodic one, as one can convert (25.9) into a
system

z'(t) =y
y(t) =—a(t) —ez’(t)
and plot its phase portrait. One can even use (3) to find the solution implicitly:

d d
de _ | 2E—x2—5x4:>t:i/ ! .
dt 2 \/ZE—x2—5x4

2

Fore = 0, the same procedure gives the solution to the limiting equation, which is a linear har-
moinc oscillator. One can expand the above integral for sinalD to find that the period” of the
solution to (25.9) can be approximated by

T =2n[1— §A2e + O(A*?)]. (4)

Because of terms of the kingsin ¢, which are produced through the straightforward expan-
sion (25.10) and are calleskcular termswe have to modify our hypothesis on the form of the
approximation solution from (25.10). One proposal is to seek a solution of the form

w(tye) = xo(7) + exy (1) + Exn(7) + - -+, (25.17a)
wherer is a slightly strained time variable given by

t = (1+are+ age®+---)1, (25.17b)



The goal is by choosing approriate a., etc, we can cancel out the secular terms. When one plugs
(25.17) into the equation, one has to use the correct change of variable rules as given by (25.19).
For instance,

dr _ dr  dt
dt  dr'dr
d
Zﬁ/(1+a16+a262+---)

dx
= E(l—ale—a262+&362+---)
Here we used the expansiof(1 +u) = 1 —u+u* + - - - for u small. In fact, it certainly appears
simpler in this situation to propose, instead of (25.17b),

7= (14 bie+ bye® + - )t. (5)

Then one has directly

de dxdr dz
L G ey boe? .. .).
G drdr g thethe )

The reduced equation faf,(7) remains the same to givg(7) = Acos7. The reduced equation
for z1(7), however, has been modified to be

2 3
2 (1) + 21(7) = 20170 (1) — 23(7) = —(2a; + 3T>A COST — = cos 37, (25.22)

The term that may cause the secular teens,7, may be taken out, if one choosessuch that
2a7 + % = 0. With such a choiceg; (1) = ‘g—;(— cosT + cos37), andt = (1 — %e + )T,
so we can plug these back into the first two terms of the right hand side of (25.17a) to obtain an
approximation up to orderto the original solution. In order to do so, one has to selve terms
of t:
T=0+ae+aye+-- )t =(1-are+O(H))t

So one might as well have started with (5). Completing the substitution, we get (25.23). This time
Acos(1+ %e)t would be a good approximation to the real solution over the entire intepvdl,
as the next order term,

AB 2 2

A
5 |~ cos(1 + 3?e)t + cos 3(1 + %E)t :

is always of higher order for al > 0 in comparison withA cos(1 + %e)t. Note thatt =
(1 - 22+ ...)ris consistent with (4).

The key here is that the modified form of the approximation solution, (25.17), gives the flex-
ibility to cancel the potential secular term. We have only introduced one of the many available
techniques for dealing with perturbation problems. You will need to consult other sources to get a
more in-depth understanding of the issues involved.

Turn over for the take home quiz on perturbation techniques



Take home quiz on perturbation techniques. Due, together with 18.4-10, at noon, Tuesday,
Dec. 14

Consider the IVPY/ (z) = ey(z) + y(z)?, y(0) = cose, Ty < z < Ty. Suppose that you want to
approximate the solution to this problem with a perturbation series of the form

y(x) = yo(x) + eyr () + Eya(a) + - -,
(a). Find the differential equation and initial condition for each of the teys), y; ().

(b). Calculate the explicit form afy(x).

(c). Calculate the explicit form af; (x).

(d). Sketchyo(z),yo(z) + ey1(z), and the exact solutiop(x) for some small values aof (you
may use Maple here) on the intervB) = —1, 77 = 0.6. Is the perturbation a regular or
singular perturbation on the intervgt1,0.6]? Explain. Answer the same question if we

extend the interval to—1, 1].



